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ABSTRACT
Alternating-Time Temporal Logic (ATL) can express statements

about the strategic abilities of agents in games where agents move

concurrently. However, many game-theoretic scenarios (such as

Stackelberg competitions) require agents to make moves sequen-

tially, with the actions of a given agent depending on the actions

of the agents who move prior to them. To capture this, we intro-

duce ATL with Dependent Strategies (ATLDS), which extends ATL

with the ability to specify an order in which agents select actions.

We characterise the sets of outcomes that are possible for a coali-

tion to enforce when playing a normal-form game sequentially,

and provide a representation theorem that allows us to convert be-

tween games and sets of enforceable outcomes generated from those

games. We use this to give a sound and complete axiomatisation

of ATLDS. We also show expressive equivalence with the SL
−
[SG]

fragment of Strategy Logic, and provide complexity bounds for

variants of the model-checking problem.
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1 INTRODUCTION
ATL [2] is a logical formalism that is commonly used to abstractly

reason about the abilities of agents in multi-agent systems. ATL is

defined over a transition system with an associated set of agents,

called a Concurrent Game Model (CGM). Each state of the sys-

tem can be viewed as a game where agents concurrently select

moves, inducing a transition to another state. We can verify that

certain coalitions of agents in a system have the ability to guarantee

sequences of states are reached with certain temporal properties.
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However, ATL can only express the ability of a coalition in a con-

current game, when the coalition has no knowledge of the moves

chosen by other agents. We may want to model a scenario in which

an agent has some sort of temporal dependency or privileged in-

formation on another agent, and therefore is able to select their

move in response to the choice of that agent. Certain game-theoretic

concepts require such a notion of dependence to express; for ex-

ample, Stackelberg games, in which a leader moves first and a

group of followers select moves depending on the leader’s choice of

move. This motivates the development of an extension of ATL that

maintains most of its nice properties (e.g. only positional strategies

required, simple model checking), but admits formulae that can

specify dependencies between agent strategies.

Therefore, we introduce Alternating-Time Temporal Logic with

Dependent Strategies (ATLDS), which extends the ATL modality

⟨⟨𝐶⟩⟩ to ⟨⟨𝐶⟩⟩𝑃 , providing the ability to associate a permutation 𝑃 of

agents to a run. In a run under a permutation, at each state agents

choose their next actions sequentially in the order of 𝑃 , with the

knowledge of the actions chosen by agents who appear prior to

them in 𝑃 . As an example, the ATLDS modality ⟨⟨{𝛼,𝛾}⟩⟩ (𝛼,𝛽,𝛾 )G𝑝
expresses that if agents make moves sequentially at each state

in the order 𝛼, 𝛽,𝛾 then no matter the actions taken by 𝛽 , agents

𝛼 and 𝛾 are able to guarantee a proposition 𝑝 always holds. We

could interpret this as interacting processes being interleaved at

discrete points in time in a consistent way, as opposed to interacting

processes running concurrently at discrete points in time as in ATL.

We can also take an epistemic point of view, where an order

(𝛼, 𝛽,𝛾) means that agent 𝛽 knows the strategy of agent 𝛼 , and

agent 𝛾 knows the strategy of both agents 𝛼 and 𝛽 . A formula

¬⟨⟨{𝛼,𝛾}⟩⟩ (𝛼,𝛾,𝛽 )𝜑 ∧ ⟨⟨{𝛼,𝛾}⟩⟩ (𝛼,𝛽,𝛾 )𝜑 would express, for example,

that the coalition {𝛼,𝛾} cannot achieve 𝜑 without any knowledge

of opponent moves, but would be able to achieve 𝜑 if agent 𝛾 was

able to learn 𝛽’s strategy. For the kinds of properties expressible

in ATLDS, the view of sequentially playing games interleaved in a

certain order and the epistemic view are interchangeable.

ATL can be considered as a fragment of Strategy Logic (SL),

introduced in [7] and further developed in [21–23]. SL allows for

first-order quantification over strategies. Since for the full SL the sat-

isfiability problem is undecidable, and model checking is intractable

[25], there is interest in fragments of SL more expressive than ATL

but more tractable than full SL [11]. Both ATL and ATLDS embed

into SL, so ATLDS can be seen as a fragment of SL more expressive

than ATL but more tractable than full SL. In fact, we show ATLDS is
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expressively equivalent to the SL
−
[SG] fragment of SL introduced

in [4], so our results also apply to this fragment.

Our main contribution is a sound and complete axiomatisation of

ATLDS, given in Section 6, based on analogous axiomatisations for

ATL in [16] and CTL in [10]. One difficulty with the canonical model

construction to show completeness is that in CGMs, transitions

are not added directly, but induced from the collective actions

of agents. Therefore, given a consistent set of formulae, it is not

obvious how to define the transition function to obtain a model in

which all the formulae are realised. To overcome this, we provide

a construction that can generate a corresponding neighbourhood

model from a CGM and vice versa. In these models, instead of

having to assign successors to action profiles, we can directly add

the sets of states we require each coalition to be able to force. This

uses effectivity functions, a way of describing strategic ability of

coalitions which was originally used for social choice theory in [1]

but further developed for logics of strategic ability in [13, 14, 29].

We axiomatically characterise the sets of outcomes a coalition can

enforce when playing a given game under different orderings, and

show that this also works in the other direction; given a collection

of sets that satisfies these axioms, we can find a game in which the

coalitions have exactly the strategic ability defined by these sets, in

a representation theorem similar to Pauly’s in [28]. The results on

effectivity are provided in Section 5. We provide complexity results

for model checking in Section 7, in particular when a model can be

encoded in an efficient way. Some proofs are omitted for brevity.

2 RELATEDWORK
There has been some work on dependencies in strategic reasoning

in the context of Strategy Logic in [9], finding that some fragments

allow existential strategies to depend on the past actions of all op-

ponents, even those quantified later in the formula. In [5], Strategy

Logic is extended with a team semantics-style system, to allow for

independence-friendly style quantifiers. In [24], it is seen that in

certain fragments of Strategy Logic, only a limited form of depen-

dence is required, in that strategies only need to respond to the

actual moves from other agents during a run, rather than other

potential moves encoded in their strategy.

In [11] strategic logics that focus on conditional behaviour of

agents are surveyed, each extending ATL expressiveness and embed-

ding into Strategy Logic. One such logic, ConStR [15], introduces

operators such as [𝐴]𝛽 (𝛾𝐴; ⟨𝐵⟩𝛾𝐵), stating that ‘For any move of 𝐴

that guarantees 𝛾𝐴 , there is some move of 𝐵 that guarantees 𝛾𝐵 ’. A

similar modality, although without the conditioning on a goal 𝛾𝐴,

appears in [26]. This makes the assumption that all members of a

coalition have the same information, whereas in ATLDS agents in a

coalition are working towards the same goal but might have asym-

metric information about opponent strategies. Related approaches

at capturing conditional and coordinated behaviour include the

Socially Friendly Coalition Logic [12] and the logic of Local Coali-

tional Goal Assignments [8]. Most of these logics look at one-step

goals, apart from LCGA which has been extended to LTL goals.

ATL with Strategy Contexts [18] contains a modality ⟨·𝐶 ·⟩𝜑
which fixes a strategy for 𝐶 in the context of 𝜑 , without removing

any strategies in the current context. This allows us to chain these

modalities together to create similar order-dependent properties as

in ATLDS. However, ATL with Strategy Contexts is significantly

more expressive (and intractable) overall.

3 PRELIMINARIES
AConcurrentGame Structure (CGS) is a tupleS = (𝐴𝑔, 𝑆,𝐴, 𝑎𝑐𝑡, 𝛿)
where 𝐴𝑔 = {1, . . . , 𝑛} is a finite set of agents; 𝑆 is a set of states;

𝐴 is a nonempty set of actions; 𝑎𝑐𝑡 : 𝐴𝑔 × 𝑆 → P(𝐴) is a func-

tion that assigns to each state and agent a nonempty set of actions

that agent can make at that state; and 𝛿 is a transition function

that takes a state 𝑠 and an action profile 𝛼 = (𝛼1, . . . , 𝛼𝑛) where
each 𝛼𝑖 ∈ 𝑎𝑐𝑡 (𝑖, 𝑠) and returns a successor state 𝛿 (𝑠, 𝛼). A Con-
current Game Model (CGM) is a CGS with an additional map

𝑉 : 𝑆 → P(𝑃𝑟𝑜𝑝) that assigns propositional variables to states.

Given a coalition 𝐶 ⊆ 𝐴𝑔 we will use the notation 𝐶 to refer to the

set 𝐴𝑔 \𝐶 .
Each state in a CGS can be thought of as a normal-form game,

with outcomes as successor states. A normal-form game is a tuple
𝐺 = (𝑁, (𝐴𝑖 )𝑖∈𝑁 ,𝑂, 𝜋) where 𝑁 = {1, . . . , 𝑛} is a nonempty set of

agents; Each 𝐴𝑖 is a nonempty set of actions; 𝑂 is a nonempty set

of outcomes; and 𝛿 : 𝐴1 × . . .×𝐴𝑛 → 𝑂 assigns an outcome to each

action profile 𝛼 = (𝛼1, . . . , 𝛼𝑛) where each 𝛼𝑖 ∈ 𝐴𝑖 . Given a CGS

S = (𝐴𝑔, 𝑆,𝐴, 𝑎𝑐𝑡, 𝛿) with state 𝑠 ∈ 𝑆 , to obtain the corresponding

normal-form game 𝐺𝑠 = (𝑁, (𝐴𝑖 )𝑖∈𝑁 ,𝑂, 𝛿) we set 𝑁 := 𝐴𝑔, each

𝐴𝑖 := 𝑎𝑐𝑡 (𝑖, 𝑠), 𝑂 := 𝑆 , and 𝛿 (𝛼) := 𝛿 (𝑠, 𝛼).
In ATL, a positional strategy 𝜎𝑖 for agent 𝑖 is a map assigning

to each state 𝑠 ∈ 𝑆 an action 𝜎𝑖 (𝑠) ∈ 𝑎𝑐𝑡 (𝑖, 𝑠). A joint strategy

for a coalition 𝐶 ⊆ 𝐴𝑔, denoted 𝜎𝐶 , a choice of 𝜎𝑖 for each 𝑖 ∈
𝐶 , and the set of all such strategies is Σ𝐶 . A trace 𝜆 ∈ 𝑆𝜔 is an

infinite sequence of states, with 𝜆[𝑖] denoting the 𝑖th state. From a

state 𝑠 , a joint strategy for 𝐴𝑔 generates a trace 𝜆 where 𝜆[0] = 𝑠

and 𝜆[𝑖 + 1] = 𝛿 (𝜆[𝑖], 𝜎1 (𝜆[𝑖]), . . . , 𝜎𝑛 (𝜆[𝑖])). We denote this by

𝑡𝑟𝑎𝑐𝑒 (𝜎1, . . . , 𝜎𝑛). For a coalition𝐶 , a joint strategy 𝜎𝐶 induces a set

𝑡𝑟𝑎𝑐𝑒𝑠 (𝜎𝐶 ) = {𝑡𝑟𝑎𝑐𝑒 (𝜎𝐶 , 𝜎𝐶 ) | 𝜎𝐶 ∈ Σ
𝐶
}. Memoryful strategies

extend positional ones with finite sequences of past states as input.

