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ABSTRACT
We investigate inverse-type stable flow problems in directed net-

works, with possible applications to financial clearing systems and

transportation networks. Here, we are given a directed network,

where agents are represented by vertices, while contracts, trans-

portation routes, debt obligations, or other type of asymmetric

connections between them are represented by arcs. Furthermore,

the agents in the network have some form of preferences over the

connections they are involved in.

Specifically, we consider the problem where the objective is to

make a given flow stable by making a minimum extent of modi-

fications to the system parameters. In this paper, we explore two

settings where modifications are allowed: (i) only in the agents’

preferences, and (ii) in both the agents’ preferences and the ca-

pacities of the network arcs. In the second case, we also pose a

restriction that preferences can only be changed on the arcs with a

positive value of flow, and these preferences can only be increased.

For each setting, we present efficient algorithms that minimize the

ℓ1-norm of the modifications. We also consider a model with strict,

ordinal preferences, where instead of minimizing the ℓ1-norm of the

modification in the preferences, we minimize the number of swaps

in the preference lists, and show that both settings are NP-hard.

Our algorithms rely on methods from combinatorial optimization,

such as submodular optimization and minimum-cut algorithms.

CCS CONCEPTS
• Theory of computation → Network flows; • Mathematics
of computing → Combinatorial optimization.
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1 INTRODUCTION
Stable matching theory, originating from the seminal paper of Gale

and Shapley [10], has long served as a powerful framework for prob-

lems like resident allocation and school choice [6, 14, 17]. However,

for complex systems, bipartite settings with fixed preferences might

be insufficient. This has led to the development of more general

frameworks, such as stable flows and circulations, first introduced

by Fleiner [9]. Stable flows generalize stable matchings to networks

that involve complex chains of transactions between agents. These

networks can take various forms, such as supply chain networks

[16] or transportation systems [11], where agents represent compa-

nies and their locations, arcs correspond to possible transportation

routes, and capacities reflect the limits of roads or vehicles. Another

example is financial networks [3], where agents are banks, and

the arcs represent debt obligations, with capacities indicating the

amounts owed. In all cases, the notion of stability ensures that the

flow of resources — whether goods or payments — remains effi-

cient and balanced, preventing participants from seeking alternative

routes or arrangements that would destabilize the system.

The challenge arises when a central authority — such as a gov-

ernment, regulatory body, or system operator — aims to ensure

the stability of the overall system according to certain predefined

criteria. In many cases, the preferences of agents (e.g., banks, trans-

port companies, or individuals) are not aligned with the central

authority’s desired solution. For instance, in a financial network, a

regulator may prefer a solution that minimizes systemic risk, while

individual banks may prioritize their own liquidity or exposure.

Similarly, in transportation networks, the central authority may

aim to minimize overall congestion or pollution, which may conflict

with individual companies’ routing preferences.

In this work, we make the assumption that the central authority

can modify the preferences of the agents, and also the capacities

of the network arcs by providing compensation proportional to

the required changes. For instance, in a financial clearing network,

compensation might take the form of monetary incentives to adjust

debt repayments, whereas in a transportation network, companies

could be compensated for taking less efficient routes through re-

duced tolls or subsidies. Modifying the capacities of the arcs can

mean forgiving debts between banks or improving the already ex-

isting infrastructure. In this paper, we present efficient algorithms

that enable the central authority to determine some modification

of minimum extent to capacities and preferences needed to make a

given preferred flow (or circulation) stable. By compensating agents

for changes in preferences and capacities, our approach offers a
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practical means of aligning individual interests with the central

authority’s goals, thus ensuring a stable and efficient system.

However, in our second model, where both the agents’ prefer-

ences and the capacities of the network arcs can be modified, we

introduce an additional constraint: the preferences can only be

increased on arcs included in the proposed solution. In other words,

the central authority can offer compensation or incentives to agents

for using specific arcs, but it cannot reduce their preferences for

alternative options. This assumption reflects real-world constraints,

where providing additional compensation (e.g., financial incentives

for using certain transportation routes or prioritizing certain debt

repayments) can increase the attractiveness of certain options, but

cannot diminish the utility of other potential choices. For instance,

in a transportation network, compensation might be offered to

encourage the use of less congested routes, but this cannot make

more efficient or faster routes less appealing.

1.1 Related Work
Stable matchings were introduced by Gale and Shapley [10] in 1962.

They showed that in bipartite graphs, a stable matching always

exists and can be found in linear time. Irving [13] proved that if

the preferences of the agents are strict, then it is possible to decide

if a stable matching in any graph exists in linear time. This result

was further strengthened by Tan [18], who showed that a stable

matching or a certificate of the nonexistence of stable matchings in

any graph can be found in polynomial time.

Baïou and Balinski [1] extended stability from bipartite graphs

to the case where both the vertices and the edges have capacities,

resulting in what is known as the stable allocation problem. Here,

the traditional Gale–Shapley algorithm [10] may have exponential

running time, but Baïou and Balinski gave a polynomial-time al-

gorithm [1] to find a stable allocation in such a bipartite instance.

The concept of stable allocations and this algorithm was extended

to arbitrary graphs by Biró and Fleiner [4]. Later, stability has been

extended to different structures, such as hypergraphs and flows.

Fleiner [9] proved that stable flows always exist by reducing the

stable flow problem to the stable allocation problem.

Boehmer et al. [5] gave a comprehensive study on the manipula-

bility of stable matchings, where manipulation can come from two

sources: either from the agents or the central authority. They stud-

ied several forms of manipulation (e.g., adding or deleting agents or

contracts, and swapping agents in preference lists) and how these

actions can be optimally used to ensure that some desirable condi-

tions are satisfied, such as matching two specific agents together.

