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ABSTRACT
We study the Submodular Welfare Problem (SWP), where items
are partitioned among agents with monotone submodular util-
ities to maximize total welfare under bandit feedback, i.e., only
aggregate outcomes are observable. Classical SWP assumes full
value-oracle access, achieving 1/2 and (1 − 1/𝑒) approximations
via greedy and continuous-greedy algorithms, respectively. We
extend this to a multi-agent combinatorial bandit framework (MA-
CMAB), where actions are partitions under full-bandit feedback
with non-communicating agents. Unlike prior single-agent or sepa-
rablemulti-agent CMABmodels, our setting couples agents through
shared allocation constraints. We propose an explore–then–commit
strategy with randomized assignments, achieving Õ(𝑇 2/3) regret
against a (1−1/𝑒) benchmark—the first such guarantee for partition-
based submodular welfare under bandit feedback.
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1 INTRODUCTION
Combinatorial multi-armed bandit (CMAB) problems involve se-
lecting subsets of base arms at each round and receiving stochastic
rewards. The challenge lies in the structured yet exponentially large
action space, which complicates exploration and optimization. Two
feedback models are typically studied: under semi-bandit feedback,
individual arm rewards are observed, whereas in the full-bandit set-
ting, only the total reward from the chosen subset is revealed. The
latter, though harder, better reflects real-world constraints such
as privacy, limited instrumentation, or aggregated observations.
Applications include recommender systems, data summarization,
fair division, and influence maximization [8, 9, 15, 16].
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This work addresses a multi-agent variant of CMAB grounded
in the Submodular Welfare Problem (SWP), which seeks to allocate
items among agents with monotone submodular utilities to maxi-
mize total welfare. Classical SWP admits a 1/2-approximation via
the greedy algorithm [7, 12] and an optimal (1−1/𝑒) approximation
through the continuous-greedy method with pipage rounding [20].
Online extensions of submodular optimization by adapting offline
approximations to stochastic bandit feedback [8, 9, 15] achieve sub-
linear regret but are confined to single-agent or communicating
multi-agent models with separable objectives.

Thiswork studies a non-communicatingmulti-agent settingwhere
each agent 𝑖 has a distinct submodular utility𝑤𝑖 (·), and the learner
selects a partition of items—assigning disjoint subsets to agents
based only on aggregate reward feedback. This captures practi-
cal scenarios such as cohort-based recommendation, group influ-
ence maximization, and equitable allocation of indivisible goods,
where agents compete for shared resources and item exclusivity
couples their decisions. We introduce the Multi-Agent Combi-
natorial Multi-Armed Bandit (MA-CMAB) framework, which
unifies partition-based submodular welfare maximization with on-
line learning under full-bandit feedback. Our approach connects
offline approximation guarantees to online regret minimization
via a discrete randomized policy inspired by continuous greedy
optimization, yielding resilience guarantees and a Õ(𝑇 2/3) regret
bound—the first such result for partition-based submodular welfare
in a decentralized multi-agent bandit setting.

2 RELATEDWORK
Early approximation guarantees on SWP include the 1/2-approxima-
tion via greedy allocation [7, 12], while the optimal (1 − 1/𝑒)-
approximation was achieved through the continuous greedy al-
gorithm combined with pipage rounding [2, 5, 20]. Hardness results
show that improving beyond (1 − 1/𝑒) is NP-hard [10], and match-
ing this ratio with value queries alone requires exponentially many
oracle calls [13]. Online extensions of submodular maximization
under bandit feedback have been developed for single-agent combi-
natorial settings [8, 14, 15], establishing offline-to-online reductions
and robustness-based regret guarantees. In multi-agent learning,
decentralized and collaborative multi-armed bandit models have
been studied under various communication structures [1, 6, 11, 18],
as well as collision-based and heterogeneous bandit formulations
[3, 4, 17].Federated combinatorial multi-agent bandits have enabled
coordination through shared information [9]. However, these works
either assume separable objectives or communication among agents.
In contrast, the MA-CMAB framework for SWP under full-bandit
feedback considers non-communicating agents jointly selecting a
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partition under matroid constraints, connecting the resilience of
continuous greedy [5, 20] to stochastic regret minimization.