In this work we use an extended definition of strategy: we have

a strategy for an agent 𝑖 under a permutation 𝑃 of 𝐴𝑔. By

permutation, wemean an ordered tuple of all elements in a set, e.g. a

permutation of {𝑎, 𝑏, 𝑐} could be (𝑏, 𝑐, 𝑎). Wewill denote the element

at position 𝑘 of 𝑃 (beginning at 1) as 𝑃 [𝑘]. Given an element 𝑖 in a

permutation 𝑃 , wewill refer to the set of elements that appear before

𝑖 in 𝑃 as 𝑝𝑟𝑒 (𝑃, 𝑖) = {𝑃 [ 𝑗] | 𝑗 < 𝑘 where 𝑖 = 𝑃 [𝑘]}. In a strategy

under a permutation, agent 𝑖 is able to respond to the actions chosen

by agents that appear before them in the permutation. Therefore:

Definition 1. A positional strategy for 𝑖 under permutation 𝑃 ,

denoted 𝜎𝑃
𝑖 , takes a state 𝑠 , and for each agent 𝑗 ∈ 𝑝𝑟𝑒 (𝑃, 𝑖) an action

𝑎 𝑗 ∈ 𝑎𝑐𝑡 ( 𝑗, 𝑠) and returns an action 𝜎𝑃
𝑖 (𝑠, (𝑎 𝑗 ) 𝑗∈𝑝𝑟𝑒 (𝑃,𝑖 ) ) ∈ 𝑎𝑐𝑡 (𝑖, 𝑠).

To calculate the action chosen by a strategy 𝜎𝑃
𝑖 we need the

results of the strategies 𝜎𝑃
𝑗 for all 𝑗 that appear before 𝑖 in 𝑃 . We

will denote the action chosen by 𝜎𝑃
𝑖 at some state 𝑠 as 𝛼𝑠𝑖 . This value

can be calculated recursively as follows: 𝛼𝑠
𝑃 [1] = 𝜎𝑃

𝑃 [1] (𝑠);𝛼
𝑠
𝑃 [𝑖 ] =

𝜎𝑃
𝑃 [𝑖 ] (𝑠, 𝛼

𝑠
𝑃 [1] , . . . , 𝛼

𝑠
𝑃 [𝑖−1]).

Each joint strategy of 𝐴𝑔 under 𝑃 , 𝜎𝑃
𝐴𝑔
, induces a trace 𝜆 from

a state 𝑠 given by 𝜆[0] = 𝑠; 𝜆[𝑖 + 1] = 𝛿 (𝜆[𝑖], 𝛼𝜆[𝑖 ]
𝑃 [1] , . . . , 𝛼

𝜆[𝑖 ]
𝑃 [𝑛]). So,

in the order of the permutation we compute the action chosen by
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each agent, feeding in the actions chosen by previous agents into

the strategy of the next agent in the permutation. We denote by

𝔖(𝐴𝑔) the set of all permutations of 𝐴𝑔.

Some permutations are guaranteed to be ‘better’ for a coalition

than others; if an agent can respond to a larger set of agents, they

havemore strategic power. Given a permutation 𝑃 , coalition𝐶 ⊆ 𝐴𝑔,

and agent 𝑖 ∈ 𝐶 , we denote by 𝑏𝑒 𝑓 (𝑃,𝐶, 𝑖) := 𝑝𝑟𝑒 (𝑃, 𝑖) ∩𝐶 the set

of agents in 𝐶 that appear before agent 𝑖 in the permutation 𝑃 . For

each coalition 𝐶 , we fix an ordering on permutations such that

𝑃 ≤𝐶 𝑃 ′
iff 𝑏𝑒 𝑓 (𝑃,𝐶, 𝑖) ⊆ 𝑏𝑒 𝑓 (𝑃 ′,𝐶, 𝑖) for all 𝑖 ∈ 𝐶 .

4 ALTERNATING-TIME TEMPORAL LOGIC
WITH DEPENDENT STRATEGIES

In ATLDS, each coalition modality is paired with a permutation of

the agent set 𝐴𝑔, determining the order of moves. For example, the

permutation (𝑏, 𝑎, 𝑐) means 𝑏 moves first, then 𝑎 with knowledge

of 𝑏’s choice, and finally 𝑐 with knowledge of both. We assume a

given countable set of propositions 𝑃𝑟𝑜𝑝 and a finite set of agents

𝐴𝑔. The syntax of ATLDS is given by:

𝜑 ::= 𝑝 |¬𝜑 | (𝜑 ∧ 𝜑) | (𝜑 ∨ 𝜑) |⟨⟨𝐶⟩⟩𝑃X𝜑 |⟨⟨𝐶⟩⟩𝑃𝜑U𝜑

For 𝐶 ⊆ 𝐴𝑔, 𝑃 ∈ 𝔖(𝐴𝑔), 𝑝 ∈ 𝑃𝑟𝑜𝑝 .

The intended interpretation of the formula ⟨⟨𝐶⟩⟩𝑃X𝜑 is that coali-

tion 𝐶 , when acting sequentially in the order 𝑃 , can force the next

state to satisfy 𝜑 . Satisfaction of a formula at a state in a CGM is

defined inductively as follows using strategies under a permutation

(Definition 1):

• M, 𝑠 ⊨ 𝑝 iff 𝑝 ∈ 𝑉 (𝑠)
• M, 𝑠 ⊨ 𝜑 ∧𝜓 iff M, 𝑠 ⊨ 𝜑 and M, 𝑠 ⊨ 𝜓

• M, 𝑠 ⊨ 𝜑 ∨𝜓 iff M, 𝑠 ⊨ 𝜑 or M, 𝑠 ⊨ 𝜓

• M, 𝑠 ⊨ ¬𝜑 iff M, 𝑠 ⊭ 𝜑

• M, 𝑠 ⊨ ⟨⟨𝐶⟩⟩𝑃X𝜑 iff ∃𝜎𝑃
𝐶
∀𝜎𝑃

𝐶
.𝑡𝑟𝑎𝑐𝑒 (𝑠, 𝜎𝑃

𝐶
, 𝜎𝑃

𝐶
) [1] ⊨ 𝜑

• M, 𝑠 ⊨ ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 iff ∃𝜎𝑃
𝐶
∀𝜎𝑃

𝐶
.(M, 𝑡𝑟𝑎𝑐𝑒 (𝑠, 𝜎𝑃

𝐶
, 𝜎𝑃

𝐶
) [ 𝑗] ⊨ 𝜑

and M, 𝑡𝑟𝑎𝑐𝑒 (𝑠, 𝜎𝑃
𝐶
, 𝜎𝑃

𝐶
) [𝑖] ⊨ 𝜓 ) for some 𝑗 ≥ 0 and all 𝑖 < 𝑗 .

Example 2. Consider the following CGM:

𝑞0𝑞1 𝑞2
(𝑎1, 𝑏1, 𝑐1)
(𝑎1, 𝑏1, 𝑐2)

(𝑎2, 𝑏2, 𝑐1)
(𝑎2, 𝑏2, 𝑐2)

(𝑎1, 𝑏2, 𝑐1)
(𝑎1, 𝑏2, 𝑐2)

(𝑎2, 𝑏1, 𝑐1)
(𝑎2, 𝑏1, 𝑐2)

winb loseb

It can be seen that under ATL semantics, 𝑞0 ⊨ ¬⟨⟨{𝑏}⟩⟩𝑋𝑤𝑖𝑛𝑏 .
This is because if agent 𝑏 chooses 𝑏1, then 𝑎 could have chosen 𝑎2
and 𝑐 chosen 𝑐1, forcing the next state to be 𝑞2 where𝑤𝑖𝑛𝑏 does not

hold. Similarly if 𝑏 selects 𝑏2, 𝑎 can select 𝑎1 and 𝑐 can choose 𝑐1
so 𝑏 has no strategy which guarantees that𝑤𝑖𝑛𝑏 holds in the next

step. However, under ATLDS semantics, 𝑞0 ⊨ ⟨⟨{𝑏}⟩⟩ (𝑎,𝑏,𝑐 )𝑋𝑤𝑖𝑛𝑏 .
Under the permutation (𝑎, 𝑏, 𝑐), 𝑏 selects their move in response

to the choice of 𝑎. Therefore if 𝑏 chooses responses 𝑎1 ↦→ 𝑏1 and

𝑎2 ↦→ 𝑏2, no matter the choice of 𝑐 they can always guarantee that

the next state is 𝑞1 where the𝑤𝑖𝑛𝑏 proposition holds.