Bérczi, Csáji, and Király [2] studied similar questions: they con-

sidered the problem of determining a modification to the agents’

preferences that makes a given matching stable while minimizing

the ℓ1-norm of the modifications. They showed that this problem

can be solved in polynomial time for bipartite graphs, but it be-

comes NP-hard for arbitrary graphs. Eiben et al. [8] studied the case

when instead of minimizing the ℓ1-norm, the goal is to minimize

the total number of swaps (i.e. a change of the order of two adjacent

entries in a preference list). They showed that this problem can also

be solved efficiently for bipartite graphs.

1.2 Our Contributions
In this paper, we consider inverse optimization questions regarding

stable flows. Given a network (𝐷, 𝑠, 𝑡, 𝑐) — where 𝐷 is a directed

graphwithout loops, 𝑠, 𝑡 are designated source and terminal vertices,

and 𝑐 : 𝐴(𝐷) → R+ is a capacity function over the arcs of 𝐷 — in

which the vertices represent agents, and given utility functions

𝑝𝑣 for each 𝑣 ∈ 𝑉 (𝐷) representing agents’ weak preference lists

(i.e., there can be ties in the order) over the arcs incident to 𝑣 ,

our objective is to make a given feasible flow (or circulation) 𝑥

stable by applying minimum extent of modification to the system.

Stability in such networks ensures that no agent or participant has

an incentive to deviate from the prescribed flow (or circulation),

thereby preserving the overall efficiency of the system.

We explore two models based on the types of modifications

allowed to achieve stability. In the first model, we assume that only

the agents’ preferences can be modified, while in the second model,

both the agents’ preferences and the capacities of the arcs may be

altered. We use the ℓ1-norm to measure the extent of modifications

in the capacities. To measure the extent of modification in the

agents’ preferences, we consider two distinct measures.

In one scenario, the preferences are derived from utility values,

and the cost of modifying an agent’s preferences is directly propor-

tional to the magnitude of the changes in these utility values. Our

goal is to make a given flow stable while minimizing the ℓ1-norm of

the total modifications to all utility functions. In the other scenario,

we assume that each agent has strict preferences, and the cost of

modifying an agent’s preferences is the number of swaps (i.e., the

changes of two consecutive agents) in its preference list.

In Section 3, we show that when only preferences can be mod-

ified, this problem can be solved in polynomial time under the

ℓ1-norm (see Algorithm 1), but it becomes NP-hard under the swap

distance (see Theorem 3.6). In Section 4, both preferences and ca-

pacities are allowed to be modified, but we introduce an additional

restriction: only the utility values corresponding to nonempty arcs

can be modified, and these values can only be increased. Under

this restriction, we prove that the problem can again be solved

in polynomial time under the ℓ1-norm (see Algorithm 2) but it is

NP-hard if preference modifications are measured by swaps (see

Remark 1).

2 PRELIMINARIES
We denote the set of nonnegative real numbers by R+ and the

set of nonnegative integers by Z+. For a positive integer 𝑘 , let

[𝑘] B {1, . . . , 𝑘}. For an undirected graph 𝐺 = (𝑉 , 𝐸) and for a

vertex 𝑣 ∈ 𝑉 , we denote by 𝐸 (𝑣) the set of edges incident to 𝑣 in 𝐺 .

For a directed graph 𝐷 = (𝑉 ,𝐴) and for a vertex 𝑣 ∈ 𝑉 , we denote

by 𝜌 (𝑣) the set of arcs incoming to 𝑣 and by 𝛿 (𝑣) the set of arcs
outgoing from 𝑣 , and we let 𝐸 (𝑣)B 𝜌 (𝑣) ∪ 𝛿 (𝑣). A vertex cover in

an undirected graph is a subset of vertices that intersects each edge.

Let 𝑆 be a finite ground set. We denote by P(𝑆) the family of all

possible subsets of 𝑆 . For a set 𝑋 ⊆ 𝑆 and for an element 𝑦 ∈ 𝑆 , the

notation 𝑋 ∪ {𝑦} is abbreviated by 𝑋 +𝑦, and 𝑋 \ {𝑦} is abbreviated
by 𝑋 − 𝑦. We say that a set function ℎ : P(𝑆) → R+ ∪ {∞} is

monotone increasing if ℎ(𝑋 ) ≤ ℎ(𝑌 ) holds for any 𝑋 ⊆ 𝑌 ⊆ 𝑆 .

The set function ℎ is said to be submodular if ℎ(𝑋 ) + ℎ(𝑌 ) ≥
ℎ(𝑋 ∩ 𝑌 ) + ℎ(𝑋 ∪ 𝑌 ) holds for all 𝑋,𝑌 ⊆ 𝑆 . Given a partition

𝑆 = 𝑈 ∪𝑊 , the set function ℎ is called bipartite-submodular
if ℎ(𝑋 ) = ℎ𝑈 (𝑋 ∩ 𝑈 ) + ℎ𝑊 (𝑋 ∩𝑊 ) holds for some submodular

functions ℎ𝑈 : P(𝑈 ) → R+ ∪ {∞} and ℎ𝑊 : P(𝑊 ) → R+ ∪ {∞}.
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We utilize the following theorem of Hochbaum [12].

Theorem 2.1 (Hochbaum [12]). Given a bipartite graph 𝐺 =

(𝑈 ,𝑊 ;𝐸) and a polynomial-time computable, bipartite-submodular
cost function 𝑐 : P(𝑈 ∪𝑊 ) → R+ ∪ {∞}, a minimum-cost vertex
cover can be found in polynomial time.

