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ABSTRACT
The dependency of the actor on the critic in actor-critic (AC)

reinforcement learning means that AC can be characterized as a
bilevel optimization (BLO) problem, also called a Stackelberg game.
This characterization motivates two modifications to vanilla AC
algorithms. First, the critic’s update should be nested to learn a
best response to the actor’s policy. Second, the actor should update
according to a hypergradient that accounts for changes in the critic.
Computing this hypergradient involves finding an inverse Hessian
vector product, a process that can be numerically unstable. We
thus propose a new algorithm, Bilevel Policy Optimization with
Nyström Hypergradients (BLPO), which uses nesting to account
for the nested structure of BLO, and leverages the Nyström method
to compute the hypergradient. Theoretically, we prove BLPO con-
verges to (a point that satisfies the necessary conditions for) a local
strong Stackelberg equilibrium in polynomial time with high prob-
ability, assuming a linear parametrization of the critic’s objective.
Empirically, we demonstrate that BLPO performs on par with or
better than PPO on a variety of discrete and continuous control
tasks.
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1 INTRODUCTION
Bilevel optimization (BLO) is a class of hierarchical optimiza-

tion problems with two objectives, an outer one and an inner one.
Crucially, the objective and the variables of the outer problem
depend on the solution to the inner problem. An active area of
research, bilevel optimization has applications in myriad areas of
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machine learning and beyond. Examples include reinforcement
learning [7, 45], hyperparameter optimization [27], meta-learning
[33], energy markets [1], agriculture [2], and security [40], to name
a few. Given functions 𝑓 : R𝑛 × R𝑚 → R and 𝑔 : R𝑚 → R, a(n
unconstrained) bilevel opmization problem can be formulated as
follows:

min
𝒙 ∈R𝑛

Φ(𝒙 ) .= 𝑓(𝒙 ,𝒚∗(𝒙 )) s.t. 𝒚∗(𝒙 ) ∈ Y∗𝒙
.= arg min

𝒚 ∈R𝑚

𝑔𝒙 (𝒚 ). (1)

A solution to a BLO comprises a pair (𝒙∗,𝒚∗) ∈ (R𝑛,R𝑚) s.t. 𝒙
optimizes Φ(𝒙 ) subject to the constraint that 𝒚∗ optimizes 𝑔𝒙 (𝒚 ).
The notation 𝑔𝒙 allows the optimal value of 𝑔 (and the correspond-
ing solution set Y∗𝒙 ) to vary with 𝒙 . In this paper, we assume 𝑓 and
𝑔 are differentiable functions, so they can be represented by neural
networks, with 𝒙 and 𝒚 as the network parameters.

Bi-level optimization problems are sometimes referred to as two-
player general-sum Stackelberg games [9], with the outer (respec-
tively, inner) player as the Stackelberg leader (respectively, fol-
lower), in which case solutions are called Stackelberg equilibria
(SE). When the inner objective is strongly convex, solutions are
guaranteed to exist under fairly general conditions [9, Theorem
5.1] and are called strong Stackelberg equilibria (SSE). In such cases,
a local solution to a BLO (i.e., a local SSE) is a point 𝒙∗ s.t. 𝑓(𝒙∗) is
a local minimum and 𝒚∗(𝒙∗) is a global minimum of 𝑔𝒙∗ (𝒚∗).

Just as many optimization problems can be solved via gradient
descent, BLOs, which comprise an outer optimization and an inner
one, are naturally solved via nested gradient descent. For each outer
value 𝒙 , the inner optimization is solved (e.g., by gradient descent)
to find 𝒚∗(𝒙 ), which is then used to update 𝒙 by following the
hypergradient of 𝑓 at 𝒚∗(𝒙 ). The hypergradient comprises two com-
ponents: the direct gradient, which captures the direct dependence
of 𝑓 on 𝒙 , and the implicit gradient, also called the best-response
Jacobian, which accounts for how changes in 𝒙 affect 𝒚∗.

It is straightforward to calculate the direct gradient via auto-
differentiation. The implicit gradient, however, is more difficult to
compute. There are two common approaches [27]. The first, called
unrolling gradients, makes use of a modern auto-differentiation
library like PyTorch [31] or Jax [5] to differentiate through the
inner optimization algorithm, rather than through an optimal so-
lution. This method, however, has been shown to be empirically
unstable [39]. Moreover, it has large memory requirements, as it
requires storing a copy of 𝒚 at each gradient descent step en route
to computing 𝒚∗.
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The other popular approach is to leverage the implicit function
theorem (IFT) to compute the implicit gradient [27]. At face value,
this method requires inverting the Hessian of 𝑔𝒙 , which can be
computationally intractable for large neural networks and numeri-
cally unstable for ill-conditioned Hessians. We tackle precisely this
challenge in this paper, leveraging the Nyström method [11] to find
a low-rank approximation of the inverse Hessian vector product
(IHVP), which avoids materializing the full Hessian and thus can
be empirically more stable than other methods [19].

Our contribution is: we posit actor-critic, a classic reinforce-
ment learning architecture [3], as a BLO, for which we propose
a nested gradient desent approach that computes hypergradients
using Nyström’s method. We call our reinforcement learning al-
gorithm Bilevel Policy Optimization (BLPO). We show empirically
that BLPO outperforms PPO [38] on a variety of standard discrete
and continuous control tasks, without imposing significant addi-
tional computational burden. We also prove that BLPO converges
in polynomial time to a point satisfying the necessary conditions
of a local SSE assuming a linear parameterization of the critic.1

1.1 Actor-Critic Methods
A reinforcement learning (RL) agent learns to make decisions

by interacting with its environment sequentially (i.e., choosing
actions at each state it encounters), receiving rewards along the
way, with the goal of maximizing its expected return, or long-
term cumulative rewards [41]. RL algorithms generally fall into
two categories: policy-based methods, which directly optimize the
parameters 𝜽 of a parameterized policy 𝝅𝜽 that maps states to
actions; and value-based methods, which first estimate the expected
return of a state by a parameterized value function 𝑉𝝎 , and then
infer an optimal policy by selecting reward-maximizing actions at
all states. Actor-critic (AC) algorithms combine these approaches by
learning both a parameterized policy (the actor) and value function
(the critic). Many state-of-the-art RL algorithms are built on AC-like
structures, such as Trust Region Policy Optimization [36], Proximal
Policy Optimization [38] and Deep Deterministic Policy Gradient
[26].

Formally, a discrete-time Markov decision process (MDP) is de-
fined by the tuple M .= ⟨S,A, 𝑃, 𝑟, 𝛾, 𝜈⟩. The letter S denotes a
(possibly continuous) state space, and A, a (possibly continuous)
action space. The initial state 𝒔0 is drawn from initial state dis-
tribution 𝜄, a probability density over S. The transition dynamics
𝑃 : S × A × S → [0, 1] are specified by a conditional probability
density 𝑃 [𝑺𝑡 +1 | 𝒔𝑡 , 𝒂𝑡 ], which describes transitions to the next
state 𝑺𝑡 +1 from the current state 𝒔𝑡 after taking action 𝒂𝑡 . The
function 𝑟 : S × A → R specifies the reward for taking action
𝒂𝑡 in state 𝒔𝑡 . The return 𝑅𝜏

.= ∑∞
𝑡 =0 𝛾

𝑡 𝑟 (𝒔𝑡 , 𝒂𝑡 ) along trajectory
𝜏 = (𝒔0, 𝒂0, 𝒔1, 𝒂1, . . .) is defined as the discounted sum of the cumu-
lative rewards, where 𝛾 ∈ [0, 1] is the discount factor.