The following are satisfied in all states of all CGMs for all coali-

tions 𝐶 ⊆ 𝐴𝑔 and permutations 𝑃 ∈ 𝔖(𝐴𝑔):

⟨⟨𝐶⟩⟩𝑃X𝜑 ↔ ¬⟨⟨𝐶⟩⟩𝑃X¬𝜑
⟨⟨𝐶⟩⟩𝑃X𝜑 → ⟨⟨𝐶⟩⟩𝑃 ′X𝜑 where 𝑃 ′ ≥𝐶 𝑃

⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ↔ 𝜑 ∨ (𝜓 ∧ ⟨⟨𝐶⟩⟩𝑃X⟨⟨𝐶⟩⟩𝑃𝜓U𝜑)

The last formula shows us that the unfolding of fixpoint opera-

tors in ATL extends to all permutations in ATLDS. The first formula

shows us that we can infer facts about the strategic ability of a

coalition 𝐶 from facts about the strategic ability of a coalition 𝐶 : if

we know𝐶 can force 𝜑 at the next state under a particular ordering

𝑃 , then the opposing coalition 𝐶 cannot enforce the contradictory

¬𝜑 under the same ordering and vice versa. In other words, under

each 𝑃 the two-player zero-sum game where 𝐶 wins by achieving

𝜑 and 𝐶 wins by achieving ¬𝜑 is determined; exactly one of 𝐶 or 𝐶

achieves their goal. The second formula shows us that coalitional

ability is monotonic with respect to the order agents move; if all

agents in 𝑃 ′
move at least as late as they do in 𝑃 then they can

achieve everything they could in 𝑃 .

Syntactically, ATL usually requires the operator ⟨⟨𝐶⟩⟩𝜓R𝜑 . The
dual of the ⟨⟨𝐶⟩⟩𝑃 modality in ATLDS aligns with ⟨⟨𝐶⟩⟩𝑃 , so we only

need ⟨⟨𝐶⟩⟩𝑃X𝜑 and ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 as primitive operators in the syntax,

as ⟨⟨𝐶⟩⟩𝑃𝜓R𝜑 can be defined as ¬⟨⟨𝐶⟩⟩𝑃¬𝜓U¬𝜑 .
Some permutations result in identical strategic ability with re-

spect to a coalition 𝐶 . The ability of an agent in 𝐶 actually only

depends on the subset of agents in 𝐶 that she is able to respond to:

Proposition 3. If 𝑃 ∼𝐶 𝑃 ′
(i.e. 𝑃 ≤𝐶 𝑃 ′

and 𝑃 ′ ≤𝐶 𝑃) then

M, 𝑠 ⊨ ⟨⟨𝐶⟩⟩𝑃𝜑 iff M, 𝑠 ⊨ ⟨⟨𝐶⟩⟩𝑃 ′𝜑 for 𝜑 ∈ {X𝜓, 𝜗U𝜓 }

Proof. Suppose𝐶 has some strategy𝜎𝑃
𝐶
such thatM, 𝑠 ⊨ ⟨⟨𝐶⟩⟩𝑃𝜑 .

Take the agent 𝑖 ∈ 𝐶 which appears earliest in 𝑃 and denote by 𝑇

the set 𝑏𝑒 𝑓 (𝑃,𝐶, 𝑖). In a run, 𝑖’s choice of action 𝛼𝑖 at each state is

completely determined by the joint action of their opponent 𝛼𝑇 .

Therefore alternative choices of action 𝛼 ′
𝑖 for 𝛼𝑇 will never be seen

in a run, so the response of agents appearing later in 𝑃 to these

alternative choices will not affect the set of traces generated by

their joint strategy. This can be carried forward inductively to each

agent 𝑗 ∈ 𝐶 . Since 𝑃 ∼𝐶 𝑃 ′
means 𝑏𝑒 𝑓 (𝑃,𝐶, 𝑗) = 𝑏𝑒 𝑓 (𝑃 ′,𝐶, 𝑗), it is

simple to obtain a strategy under 𝑃 ′
that selects the same actions

and generates the same set of traces, so satisfies the same formula.

This works symmetrically in the other direction. □

We can represent a permutation 𝑃 in the context of a coali-

tion 𝐶 by clustering together adjacent members of 𝐶 and adjacent

members of 𝐶 . For instance, from the perspective of the coalition

{𝑏, 𝑐}, 𝑃 = (𝑎,𝑏, 𝑐, 𝑑, 𝑒) and 𝑃 ′ = (𝑎, 𝑐, 𝑏, 𝑒, 𝑑) are identical (in the

sense that ⟨⟨{𝑏, 𝑐}⟩⟩𝑃𝜑 ↔ ⟨⟨{𝑏, 𝑐}⟩⟩𝑃 ′𝜑) and when we cluster to-

gether adjacent members of {𝑏, 𝑐} and {𝑎, 𝑑, 𝑒} they both result in

({𝑎}, {𝑏, 𝑐}, {𝑑, 𝑒}). For a permutation 𝑃 and coalition 𝐶 , we will

denote this 𝑐𝑙 (𝑃,𝐶). The alternation number of a modality ⟨⟨𝐶⟩⟩𝑃
is |𝑐𝑙 (𝑃,𝐶) |. The alternation number of a formula, 𝑎𝑙𝑡 (𝜑), is the
highest alternation number of any modality within 𝜑 . For example,

𝑎𝑙𝑡 (⟨⟨{𝑏, 𝑐}⟩⟩ (𝑎,𝑏,𝑐,𝑑,𝑒 )X𝑝) = 3.

As in ATL, it is sufficient in ATLDS to describe satisfaction of

formulae in terms of positional strategies. We have defined depen-

dent strategies as a map that responds to actions made at a state.
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However, suppose strategies were memoryful and the semantics of

a formulae ⟨⟨𝐶⟩⟩𝑃𝜓 were defined as follows, where 𝑄𝑖 = ∃ if 𝑖 ∈ 𝐶

or 𝑄𝑖 = ∀ if 𝑖 ∉ 𝐶 and quantifies over strategies of 𝑃 [𝑖]:
M, 𝑠 ⊨ ⟨⟨𝐶⟩⟩𝑃𝜓 iff 𝑄1𝜎1𝑄2𝜎2 . . . 𝑄𝑛𝜎𝑛 .M, 𝑡𝑟𝑎𝑐𝑒 (𝑠, 𝜎1, 𝜎2, . . . , 𝜎𝑛) ⊨ 𝜓

We will denote this as ⊨𝜎 and the semantics defined earlier as

⊨𝑃 . In ⊨𝜎 , an agent further along in the permutation has access to

the entire strategy of agents appearing before them. Despite this,

the two semantics are the same:

Proposition 4. 𝑀, 𝑠 ⊨𝜎 𝜑 iff𝑀, 𝑠 ⊨𝑃 𝜑

Proof. (sketch) It can be shown that the⊨𝜎 semantics for ATLDS

embed into a fragment of strategy logic. It is known that a sub-

suming fragment, SL[1G], is behavioural [24], which means that

it is sufficient to have strategies that only depend on the actual

history of moves from other agents. From behavioural strategies

witnessing the satisfaction of a formula we can obtain memoryful

winning strategies in a reachability game. Reachability games can

be played optimally with positional strategies [20], so we can ex-

tract a positional strategy from this. A positional strategy in the

reachability game will correspond to a positional strategy under a

permutation 𝜎𝑃
𝑖 in a CGM.

It is simple to show inductively that 𝜎𝑃
𝑖 are sufficient for boolean

and ⟨⟨𝐶⟩⟩𝑃X𝜑 formulae, so we will focus on the case of ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑
and construct a reachability game that corresponds to satisfaction

of ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 formulae. For every state 𝑞 such that 𝑞 ⊨𝜎 𝜑 we

have a corresponding state 𝑞′ in the reachability game. For every

remaining state 𝑞 such that 𝑞 ⊨𝜎 𝜓 , we expand the state 𝑞 into a tree.

We create a state 𝑞′
𝑃 [1] as the root of the tree. For each 𝑖 ∈ 𝐶 and

joint action 𝛼𝑃𝑟𝑒 (𝑃,𝑖 ) we create a state 𝑞𝑃 [𝑖 ],𝛼𝑃𝑟𝑒 (𝑃,𝑖 ) . We add every

edge of the form (𝑞′
𝑃 [𝑖−1],𝛼𝑃𝑟𝑒 (𝑃,𝑖−1)

, 𝑞′
𝑃 [𝑖 ],𝛼𝑃𝑟𝑒 (𝑃,𝑖 )

). Each joint action

of 𝛼𝐴𝑔 at 𝑞𝑃 [1] gives a unique path through this tree, allowing us

to replace the leaf node for 𝛼𝐴𝑔 with the state corresponding to

𝛿 (𝑞, 𝛼𝐴𝑔). We set all states labelled with 𝑃 [𝑖] ∈ 𝐶 as controlled by

𝑃1 and all others as controlled by 𝑃2. For any state 𝑞 in the CGM

where 𝑞 ⊨ 𝜑 , we put all states in the associated tree as winning

states for 𝑃1. Then, for any state 𝑠 , 𝑠 ⊨𝜎 ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 implies 𝑃1 has a

winning strategy for the reachability game from state 𝑠′
𝑃 [1] (or 𝑠

′
if

𝑠 ⊨𝜎 𝜑). Since any state 𝑥 ′
𝑃 [𝑖 ],𝛼 𝑗

in the reachability game is reached

via a unique joint action from 𝑥 ′
𝑃 [1] , a positional strategy for 𝑃1

over the states 𝑥𝑃 [𝑖 ],𝛼𝑝𝑟𝑒 (𝑃,𝑖 ) where 𝑖 ∈ 𝐶 gives a function from each

state 𝑥𝑃 [𝑖 ] and joint move 𝛼𝑝𝑟𝑒 (𝑃,𝑖 ) into an action 𝛼𝑖 ∈ 𝑎𝑐𝑡 (𝑖, 𝑠). This
defines a strategy under a permutation 𝜎𝑃

𝐶
.

□

This means we can freely switch between the interpretation of

agents moving sequentially at each state, and the interpretation of

agents having full knowledge of the strategies of agents prior to

them in the given order.