2.1 Stable Flows
In the stable matching problem, we are given a bipartite graph

𝐺 = (𝑈 ,𝑊 ;𝐸) such that each vertex has a weak preference list ≽𝑣
over its incident edges (i.e., ties are allowed). Given a matching

𝑀 ⊆ 𝐸, we say that an edge 𝑒 = 𝑢𝑤 ∉ 𝑀 blocks𝑀 if for both 𝑢 and

𝑤 it holds that either it strictly prefers 𝑒 to the edge it is incident to

in𝑀 or it is unmatched. That is, we assume that for any vertex 𝑣

and for any edge 𝑒 ∈ 𝐸 (𝑣), we have 𝑒 ≻𝑣 ∅. We say that a matching

𝑀 is stable if there is no blocking edge to𝑀 .

A nice generalization of the stable matching problem to directed

networks, introduced by Fleiner [9], is called the stable flow prob-

lem. In the stable flow problem, we are given a directed graph

𝐷 = (𝑉 ,𝐴) with a designated source vertex 𝑠 with no incoming

arcs and a terminal vertex 𝑡 with no outgoing arcs. Furthermore,

for each arc 𝑒 ∈ 𝐴 we have a nonnegative capacity 𝑐 (𝑒), and for

each vertex 𝑣 ∈ 𝑉 we have weak preference lists ≽in𝑣 and ≽out𝑣 over

the incoming arcs 𝜌 (𝑣) and the outgoing arcs 𝛿 (𝑣) of 𝑣 , respectively.
Here, we assume these preferences come from utility functions

𝑝𝑣 : 𝐸 (𝑣) → R+, such that 𝑒 ≻𝑣 𝑓 if and only if 𝑝𝑣 (𝑒) > 𝑝𝑣 (𝑓 ), and
𝑒 ≽𝑣 𝑓 if and only 𝑝𝑣 (𝑒) ≥ 𝑝𝑣 (𝑓 ) for any arcs 𝑒, 𝑓 ∈ 𝐸 (𝑣).

A function 𝑥 : 𝐴 → R+ is called a flow if Kirchoff’s current law,

that is,

∑
𝑒∈𝜌 (𝑣) 𝑥 (𝑒) =

∑
𝑒∈𝛿 (𝑣) 𝑥 (𝑒) holds for all 𝑣 ∈ 𝑉 \ {𝑠, 𝑡}.

We say that a flow 𝑥 is feasible in the network (𝐷, 𝑠, 𝑡, 𝑐) if 0 ≤
𝑥 (𝑒) ≤ 𝑐 (𝑒) holds for each 𝑒 ∈ 𝐴. Given a feasible flow 𝑥 , let

𝜌𝑥 (𝑣) B {𝑒 ∈ 𝜌 (𝑣) | 𝑥 (𝑒) > 0} and 𝛿𝑥 (𝑣) B {𝑒 ∈ 𝛿 (𝑣) | 𝑥 (𝑒) > 0}
for any vertex 𝑣 ∈ 𝑉 .

Here, the blocking structures for a flow 𝑥 may not only be edges,

but arbitrary directed walks such that both the first and the last

agents of the walk can mutually benefit from redirecting some flow

along the walk (or just sending or accepting more in the cases of 𝑠

and 𝑡 , respectively).

Definition 2.2. Let 𝑥 be a feasible flow.We say that a directedwalk

𝑃 = (𝑣1, 𝑒1, . . . , 𝑒𝑘−1, 𝑣𝑘 ) blocks 𝑥 if the following conditions hold:

(i) 𝑥 (𝑒𝑖 ) < 𝑐 (𝑒𝑖 ) for 𝑖 ∈ [𝑘 − 1],
(ii) either 𝑣1 = 𝑠 or there exists an arc 𝑣1𝑢 such that 𝑥 (𝑣1𝑢) > 0

and 𝑒1 ≻out

𝑣1
𝑣1𝑢, and

(iii) either 𝑣𝑘 = 𝑡 or there exists an arc 𝑢𝑣𝑘 such that 𝑥 (𝑢𝑣𝑘 ) > 0

and 𝑒𝑘−1 ≻in

𝑣𝑘
𝑢𝑣𝑘 .

We say that 𝑥 is stable if no walk 𝑃 blocks 𝑥 . We remark that this

notion is often called weak stability in the literature.

If condition (ii) is not satisfied for a walk 𝑃 , then we say that 𝑃

is dominated at 𝑣1, and if condition (iii) is not satisfied, then we

say it is dominated at 𝑣𝑘 .

Similarly, we say that an arc 𝑒 ∈ 𝛿 (𝑣) is dominated at 𝑣 ≠ 𝑠 by

𝑥 if 𝑥 (𝑒) = 𝑐 (𝑒) or for each 𝑓 ∈ 𝛿𝑥 (𝑣), we have 𝑓 ≽out𝑣 𝑒 . We say

that an arc 𝑒 ∈ 𝛿 (𝑠) is dominated by 𝑥 at 𝑠 if 𝑥 (𝑒) = 𝑐 (𝑒). A subset

𝐹 ⊆ 𝛿 (𝑣) is dominated by 𝑥 at 𝑣 , if each 𝑒 ∈ 𝐹 is dominated at 𝑣 .

These concepts are defined analogously for incoming arcs. Clearly,

if an arc is dominated at its tail or at its head, then it cannot be the

first or the last arc of a blocking walk, respectively.

We can also define a stable circulation model for a network (𝐷, 𝑐).
Here, the definition of a blocking walk and stability is almost the

same, with the exception that there are no specified source and

terminal vertices 𝑠 and 𝑡 in the network. However, such a model

trivially reduces to the stable flow model by adding two isolated

vertices 𝑠 and 𝑡 as the source and the terminal. Hence, we only

consider the stable flow model in this paper.