3 PROBLEM STATEMENT
We consider 𝑀 agents 𝑃 = {1, . . . , 𝑀} and a finite collection of N
indivisible items, denoted by 𝑄 . The ground set of assignments
is 𝑋 = 𝑃 × 𝑄 , where (𝑖, 𝑗) denotes assigning item 𝑗 to agent 𝑖 . A
feasible allocation 𝑆 ⊆ 𝑋 satisfies the partition matroid constraint
D = {𝑆 ⊆ 𝑋 : |𝑆 ∩ (𝑃 × { 𝑗}) | ≤ 1, |𝑆 ∩ ({𝑖} ×𝑄) | ≤ 𝑏𝑖 , ∀𝑖, 𝑗},

with optional quotas 𝑏𝑖 ∈ Z≥0 (𝑏𝑖 = 𝑁 removes capacity limits).
Each agent 𝑖 has a monotone submodular valuation 𝑤𝑖 : 2𝑄 →
[0, 1], and the total welfare is 𝑓 (𝑆) = ∑𝑀

𝑖=1𝑤𝑖 (𝑠𝑖 ), where 𝑠𝑖 = { 𝑗 :
(𝑖, 𝑗) ∈ 𝑆}. Let OPT ∈ arg max𝐴∈D 𝑓 (𝐴) be the optimal allocation.
Since exact maximization is NP-hard, we assume access to an 𝛼-
approximate oracle Aoff such that 𝑓 (𝐴Aoff ) ≥ 𝛼 𝑓 (OPT) for 𝛼 ∈
(0, 1], which serves as the benchmark. Across 𝑇 rounds, a policy
𝜋 selects allocations 𝐴𝑡 ∈ D and receives stochastic full-bandit
feedback 𝑟𝑡 = 𝑓𝑡 (𝐴𝑡 ) with E[𝑓𝑡 (𝐴𝑡 )] = 𝑓 (𝐴𝑡 ). Only aggregate
rewards are observed—no per-agent signals. The cumulative 𝛼-
regret, which generalizes CMAB pseudo-regret to partition-based
submodular welfare relative is

E[R(𝑇 )] = 𝛼𝑇 𝑓 (OPT) − E
[
𝑇∑︁
𝑡=1

𝑓𝑡 (𝐴𝑡 )
]
. (1)

4 RESILIENCE GUARANTEE FOR THE
SUBMODULARWELFARE PROBLEM

We first define resilience, which means that even if utility evalua-
tions for each agent are noisy within 𝜖 , the algorithm still achieves
near-optimal performance up to an additive error proportional to 𝜖 .
Next, we show that Continuous Greedy algorithm satisfies the
resilience guarantees (Theorem 4.2).

Definition 4.1 ((𝛼, 𝛿, 𝜂)-Resilient Approximation). An offline al-
gorithm A is (𝛼, 𝛿, 𝜂)-resilient if, given approximate oracle access
𝑓 satisfying |𝑓 (𝑆) − 𝑓 (𝑆) | ≤ 𝜀 for all feasible 𝑆 , it returns 𝑆A such
that E[𝑓 (𝑆A )] ≥ 𝛼 𝑓 (OPT) − 𝛿𝜀, where 𝜂 bounds oracle calls and
𝛿 quantifies noise sensitivity.

Theorem 4.2 (Resilience of Continuous Greedy). Under or-
acle noise |𝑤̂𝑖 (𝑠𝑖 ) − 𝑤𝑖 (𝑠𝑖 ) | ≤ 𝜀 ≤ 1/(𝑀𝑁 )2 ∀𝑠𝑖 , Continuous
Greedy[20] is (𝛼, 𝛿, 𝜂)-resilient with 𝛼 = 1− 1

𝑒 , 𝛿 = (4𝑀𝑁 +𝑁 ) (1−
1
𝑀
), 𝜂 = (𝑀𝑁 )8 . Hence, E[𝑓 (𝑆)] ≥ (1− 1

𝑒 ) 𝑓 (OPT)− (4𝑀𝑁 +2𝑀)𝜀.