Given an MDPM, a policy 𝝅 : S → P(A) is a mapping from
states to probability distributions over actions. The initial state
distribution 𝜄, the transition dynamics, and a policy induce a dis-
counted history distribution 𝜌𝝅𝜄 over trajectories and a discounted

1Supplementary material for this paper be found here.

occupancy distribution 𝜈𝝅𝜄 over states. When 𝜄 is a Dirac delta func-
tion with its impulse defined at 𝒔, then abusing notation, we write
𝜌𝝅𝒔 and 𝜈𝝅𝒔 .

Given a policy 𝝅𝜽 , the value function 𝑉 𝝅
𝝎 : S → R at a state 𝒔

is defined as the expected return over trajectories originating at 𝒔
under policy 𝝅 : i.e., 𝑉 𝝅

𝝎 (𝒔) = E𝜏∼𝜌𝝅𝒔 [𝑅𝜏 ]. Given a value function
𝑉𝝎 , the actor aims to maximize the expected return 𝐽 (𝜽 ,𝝎 ) of the

policy 𝝅𝜽 , i.e., 𝐽 (𝜽 ,𝝎 ) .= E
𝒔∼𝜈

𝝅𝜽
𝜄

[
𝑉
𝝅𝜽
𝝎 (𝒔)

]
, while the critic chooses

parameters 𝝎 so as to minimize the (typically, squared) error in its
value function representation, given the actor’s policy 𝝅𝜽 , i.e.,

𝐿(𝜽 ,𝝎 ) .=
1
2 E
𝒔∼𝜈

𝝅𝜽
𝜄

[(
𝑉 𝝅𝜽 (𝒔) −𝑉𝝎 (𝒔)

)2
]
. (2)

The actor’s objective thus depends on the critic’s value function,
while the critic’s objective depends on the actor’s policy.

Celebrated AC algorithms like PPO [38] and SAC [18] update the
actor and critic simultaneously, meaning each updates the parame-
ters of its network during iteration 𝑡 + 1, given the other’s parame-
ters at iteration 𝑡 . Simultaneous updating corresponds to a mutual
better-response dynamic, which, in the event of convergence, would
ideally find a solution to the following simultaneous-move game:

arg min
𝜽 ∈R𝑛

−𝐽 (𝜽 ,𝝎 ) arg min
𝝎 ∈R𝑚

𝐿(𝝎 , 𝜽 ). (3)

We make a different modeling choice, partially inspired by [45],
which is to define the critic’s loss function as a parameterized func-
tion of the actor’s policy. That is, we take 𝐿𝜽 (𝝎 ) .= 𝐿(𝜽 ,𝝎 ), and
model the problem as the following BLO:

min
𝜽 ∈R𝑛

Φ(𝜽 ) .= −𝐽 (𝜽 ,𝝎∗(𝜽 )) s.t. 𝝎∗(𝜽 ) ∈ arg min
𝝎 ∈R𝑚

𝐿𝜽 (𝝎 ). (4)

This characterization (AC-BLO) of the AC framework highlights
its asymmetric nature, emphasizing the actor’s policy search as the
primary objective, with the critic’s value function representation
as a secondary objective, whose raison d’être is merely to aid the
actor in its search. Indeed, poor estimates of the value function are
known to produce less-than-ideal policies [15].

Since the critic’s objective is a squared loss, a linear representa-
tion of the value function renders this objective strongly convex,
ensuring a unique solution to the critic’s optimization problem. The
actor’s optimization problem, however, is in general non-convex.
Thus, assuming a linear parameterization for the critic, the solution
to our AC-BLO is a local SSE, the necessary conditions of we prove
can be approximated in polynomial time, with high probability.

1.2 Contributions
We propose a new policy-gradient based RL algorithm, Bilevel

Policy Optimization with Nyström Hypergradient (BLPO), inspired
by our AC-BLO formulation, in which the actor (definitively2) plays
the role of the Stackelberg leader, while the critic plays the role of
the follower. The nested structure of AC-BLO motivates a nested
approach to solving it; specifically, it motivates iterating between
taking one step along the hypergradient of the actor’s objective,
followed by many steps along the gradient of the critic’s.

2In past work, the actor has also been nested [7], at least some of the time [45].
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The aforementioned intuitions are not entirely novel, as others
before us have nested the critic’s computation. In practice, however,
past AC-BLO formulations have not born fruit [45]. Our empirical
studies reveal that the culprit is the instability of the requisite IHVP
computations. In particular, iterative methods, such as conjugate
gradient (CG) [20], are unstable because even regularized Hessians
are poorly conditioned, and thus difficult to invert. As a result,
we compute a low-rank approximation of the IHVP via Nyström’s
method. This modification characterizes our new algorithm, BLPO.

Empirically, we show that BLPO outperforms PPO in a variety
of discrete and continuous control tasks. We also present a series
of ablations to confirm that both nesting (with the actor as leader,
and the critic as follower) and the Nyström method are essential
for these performance gains. Related, we show that using CG to
approximate the IHVP can lead to severe performance degradation.

Under a linear parameterization of the critic’s value function, the
inner optimization of our proposed AC-BLO formulation is strongly
convex. Under this assumption, we prove that BLPO converges in
polynomial time to a point that satisfies the necessary conditions of
local SSE, with high probability. This latter caveat is necessary, as
Nyström’s method is randomized [11]. The rate we derive suggests
a faster learning rate for the critic (𝑂 (1/𝜅)), and a much slower
one for the actor (𝑂 (1/𝜅3)), where 𝜅 is the condition number of
the inner objective function. Moreover, since Nyström’s method
is a constant-time operation, dependent only on the number of
columns sampled to build a low-rank approximation, Nyström’s
method eliminates a factor of O(

√
𝜅) from the IHVP computation

as compared to CG [23].

Related Work on Game Theoretic AC. Actor-critic as a BLO (i.e., a
Stackelberg game) has been considered previously by the RL com-
munity. Wen et al. [43], Zheng et al. [45] attempted to solve various
MDPs using variants of AC that incorporate a hypergradient. Their
methods are largely unstable, however, because they compute the
hypergradient using CG, which can perform arbitrarily badly when
the Hessian is ill-conditioned. Chakraborty et al. [7] developed
PARL, a hypergradient-based method for RLHF, which also uses
CG and also suffers from arbitrarily bad estimates of the hypergra-
dient [10]. Hong et al. [22] assume a linear parametrization for an
inner critic, and conclude that the critic should learn at a faster rate
than the actor, a result corroborated here and by Zhang et al. [44].