2.2 Measuring the Distance Between Two
Preference Lists

We consider two different notions to measure the distance between

two preference lists.

If two preference lists ≽ and ≽′ over the same set 𝐴 are induced

by some utility functions 𝑝 : 𝐴 → R+ and 𝑝′ : 𝐴 → R+, respectively,
then a natural way to compare these two preference lists is to

consider the ℓ1-norm of the difference 𝑝 − 𝑝′, that is, ∥𝑝 − 𝑝′∥1 B∑
𝑒∈𝐴 |𝑝 (𝑒) − 𝑝′ (𝑒) |.
Another well-known metric to compare two strict preference

lists ≻ and ▷ in the literature is the swap distance [7, 8]. A swap in a

preference list is defined as a change between two adjacent entries.

For example, swapping𝑏 and 𝑐 in the preference list 𝑎 ≻ 𝑏 ≻ 𝑐 yields

the preference list 𝑎 ▷ 𝑐 ▷ 𝑏. Given two arbitrary strict preference

lists ≻ and ▷ over the same set 𝐴, the swap distance 𝑑swap (≻,▷)
of ≻ and ▷ is defined to be the minimum number of swaps required

to transform ≻ into ▷. For example, the swap distance of 𝑎 ≻ 𝑏 ≻ 𝑐

and 𝑎▷𝑐 ▷𝑏 is 1, while the swap distance of 𝑎 ≻ 𝑏 ≻ 𝑐 and 𝑐 ▷𝑏 ▷𝑎
is 3.

3 MODIFYING THE PREFERENCES
In this section, we investigate inverse optimization for our first

model, where only the preferences can be modified. Here, we as-

sume that the preferences are induced by utility functions and our

objective is to minimize the ℓ1-norm of the total changes in the

utility values to make a given feasible flow stable. With Algorithm 1,

we provide a polynomial-time algorithm for this problem.

Formally, we consider the following problem. We are given a

feasible flow 𝑥 in a network (𝐷, 𝑠, 𝑡, 𝑐) with utility functions 𝑝𝑣 :

𝐸 (𝑣) → R+ for each 𝑣 ∈ 𝑉 , inducing weak preference lists ≽in𝑣 and

≽out𝑣 as described in Section 2.1. For any 𝑣 ∈ 𝑉 , let 𝛼𝑣, 𝛽𝑣 : 𝐸 (𝑣) →
R+∪ {±∞} be lower and upper bounds such that 𝛼𝑣 ≤ 𝛽𝑣 . Our goal

is to find a new utility function 𝑝∗𝑣 for each 𝑣 ∈ 𝑉 satisfying the

following conditions:

– 𝑥 becomes a stable flow with respect to the preference lists

defined by {𝑝∗𝑣 }𝑣∈𝑉 ,
– 𝛼𝑣 (𝑒) ≤ 𝑝∗𝑣 (𝑒) ≤ 𝛽𝑣 (𝑒) holds for each 𝑣 ∈ 𝑉 and 𝑒 ∈ 𝐸 (𝑣),
–

∑
𝑣∈𝑉 ∥𝑝𝑣 − 𝑝∗𝑣 ∥1 is minimized.

3.1 Characterizing Feasibility
Let us start with a simple observation regarding feasibility. Let 𝑥

be a fixed feasible flow. We say that an arc 𝑒 is unsaturated by 𝑥 if

𝑥 (𝑒) < 𝑐 (𝑒). We say that an 𝑠-𝑡 path is unsaturated by 𝑥 if all of its

arcs are unsaturated.

Observation 1. Let 𝑥 be a feasible flow in the network (𝐷, 𝑠, 𝑡, 𝑐).
If there exists an unsaturated directed 𝑠-𝑡 path, then 𝑥 is not stable
with respect to any possible preference lists.
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Indeed, by Definition 2.2, such an unsaturated directed 𝑠-𝑡 path

always forms a blocking walk to 𝑥 . Since it is easy to check in

polynomial time if there is an unsaturated 𝑠-𝑡 path (by finding a

path between 𝑠 and 𝑡 in the subgraph of the unsaturated arcs), from

now on we assume that no such path exists.

In addition, assuming that max

{
𝛼𝑣 (𝑒)

�� 𝑒 ∈ 𝐸 (𝑣)
}
≤ min

{
𝛽𝑣 (𝑒)

��
𝑒 ∈ 𝐸 (𝑣)

}
holds for each 𝑣 ∈ 𝑉 , the reverse direction of Observation

1 is also true.

Proposition 3.1. Let 𝑥 be a feasible flow in the network (𝐷, 𝑠, 𝑡, 𝑐),
and assume that max

{
𝛼𝑣 (𝑒)

�� 𝑒 ∈ 𝐸 (𝑣)
}
≤ min

{
𝛽𝑣 (𝑒)

�� 𝑒 ∈ 𝐸 (𝑣)
}

holds for each 𝑣 ∈ 𝑉 . Then, 𝑥 can be made stable by modifying the
utility values in the preferences if and only if there is no unsaturated
𝑠-𝑡 path.