The SL
−
[SG] fragment of Strategy Logic, introduced in [4], re-

stricts the language of Strategy Logic (which allows for full first

order quantification of strategies) to blocks of strategy quantifiers

followed by an operator that binds a different strategy to each

agent. We can embed ATLDS into SL
−
[SG] by replacing the ATLDS

modalities for SL
−
[SG] quantifier blocks:

𝑓 (⟨⟨𝐶⟩⟩𝑃𝜓 ) =𝑄1𝑥1 . . . 𝑄𝑛𝑥𝑛 (𝑥1, 𝑎1) . . . (𝑥𝑛, 𝑎𝑛) 𝑓 (𝜓 )

Where 𝑎𝑖 = 𝑃 [𝑖] and 𝑄𝑖 = ∃ if 𝑃 [𝑖] ∈ 𝐶 , or 𝑄𝑖 = ∀ otherwise. For

all other operators 𝜙 in the language of ATLDS, 𝑓 (𝜙 (𝜑1, . . . 𝜑𝑘 )) =
𝜙 (𝑓 (𝜑1), . . . , 𝑓 (𝜑𝑘 )). A similar mapping 𝑔 can be constructed to go

from SL
−
[SG] to ATLDS formulae, by extracting 𝑃 from the order

agents have been bound in the quantifier block and 𝐶 from which

agents have been bound to existential quantifiers. The semantics

of SL
−
[SG] can be seen to correspond with the ⊨𝜎 semantics of

ATLDS. Therefore, as a corollary of Proposition 4 this mapping also

preserves satisfaction of formulae for the ⊨𝑃 semantics of ATLDS.

Corollary 5. For ATLDS formulae𝜑 ,M, 𝑞 ⊨𝑃 𝜑 iffM, 𝑞 ⊨𝑆𝐿− [𝑆𝐺 ]
𝑓 (𝜑). For SL−[SG] formulae𝜓 ,M, 𝑞 ⊨𝑆𝐿− [𝑆𝐺 ] 𝜓 iff M, 𝑞 ⊨𝑃 𝑔(𝜓 ).

5 EFFECTIVITY
In this section we will define various notions of ‘effectivity’, which

abstractly represent the strategic ability of coalitions in a game.

We give a construction by which we can move between CGMs and

effectivity models.

5.1 Effectivity Functions
Suppose we were not interested in exactly what strategies agents

have, but only what they can achieve with these strategies. We can

record this with an effectivity function:

Definition 6. Given some set of outcomes 𝑆 and agents 𝐴𝑔, an

effectivity function is a mapping 𝐸 : P(𝐴𝑔) → P(P(𝑆)) that takes
a subset of agents and returns a set of sets of outcomes.

The common interpretation of an effectivity function is that it

gives the sets of outcomes a coalition is able to ‘force’, in the sense

that the coalition is able to guarantee an outcome falls within a

particular set, but not necessarily which element of the set will be

the outcome. Normal-form games have a notion of ‘𝛼-effectivity’

(see [14]). A set is 𝛼-effective for a coalition if the coalition has a

joint action such that, no matter the actions of agents outside the

coalition, the outcome of the game will fall within the set. Given a

game 𝐺 , 𝑋 ∈ 𝐸𝛼
𝐺
(𝐶) iff ∃𝛼𝐶∀𝛼𝐶 .𝛿 (𝛼𝐶 , 𝛼𝐶 ) ∈ 𝑋 .

We will parameterise effectivity functions with permutations of

agents, to represent the kind of strategic ability we have in ATLDS.

We will denote by 𝐸 (𝐶, 𝑃) the set of sets of outcomes that coalition

𝐶 can force when selecting moves in the order of permutation 𝑃 .

Definition 7. Given a set of outcomes 𝑄 and agents 𝐴𝑔, an or-

dered effectivity function is a map 𝐸 : P(𝐴𝑔) ×𝔖(𝐴𝑔) → P(P(𝑄)).
This definition is completely abstract and we could instantiate

this with arbitrary sets. However, similar to 𝛼-effectivity, we can as-

sociate with each normal-form game a canonical ordered effectivity

function:

Definition 8. Given a normal-form game 𝐺 , the 𝜋-effectivity

function of 𝐺 is an ordered effectivity function 𝐸𝜋
𝐺
such that for each

coalition 𝐶 and permutation of agents 𝑃 ,

𝑋 ∈ 𝐸𝜋𝐺 (𝐶, 𝑃) iff 𝑄1𝛼1𝑄2𝛼2 . . . 𝑄𝑛𝛼𝑛 .𝛿 (𝛼1, 𝛼2, . . . , 𝛼𝑛) ∈ 𝑋

Where 𝑄𝑖 = ∃ if 𝑖 ∈ 𝐶 or 𝑄𝑖 = ∀ if 𝑖 ∉ 𝐶 .

Each set in 𝐸𝜋
𝐺
(𝐶, 𝑃) corresponds to a strategy of 𝐶 - under 𝛼-

effectivity, a strategy for𝐶 was a choice of joint action, but here an

agent 𝑖 ∈ 𝐶 can react to the moves selected by all agents that move

before her in 𝑃 , as in the strategies 𝜎𝑃
𝐶
defined earlier.
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For a permutation (𝐶,𝐶), the set 𝐸𝜋
𝐺
(𝐶, (𝐶,𝐶)) is equivalent to

the set 𝐸𝛼
𝐺
(𝐶). We will also take the effectivity for a single permuta-

tion 𝑃 across all coalitions in a game𝐺 . We will denote this 𝐸𝑃
𝐺
, and

define it as 𝐸𝑃
𝐺
(𝐶) := 𝐸𝜋

𝐺
(𝐶, 𝑃). We will use the following properties

of effectivity functions:

(1) (outcome monotonic) 𝑋 ∈ 𝐸 (𝐶) implies 𝑌 ∈ 𝐸 (𝐶) for all 𝑌 ⊇ 𝑋

(2) (superadditivity)𝑋 ∈ 𝐸 (𝐶) and𝑌 ∈ 𝐸 (𝑆) implies𝑋∩𝑌 ∈ 𝐸 (𝐶∪𝑆)
for disjoint 𝐶, 𝑆

(3) (maximality) 𝑋 ∉ 𝐸 (𝐶) → 𝑋 ∈ 𝐸 (𝐶)
(4) (N-maximality) 𝑋 ∉ 𝐸 (∅) → 𝑋 ∈ 𝐸 (𝐴𝑔)
(5) (liveness) ∅ ∉ 𝐸 (𝐶)
(6) (safety) 𝐸 (𝐶) ≠ ∅
(7) (order monotonic) 𝑋 ∈ 𝐸 (𝐶, 𝑃) implies 𝑋 ∈ 𝐸 (𝐶, 𝑃 ′) for 𝑃 ≤𝐶 𝑃 ′

(8) (regularity) 𝑋 ∈ 𝐸 (𝐶) → 𝑋 ∉ 𝐸 (𝐶)
(9) (crown condition) 𝑋 ∈ 𝐸 (𝐴𝑔) implies there is some 𝑥 ∈ 𝑋 such

that {𝑥} ∈ 𝐸 (𝐴𝑔)
Condition 4 is entailed by 3, and 8 can be derived from 2 and 5.We

can apply any properties where 𝑃 is omitted to ordered effectivity

functions by adding a 𝑃 parameter to each occurence of 𝐸 (𝐶).
Definition 9. An effectivity function is playable if it meets ax-

ioms 1,2 and 4-6. An effectivity function ismaximally playable if
it is playable and meets axiom 3. An ordered effectivity function is

monotonically ordered and maximally playable if it is maxi-

mally playable andmeets axiom 7 for all permutations P. An effectivity

function is truly playable if it is playable and meets axiom 9.

The crown condition is required to ensure that games with an in-

finite number of moves correspond properly to normal-form games,

as detailed in [14]. In a normal-form game, each joint strategy of

the grand coalition corresponds to a single outcome, so any non-

singleton set must be generated by one of these through outcome

monotonicity. The following is a characterisation from [14, 28] of

𝛼-effectivity in terms of the above conditions:

Theorem 10. (Pauly Representation Theorem [14]) An effectivity

function 𝐸 is truly playable iff 𝐸 = 𝐸𝛼
𝐺
for some normal form game𝐺 .

We will build a characterisation of effectivity functions of games

𝐸𝑃
𝐺
and 𝐸𝜋

𝐺
in terms of these axioms.

Proposition 11. Any 𝐸𝑃
𝐺
is maximally truly playable.

Proof. Every agent has at least one action, guaranteeing safety

and liveness. Outcome monotonicity comes directly from the defi-

nition of 𝐸𝜋
𝐺
. Suppose 𝑋 ∉ 𝐸𝑃

𝐺
(𝐶). This means ¬𝑄1𝛼1 . . . 𝑄𝑛𝛼𝑛 .

𝛿 (𝛼1, . . . , 𝛼𝑛) ∈ 𝑋 where 𝑄𝑖 = ∃ if 𝑖 ∈ 𝐶 or 𝑄𝑖 = ∀ if 𝑖 ∉ 𝐶 .

This is equivalent to 𝑄
1
𝛼1 . . . 𝑄𝑛𝛼𝑛 .𝛿 (𝛼1, . . . , 𝛼𝑛) ∈ 𝑋 where 𝑄𝑖 =

∃ if 𝑄𝑖 = ∀, or 𝑄𝑖 = ∀ otherwise. This is the condition for 𝑋 ∈
𝐸𝑃
𝐺
(𝐶), satisfying maximality. In a normal-form game, any joint ac-

tion from𝐴𝑔 gives only one outcome, meeting the crown condition.

For any set 𝑋 ∈ 𝐸𝑃
𝐺
(𝐶) there is some 𝑌 ∈ 𝐸𝑃

𝐺
(𝐶) where 𝑌 ⊆ 𝑋

and 𝑌 is generated by a strategy 𝜎𝑃
𝐶
of 𝐶 in the game 𝐺 , in that

𝑌 = {𝛿 (𝜎𝑃
𝐶
, 𝜎𝑃

𝐶
) |𝜎𝑃

𝐶
∈ Σ𝑃

𝐶
}. So, for disjoint coalitions𝐶1 and𝐶2, there

is an 𝑌1 in 𝐸𝑃
𝐺
(𝐶1) generated by 𝜎𝑃

𝐶1

and 𝑌2 in 𝐸𝑃
𝐺
(𝐶2) generated by

𝜎𝑃
𝐶2

. The strategy (𝜎𝑃
𝐶1

, 𝜎𝑃
𝐶2

) generates a set 𝑋 ∈ 𝐸𝑃
𝐺
(𝐶1 ∪𝐶2) such

that𝑋 ⊆ 𝑌1∩𝑌2, so by outcome monotonicity𝑌1∩𝑌2 ∈ 𝐸𝑃
𝐺
(𝐶1∪𝐶2).