Regarding AC as a Nash (i.e., simultaneous-move) game, Castro
and Meir [6] analyze two-timescale stochastic approximate (TTSA)
AC algorithms with linear function approximation, and find that
simultaneous TTSA AC algorithms converge to a neighborhood
around a local Nash equilibrium. The size of this neighborhood can
be decreased by speeding up the learning rate of the critic at the
risk of increased instability. Heusel et al. [21] sharpens this analysis
to show that TTSA AC with a faster critic converges to a local
Nash equilibrium almost surely. Note that these results concern
Nash not Stackelberg equilibria, as these AC variants rely only on
gradients, not on hypergradients. The behavior of simultaneous
vs. Stackelberg training dynamics in a simple single-step MDP is
shown in Figure 1.

Assuming a linear parameterization for the critic, our formu-
lation of AC is as an unconstrained non-convex (outer) strongly-
convex (inner) BLO. Ghadimi and Wang [16] analyze an iterative

1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

(a) Simultaneous

1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

(b) TTSA Simultaneous

1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

(c) Regularized Stackelberg

1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

(d) Stackelberg

Figure 1: We extend the one-step MDP problem from Zheng
et al. [45] to show the cycling behavior of simultaneous train-
ing dynamics (Figure 1a), evenwith TTSA (Figure 1b). Stackel-
berg dynamics (Figure 1d) converge to the equilibrium, (0, 0),
even when regularized (Figure 1c). Further details can be
found here.

approach to solving non-convex strongly-convex BLOs using hy-
pergradients, the implicit function theorem (IFT), and the conjugate
gradient method. Ji et al. [23] sharpen this analysis using warm
starts in the inner optimization. Hataya and Yamada [19] intro-
duce the Nyström method to estimate the hypergradient with a
low-rank approximation, overcoming challenges associated with
iterative methods [27]. We combine ideas from all of the above to
prove polynomial-time convergence, with high probability, to (a
point that satisfies the necessary conditions of) a local SSE using
hypergradients, the IFT, and Nyström’s method, and we validate
our approach experimentally.

2 MATHEMATICAL PRELIMINARIES
Notation. We use calligraphic uppercase letters to denote sets

(e.g., X), uppercase letters to denote matrices (e.g., 𝐻 ), bold low-
ercase letters to denote vectors (e.g., 𝒗 ), and lowercase letters to
denote scalar quantities (e.g., 𝑥). We denote an element of a ma-
trix 𝐻 by the corresponding lowercase letter using the index as a
subscript, e.g., ℎ

𝑖 𝑗
denotes the element at the 𝑖th row of the 𝑗th

column. Similarly, we denote the 𝑗th entry of a vector by the same
lowercase letter with subscript 𝑗 , e.g., 𝑣 𝑗 . We use R to denote the
set of real numbers. We use ∥·∥2 to denote the Euclidean norm and
∥·∥op to denote the operator norm. We denote a function’s parame-
ters by a subscript (e.g., 𝑓𝒙 ). We denote an iteration step by 𝑘 using
superscripted brackets (e.g., 𝑥 (𝑘 )). We denote a total gradient by
∇ and a partial derivative by ∇ with a subscript, e.g., the partial
derivative of 𝑓(𝒙 ,𝒚 ) w.r.t. 𝒙 is written ∇𝒙 𝑓(𝒙 ,𝒚 ).
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Concepts. A function 𝑓 : R𝑛 → R is said to be 𝐿-Lipschtiz
continuous w.r.t. ∥·∥ iff ∀𝒙 , 𝒙′ ∈ R𝑛 , ∥ 𝑓 (𝒙 )− 𝑓 (𝒙′)∥ ≤ 𝐿∥𝒙 −𝒙′∥. A
function 𝑓 is 𝜇-convex if 𝑓 (𝒙 ) ≥ 𝑓 (𝒙′) + ⟨∇𝒙 𝑓 (𝒙′), 𝒙 −𝒙′⟩ + 𝜇/2∥𝒙 −
𝒙′∥2. For a symmetric matrix 𝐴, we write 0 ­ 𝐴 if all eigenvalues
of 𝐴 are nonnegative, which implies 𝐴 is positive semidefinite. If
all eigenvalues of are strictly positive, then 𝐴 is positive definite,
and we write 0 ≺ 𝐴. Additionally, if 0 ­ 𝐴 − 𝐵, then we write
𝐵 ­ 𝐴. If a function 𝑓 has 𝐿-Lipschitz continuous gradients, and
is twice differentiable, its Hessian satisfies ∇2 𝑓 (𝒙 ) ­ 𝐿𝑰 . If the
function 𝑓 is also 𝜇-convex, its condition number is 𝜅 = 𝐿/𝜇 and
𝜇𝑰 ­ ∇2 𝑓 (𝒙 ) ­ 𝐿𝑰 . For 𝜖 > 0, the Euclidean 𝜖-ball around 𝑥 is
defined as B𝜖 (𝑥 ) = {𝑦 ∈ R𝑑 | ∥𝑦 − 𝑥 ∥2 ≤ 𝜖}.

Definition 2.1. Let ℎ : R𝑑 → R be differentiable function. A point
𝒙∗ ∈ R𝑑 is called an 𝜖-first-order stationary point of ℎ iff the
gradient of ℎ at 𝒙∗ does not exceed 𝜖 , i.e., ∥∇ℎ(𝒙∗)∥2 ≤ 𝜖 , for 𝜖 > 0.

Definition 2.2. Let 𝑓 : R𝑛 × R𝑚 → R and 𝑔 : R𝑚 → R be con-
tinuously differentiable everywhere, and assume 𝑔 is 𝜇-strongly
convex. For 𝜖 > 0, we say that (𝒙∗,𝒚∗) is an 𝜖-bilevel station-
ary point iff it satisfies lower-level O(𝜖/𝜇)-optimality, i.e., ∥𝒚∗ −
arg min𝒚 ∈Y(𝒙∗) 𝑔𝒙∗ (𝒚 )∥ ≤ O(𝜖/𝜇), and 𝒙∗ is an 𝜖-first-order sta-
tionary point of 𝑓 , i.e., ∥∇Φ(𝒙∗)∥2 ≤ 𝜖 .

We seek an efficient algorithm to compute a solution to Equa-
tion (1) in the form of an 𝜖-bilevel stationary point, which we can
then apply to solve Equation (4).