Proof. The forward direction follows fromObservation 1. To see

the reverse direction, choose a number 𝑘𝑣 such that max

{
𝛼𝑣 (𝑒)

��
𝑒 ∈ 𝐸 (𝑣)

}
≤ 𝑘𝑣 ≤ min

{
𝛽𝑣 (𝑒)

�� 𝑒 ∈ 𝐸 (𝑣)
}
for each 𝑣 ∈ 𝑉 . Note that

if there is no unsaturated 𝑠-𝑡 path, then by setting 𝑝∗𝑣 (𝑒) = 𝑘𝑣 for

each 𝑣 ∈ 𝑉 and 𝑒 ∈ 𝐸 (𝑣), every vertex ranks all of its incident arcs

equally, thus 𝑥 becomes stable. □

Thus, Proposition 3.1 implies that if we consider the unbounded

case (that is, 𝛼𝑣 ≡ −∞ and 𝛽𝑣 ≡ ∞ for each 𝑣 ∈ 𝑉 ), then our prob-

lem has a feasible solution if and only if there are no unsaturated

directed 𝑠-𝑡 paths. Although we do not give a compact characteriza-

tion of feasibility for the general case, our optimization algorithm

(cf. Algorithm 1) in the next section determines feasibility in poly-

nomial time by finding an optimal solution if one exists.

3.2 Preparations
Let us introduce some further notation. For a vertex 𝑣 ∈ 𝑉 , let 𝛿B (𝑣)
and 𝜌B (𝑣) denote the sets of unsaturated outgoing and incoming

arcs, respectively. By definition, every arc of a blocking walk is

unsaturated, in particular, the first and the last ones. For a vertex

𝑣 ∈ 𝑉 \ {𝑠, 𝑡}, whether an unsaturated arc can actually appear as

the first or last arc of a blocking walk also depends on the prefer-

ences of 𝑣 . In contrast, for 𝑠 and 𝑡 , their preferences do not affect

whether an unsaturated arc can be the first or last arc of a blocking

walk, respectively. Therefore, the preference lists of 𝑠 and 𝑡 can be

disregarded.

To make the input feasible flow 𝑥 stable, we need to ensure

that for each blocking walk, the first arc gets dominated at its tail

or the last arc at its head. Therefore, for each vertex, we aim to

identify a subset of incident arcs that must be dominated at that

vertex by modifying the utility values, while minimizing the total

extent of modifications. In the following, we show that the function

measuring the ℓ1-norm of modifying the utility function at a vertex

to ensure that no arc of a selected subset 𝐹 of outgoing arcs can

be the first arc of a blocking walk is monotone increasing and

submodular in 𝐹 , and is also polynomial-time computable.

For any 𝑣 ∈ 𝑉 \ {𝑠, 𝑡} and for any 𝐹 ⊆ 𝛿B (𝑣), let

𝑔out𝑣 (𝐹 ) B min


∑︁

𝑒∈𝛿 (𝑣)

��𝑝𝑣 (𝑒) − 𝑝∗𝑣 (𝑒)
�� �������
𝐹 is dominated by 𝑥

at 𝑣 with respect to

the utility function 𝑝∗𝑣 ,
and 𝛼𝑣 ≤ 𝑝∗𝑣 ≤ 𝛽𝑣

 .

That is, 𝑔out𝑣 (𝐹 ) represents the minimum possible ℓ1-norm of

the changes in the utility function 𝑝𝑣 needed to make each arc in

𝐹 dominated at 𝑣 , while satisfying the lower and upper bounds.

We analogously define 𝑔in𝑣 . In case there is no feasible solution,

we define this minimum to be infinity, i.e., we use the convention

min ∅ = ∞.

Next, we show the submodularity of the functions 𝑔out𝑣 and 𝑔in𝑣 ,

a property that is heavily utilized in our algorithm. Let us define a

linear programming problem for each vertex 𝑣 ∈ 𝑉 \ {𝑠, 𝑡} and for

each subset 𝐹 ⊆ 𝛿B (𝑣).

min

∑︁
𝑒∈𝛿 (𝑣)

��𝑝𝑣 (𝑒) − 𝑧 (𝑒)
��

s. t. 𝑧 (𝑓 ) ≤ 𝑧 (𝑒) for all 𝑓 ∈ 𝐹 , 𝑒 ∈ 𝛿𝑥 (𝑣)

𝛼𝑣 (𝑒) ≤ 𝑧 (𝑒) ≤ 𝛽𝑣 (𝑒) for all 𝑒 ∈ 𝛿 (𝑣)
(LP𝑣 (𝐹 ))

Though the above objective function is not linear, it can be easily

linearized by introducing variables 𝑦 (𝑒) with constraints 𝑦 (𝑒) ≥
𝑝𝑣 (𝑒)−𝑧 (𝑒) and𝑦 (𝑒) ≥ −𝑝𝑣 (𝑒)+𝑧 (𝑒) and minimizing

∑
𝑒∈𝛿 (𝑣) 𝑦 (𝑒)

instead. It is not difficult to see that the optimum value of LP𝑣 (𝐹 )
represents the minimum cost of modifying the utility function of 𝑣

so that 𝐹 becomes dominated by 𝑥 at 𝑣 , while the lower and upper

bounds are satisfied. We denote the optimum value of LP𝑣 (𝐹 ) by
OPT𝑣 (𝐹 ). Then, we have 𝑔out𝑣 (𝐹 ) = OPT𝑣 (𝐹 ).

The proof of the following technical claim is omitted due to page

limits.

Proposition 3.2. For each 𝑣 ∈ 𝑉 \ {𝑠, 𝑡}, the functions 𝑔out𝑣 and
𝑔in𝑣 are monotone increasing, submodular and polynomial-time com-
putable. Furthermore, if the utility function 𝑝𝑣 , the lower bounds 𝛼𝑣 ,
and the upper bounds 𝛽𝑣 if 𝑝𝑣 , 𝛼𝑣 , and 𝛽𝑣 take values from Z∪{±∞},
then so do 𝑔out𝑣 and 𝑔in𝑣 , and the corresponding linear programs have
integral optimal solutions if they are feasible.

