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ABSTRACT

We present a framework for computing approximate mixed-strategy
Nash equilibria of continuous-action games. It is a modification
of the traditional double oracle algorithm, extended to multiple
players and continuous action spaces. Unlike prior methods, it
maintains fixed-cardinality pure strategy sets for each player. Thus,
unlike prior methods, only a constant amount of memory is neces-
sary. Furthermore, it does not require exact metagame solving on
each iteration, which can be computationally expensive for large
metagames. Moreover, it does not require global best-response com-
putation on each iteration, which can be computationally expensive
or even intractable for high-dimensional action spaces and gen-
eral games. Our method incrementally reduces the exploitability
of the strategy profile in the finite metagame, pushing it toward
Nash equilibrium. Simultaneously, it incrementally improves the
pure strategies that best respond to this strategy profile in the full
game. We test our method on various continuous games. It obtains
approximate mixed-strategy Nash equilibria with low exploitability.
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1 INTRODUCTION

Research on computing Nash equilibria (NE) in games has mostly
focused on settings with finite, discrete action spaces. However,
many games involving space, money, or time have continuous ac-
tion spaces. These include security games in continuous spaces [11-
13], resource allocation games [6], network games [8], simulations
of military scenarios and wargaming [17], and video games [3, 23].
Also, even if the action space is discrete, it may be fine-grained
enough to treat as continuous in order to improve the computa-
tional efficiency of equilibrium finding [4, 5, 7]. The usual approach
to computing an equilibrium of a game with continuous action
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spaces involves discretizing the action space. That entails a loss in
solution quality [14] and does not scale well to high-dimensional
spaces. Therefore, other approaches are called for.

We present a new algorithm for computing approximate mixed-
strategy NE in continuous-action games. It is a modification of
the double oracle algorithm, extended to multiple players and con-
tinuous action spaces. The method incrementally reduces the ex-
ploitability of the strategy profile in the finite metagame, push-
ing it toward NE. Simultaneously, it incrementally improves the
pure strategies that best respond to this strategy profile in the
full game. We evaluate the method on various continuous-action
games, showing that it obtains approximate mixed-strategy NE
with low exploitability. Unlike prior methods, this method runs
in constant memory, because it maintains fixed-cardinality pure
strategy sets for each player. Furthermore, it does not require exact
metagame solving on each iteration, which can be computation-
ally expensive for large metagames. Moreover, it does not require
global best-response computation on each iteration, which can be
computationally expensive or intractable for general games.

2 RELATED RESEARCH

McMabhan et al. [19] introduced Double Oracle (DO), an algorithm
that computes NE of two-player zero-sum normal-form games.
Adam et al. [1] extended DO to two-player zero-sum games with
continuous compact strategy sets. Kroupa and Votroubek [15] ex-
tended that to n players, under the name Multiple Oracle (MO).
It starts with nonempty finite supports for each player. On each
iteration, it performs the following two steps. First, it computes
an equilibrium of the finite metagame consisting of the restriction
of the full game to the finite subsets. Second, for each player, it
computes a best response (BR) to this equilibrium in the full game,
and adds it to the player’s finite subset. The BR computation is
based on global solvers for special classes of utility functions.

3 PROPOSED METHOD

The MO algorithm has some limitations. First, metagame solving
on each iteration can be expensive, especially when the metagame
is large. Second, global BR computation on each iteration can be
expensive or even intractable (e.g., for high-dimensional spaces or
general utility functions). Third, the memory it requires is not fixed,
but grows over time. To address these limitations, we introduce a
new algorithm, which we call Incremental Multiple Oracle (IMO).
Unlike MO, this algorithm maintains fixed-cardinality supports for
each player, thus requiring only constant memory. Furthermore,
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Figure 1: Experimental results. Left to right, top to bottom:
Interval game, circle game, Glicksberg-Gross game, Colonel
Blotto, security game, all-pay auction, and chopstick auction.

it replaces the exact or global oracles of the MO algorithm with
incremental or approximate ones. On each iteration, the algorithm
works as follows. First, it constructs the metagame of utilities that
is induced by the current supports of the players. For each player, it
adjusts the probability assigned to each pure strategy in order to de-
crease the exploitability of the induced mixed strategy profile in the
metagame. This is called exploitability descent (ED) [16, 18]. Second,
it improves approximate BRs to the induced strategy profile in the
full game. Specifically, it adjusts the pure strategies that happen to
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be BRs to the current approximate equilibrium, in order to increase
the corresponding player’s utility against that equilibrium. For com-
parison, MO maintains a set of strategies that is expanded on each
iteration with approximate BRs to the meta-strategies of the other
players. These strategies are static, that is, they do not change after
they are added. In contrast, our algorithm dynamically improves
them over the course of training. Thus the supports do not need to
be augmented on each iteration, but instead improve autonomously
over time. Our algorithm is the first, to our knowledge, that tackles
this setting in full generality, making as few assumptions as possible
(e.g., no BR or metagame equilibrium oracles).

4 EXPERIMENTS

In our experiments, we use 10° iterations per epoch, and 16 trials
per experiment. In our plots, solid lines show the mean across trials,
and bands show its standard error. In each legend, “Ir” means the
learning rate and “size” means the size of each player’s support.
The X axis shows the number of iterations of the algorithm. The Y
axis shows the exploitability of the learned strategy profile in the
full game. The exploitability in the full game is approximated via
a simple maximization of utility over a fine-grained discretization
of the action space. Each experiment ran on one NVIDIA A100
SXM4 40GB GPU on a computer cluster running Springdale Linux
8.6. A brief description of each game is as follows. Let f = 20.
Interval game [20]: Two players pick points on the unit inter-
val and u; = —u, = (x — y)%. Circle game: Two players pick
points on the unit circle and u; = —uy = ||x — y||§. Glicksberg-

Gross game [9]: Two players pick points on the unit interval and
_ (1+x) (1+y) (1-xy)
- (1+xy)?

ers pick points on the unit interval and u; = —u, = e P-9)?,
Continuous Colonel Blotto [10]: Players pick points on the
standard 2-simplex (each of the 3 vertices is a battlefield) and
U = SUMjtems(softmaxplayers(fa)). Complete-information all-
pay auction [2]: Players pick points on the unit interval and
u = softmax(fa) — a. Chopstick auction [21, 22]: 3 chopsticks are
sold simultaneously in separate first-price sealed-bid auctions. A
player gets utility 1 if it wins at least 2 chopsticks, and 0 otherwise.
As the plots show, when the support size is sufficiently large, the
algorithm yields approximate NE with low exploitability.

U = —uy . Security game [11-13]: Two play-

5 CONCLUSION

We introduced an algorithm for computing approximate mixed-
strategy NE of continuous-action games. It is a modification of
MO, extended to continuous action spaces and multiple agents. It
gradually improves a metagame equilibrium while simultaneously
and gradually improving pure strategies against it. It mitigates the

need for exact equilibrium and/or global best-response computation
on each iteration. We tested our algorithm on various continuous-

action games and observed its convergence to approximate NE.
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