3 BLOWITH NYSTRÖM HYPERGRADIENTS
Implicit Function Theorem. Recall the definition of a BLO pre-

sented in Equation (1). Given its hierarchical nature, the outer
gradient must take into account how changes in the outer variable
𝒙 affect the inner variable 𝒚 . This hypergradient is given by

∇𝑓(𝒙 ,𝒚∗(𝒙 )) = ∇𝒙 𝑓(𝒙 ,𝒚 ) + ∇𝒚∗(𝒙 )∇𝒚 𝑓(𝒙 ,𝒚 ). (5)

The main challenge in computing the hypergradient lies in com-
puting the implicit gradient ∇𝒚∗(𝒙 ). Assuming ∇𝑓 is continuously
differentiable and ∇2

𝒚𝒚𝑔𝒙 is well-behaved, if an optimizer of 𝑔𝒙
exists (which we can ensure, for example, by assuming strong con-
vexity), then we can invoke the implicit function theorem (IFT) to
evaluate ∇𝒚∗(𝒙 ) without explicilty solving for 𝒚∗(𝒙 ):

Theorem 3.1. Assuming ∇ 𝑓(𝒙 ,𝒚 ) is continuously differentiable and
∇2
𝒚𝒚𝑔𝒙 (𝒚 ) is invertible, if 𝒚̃(𝒙̃) is a first-order stationary point of

𝑔𝒙 in a neighborhood around 𝒙̃ , i.e., ∇𝒚𝑔𝒙 (𝒚 )|𝒙̃,𝒚̃(𝒙̃) = 0, for all
𝒙 ∈ B(𝒙̃), then there exists a unique continuous function 𝒙 ↦→ 𝒚∗(𝒙 )
s.t. ∇𝒚𝑔𝒙 (𝒚 )|𝒙 ,𝒚∗(𝒙 ) = 0, for all 𝒙 ∈ B(𝒙̃). Moreover,

∇𝒚∗(𝒙 )
����
𝒙̃

= −∇2
𝒙𝒚𝑔𝒙 (𝒚 )(∇2

𝒚𝒚𝑔𝒙 (𝒚 ))−1
����
𝒙̃,𝒚∗(𝒙̃)

. (6)

By applying the IFT, we can re-express the second term of the
hypergradient as follows:

∇𝒚∗(𝒙 )∇𝒚 𝑓(𝒙 ,𝒚 ) = −∇2
𝒙𝒚𝑔𝒙 (𝒚 ) (∇2

𝒚𝒚𝑔𝒙 (𝒚 ))−1∇𝒚 𝑓(𝒙 ,𝒚 )︸                         ︷︷                         ︸
inverse Hessian vector product︸                                          ︷︷                                          ︸

Jacobian vector product

. (7)
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Figure 2: We calculate the IHVP error averaged over 100
small neural networks using both the Nystöm method and
CG. The CG mean is consistently outside the interquartile
range (IQR), which suggests at least occasional occurrence of
massive errors. Further experimental details can be found
here.

We then define the inverse Hessian vector product (IHVP) 𝒗∗ .=
(∇2

𝒚𝒚𝑔𝒙 (𝒚 ))−1∇𝒚 𝑓(𝒙 ,𝒚 ).
Our goal thus reduces to computing the inverse Hessian of the

inner objective. Since modern neural networks can be millions of
parameters in size, storing and directly inverting their Hessians
is impractical: an𝑚 ×𝑚 Hessian would require O(𝑚3) operations
[25]. Nonetheless, it is possible to compute the IHVP via iterative
methods, like conjugate gradient [8].

Approximating the hypergradient. Given the computational in-
tractability of directly computing the IHVP, many approaches have
been proposed to instead approximate 𝒗 . One of the most popular is
the conjugate gradient (CG) method [20], which iteratively refines
the solution to the linear system 𝑨𝒙 = 𝒃 by updating in conju-
gate directions until convergence to 𝒙 = 𝑨−1𝒃 . In our application,
𝑨 = ∇2

𝒚𝒚𝑔𝒙 and 𝒃 = ∇𝒚 𝑓.
A standard way to improve the performance of CG is to use a pre-

conditioner (PCG): choose a symmetric positive definite matrix 𝑴 ,
and then solve 𝐴′𝒙̂ = 𝑏′, where 𝐴′ = 𝑴−1/2𝑨𝑴−1/2, 𝒙̂ = 𝑴−1/2𝒙 ,
and 𝑏′ = 𝑴−1/2𝑏. If the preconditioner is chosen well, PCG re-
duces the effective condition number—for example, by rescaling the
diagonal—yielding faster convergence. Choosing a preconditioner
can be an art, however [29].

While CG overcomes the memory issue of storing the entire
Hessian, it can take an arbitrary number of iterations to converge
[13]. Furthermore, and key to our main contribution, is the fact that
CG requires a well-conditioned matrix to converge. If the matrix
is not well-conditioned, numerical errors can accumulate, and the
approximation can become arbitrarily bad. As shown in Figure 2,
ill conditioning can arise from the inherent non-convexity of deep
neural networks and from overparameterization [30, 34], which
can cause the IHVP error to spike when using CG.

The Nyström Method. Proposed by Hataya and Yamada [19], the
Nyström method produces a low-rank approximation of the IHVP.
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Assume a 𝑝-dimensional positive (semi)definite Hessian denoted by
𝐻 and a low-rank approximation of 𝐻 denoted by 𝐻𝑞 , for 𝑞 ≪ 𝑝 .
By selecting a set of 𝑄 indices of size 𝑞 at random, we obtain the
Nyström approximation 𝐻𝑞 = 𝐻[:,𝑄]𝐻

†
[𝑄,𝑄]𝐻

⊤
[:,𝑄], where 𝐻[:,𝑄] ∈

R𝑝×𝑞 is a matrix of select columns of𝐻 at indices𝑄 ;𝐻[𝑄,𝑄] ∈ R
𝑞×𝑞

is a matrix of select rows of 𝐻[:,𝑄] at indices 𝑄 ; and 𝐻†[𝑄,𝑄] =
𝑼Λ−1𝑼⊤ is the Moore-Penrose pseudoinverse of 𝐻[𝑄,𝑄], where 𝑼
are the eigenvectors and Λ are the eigenvalues of 𝐻[𝑄,𝑄]. For some
small regularization constant 𝛼 > 0, we define the 𝛼-regularized
IHVP as (𝐻𝑞 +𝛼 𝑰 )−1, where 𝑰 is the 𝑝-dimensional identity matrix.3

This 𝛼-regularized IHVP decomposes as follows: (𝐻𝑞 + 𝛼 𝑰 )−1 =
(𝐻[:,𝑄]𝐻

†
[𝑄,𝑄]𝐻

⊤
[:,𝑄] + 𝛼 𝑰 )−1. Next, applying the Woodbury matrix

identity allows us to obtain:

(𝐻𝑞 + 𝛼 𝑰 )−1 =
1
𝛼
𝑰 − 1

𝛼2𝐻[:,𝑄]

(
𝐻[𝑄 :𝑄] +

1
𝛼
𝐻⊤[:,𝑄]𝐻[:,𝑄]

)−1
𝐻⊤[:,𝑄] .

This final expression allows us to approximate the IHVP 𝒗 by 𝒗̂ =
(𝐻𝑞+𝛼 𝑰 )−1∇𝒚 𝑓(𝒙 , 𝒚̂). The regularization parameter𝛼 plays a crucial
role in balancing numerical stability and the fidelity of curvature
information. As discussed by Vicol et al. [42], for an eigenvalue
𝜆 of the Hessian 𝐻 , the effect of regularization is to modify the
inverse eigenvalue as (𝜆 + 𝛼)−1. When 𝜆 ≫ 𝛼 , this term behaves as
𝜆−1, preserving curvature information. Conversely, when 𝛼 ≫ 𝜆,
the approximation becomes insensitive to low-curvature directions,
effectively ignoring them. In practice, 𝛼 is selected empirically. One
practical advantage of the Nyström method is its ability to operate
effectively with smaller 𝛼 . For example, we use 𝛼 = 50, compared
to 𝛼 = 500 in Zheng et al. [45] for continuous control RL, and
𝛼 = 10, 000 in Fiez et al. [12] for a GAN-based bilevel problem, both
of which use CG. Notably, Lorraine et al. [27] observed that using
the identity matrix, which is equivalent to choosing 𝛼 ≫ 𝐿 and
then rescaling the IHVP, matched the performance of approximate
IHVPs computed via CG. We find that the Nyström method offers
an attractive balance, where regularization remains modest without
sacrificing stability. Algorithm 1 presents our bilevel optimization
algorithm with Nyström hypergradients.