In our algorithm, we only use that the functions 𝑔out𝑣 and 𝑔in𝑣 are

monotone increasing, submodular and polynomial-time computable

for all 𝑣 ∈ 𝑉 \ {𝑠, 𝑡}. Hence, for the sake of generality, we consider
an extended framework in which the cost of dominating any subset

of 𝛿B (𝑣) at a vertex 𝑣 ∈ 𝑉 is given by an arbitrary monotone

increasing, submodular and polynomial-time computable function

ℎout𝑣 , and similarly, the cost of dominating the subsets of 𝜌B (𝑣) at
𝑣 is given by a monotone increasing, submodular and polynomial-

time computable function ℎin𝑣 . We allow ℎout𝑣 and ℎin𝑣 to have value

∞, which corresponds to the fact that dominating every arc of 𝐹 at 𝑣

in a feasible way is impossible. For example, the nonempty subsets

of unsaturated arcs cannot be dominated at 𝑠 or 𝑡 . For simplicity,

we introduce the functions ℎout𝑢 and ℎin𝑢 for any 𝑢 ∈ {𝑠, 𝑡}, where
ℎout𝑢 (∅) = ℎin𝑢 (∅) = 0 and ℎout𝑢 (𝐹 ) = ℎin𝑢 (𝐹 ) = ∞ otherwise.

Inv-StabFlow-PrefMod

In: A network (𝐷, 𝑠, 𝑡, 𝑐), a feasible flow 𝑥 , and monotone

increasing, submodular, polynomial-time computable

functions ℎout𝑣 : 𝛿B (𝑣) → R+ ∪ {∞} and ℎin𝑣 : 𝜌B (𝑣) →
R+ ∪ {∞} for each 𝑣 ∈ 𝑉 (𝐷), where for any 𝑢 ∈ {𝑠, 𝑡},
we have ℎout𝑢 (∅) = ℎin𝑢 (∅) = 0 and ℎout𝑢 (𝐹 ) = ℎin𝑢 (𝐹 ) = ∞
otherwise.

Out: Subsets of arcs 𝐹out𝑣 ⊆ 𝜌B (𝑣) and 𝐹 in𝑣 ⊆ 𝛿B (𝑣) for each
𝑣 ∈ 𝑉 (𝐷) such that dominating 𝐹out𝑣 ∪ 𝐹 in𝑣 at 𝑣 for each

𝑣 ∈ 𝑉 makes 𝑥 stable and

∑
𝑣∈𝑉

(
ℎout𝑣 (𝐹out𝑣 ) + ℎin𝑣 (𝐹 in𝑣 )

)
is minimum.
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3.3 Algorithm 1
Fleiner proposed an algorithm to find a stable flow by reducing

the problem to finding a stable allocation [9]. Unfortunately, this

reduction seems to be inadequate for our inverse optimization

problem, as a stable flow does not necessarily correspond to a

unique stable allocation, and the allocations corresponding to the

input flow (which we aim to make stable) can vary if the preferences

change. Therefore, we now develop a different approach.

In the first step of our algorithm, we introduce an auxiliary bi-

partite graph whose edges capture the unsaturated walks in the

original network. In the second step, we transform this bipartite

graph so that its minimum-cost vertex covers with respect to some

bipartite-submodular and polynomial-time computable cost func-

tion correspond to the optimal solutions of the original problem.

In the third step, we construct an optimal solution of the original

problem based on the minimum-cost vertex cover found in the

second step.

Step 1. Let us create a bipartite graph𝐺 = (𝑉 out,𝑉 in
;𝐸), where

𝑉 out B
{
𝑣out

�� 𝑣 ∈ 𝑉 \ {𝑡}
}
and𝑉 in B

{
𝑣 in

�� 𝑣 ∈ 𝑉 \ {𝑠}
}
. For each

pair of not necessarily distinct vertices 𝑢 ∈ 𝑉 \ {𝑡} and 𝑣 ∈ 𝑉 \ {𝑠}
and each pair of arcs𝑢𝑢′, 𝑣 ′𝑣 ∈ 𝐴, if there is a walk 𝑃 of unsaturated

arcs with respect to 𝑥 starting with 𝑢𝑢′ and ending with 𝑣 ′𝑣 , we
add an edge 𝑢out𝑣 in with label (𝑢𝑢′, 𝑣 ′𝑣) to 𝐺 . Note that we may

create parallel edges but only if these parallel edges have distinct

labels.

Then in the graph 𝐺 , every edge corresponds to some unsat-

urated walk 𝑃 with respect to 𝑥 in 𝐷 , and for each such walk

𝑃 = (𝑣1, 𝑒1, . . . , 𝑒𝑘−1, 𝑣𝑘 ) in 𝐷 there is an edge 𝑣out
1

𝑣 in
𝑘

with label

(𝑒1, 𝑒𝑘−1). Note that different unsaturated walks in 𝐷 may corre-

spond to the same edge of 𝐺 . Since we can easily decide in poly-

nomial time whether there exists an unsaturated walk in 𝐷 with

some fixed first and last arcs, 𝐺 can be built in polynomial time.