The proof of Theorem 4.2 proceeds by first deriving a noise-
aware upper bound on the optimal welfare in terms of the multilin-
ear extension and expected marginal gains, explicitly accounting
for additive oracle errors. It then analyzes the iterative progress
of the Continuous Greedy updates and shows that the standard
exponential decay of the optimality gap is preserved up to a con-
trolled additive loss. This establishes that the fractional solution
maintains the optimal (1 − 1/𝑒) approximation structure under
noisy evaluations. The solution is subsequently converted to an
integral allocation via pipage rounding, incurring only a negligible
discretization loss. The detailed statements and complete proofs of
the supporting technical results are deferred to the full version1.
1http://arxiv.org/abs/2602.16183

Offline-to-Online Regret. We next connect offline resilience to
stochastic regret in the online setting, where the learner interacts
with the environment for 𝑇 rounds, selecting feasible allocations
and observing only aggregate (full-bandit) rewards. The goal is to
minimize cumulative 𝛼-regret.

Let 𝜂 denote the number of explored allocations and 𝐶 the ag-
gregation constant (𝐶 = 𝑀 for multi-agent or 1 otherwise). The
(𝛼, 𝛿)-robust offline routine satisfies E[𝑓 (𝑆)] ≥ 𝛼 𝑓 (OPT) − 𝛿𝜀.

During exploration, each allocation is played 𝑚 times, yielding

confidence radius rad =

√︃
log𝑇
2𝑚 . Balancing exploration cost and

estimation error gives𝑚★ = Θ((𝛿𝐶)2/3𝜂−2/3𝑇 2/3 log(𝑇 )1/3) .

Theorem 4.3 (Final Regret Bound). With𝑚 = ⌈𝑚★⌉, the ex-
pected 𝛼-regret satisfies

E[R(𝑇 )] = O
(
𝛿2/3𝜂1/3𝐶2/3𝑇 2/3 log(𝑇 )1/3

)
. (2)

[Interpretation] The regret scales as Õ(𝑇 2/3), matching the op-
timal stochastic rate for combinatorial bandits. Here, 𝛿 quantifies
offline robustness to oracle noise,𝐶 the aggregation complexity, and
𝜂 the number of explored allocations. This yields the first sublin-
ear regret guarantee for partition-based submodular welfare under
full-bandit feedback in a decentralized multi-agent setting.

5 ALGORITHMIC FRAMEWORK AND
ANALYSIS

5.1 MA-CMAB for Social Welfare
The proposed MA-CMAB algorithm addresses the challenge of
multi-agent submodular welfare maximization in a stochastic set-
ting via a principled offline-to-online reduction. It operates in two
phases: an exploration phase, collecting empirical estimates over

𝑚 =

⌈
𝛿2/3𝑇 2/3𝑀2/3 (log𝑇 )1/3

2𝜂2/3

⌉
rounds, and an exploitation phase,

where a (𝛼, 𝛿, 𝜂)-resilient offline algorithm Aoff outputs a high-
welfare partition 𝑆 = {𝑠1, . . . , 𝑠𝑀 }. Empirical rewards 𝑤̄𝑖 (𝑠𝑖 ) and
aggregate estimates 𝑓 (𝑆) guide the oracle, enabling robust alloca-
tion under uncertainty. The design extends the classical ETC frame-
work [19] to a multi-agent, combinatorial, and submodular regime.
Regret analysis is based on a high-probability clean event E ensur-
ing concentration of empirical estimates, yielding near-optimal Util-
itarian SocialWelfare (USW) during exploitation. Compared to prior
single-agent or separable approaches (e.g., C-ETC [15]), MA-CMAB
tackles the harder problem of partitioned, non-communicating al-
location with submodular utilities and full-bandit feedback, estab-
lishing a general framework for online social welfare maximization
in structured stochastic environments.

6 CONCLUSION
We introducedMA-CMAB, a unified framework for fair division
of indivisible goods among agents with submodular valuations
under bandit feedback. Our offline analysis established resilience of
welfare maximization with noisy oracles, and the online reduction
achieved Õ(𝑇 2/3) regret. Future work includes reducing oracle
complexity, extending to semi-bandit and contextual settings, and
tightening resilience–regret tradeoffs under stronger noise and
richer combinatorial constraints.
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