Algorithm 1 BLO with Nyström Hypergradients

input 𝐾𝒙 , 𝐾𝒚 , 𝒙(0),𝒚(0), and learning rates 𝜂𝒙 , 𝜂𝒚
output

({
𝒙(𝑘 )}𝐾𝒙 −1

𝑘=0 ,
{
𝒚(𝑘 )}𝐾𝒚 −1

𝑘=0

)
for 𝑘 = 0, . . . , 𝐾𝒙 − 1 do
𝒛(0) ← 𝒚(𝑘−1) if 𝑘 > 0 else 𝒚(0) {Warm starts}
for 𝑑 = 0, . . . , 𝐾𝒚 − 1 do
𝒛(𝑑+1) ← 𝒛(𝑑) − 𝜂𝒚∇𝒚𝑔𝒙 (𝑘 ) (𝒛(𝑑))

end for
𝒚(𝑘 ) ← 𝒛(𝐾𝒚 )

calculate 𝒗̂ using the Nyström method
∇Φ̂(𝒙(𝑘 ))← ∇𝒙 𝑓(𝒙(𝑘 ),𝒚(𝑘 )) − ∇2

𝒙𝒚𝑔𝒙 (𝑘 ) (𝒚(𝑘 )) 𝒗̂
𝒙(𝑘+1) ← 𝒙(𝑘 ) − 𝜂𝒙∇Φ̂(𝒙(𝑘 ))

end for

3Incorporating the small perturbation 𝛼𝑰 into this IHVP is equivalent to optimizing a
proximal regularization of the inner objective: i.e., 𝑔𝒙 (𝒚 ) +𝛼/2∥𝒚 − arg min𝒚 𝑔𝒙 (𝒚 )∥
[27].

4 CONVERGENCE OF BLO-NYSTRÖM
We make several convexity and smoothness assumptions, which

are standard in the BLO literature [16, 23]. Our first assumption
ensures that the inner optimization admits a unique solution 𝒚∗ for
a given 𝒙 , and thus implies invertibility of the Hessian.

Assumption 4.1 (Strong convexity). The inner objective is 𝜇-
strongly convex in the inner variable, i.e., 𝒚 ↦→ 𝑔𝒙 (𝒚 ) is 𝜇-strongly-
convex. This assumption ensures the Hessian ∇2

𝒚𝒚𝑔𝒙 is full rank.

The next three assumptions pertain to the smoothness of both
the inner and outer objective functions, meaning they ensure that
the first and second-order gradients are well behaved. In particular,
they imply the condition number 𝜅 = 𝐿/𝜇 for the inner objective 𝑔𝒙 .
Moreover, Assumptions 4.1 and 4.2 are sufficient for the inverse
function theorem to apply, because together they imply 𝒚∗(𝒙 ) is a
first-order stationary point.

Assumption 4.2 (Lipschitz continuity). Both the inner and outer
objectives, 𝑓 and 𝑔𝒙 , have 𝐿-Lipschitz bounded gradients: i.e., for
all 𝒙 , 𝒙′ ∈ R𝑛 , and 𝒚,𝒚′ ∈ R𝑚 ,

∥∇𝑓(𝒙 ,𝒚 ) − ∇𝑓(𝒙′,𝒚′)∥ ≤ 𝐿∥(𝒙 ,𝒚 ) − (𝒙′,𝒚′)∥,
∥∇𝑔𝒙 (𝒚 ) − ∇𝑔𝒙′ (𝒚′)∥ ≤ 𝐿∥(𝒙 ,𝒚 ) − (𝒙′,𝒚′)∥.

Assumption 4.3 (Lipschitz smoothness). The inner objective 𝑔𝒙
is also 𝜌-Lipschitz smooth, i.e., its second derivatives are bounded:
for all 𝒙 , 𝒙′ ∈ R𝑛 , and 𝒚,𝒚′ ∈ R𝑚 ,

∥∇𝒙𝒚𝑔𝒙 (𝒚 ) − ∇𝒙𝒚𝑔𝒙′ (𝒚′)∥ ≤ 𝜌 ∥(𝒙 ,𝒚 ) − (𝒙′,𝒚′)∥,
∥∇2

𝒚𝒚𝑔𝒙 (𝒚 ) − ∇2
𝒚𝒚𝑔𝒙′ (𝒚

′)∥ ≤ 𝜌 ∥(𝒙 ,𝒚 ) − (𝒙′,𝒚′)∥ .
Assumption 4.4. There exists a constant 𝑀 ∈ R++ s.t. for all
𝒙 ∈ R𝑛 , ∥∇𝒚 𝑓(𝒙 ,𝒚 )∥ ≤ 𝑀 .

Ghadimi and Wang [16] were the first to provide convergence
results for non-convex Φ and strongly-convex 𝑔𝒙 . Their analysis
was sharpened by Ji et al. [23], whose analysis also relied on con-
jugate gradient to compute the IHVP. Our analysis extends the
literature by considering the Nyström method, rather than CG, in
this non-convex strongly-convex case. Specifically, we characterize
the irreducible error incurred by the random sampling of columns.

Our first result4 justifies the use of warm-starts in Algorithm 1:
if the value of the outer variable changes slightly, then the corre-
sponding inner solutions do not stray too far from one another
either:

Lemma 4.5 (Warm Starts). Under Assumption 4.1 and 4.2, for all
𝒙 , 𝒙̃ ∈ R𝑛 , 𝒚 ∈ arg min𝒛 𝑔𝒙 (𝒛 ), and 𝒚̃ ∈ arg min𝒛 𝑔𝒙̃ (𝒛 ),



𝒚 − 𝒚̃

 ≤
𝐿/𝜇



𝒙 − 𝒙̃

.
Theorem 4.6 (Convergence). Given 𝜇, 𝐿, 𝜌,𝑀 as defined in As-
sumptions 4.2 through 4.4, a Nyström regularization constant 𝛼 , and
a hypergradient smoothness parameter 𝐿Φ ∈ O(𝜅3). Choose 𝜂𝒚 = 1/𝐿,
𝜂𝒙 = 1/8𝐿Φ, 𝛿 ∈ (0, 1], 𝐾𝒚 ∈ O(𝜅) inner iterations, and 𝐾 .= 𝐾𝒙 ∈ N
outer iterations. Then, with probability at least 1 − O(𝛿), the outputs

of Algorithm 1 satisfy 1
𝐾

∑𝐾−1
𝑘=0




Φ(𝒙(𝑘 ))