This is sufficient to show superadditivity, as all intersections are

supersets of these intersections of sets generated by strategies. □

The following can be seen from the definition of 𝐸𝜋
𝐺
:

Proposition 12. Given two permutations 𝑃, 𝑃 ′
, if 𝑃 ≤𝐶 𝑃 ′

then

𝑋 ∈ 𝐸𝑃
𝐺
(𝐶) implies 𝑋 ∈ 𝐸𝑃

′
𝐺
(𝐶)

In certain games, strategic power is the same no matter the order

in which agents select actions:
1

Proposition 13. If 𝐸𝛼
𝐺
is maximal (i.e. 𝑋 ∉ 𝐸𝛼

𝐺
(𝐶) → 𝑋 ∈

𝐸𝛼
𝐺
(𝐶)), then for any ordering 𝑃 of agents in 𝐺 , 𝐸𝑃

𝐺
= 𝐸𝛼

𝐺
.

Proof. For right to left inclusion, suppose 𝑋 ∈ 𝐸𝛼
𝐺
(𝐶) for some

𝐶 ⊆ 𝐴𝑔. This means ∃𝜎𝐶∀𝜎𝐶 .𝛿 (𝜎𝐶 , 𝜎𝐶 ) ∈ 𝑋 . By Definition 8, 𝑋 ∈
𝐸
(𝐶,𝐶 )
𝐺

(𝐶). Since (𝐶,𝐶) ≤𝐶 𝑃 for all orderings 𝑃 , by Prop. 12 it must

be the case that 𝑋 ∈ 𝐸𝑃
𝐺
(𝐶) for all 𝑃 . For the left to right inclusion,

suppose 𝑋 ∉ 𝐸𝛼
𝐺
(𝐶). Since 𝐸𝛼

𝐺
is maximal, then 𝑋 ∈ 𝐸𝛼

𝐺
(𝐶), so by

the above 𝑋 ∈ 𝐸𝑃
𝐺
(𝐶). Since 𝐸𝑃

𝐺
is regular, then 𝑋 ∉ 𝐸𝛼

𝐺
(𝐶).

□

Maximally truly playable effectivity functions are exactly those

generated by taking 𝐸𝑃
𝐺
:

Proposition 14. 𝐸 is maximally truly playable iff 𝐸 = 𝐸𝑃
𝐺
for

some strategic game 𝐺 and ordering of agents 𝑃

Proof. ( ⇐= ) From Prop. 11. ( =⇒ ) If 𝐸 is maximally truly

playable then 𝐸 is truly playable. From Theorem 10, we know when

𝐸 is truly playable there is some strategic game𝐺 such that 𝐸 = 𝐸𝛼
𝐺
.

Since 𝐸𝛼
𝐺
is maximal, we know by Prop. 13 that 𝐸𝛼

𝐺
= 𝐸𝑃

𝐺
for any

ordering 𝑃 . So, 𝐸 = 𝐸𝑃
𝐺
. □

We can use this to obtain a representation theorem for 𝜋-effectivity:

Theorem 15. 𝐸 is monotonically ordered and maximally truly

playable iff 𝐸 = 𝐸𝜋
𝐺
for some 𝐺 .

Proof. (sketch) ( ⇐= ) Follows from 11 and 12.

( =⇒ ) For each 𝑃 we can use Proposition 14 to generate a game

𝐺𝑃 such that 𝐸 (𝐶, 𝑃) = 𝐸𝑃
𝐺𝑃

(𝐶). We must construct a mechanism

around this that ensures the game 𝐺𝑃 is played when agents are

moving in the order 𝑃 . The idea will be to construct an extensive-

form game 𝐺 ′
in 2 stages: first, agents each select actions which

result in some 𝐺𝑃 being played. Then, agents play 𝐺𝑃 .

For the first stage of𝐺 ′
, the set of moves available to each agent

will be N. That is, each agent 𝑖 is able to choose a natural number

𝑛𝑖 . We will select 𝐺𝑃 based on the size of the numbers chosen. So,

if the natural numbers chosen are 𝑛𝑖1 < 𝑛𝑖2 < . . . < 𝑛𝑖 |𝐴𝑔 | , then

we will select the game 𝐺𝑃 where 𝑃 = (𝑖1, 𝑖2, . . . , 𝑖 |𝐴𝑔 | ). When two

agents choose the same number, we can break ties arbitrarily. In

the second stage, agents play whichever 𝐺𝑃 was selected.

We will show for this𝐺 ′
, 𝑋 ∈ 𝐸𝜋

𝐺 ′ (𝐶, 𝑃) iff 𝑋 ∈ 𝐸 (𝐶, 𝑃). Suppose
𝑋 ∈ 𝐸 (𝐶, 𝑃). We will look at the strategic ability of 𝐶 moving

in the order 𝑃 in the constructed game 𝐺 ′
. Let us take an agent

𝑖 ∈ 𝐶 , and call the set of agents that appear before them in the

permutation 𝑆 = 𝑝𝑟𝑒 (𝑃, 𝑖). Agent 𝑖’s strategy for step 1 will be,

given a joint move 𝑎𝑆 ∈ N𝑆
from 𝑆 , to respond with 1 +𝑚𝑎𝑥 (𝑎𝑆 ).

Under this strategy we are guaranteed that for all 𝑖 ∈ 𝐶 , 𝑎𝑖 ≥ 𝑎 𝑗 for

all 𝑎 𝑗 ∈ 𝑏𝑒 𝑓 (𝑃,𝐶, 𝑖), so whichever game 𝐺𝑃 ′ is selected, it will be

1
One example is the normal-form encoding of extensive-form games with perfect

information.
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such that 𝑃 ≤𝐶 𝑃 ′
. Since𝑋 ∈ 𝐸 (𝐶, 𝑃) → 𝑋 ∈ 𝐸 (𝐶, 𝑃 ′), we can force

𝑋 in whichever𝐺 ′
𝑃
is selected. So,𝑋 ∈ 𝐸𝜋

𝐺 ′ (𝐶, 𝑃). Now suppose𝑋 ∉

𝐸 (𝐶, 𝑃). By maximality, 𝑋 ∈ 𝐸 (𝐶, 𝑃) so by the above 𝑋 ∈ 𝐸𝜋
𝐺 ′ (𝐶, 𝑃).

By regularity of 𝜋-effectivity, we know 𝑋 ∉ 𝐸𝜋
𝐺 ′ (𝐶, 𝑃).

□

5.2 Effectivity Models
From the previous subsection, we know that certain effectivity func-

tions correspond to normal-form games. We can use this define a

neighbourhood model (in the sense of [27]) with equivalent seman-

tics to CGMs where each state is an effectivity function that points

to sets of other states. The following definitions are based on state

effectivity models as presented in [13].

A Standard Ordered Effectivity Model (SOEM) is a tuple

M = (𝐴𝑔,𝑄, 𝐸 (−) ,𝑉 ) where: 𝐴𝑔 is a set of agents; 𝑄 is a set of

states; 𝐸 (−) is a state effectivity function that, for each state 𝑞 ∈ 𝑄 ,

returns a monotonically ordered and maximally playable effectivity

function over 𝑄 (Definition 9); and 𝑉 : 𝑄 → P(𝑃𝑟𝑜𝑝) assigns each
state a set of propositional variables.

The effectivity function 𝐸𝑞 at a state 𝑞 determines satisfaction

of ⟨⟨𝐶⟩⟩𝑃X𝜑 formulae, by checking if J𝜑K ∈ 𝐸𝑞 (𝐶, 𝑃). To check

satisfaction of a particular ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 formulae, we can define a

corresponding operator 𝑈 over sets of states such that 𝑈 (𝑋 ) =

J𝜑K ∪ (J𝜓K ∩ {𝑧 ∈ 𝑄 |𝑋 ∈ 𝐸𝑧 (𝐶, 𝑃)}). We can iterate this op-

erator with 𝑈 0 = J𝜑K, 𝑈 𝑖 = 𝑈 (𝑈 𝑖−1) to get the states where

⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 is realised in 𝑖 steps. From outcome monotonicity, we

get that this is a monotone operator since 𝑋 ⊆ 𝑌 implies that

{𝑧 ∈ 𝑄 |𝑋 ∈ 𝐸𝑧 (𝐶, 𝑃)} ⊆ {𝑧 ∈ 𝑄 |𝑌 ∈ 𝐸𝑧 (𝐶, 𝑃)}.
Satisfaction of an ATLDS formula in an ordered effectivity model

can now be defined:

• M, 𝑠 ⊨ 𝑝 iff 𝑝 ∈ 𝑉 (𝑠 )
• M, 𝑠 ⊨ 𝜑 ∧𝜓 iff 𝑠 ∈ J𝜑K ∩ J𝜓K
• M, 𝑠 ⊨ 𝜑 ∨𝜓 iff 𝑠 ∈ J𝜑K ∪ J𝜓K

• M, 𝑠 ⊨ ¬𝜑 iff 𝑠 ∉ J𝜑K
• M, 𝑠 ⊨ ⟨⟨𝐶 ⟩⟩𝑃X𝜑 iff J𝜑K ∈ 𝐸𝑠 (𝐶, 𝑃 )
• M, 𝑠 ⊨ ⟨⟨𝐶 ⟩⟩𝑃𝜓U𝜑 iff 𝑠 ∈ ⋃∞

𝑖=0𝑈
𝑖

From a CGMM, we can generate an ordered effectivity model

M′
by taking the same sets of agents and states, the same valuation

function, and setting 𝐸𝑞 = 𝐸𝜋
𝐺𝑞

, where 𝐺𝑞 is the normal-form game

at state 𝑞 in the CGM. Then the following can be shown inductively:

Proposition 16. For a CGM M, ordered effectivity model M′

generated fromM, and formula 𝜑 ,M, 𝑠 ⊨ 𝜑 iff M′, 𝑠 ⊨ 𝜑

6 AXIOMATISATION
We can axiomatise ATLDS with an axiomatic system for proposi-

tional logic plus the following:

(⊥). ¬⟨⟨𝐶 ⟩⟩𝑃X⊥ (Mon). ⟨⟨𝐶 ⟩⟩𝑃X𝜑 → ⟨⟨𝐶 ⟩⟩𝑃 ′X𝜑 (for 𝑃 ≤𝐶 𝑃 ′
)

(⊤). ⟨⟨𝐶 ⟩⟩𝑃X⊤ (M). ¬⟨⟨𝐶 ⟩⟩𝑃X𝜑 → ⟨⟨𝐶 ⟩⟩𝑃X¬𝜑

(S). ⟨⟨𝐶1 ⟩⟩𝑃X𝜑 ∧ ⟨⟨𝐶2 ⟩⟩𝑃X𝜓 → ⟨⟨𝐶1 ∪𝐶2 ⟩⟩𝑃X(𝜑 ∧𝜓 ) (for disjoint𝐶1,𝐶2)

(FP𝑈 ). ⟨⟨𝐶 ⟩⟩𝑃𝜓U𝜑 ↔ 𝜑 ∨ (𝜓 ∧ ⟨⟨𝐶 ⟩⟩𝑃X⟨⟨𝐶 ⟩⟩𝑃𝜓U𝜑 )

(LFP𝑈 ). ⟨⟨∅⟩⟩𝑃 ′G( (𝜑 ∨ (𝜓 ∧ ⟨⟨𝐶 ⟩⟩𝑃X𝜒 ) ) → 𝜒 ) → ⟨⟨∅⟩⟩𝑃 ′G(⟨⟨𝐶 ⟩⟩𝑃𝜓U𝜑 →
𝜒 )
Closed under Modus Ponens and:

X-Mon.
𝜑→𝜓

⟨⟨𝐶⟩⟩𝑃X𝜑→⟨⟨𝐶⟩⟩𝑃X𝜓
G-Nec. 𝜑

⟨⟨𝐶⟩⟩𝑃G𝜑
We use the shorthand ⟨⟨𝐶⟩⟩𝑃G𝜑 := ¬⟨⟨𝐶⟩⟩𝑃⊤U¬𝜑 to align with

the usual presentation. We will omit the proof of soundness in

SOEMs. Since ATLDS only differs from ATL in terms of the one-step

axioms, weak completeness (i.e. every valid formula is a theorem)

over SOEMs can be obtained with with a similar construction as for

ATL [16] or for CTL in Chapter 9 of [10]. We will provide a brief

overview of a weak completeness result for ATLDS by constructing

a canonical model to satisfy any finite ATLDS-consistent formula

𝜙 . We omit some proofs for brevity. We will denote the set of all

maximal consistent sets (MCSs) of ATLDS formulae as Γ. We denote

the sets containing the formula 𝜑 by 𝜑 = {𝑞 ∈ Γ |𝜑 ∈ 𝑞}. Take the
SOEM MΓ = (𝑄Γ, 𝐸Γ,𝑉 Γ) where: 𝑄Γ = Γ; 𝑋 ∈ 𝐸Γ

𝑞 (𝐶, 𝑃) iff ∃𝜑 ⊆
𝑋 .⟨⟨𝐶⟩⟩𝑃X𝜑 ∈ 𝑞; and 𝑞 ∈ 𝑉 Γ (𝑝) iff 𝑝 ∈ 𝑞.

It can be seen that this definition ensures 𝐸Γ
is well-defined and

has the required properties of a standard ordered effectivity model.

This also guarantees local consistency, in that 𝜑 ∈ 𝐸Γ
𝑞 (𝐶, 𝑃) iff

⟨⟨𝐶⟩⟩𝑃X𝜑 ∈ 𝑞. However, there are no guarantees that an ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑
formula is realised in this model, as we may not necessarily reach

𝜑 in finite steps. We can rectify this by creating a finite model for

any consistent formula𝜓 , via a filtration of the current model.

We will assume formulae are in a normal-form where negations

are directly in front of an ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 formula or atomic proposition,

by repeated application of the identities ¬(𝜑1 ∧ 𝜑2) ≡ ¬𝜑1 ∨ ¬𝜑2,

¬(𝜑1∨𝜑2) ≡ ¬𝜑1∧¬𝜑2, and ¬⟨⟨𝐶⟩⟩𝑃X𝜑 ≡ ⟨⟨𝐶⟩⟩𝑃X¬𝜑 . We use ∼ 𝜑 to

refer to the normal form of ¬𝜑 . First, we state the (slightly altered)

definition of the closure and extended closure of 𝜙 from [16]:

Definition 17. The closure 𝑐𝑙 (𝜙) of 𝜓 is the smallest set of for-

mulae containing𝜓 such that:

• All subformulae of𝜓 are in 𝑐𝑙 (𝜙)
• If ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ 𝑐𝑙 (𝜙) then ⟨⟨𝐶⟩⟩𝑃X⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ 𝑐𝑙 (𝜙)
• If ¬⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ 𝑐𝑙 (𝜙) then ¬⟨⟨𝐶⟩⟩𝑃X⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ 𝑐𝑙 (𝜙)
• If 𝜑 ∈ 𝑐𝑙 (𝜙) then ∼ 𝜑 ∈ 𝑐𝑙 (𝜙)
• ⟨⟨𝐶⟩⟩𝑃X⊤ ∈ 𝑐𝑙 (𝜙) For all 𝐶, 𝑃

Definition 18. The extended closure 𝑒𝑐𝑙 (𝜙) is obtained from

𝑐𝑙 (𝜙) by:
• Including all coalitions and permutations for one-step for-

mulae: 𝑐𝑙+ (𝜙) = 𝑐𝑙 (𝜙) ∪ {⟨⟨𝐶′⟩⟩𝑃 ′X𝜑,¬⟨⟨𝐶′⟩⟩𝑃 ′X𝜑 |⟨⟨𝐶⟩⟩𝑃X𝜑 ∈
𝑐𝑙 (𝜙),𝐶′ ⊆ 𝐴𝑔, 𝑃 ′ ∈ 𝔖(𝐴𝑔)}

• Closing 𝑐𝑙+ (𝜙) under finite positive boolean combinations of

formulae
2
in 𝑐𝑙+ (𝜙) up to tautological equivalence.

It can be seen that 𝑒𝑐𝑙 (𝜙) is finite. We will perform a filtration

of MΓ
through 𝑒𝑐𝑙 (𝜙). First, we group states in 𝑄Γ

by equivalence

classes [𝑞] = {𝑠 ∈ 𝑄Γ |𝑠 ∩ 𝑒𝑐𝑙 (𝜙) = 𝑞 ∩ 𝑒𝑐𝑙 (𝜙)} to get maximal

consistent subsets of 𝑒𝑐𝑙 (𝜙). Given a subset of states 𝑋 ⊆ 𝑄Γ
, we

denote by [𝑋 ] the set {[𝑥] |𝑥 ∈ 𝑋 }. We mirror the definition of

filtration for Kripke models [6].

Definition 19. A filtration of an effectivity modelM = (𝑄, 𝐸,𝑉 )
through a set of formulae Σ is a modelMΣ = (𝑄Σ, 𝐸Σ,𝑉 Σ) such that:

𝑄Σ = [𝑄]; 𝑋 ∈ 𝐸𝑞 (𝐶, 𝑃) implies [𝑋 ] ∈ 𝐸Σ
[𝑞 ] ; for each 𝑞 ∈ 𝑄 and

⟨⟨𝐶⟩⟩𝑃X𝜑 ∈ Σ, [𝜑] ∈ 𝐸Σ
[𝑞 ] (𝐶, 𝑃) implies 𝜑 ∈ 𝐸𝑞 (𝐶, 𝑃); and for each

atomic proposition 𝑝 , 𝑉 (𝑝) = [𝑉 (𝑝)].

We require a filtration of MΓ
that ensures each 𝐸Γ

𝑞 is still mono-

tonically ordered and maximally playable. From now on, through

some abuse of notation we will treat [𝑠] contextually as either an

2
i.e. formulae joined with ∨ and ∧
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equivalence class of states or as the set 𝑠∩𝑒𝑐𝑙 (𝜙); i.e. we will say𝜑 ∈
[𝑠] to mean 𝜑 ∈ 𝑠∩𝑒𝑐𝑙 (𝜙). Then, we obtain the filtration ofMΓ

𝑒𝑐𝑙 (𝜙 )
defined by the model M𝑒𝑐𝑙 (𝜙 ) = (𝑄𝑒𝑐𝑙 (𝜙 ) , 𝐸𝑒𝑐𝑙 (𝜙 ) ,𝑉 𝑒𝑐𝑙 (𝜙 ) ) where
𝑄𝑒𝑐𝑙 (𝜙 ) = {[𝑞] |𝑞 ∈ 𝑄Γ}, [𝑋 ] ∈ 𝐸

𝑒𝑐𝑙 (𝜙 )
[𝑞 ] (𝐶, 𝑃) iff 𝑋 ∈ 𝐸Γ

𝑞′ (𝐶, 𝑃) for
some 𝑞′ ∈ [𝑞], and 𝑉 𝑒𝑐𝑙 (𝜙 ) (𝑝) = {[𝑞] |𝑞 ∈ 𝑉 Γ (𝑝)}.