Next, for all functions ℎin𝑣 and ℎout𝑣 , we define new functions

ℎ𝑣in and ℎ𝑣out corresponding to the vertices 𝑣 in, 𝑣out ∈ 𝑉 in ∪𝑉 out

as follows. For 𝑣 = 𝑠 , we let ℎ𝑠out (∅) = 0 and ℎ𝑠out (𝐹 ) = ∞ for

any ∅ ≠ 𝐹 ⊆ 𝐸 (𝑠out), since dominating any arc at 𝑠 in 𝐷 is im-

possible. For 𝑣 = 𝑡 , we let ℎ𝑡 in (∅) = 0 and ℎ𝑡 in (𝐹 ) = ∞ for any

∅ ≠ 𝐹 ⊆ 𝐸 (𝑡 in). For each 𝑣 ∈ 𝑉 \ {𝑠, 𝑡}, we define ℎ𝑣out (𝐹 ) for each
𝐹 ⊆ 𝐸 (𝑣out) to be ℎout𝑣 (𝐹−1

out
), where 𝐹−1

out
B

{
𝑣𝑣 ′ ∈ 𝐴

��
there exists

𝑤𝑤 ′ ∈ 𝐴 such that (𝑣𝑣 ′,𝑤 ′𝑤) is the label of some edge in 𝐹
}
. Sim-

ilarly, let us defineℎ𝑣in (𝐹 ) for each 𝐹 ⊆ 𝐸 (𝑣 in) to beℎin𝑣 (𝐹−1
in

), where
𝐹−1
in
B

{
𝑣 ′𝑣 ∈ 𝐴

��
there exists 𝑢𝑢′ ∈ 𝐴 such that (𝑢𝑢′, 𝑣 ′𝑣) is the

label of some edge in 𝐹
}
.

The functions ℎ𝑠out and ℎ𝑡 in are clearly submodular and polyno-

mial-time computable. We claim that ℎ𝑣in and ℎ𝑣out are also sub-

modular and polynomial-time computable for each 𝑣 ∈ 𝑉 \ {𝑠, 𝑡}.
Indeed, we have

ℎ𝑣out (𝑋 ) + ℎ𝑣out (𝑌 ) = ℎout𝑣

(
𝑋 −1
out

)
+ ℎout𝑣

(
𝑌 −1
out

)
≥ ℎout𝑣

(
𝑋 −1
out

∪ 𝑌 −1
out

)
+ ℎout𝑣

(
𝑋 −1
out

∩ 𝑌 −1
out

)
≥ ℎout𝑣

(
(𝑋 ∪ 𝑌 )−1

out

)
+ ℎout𝑣

(
(𝑋 ∩ 𝑌 )−1

out

)
= ℎ𝑣out (𝑋 ∪ 𝑌 ) + ℎ𝑣out (𝑋 ∩ 𝑌 ),

using the submodularity and the monotonicity of ℎout𝑣 and the fact

that 𝑋 −1
out

∪ 𝑌 −1
out

= (𝑋 ∪ 𝑌 )−1
out

and (𝑋 ∩ 𝑌 )−1
out

⊆ 𝑋 −1
out

∩ 𝑌 −1
out

. Also,

as ℎout𝑣 is polynomial-time computable and 𝐹−1
out

is easy to compute

for any 𝐹 ⊆ 𝐸 (𝑣out), the function ℎ𝑣out is also polynomial-time

computable. The submodularity and polynomial-time computability

of ℎ𝑣in can be analogously proved.

Step 2. Here, we construct an edge-labeled bipartite graph 𝐺 =(
𝑉 out,𝑉 in

;𝐸
)
as follows. Let us create |𝐸 (𝑣) | copies 𝑣1, . . . , 𝑣 |𝐸 (𝑣) |

of each vertex 𝑣 in𝐺 . For each edge 𝑢out𝑤 in ∈ 𝐸, let us add an edge

𝑢out
𝑖

𝑤 in

𝑗
to 𝐸 such that at the end 𝐸 forms a perfect matching in 𝐺 .

Also, let the label of 𝑢out
𝑖

𝑤 in

𝑗
∈ 𝐸 be the same as that of 𝑢out𝑤 in ∈ 𝐸.

Now, there is a one-to-one correspondence between the vertices

of 𝑉 out
in 𝐺 (and the vertices of 𝑉 in

in 𝐺) and the edges of 𝐸 in 𝐺 ;

for any 𝑋 ⊆ 𝑉 out
, let 𝐸

𝑋
⊆ 𝐸 denote the set of those edges in 𝐺

which correspond to a vertex in 𝑋 ; and we similarly define 𝐸
𝑌
for

any 𝑌 ⊆ 𝑉 in
.

Hence we can define the functions ℎ𝑉 out : P
(
𝑉 out

)
→ Z+ ∪

{∞} and ℎ𝑉 in : P
(
𝑉 in

)
→ Z+ ∪ {∞} as follows. Let ℎ𝑉 out (𝑋 ) B∑

𝑣out∈𝑉 out ℎ𝑣out
(
𝐸
𝑋
∩ 𝐸𝐺 (𝑣out)

)
for any 𝑋 ⊆ 𝑉 out

. Here, 𝐸𝐺 (𝑣out)
denotes the incident edges to 𝑣out in 𝐸 = 𝐸 (𝐺). The function ℎ𝑉 in

is analogously defined. These functions are polynomial-time com-

putable and submodular, as they are sums of polynomial-time com-

putable submodular functions. Finally, let ℎ
𝐺
: P

(
𝑉 out ∪𝑉 in

)
→ R

be defined as follows. Let ℎ
𝐺

(
𝑋
)
B ℎ𝑉 out

(
𝑋 ∩𝑉 out

)
+ℎ𝑉 in

(
𝑋 ∩𝑉 in

)
for any 𝑋 ⊆ 𝑉 out ∪𝑉 in

.