2

≤ 1
𝐾

(
64𝐿Φ(Φ(𝒙(0)) − inf

𝒙
Φ(𝒙 )) + 5




𝒚0(0) −𝒚0



2
)

+ 10𝐿2Ψ2,

4The proof of all claims in this paper can be found in here.
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where Ψ is the irreducible error incurred by the Nyström approxima-
tion. In order to obtain an 𝜖-stationary point, for each IHVP calcula-

tion, sample 𝑞 ≥ O
(
𝑝 log(1/𝛿)

(𝜖/2)4

)
columns of ∇2

𝒚𝒚𝑔𝒙 , where the indices

chosen are sampled proportionally to the square of the values of the
diagonal elements of ∇2

𝒚𝒚𝑔𝒙 . Then, the requisite number of gradient

computations are O( 𝜅
3

𝜖/2 ) for ∇𝒙 𝑓; O( 𝜅
4

𝜖/2 ) for ∇𝒚𝑔𝒙 ; O( 𝜅
3

𝜖/2 ) for the

IHVP 𝒗̂ ; and O( 𝜅
3

𝜖/2 ) for the Jacobian vector product ∇2
𝒙𝒚𝑔𝒙 𝒗̂ .

Theorem 4.6 states that Algorithm 1 can be used to solve a non-
convex strongly-convex BLO. By carefully selecting the learning
rates (𝜂𝒙 , 𝜂𝒚 ) and the number of inner and outer iterations (𝐷,𝐾),
and by column sampling according to eigenvalue magnitude, we
derive an explicit convergence rate to an 𝜖-bilevel stationary point
of Equation (1).

5 BILEVEL POLICY OPTIMIZATION (BLPO)
Vanilla actor-critic algorithms run gradient descent for the actor

and the critic simultaneously, updating 𝜽 and 𝝎 much like a better-
response dynamic:

𝜽 ← 𝜽 + 𝜂𝜽 ∇𝜽 𝐽 (𝜽 ,𝝎 ) 𝝎 ← 𝝎 − 𝜂𝝎∇𝝎 𝐿̂(𝜽 ,𝝎 ).

(Here, 𝜂𝜽 and 𝜂𝝎 are the actor’s and critic’s learning rates, respec-
tively.) Our approach, as already described, is not to update these
two sets of parameters simultaneously, but rather to solve the fol-
lowing BLO by descending on the hypergradient for the actor, and
the gradient for critic:

min
𝜽 ∈R𝑛

−𝐽 (𝜽 ,𝝎∗(𝜽 )) s.t. 𝝎∗(𝜽 ) ∈ arg min
𝝎 ∈R𝑚

𝐿𝜽 (𝝎 ).

The main challenge that arises with our approach is computing
the actor’s hypergradient, namely:

∇𝜽 𝐽 (𝜽 ,𝝎∗(𝜽 )) = ∇𝜽 𝐽 (𝜽 ,𝝎 ) + (∇𝜽 (𝝎∗(𝜽 ))∇𝝎 𝐽 (𝜽 ,𝝎 ), (8)

= ∇𝜽 𝐽 (𝜽 ,𝝎 ) − ∇2
𝜽𝝎𝐿𝜽 (𝝎 )(∇2

𝝎𝐿𝜽 (𝝎 ))−1∇𝝎 𝐽 (𝜽 ,𝝎 ).
(9)

There are four gradients involved in this formula. Three of
them, ∇𝜽 𝐽 (𝜽 ,𝝎 ), ∇𝝎 𝐽 (𝜽 ,𝝎 ), and ∇𝝎𝐿𝜽 (𝝎 ), can be easily obtained
through autodifferentiation. The only potential difficulty lies in
computing ∇𝜽 𝐿𝜽 (𝝎 ), since 𝐿 is parameterized by 𝜽 , and as such,
is not directly a function of 𝜽 . In the next theorem, we invoke
the policy gradient theorem to derive an analytical expression for
∇𝜽 𝐿𝜽 (𝝎 ), which we can use along with ∇𝝎𝐿𝜽 (𝝎 ) to compute the
mixed partial ∇2

𝜽𝝎𝐿𝜽 (𝝎 ).

Theorem 5.1. The gradient of the critic’s objective function with
respect to the actor’s parameters, ∇𝜽 𝐿𝜽 (𝝎 ), is:

E
𝒔∼𝜈

𝝅𝜽
𝜄


(
𝑉 𝝅𝜽 (𝒔) −𝑉𝝎 (𝒔)

) (
E

𝒔′∼𝜈
𝝅𝜽
𝒔

𝒂∼𝝅𝜽 (𝒔′)

[
∇𝜽 log𝝅𝜽 (𝒂 | 𝒔′)𝑄𝝅𝜽 (𝒔′, 𝒂)

] )
,

(10)

where 𝝅𝜽 (𝒂 | 𝒔) denotes the probability of taking action 𝒂 under
policy 𝝅 at state 𝒔.

Algorithm 2 Bilevel Policy Optimization (BLPO)

input number of outer (respectively, inner) iterations 𝐾𝜽 (respec-
tively, 𝐾𝝎 ), length of rollouts 𝑇 , number of epochs 𝑛 , number of
mini-batches𝑚 , learning rates 𝜂𝜽 and 𝜂𝝎

output the actor and critic networks, 𝝅𝜽 and 𝑉𝝎
Initialize 𝜽 (0), 𝝎(0)

for 𝑘 = 0, 1, . . . , 𝐾𝜽 − 1 do
Collect rollouts of length 𝑇 using policy 𝝅𝜽 (𝑘)

Use the value function 𝑉
𝝎(𝑘) to compute 𝐴(𝑘)

for all 𝑛 epochs do
for all𝑚 mini-batches do
𝒛(0) ← 𝝎(𝑘−1) if 𝑘 > 0 else 𝝎(0)

for 𝑙 = 0, 1, . . . , 𝐾𝝎 − 1 do
𝝎(𝑙+1) ← 𝝎(𝑙 ) −
𝜂𝝎

1
𝑇/𝑚
∇𝝎

∑𝑇/𝑚
𝑡=0

1
2

(
𝑉
𝝎(𝑘 ) (𝒔𝑡 ) +𝐴(𝑘 )(𝒔𝑡 ) −𝑉

𝝎(𝑙 ) (𝒔𝑡 )
)2

end for
𝝎(𝑘 ) ← 𝒛(𝐾𝝎 )

Estimate the IHVP via the Nyström method: 𝒗̂
𝐴𝐶
←

(∇2
𝝎 𝐿̂𝜽 (𝝎(𝑘 ))−1∇𝝎 𝐽 (𝜽 (𝑘 ),𝝎(𝑘 )))

Calculate the hypergradient using Equation 12 for the
direct gradient and Corollary 5.4 for the implicit gradient:
∇𝜽 𝐽 (𝑘 ) ← ∇𝜽 𝐽 (𝜽 (𝑘 ),𝝎(𝑘 )) − ∇𝜽𝝎 𝐿̂(𝜽 (𝑘 ),𝝎(𝑘 ) )̂𝒗

𝐴𝐶
Update the actor by following the hypergradient:
𝜽 (𝑘+1) ← 𝜽 (𝑘 ) + 𝜂𝜽 ∇𝜽 𝐽 (𝑘 )

end for
end for

end for

Notably, we use the Nyström method to approximate the IHVP
𝒗̂
𝐴𝐶

= (∇2
𝝎𝐿𝜽 (𝝎 ))−1∇𝝎 𝐽 (𝜽 ,𝝎 ). We then compute the Jacobian vec-

tor product as ∇𝜽𝝎𝐿(𝜽 ,𝝎 )̂𝒗
𝐴𝐶

, which we subtract from ∇𝜽 𝐽 (𝜽 ,𝝎 )
to obtain the hypergradient. BLPO is thus a special case of Algo-
rithm 1 (BLO with Nyström gradients) in which 𝑓 = 𝐽 and 𝑔 = 𝐿.