Lemma 20. If we close 𝐸
𝑒𝑐𝑙 (𝜙 )
[𝑞 ] under superadditivity, outcome

monotonicity, order monotonicity, and maximality, the resulting ef-

fectivity function E𝑒𝑐𝑙 (𝜙 )[𝑞 ] :

• is monotonically ordered and maximally playable,

• still makes M𝑒𝑐𝑙 (𝜙 )
a filtration (i.e. 𝑋 ∈ 𝐸Γ

𝑞 (𝐶, 𝑃) implies

[𝑋 ] ∈ E𝑒𝑐𝑙 (𝜙 )[𝑞 ] (𝐶, 𝑃) and for each ⟨⟨𝐶⟩⟩𝑃X𝜑 ∈ 𝑒𝑐𝑙 (𝜙), [𝜑] ∈
E𝑒𝑐𝑙 (𝜙 )[𝑞 ] (𝐶, 𝑃) implies 𝜑 ∈ 𝐸Γ

𝑞 (𝐶, 𝑃))

The filtration preserves local consistency of formulae in 𝑒𝑐𝑙 (𝜙)
by construction:

Lemma 21. (Local Consistency) For any ⟨⟨𝐶⟩⟩𝑃X𝜑 ∈ 𝑒𝑐𝑙 (𝜙), ⟨⟨𝐶⟩⟩𝑃X𝜑 ∈
[𝑞] iff [𝜑] ∈ E𝑒𝑐𝑙 (𝜙 )𝑞 (𝐶, 𝑃)

Proof. If ⟨⟨𝐶⟩⟩𝑃X𝜑 ∈ [𝑞], then by the definition of 𝐸Γ
and Lemma

20, [𝜑] ∈ E𝑒𝑐𝑙 (𝜙 )𝑞 (𝐶, 𝑃). Now, suppose that [𝜑] ∈ E𝑒𝑐𝑙 (𝜙 )[𝑞 ] (𝐶, 𝑃). So,
by Lemma 20, 𝜑 ∈ 𝐸Γ

𝑞 (𝐶, 𝑃), and from the definition of 𝐸Γ
𝑞 (𝐶, 𝑃)

there is some 𝜃 ⊆ 𝜑 such that ⟨⟨𝐶⟩⟩𝑃X𝜃 ∈ 𝑞. Since 𝜃 ⊆ 𝜑 , 𝜃 → 𝜑 is

an ATLDS theorem so ⟨⟨𝐶⟩⟩𝑃X𝜃 → ⟨⟨𝐶⟩⟩𝑃X𝜑 is also a theorem by

X-monotonicity. Therefore, ⟨⟨𝐶⟩⟩𝑃X𝜑 ∈ [𝑞] as required. □

So we just need to show that ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 formulae are realised

whenever they appear in a state [𝑞]. Recall the𝑈 operator defined

previously; we define an analogous operator 𝑈 (𝑋 ) = [𝜑] ∪ ([𝜓 ] ∩
{[𝑧] ∈ 𝑄𝑒𝑐𝑙 (𝜙 ) |𝑋 ∈ E𝑒𝑐𝑙 (𝜙 )[𝑧 ] (𝐶, 𝑃)}), which can be iterated such that

𝑈 0 = [𝜑] and 𝑈 𝑖+1 =𝑈 (𝑈 𝑖 ). We also need the following lemma, as

in [16], that allows us to represent sets of states using formulae:

Lemma 22. For any subset 𝑌 ⊆ 𝑄𝑒𝑐𝑙 (𝜙 )
there is a formula 𝜒𝑌 ∈

𝑒𝑐𝑙 (𝜙) such that for every [𝑦] ∈ 𝑄𝑒𝑐𝑙 (𝜙 ) , 𝜒𝑌 ∈ [𝑦] iff [𝑦] ∈ 𝑌 .

Lemma 23. Take any formula of the form ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 in 𝑒𝑐𝑙 (𝜙).
Then, ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ [𝑞] iff there is a finite 𝑖 such that [𝑞] ∈ 𝑈 𝑖

.

Proof. Suppose there is a finite 𝑖 such that [𝑞] ∈ 𝑈 𝑖
. For all

states [𝑠] in 𝑈 0
, 𝜑 ∈ [𝑠], so by FP𝑈 , ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ [𝑠]. Assume

for some finite 𝑗 that for all states [𝑠] in 𝑈 𝑗
, it is the case that

⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ [𝑠]. For any state [𝑠′] in 𝑈 𝑗+1
, either 𝜑 ∈ [𝑠′] giving

⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ [𝑠′], or 𝜓 ∈ [𝑠′] and [ �⟨⟨𝐶⟩⟩𝑃𝜓U𝜑] ∈ E𝑒𝑐𝑙 (𝜙 )[𝑠′ ] (𝐶, 𝑃).
From local consistency, ⟨⟨𝐶⟩⟩𝑃X⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ [𝑠′], so from the FP𝑈

axiom ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ [𝑠′]. By induction, ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ [𝑞].
Conversely, suppose that ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ [𝑞]. Let us take the set

of states which meet the required condition that there is a finite 𝑖

such that [𝑞] ∈ 𝑈 𝑖
, call this 𝑍 . We can construct a characteristic

formula 𝜒𝑍 such that 𝜒𝑍 ∈ [𝑠] iff [𝑠] ∈ 𝑍 . To show [𝑞] has the
required condition and is therefore in 𝑍 , it is sufficient to show

that ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 → 𝜒𝑍 is an ATLDS theorem, so is in all MCSs of

formulae. To show this, it is sufficient (via LFP𝑈 , FP𝑈 , and G-Nec) to

show that 𝜑 ∨ (𝜓 ∧ ⟨⟨𝐶⟩⟩𝑃X𝜒𝑍 ) → 𝜒𝑍 is in every MCS. For any MCS

𝑥 ∈ Γ, if 𝜑 ∨ (𝜓 ∧ ⟨⟨𝐶⟩⟩𝑃X𝜒𝑍 ) ∉ 𝑥 then we get the required result.

If 𝜑 ∨ (𝜓 ∧ ⟨⟨𝐶⟩⟩𝑃X𝜒𝑍 ) ∈ 𝑥 , then either 𝜑 ∈ 𝑥 or𝜓 ∧ ⟨⟨𝐶⟩⟩𝑃X𝜒𝑍 ∈ 𝑥 .

Suppose the former; then ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ 𝑥 , so [𝑥] ∈ 𝑈 0
meaning

[𝑥] ∈ 𝑍 and 𝜒𝑍 ∈ [𝑥]. If on the other hand, 𝜓 ∧ ⟨⟨𝐶⟩⟩𝑃X𝜒𝑍 ∈ 𝑥

then 𝜓 ∈ 𝑥 and ⟨⟨𝐶⟩⟩𝑃X𝜒𝑍 ∈ 𝑥 so from local consistency of 𝑀Γ
,

𝜒𝑍 ∈ 𝐸Γ
𝑥 (𝐶, 𝑃). So from Lemma 20, [𝜒𝑍 ] ∈ E𝑒𝑐𝑙 (𝜙 )[𝑥 ] (𝐶, 𝑃). At a

state [q] containing 𝜒𝑍 in the filtrated model, there is a smallest

finite 𝑖 such that [𝑞] ∈ 𝑈 𝑖
; the set of states [𝜒𝑍 ] is finite, so we

can find the maximum such 𝑖 across all states, call this 𝑖′. Since
[𝜒𝑍 ] ∈ 𝐸 [𝑥 ] (𝐶, 𝑃), it must be that [𝑥] ∈ 𝑈 𝑖′+1

, so 𝜒𝑍 ∈ [𝑥]. So,
𝜑∨ (𝜓 ∧⟨⟨𝐶⟩⟩𝑃X𝜒𝑍 ) → 𝜒𝑍 is in every MCS 𝑥 , so ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 → 𝜒𝑍 is

an ATLDS theorem. Since ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ [𝑞], it must be that 𝜒𝑍 ∈ [𝑞],
so [𝑞] ∈ 𝑍 and there is a finite 𝑖 such that [𝑞] ∈ 𝑈 𝑖

. □

Lemma 24. (Truth Lemma) Given a formula𝜑 ∈ 𝑒𝑐𝑙 (𝜙) and model

MΓ
𝑒𝑐𝑙 (𝜙 ) , then for any state [𝑞], 𝜑 ∈ [𝑞] iff MΓ

𝑒𝑐𝑙 (𝜙 ) , [𝑞] ⊨ 𝜑 .

Proof. We show the main inductive cases. For atomic propo-

sitions, the definition of 𝑉 𝑒𝑐𝑙 (𝜙 )
guarantees this, and the boolean

connectives are similarly clear. For ⟨⟨𝐶⟩⟩𝑃X𝜑 formulae, this comes

directly from Lemma 21. Note that under the inductive hypothesis

for ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 formulae, the operator 𝑈 and𝑈 are equivalent, the

latter providing the semantics of ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 . So, Lemma 23 imme-

diately gives us that ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ [𝑞] iffMΓ
𝑒𝑐𝑙 (𝜙 ) , [𝑞] ⊨ ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑

as required. For both cases when ¬⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ 𝑒𝑐𝑙 (𝜙), note that
𝑐𝑙 (𝜙) is closed under negation so ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ 𝑒𝑐𝑙 (𝜙) also. Since
each [𝑞] is a maximally consistent subset of 𝑒𝑐𝑙 (𝜙), it must be

that ¬⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∈ [𝑞] iff ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 ∉ [𝑞] iff (by Lemma 23)

MΓ
𝑒𝑐𝑙 (𝜙 ) , [𝑞] ⊭ ⟨⟨𝐶⟩⟩𝑃𝜓U𝜑 .

□

Therefore, every ATLDS-consistent formula has a satisfying

model, which has finite states by construction, so:

Theorem 25. The axiomatic system for ATLDS is sound and

(weakly) complete wrt SOEMs.

Corollary 26. Every satisfiable formula of ATLDS is satisfiable

in a finite-state SOEM.

The construction in Theorem 15 should allow us to apply all of

our results to CGMs, but there is a problem: the ATLDS axioms do

not guarantee the ‘crown condition’ property which is required for

the construction. However, we can show that the class of effectiv-

ity models with this condition have exactly the same validities as

the class without this condition, using the fact that any playable

effectivity function over a finite domain is truly playable [14]:

Proposition 27. For ATLDS formula 𝜑 , ⊨ 𝜑 in the class of SOEMs

iff ⊨ 𝜑 in the class of truly playable SOEMs

Proof. Since truly playable models are a subclass of the standard

models, any validity in SOEMs is valid in the class of truly playable

models. Conversely, if 𝜑 is valid for truly playable SOEMs but fails

in some SOEM, there must be a finite counter-model by Corollary

26. All finite models are truly playable, so 𝜑 must hold, giving a

contradiction. Therefore 𝜑 must be valid across all SOEMs. □

Note that by Theorem 15 any truly playable effectivity function

can be generated by a game and vice versa, so by Proposition 16 the

valid formulae over truly playable SOEMs are exactly the validities

over CGMs. Therefore:

Research Paper Track AAMAS 2026, May 25–29, 2026, Paphos, Cyprus

2435



Corollary 28. The axiomatic system is sound and (weakly) com-

plete wrt CGMs with ATLDS semantics.