Next, we we present assumptions under which the critic’s objec-
tive is strongly convex.

Theorem 5.2. Given a policy 𝝅𝜽 , assume 𝛾 < 1, and suppose the
value function𝑉𝝎 is linearly parameterized, i.e.,𝑉𝝎 (𝒔) = 𝝎⊤𝜻 (𝒔), for
all 𝒔 ∈ S, where 𝜻 : S → R𝑚 is a feature map. Define ∆𝜻𝜸 (𝒔, 𝒔′) =
𝜻 (𝒔) − 𝛾𝜻 (𝒔′), for all 𝒔, 𝒔′ ∈ S where 𝒔 is the current state and 𝒔′ is
the successor state under 𝝅𝜽 . Then, assuming the covariance matrix
E

𝒔∼𝜈
𝝅𝜽
𝜄

𝒔′∼𝑃 [ · |𝒔,𝝅𝜽 (𝒔)]

[
∆𝜻𝜸 (𝒔, 𝒔′)∆𝜻𝜸 (𝒔, 𝒔′)⊤

]
is positive definite, 𝐿𝜽 (𝝎 ) is

𝜇-strongly-convex in 𝝎 , where the strong-convexity constant 𝜇 is the
smallest eigenvalue of the covariance matrix.

We have thus established conditions under which our actor-critic
formulation, Equation (4), is indeed a non-convex strongly-convex
BLO so that Theorem 4.6 applies. As a result, we can design a
reinforcement learning algorithm in the style of Algorithm 1, which
converges in polynomial time to an 𝜖-bilevel stationary point of
Equation (4), with high probability.

Advantage Functions and Estimators. In practice, the actor and
the critic’s objective functions must be estimated. To reduce the

Research Paper Track  AAMAS 2026, May 25–29, 2026, Paphos, Cyprus

408



variance in these estimates, they are often computed using ad-
vantage functions. At iteration 𝑘 , when the critic’s learned value
function is 𝑉

𝝎(𝑘) , we define the advantage function as 𝐴(𝑘)(𝒔, 𝒂) =
𝑄𝝅𝜽 (𝒔, 𝒂) −𝑉

𝝎(𝑘) (𝒔). Now, since 𝑉
𝝅𝜽 (𝒔) = 𝑄𝝅𝜽 (𝒔, 𝝅𝜽 (𝒔)),

𝐿
(𝑘)
𝜽 (𝝎 ) = E

𝒔∼𝜈
𝝅𝜽
𝜄

𝒂∼𝝅𝜽 (𝒔)


1
2

©­­­­«
𝑉
𝝎(𝑘) (𝒔) +𝐴(𝑘)(𝒔, 𝒂)︸                  ︷︷                  ︸

target

−𝑉𝝎 (𝒔)
ª®®®®¬

2
. (11)

Using this advantage function, we obtain the following corollary
of Theorem 5.1.

Corollary 5.3. At iteration 𝑘 , the gradient of the critic’s objective
function with respect to the actor’s parameters is given by:

∇𝜽 𝐿
(𝑘)
𝜽 (𝝎(𝑘)) = E

𝒔∼𝜈
𝝅𝜽
𝜄

[(
𝑉
𝝎(𝑘) (𝒔) +𝐴(𝑘)(𝒔, 𝒂) −𝑉𝝎 (𝒔)

)
× (12)

©­­­­«
E

𝒔′∼𝜈
𝝅𝜽
𝒔

𝒂∼𝝅𝜽 (𝒔′)

[
∇𝜽 log𝝅𝜽 (𝒂 | 𝒔′)𝐴(𝑘)(𝒔, 𝒂)

]ª®®®®¬

.

Using a straightforward estimator of this gradient, we obtain a
further corollary:

Corollary 5.4. Given𝑀 sampled trajectories of length𝑇 {
(
𝒔1

0, 𝒂
1
0, 𝑟

1
0 , 𝒔

1
1 ,

. . ., 𝑟0
𝑇

)
, . . .,

(
𝒔𝑀0 , 𝒂

𝑀
0 , 𝑟

𝑀
0 , 𝒔

𝑀
1 , . . . , 𝑟

𝑀
𝑇

)
}, at iteration 𝑘 , the gradient

of the critic’s objective function can be estimated by: ∇𝜽 𝐿̂
(𝑘)
𝜽 (𝝎 ) =

1
𝑀𝑇

∑𝑀
𝑚=1

∑𝑇 −1
𝑡 =0

(
𝑉
𝝎(𝑘)

(
𝒔𝑚𝑡

)
+𝐴(𝑘) (𝒔𝑚𝑡 , 𝒂𝑚𝑡 )

−𝑉𝝎
(
𝒔𝑚𝑡

) )
×(

1
𝑇−𝑡

∑𝑇−1−𝑡
𝑘=0 ∇𝜽 log𝝅𝜽

(
𝒂𝑚
𝑡+𝑘 | 𝒔

𝑚
𝑡+𝑘

)
𝐴(𝑘)

(
𝒔𝑚
𝑡+𝑘 , 𝒂

𝑚
𝑡+𝑘

))
.

We can likewise restate the (direct) gradient of the actor’s objec-
tive using an advantage function and an estimator. By the policy gra-
dient theorem [41],∇𝜽 𝐽 (𝜽 ,𝝎 ) = E

𝒔∼𝜈
𝝅𝜽
𝜄

𝒂∼𝝅𝜽 (𝒔)

[
∇𝜽 log𝝅𝜽 (𝒂 | 𝒔)𝑄𝝅𝜽 (𝒔, 𝒂)

]
.

This gradient can be stated equivalently in terms of 𝑄𝝅𝜽 (𝒔, 𝒂) the
TD-Residual 𝑟𝑡 +𝑉 𝝅𝜽 (𝒔𝑡 +1) −𝑉 𝝅𝜽 (𝒔𝑡 ), or an advantage function
𝐴(𝒔, 𝒂) [37]. At iteration 𝑘 , we employ the advantage function
𝐴(𝑘)(𝒔, 𝒂) so that∇𝜽 𝐽 (𝑘)(𝜽 ,𝝎 ) = E

𝒔∼𝜈
𝝅𝜽
𝜄

𝒂∼𝝅𝜽 (𝒔)

[
∇𝜽 log𝝅𝜽 (𝒂 | 𝒔)𝐴(𝑘)(𝒔, 𝒂)

]
.