7 MODEL CHECKING
In ATL, the model checking problem (determining whether M, 𝑠 ⊨
𝜑 given a CGM M, state 𝑠 , and formula 𝜑) is PTime-Complete

[2]. This procedure extends naturally to ATLDS, also yielding a

polynomial-time algorithmwith respect to the model size (as shown

for 𝑆𝐿− [𝑆𝐺] in [4]). However, if we are modelling a system, we

might expect the transition function to have some structure that

allows us to encode it compactlywith respect to the set of agents and

actions. In this setting ATLDS is more complex than ATL. Therefore,

we will investigate the model checking problem under efficient

encoding of CGMs. By this we mean the model checking problem

restricted to the class of CGMs where the transition function 𝛿

can be encoded in space 𝑝 ( |𝑄 | × |𝐴| × |𝐴𝑔 |) (for some polynomial

𝑝) and given an action profile 𝑎𝐴𝑔 and state 𝑞 we can recover the

state 𝛿 (𝑞, 𝑎𝐴𝑔) from this encoding in polynomial time. One such

approach is the implicit concurrent game models found in [19]

and [17]. In this section, we will only consider CGMs with a finite

number of states, actions, and agents. We will also use notions from

complexity theory relating to the polynomial hierarchy [3].

In a CGMwith state space𝑄 , for a coalition𝐶 , permutation 𝑃 , and

subset of states 𝑆 ⊆ 𝑄 , the set 𝑝𝑟𝑒 (𝑆,𝐶, 𝑃) = {𝑞 ∈ 𝑄 |𝑆 ∈ 𝐸𝜋
𝐺𝑞

(𝐶, 𝑃)}
is the set of states from which 𝐶 moving under permutation 𝑃

can guarantee they are in 𝑆 after one move. We can check if 𝑞 ∈
J⟨⟨𝐶⟩⟩𝑃X𝜑K by checking if𝑞 ∈ 𝑝𝑟𝑒 (J𝜑K,𝐶, 𝑃). Given two sets of states
𝑋 and 𝑌 , we can define a monotone operatorU : P(𝑄) → P(𝑄)
as U(𝑆) = 𝑋 ∪ (𝑌 ∩ 𝑝𝑟𝑒 (𝑆,𝐶, 𝑃)). When 𝑋 = J𝜑K and 𝑌 = J𝜓K the
fixpoint of this operator is the set of states for which J⟨⟨𝐶⟩⟩𝑃𝜓U𝜑K;
if we start at ∅, this fixpoint must be reached within |𝑄 | iterations.
Similarly, 𝑞 ∈ J𝑝K if 𝑝 ∈ 𝑉 (𝑞), 𝑞 ∈ J𝜑 ∧𝜓K if 𝑞 ∈ J𝜑K ∩ J𝜓K, and
𝑞 ∈ J¬𝜑K iff 𝑞 ∈ 𝑄 \ J𝜑K.

Proposition 29. Model Checking problem for ATLDS under effi-

cient encoding of CGMs is PSpace-Complete.

Proof. We can recursively check 𝑞 ∈ J𝜑K using the above

method, keeping track of a set of states of size at most |𝑄 | for
each subformula. To compute 𝑝𝑟𝑒 (J𝜓K,𝐶, 𝑃) for some 𝜓 , we can

iterate through all strategies at a state, and record if any of them

result in a set of states within J𝜓K. We can encode the result of a

strategy at a state as a tree, where the nodes at depth 𝑖 are labelled

with the agent 𝑃 [𝑖]. For nodes labelled with an agent 𝑃 [𝑖] ∈ 𝐶 , there

is a successor for each action available to them. For nodes labelled

with an agent 𝑃 [𝑖] ∈ 𝐶 , there is a single successor corresponding to

a choice of an action available to them. Each leaf node corresponds

to an action profile, so we can calculate a successor state from this.

In a depth-first exploration of this tree, we only need to store a

single action profile of size 𝑂 ( |𝐴𝑔 |) and the successor states so far

of size𝑂 ( |𝑄 |) at any one time. Therefore, the problem is in PSpace.

For hardness, we reduce from the PSpace-Complete problem

TQBF. Suppose wlog we have a formula in the form

∃𝑥1∀𝑦1 . . . ∃𝑥𝑛∀𝑦𝑛 .𝜙 (𝑥1, 𝑦1, . . . 𝑥𝑛, 𝑦𝑛) where 𝜙 is a boolean formula

with free variables 𝑥1, 𝑦1, . . . 𝑥𝑛, 𝑦𝑛 and each quantifier ranges over

{0, 1}. We can create a CGM with M with 𝐴𝑔 = {𝑥1, 𝑦1 . . . , 𝑥𝑛, 𝑦𝑛},
𝑄 = {𝑞0, 𝑡, 𝑓 }, 𝐴 = {0, 1, ∗}, for all agents 𝑖 , 𝑎𝑐𝑡 (𝑖, 𝑞0) = {0, 1}

and 𝑎𝑐𝑡 (𝑖, 𝑡) = 𝑎𝑐𝑡 (𝑖, 𝑓 ) = {∗}, and transition function 𝛿 (𝑡, ∗) = 𝑡 ,

𝛿 (𝑓 , ∗) = 𝑓 , and 𝛿 (𝑞0, 𝑎𝑥1 , 𝑎𝑦1 , . . . , 𝑎𝑥𝑛 , 𝑎𝑦𝑛 ) outputs 𝑡 whenever

𝜙 (𝑎𝑥1 , 𝑎𝑦1 , . . . , 𝑎𝑥𝑛 , 𝑎𝑦𝑛 ) is true and 𝑓 otherwise. If we have a sin-

gle propositional variable 𝑝 which holds only at state 𝑡 , it can

now be seen that M, 𝑞0 ⊨ ⟨⟨{𝑥1, 𝑥2, . . . , 𝑥𝑛}⟩⟩ (𝑥1,𝑦1,...,𝑥𝑛 ,𝑦𝑛 )X𝑝 iff

∃𝑥1∀𝑦1 . . . ∃𝑥𝑛∀𝑦𝑛 .𝜙 (𝑥1, 𝑦1, . . . 𝑥𝑛, 𝑦𝑛). □

However, we can do better if we bound the number of agents:

Proposition 30. Model Checking for ATLDS under efficient en-

coding of CGMs with a fixed number of agents is in NP ∩ co-NP.

Proof. All steps except evaluating 𝑞 ∈ 𝑝𝑟𝑒 (𝑆,𝐶, 𝑃) run in poly-

nomial time. With a fixed number of agents |𝐴𝑔 |, the size of a

strategy restricted to 𝑞 is polynomially bounded by 𝑂 ( |𝐴| |𝐴𝑔 | ). We

can guess a joint strategy 𝜎𝑃
𝐶
and verify whether it ensures reach-

ing 𝑆 against all strategies of 𝐶 in polynomial time, meaning the

problem is in NP. The complement problem reduces to checking

¬𝜑 , so is also in NP, yielding membership in NP ∩ co-NP. □

With an unbounded number of agents, the complexity of model

checking depends on the alternation number of the formula:

Proposition 31. Model Checking for ATLDS under efficient en-

coding of CGMs of formulae 𝜑 such that 𝑎𝑙𝑡 (𝜑) ≤ 𝑘 is in Δ𝑃
𝑘+1.

Proof. For coalition𝐶 , permutation 𝑃 beginning with 𝑃 [1] ∈ 𝐶 ,

with alternation number 𝑘 , it is the case that 𝑞 ∈ 𝑝𝑟𝑒 (𝑆,𝐶, 𝑃) iff
∃𝑎𝐶1

∀𝑎𝑆2∃𝑎𝐶3
. . . ((∃/∀)𝑎 (𝐶𝑘 /𝑆𝑘 ) (𝛿 (𝑞, 𝑎𝐶1

, . . . , 𝑎 (𝐶𝑘 /𝑆𝑘 ) ) ∈ 𝑆)

where each 𝐶𝑖 ⊆ 𝐶, 𝑆𝑖 ⊆ 𝐶 and 𝑎𝐶 ∈ Π𝑖∈𝐶 (𝑎𝑐𝑡 (𝑖, 𝑞)). Checking
𝛿 (𝑞, 𝑎𝐶1

, . . . , 𝑎 (𝐶𝑘 /𝑆𝑘 ) ) ∈ 𝑆) can be done in polynomial time, so this

is in Σ𝑃
𝑘
by definition. Similarly, checking 𝑞 ∈ 𝑝𝑟𝑒 (𝑆,𝐶, 𝑃) when

the first agent in 𝑃 [1] is in 𝐶 and 𝑎𝑙𝑡 (𝜑) ≤ 𝑘 is in Π𝑃
𝑘
. Since a Σ𝑃

𝑘

oracle can check 𝑞 ∈ 𝑝𝑟𝑒 (𝑆,𝐶, 𝑃) in constant time, we can solve the

model checking problem with alternation number bounded by 𝑘 in

polynomial time: so, it is in Δ𝑃
𝑘+1. □

8 CONCLUSION
We have presented ATLDS, extending ATL with a modality that

encodes an order in which agents move. We have provided a sound

and complete axiomatic system for ATLDS, and given complexity

bounds for variants of the model-checking problem, demonstrating

how the quantifier-alternation behaviour of ATLDS makes certain

decision problems more difficult than in ATL. We have also given a

transformation between ATLDS and SL
−
[SG], linking these results

to a known fragment of Strategy Logic.

We could extend the syntax of ATLDS to obtain an ATL*-like

logic where modalities are followed by arbitrary LTL formulae -

presumably this would align with the ATL*-like fragment of strat-

egy logic, SL
−
[1G] [21]. However, since an axiomatisation has not

yet been found for ATL*, it is unlikely the completeness results of

this paper could be extended in an obvious way. It may be more

fruitful to use the ATLDS modality defined in this paper to con-

struct a variant of the alternating-time 𝜇−calculus. The dependence
in ATLDS mirrors that of first-order quantifiers, so another natu-

ral extension would be to capture the dependence of, for example,

Henkin quantifiers. This could be achieved by replacing strategies

under a permutation with strategies under a partial order.
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