We thus arrive at the following gradient estimator:

∇𝜽 𝐽 (𝑘)(𝜽 ,𝝎 ) .=
1
𝑀𝑇

𝑀∑︁
𝑚=1

𝑇 −1∑︁
𝑡 =0
∇𝜽 log𝝅𝜽 (𝒂𝑚𝑡 | 𝒔𝑚𝑡 )𝐴(𝑘) (𝒔𝑚𝑡 , 𝒂𝑚𝑡 )

.

(13)

The estimator ∇𝜽 𝐿̂
(𝑘)
𝜽 (𝝎 ) defined in Corollary 5.4 is only unbi-

ased if we take care to sample the inner 𝐴(𝑘) from a new trajectory
originating at each 𝒔𝑡 +𝑘 ∼ 𝜈

𝝅𝜽
𝒔𝑡 . For reasons of data efficiency, our

estimator is biased; that is, we use the same trajectories to compute
the inner and the outer𝐴(𝑘)s. Our empirical results suggest that this
biased estimator is sufficient for strong performance. We leave to
future work a more thorough investigation of methods to mitigate
this bias while preserving data efficiency.

Pseudocode for BLPO with an advantage function and these
estimators appears in Algorithm 2.

6 EXPERIMENTS
We use as our baseline the PPO algorithm from PureJaxRL [28],

with separate policy and value networks of fully-connected MLPs,
each with two hidden layers of 64 units. Our implementation of
BLPO—BLPO Nyström hereafter, specified in Algorithm 2—extends
this implementation of PPO with a Nyström-based hypergradient
computation and nested critic updates. We also test another variant,
BLPO-CG, which uses CG to estimate the hypergradient instead of
Nyström’s method. In all cases, we calculate advantages using the
Generalized Advantage Estimator (GAE) [37].

We conduct experiments on discrete control tasks from Gymnax
[24] and continuous control tasks5 from Brax [14]. All experiments
were run using the default PureJaxRL PPO hyperparameters on a
single RTX 3090 GPU.6

Heuristic. The eigenspectrum of the Hessian has been found
to have low empirical rank, with the bulk of the eigenspectrum
clustered around zero with several large outliers [17, 35]. As a result,
we clip the IHVP to ensure that the inversion does not lead to an
arbitrarily large gradient step, which would destabilize training.

Performance. In Figure 3 we report 95% confidence intervals
around the average episodic returns across 15 seeds. We find that
BLPO outperforms PPO in most of our experiments and matches
PPO in the rest. In Walker2D and Hopper, BLPO learns a signif-
icantly better policy than PPO. Moreover, BLPO converges with
fewer samples than PPO in both Pendulum tasks. We also com-
pare BLPO, hereafter BLPO-Nyström, to a variant that uses CG
instead of Nyström to estimate the hypergradient. We find that
BLPO-Nyström either outperforms or matches BLPO-CG in terms
of episodic returns across all tasks. We present these ablations, as
well as nesting without any hypergradients here.

Performance parity on simpler tasks (e.g., Inverted Pendulum,
Acrobot) reflects a ceiling effect: PPO already finds near-optimal
solutions rapidly, rendering hypergradient information unneces-
sary. Similarly, while Humanoid standup involves 376 parameters,
its optimal configuration is a static hold with relatively non-chaotic
dynamics. BLPO’s advantage emerges in complex, chaotic (Inverted
Double Pendulum), and open-ended environments without a perfor-
mance ceiling (Walker2d and Hopper), where actor-critic coupling
is strong. In these settings, actor updates drastically shift the value
landscape, causing PPO’s performance, which mimics simultaneous
updates, to degrade. BLPO’s formulation, which allows the actor to
anticipate the critic’s response via the hypergradient, yields better
policy updates. In summary, BLPO should be the preferred choice
when simulations are expensive, so that the reduced number of
environment steps outweighs the per-step gradient overhead.

Runtime Analysis. Algorithms that rely on second-order informa-
tion can run significantly slower than their first-order counterparts.
On the simple control tasks, we find that BLPO-Nyström is indeed
slower than PPO. In the more complex environments, however, the
gap between all algorithms is smaller, as most of the computation
time is spent on the simulator. With regards to BLPO-CG, although

5In continuous control, we use a multivariate Gaussian to represent the policy network.
6See the arXiv version of this work for additional experimental details. Our code is
available online at https://github.com/Arnie-He/BLPO.
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(a) Walker2d (b) Inverted Double Pendulum (c) Hopper (d) Cartpole

(e) Inverted Pendulum (f) Humanoid Standup (g) Pusher (h) Acrobot

Figure 3: In control tasks, BLPO either outperforms PPO or performs comparably. The left three columns show continuous
control experiments; the right column shows discrete control experiments.

the calculation of an IHVP takes approximately 1.5 times a normal
gradient step [8, 32], BLPO-CG is slower than BLPO-Nyström on
all tasks, as poor conditioning necessitates more CG iterations.

We also experimented with BLPO variants using pre-conditioned
conjugate gradient.7 Interestingly, the Nyström method can itself
be used as a preconditioner for conjugate gradient [13]. We find
that doing so improves the convergence time over unconditioned
CG. We also use the Gauss-Newton matrix, a positive-semi-definite
approximation of the Hessian; however, the additional overhead
required to compute the Gauss-Newton matrix makes this method
impractical. Our results, shown in Figure 4, demonstrate that the
Nyström method achieves the best balance of speed and perfor-
mance.

7 CONCLUSION
In this paper, we developed BLO–Nyström, an algorithm that

solves a BLO using Nyström’s method to compute the hypergradi-
ent, and we established convergence rates for our algorithm to a
local stationary point of a non-convex strongly-convex BLO. Our
main contribution, BLPO–Nyström applies these ideas to a BLO
formulation of actor critic, which nests the critic’s optimization
inside the actor’s, and follows the hypergradient of the actor. A
BLO formulation of AC is akin to a Stackelberg game, where it can
be advantageous to be the leader: a Stackelberg leader (in our appli-
cation, the actor) often attains greater rewards as the first-mover
than she would in a simultaneous-move version of the same game
[4].

7Empirically, we found 50 iterations maximized the performance of CG on in RL
environments in our study, and we thus set the maximum number of CG iterations to
50.
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Figure 4: Wall-clock runtime of BLPO variants as a multiple
of PPO’s runtime (i.e., PPO corresponds to 1×).

While the AC-BLO formulation is not new, BLPO leverages the
Nyström method to compute a low-rank approximation of the in-
verse Hessian-vector product, stabilizing the hypergradient compu-
tation. Experimentally, we found that BLPO consistently achieved
stronger performance on a suite of discrete and continuous con-
trol tasks than PPO, the standard baseline. Future research should
evaluate BLPO on a wider variety of tasks, such as Atari. Future
research is also needed to better evaluate its scalability to larger en-
vironments. Successful scaling would render it applicable to other
larger BLO, such as RLHF, meta-learning, and hyperparameter op-
timization. This work takes a positive step towards paving the way
for more efficient and scalable second-order optimization in deep
learning.
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