Step 3. Let 𝐶 ⊆ 𝑉 out ∪𝑉 in
be a minimum-cost vertex cover in

𝐺 with respect to ℎ
𝐺
. Since ℎ𝑉 out and ℎ𝑉 in are two polynomial-time

computable, submodular functions and ℎ
𝐺
is a polynomial-time

computable, bipartite-submodular cost function, by Theorem 2.1,

we can find a minimum-cost vertex cover in𝐺 with respect to ℎ
𝐺
in

polynomial time using Hochbaum’s algorithm [12]. If ℎ
𝐺

(
𝐶
)
= ∞,

then let Algorithm 1 output that no solution exists. Otherwise, let

𝑋 B 𝐶 ∩𝑉 out
and 𝑌 B 𝐶 ∩𝑉 in

, and let Algorithm 1 output the sets

𝐹out𝑣 =
(
𝐸
𝑋
∩ 𝐸𝐺 (𝑣out)

)−1
and 𝐹 in𝑣 =

(
𝐸
𝑌
∩ 𝐸𝐺 (𝑣 in)

)−1
for each

𝑣 ∈ 𝑉 (𝐷).
Summary of Algorithm 1.We take an instance 𝐼 =

(
𝐷, 𝑠, 𝑡, 𝑐, 𝑥,

(ℎin𝑣 )𝑣∈𝑉 , (ℎout𝑣 )𝑣∈𝑉
)
of Inv-StabFlow-PrefMod. First, we create

the edge-labeled bipartite graph 𝐺 described in Step 1. Then, we

create the graph 𝐺 described in Step 2. Then, we find a minimum-

cost vertex cover 𝐶 in 𝐺 with respect to ℎ
𝐺
. If ℎ

𝐺

(
𝐶
)
= ∞, then

Algorithm 1 outputs that there is no feasible solution. Otherwise,

it outputs the sets 𝐹out𝑣 =
(
𝐸
𝑋

∩ 𝐸𝐺 (𝑣out)
)−1

and 𝐹 in𝑣 =
(
𝐸
𝑌
∩

𝐸𝐺 (𝑣 in)
)−1

for each 𝑣 ∈ 𝑉 (𝐷), where 𝑋 B 𝐶 ∩ 𝑉 out
and 𝑌 B

𝐶 ∩𝑉 in
.

Due to space constraints, the correctness proof of Algorithm 1

is omitted here.

Theorem 3.3. Algorithm 1 determines an optimal solution to Inv-
StabFlow-PrefMod in polynomial time, if one exists.

We remark that by Proposition 3.2, if the functions ℎout𝑣 and ℎin𝑣
are in fact the constructed functions𝑔out𝑣 and𝑔in𝑣 from the beginning

of the section, then the integrality of 𝑝𝑣 , 𝛼𝑣 , and 𝛽𝑣 implies that

dominating the subsets 𝐹out𝑣 ⊆ 𝜌B (𝑣) and 𝐹 in𝑣 ⊆ 𝛿B (𝑣) in an optimal

solution 𝑝∗𝑣 for each 𝑣 ∈ 𝑉 (𝐷) can be done so that 𝑝∗𝑣 is also integer-
valued.
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3.4 Minimizing the Total Number of Swaps in
the Preferences

In this section, we consider the inverse optimization problem in our

first model using the swap distance. As the swap distance is defined

between strict preferences only, in this section, we assume that

each agent 𝑣 ∈ 𝑉 has strict preference lists ≻in

𝑣 and ≻out

𝑣 instead

of a utility function 𝑝𝑣 . We could assume that these preferences

are induced by strictly different utility values 𝑝𝑣 (𝑒), however, since
the swap distance does not depend on these, we refrain from using

utility values in this section.

The problem is formalized as follows.

Inv-StabFlow-PrefMod-Swap

In: A network (𝐷, 𝑠, 𝑡, 𝑐) with strict preference lists ≻in

𝑣 , ≻out

𝑣

over the set 𝐸 (𝑣) of arcs for each 𝑣 ∈ 𝑉 (𝐷) and a feasible
flow 𝑥 .

Out: New preference lists ▷in𝑣 and ▷out𝑣 for each 𝑣 ∈ 𝑉 (𝐷) such
that 𝑥 becomes a stable flow with respect to them and∑

𝑣∈𝑉 (𝐷 )
(
𝑑swap (≻in

𝑣 ,▷
in

𝑣 ) + 𝑑swap (≻out

𝑣 ,▷out𝑣 )
)
is mini-

mum.

3.4.1 Characterizing Feasibility.
In contrast to Proposition 3.1, even though we do not have upper

and lower bounds in this model, we show in Example 3.4 that a

solution may not exist for Inv-StabFlow-PrefMod-Swap, even if

𝑥 is a maximum flow. The reason for this is that we have to keep

the preferences strict, hence only one arc with 0 < 𝑥 (𝑒) < 𝑐 (𝑒) can
be dominated at any vertex. This crucial difference also plays a key

role in our hardness proof.

Example 3.4. Let𝑉 = {𝑠, 𝑡, 𝑢1, 𝑢2, 𝑢3,𝑤1,𝑤2,𝑤3} and𝐴= {𝑠𝑢𝑖 ,𝑤𝑖𝑡 |
𝑖 ∈ [3]} ∪ {𝑢𝑖𝑤 𝑗 | 𝑖, 𝑗 ∈ [3]}, and let every arc have capacity 3.

Let the flow 𝑥 be 3 on arcs adjacent to 𝑠 or 𝑡 , and 1 elsewhere.

Note that between the vertices 𝑉 \ {𝑠, 𝑡}, there are 9 arcs 𝑒 with
0 < 𝑥 (𝑒) < 𝑐 (𝑒). Also, for any strict preference lists, at most one

such arc is dominated at 𝑣 , for any 𝑣 ∈ 𝑉 \ {𝑠, 𝑡}. Therefore, in total,

at most 6 of the 7 arcs can be dominated. So at least one arc is not

dominated at any of its end-vertices; such an arc forms a blocking

path by itself.

However, on the positive side, we show that we can decide

whether an instance of Inv-StabFlow-PrefMod-Swap admits a

feasible solution in polynomial time by reducing the problem to

2-SAT. Due to page constraints, the proof of the following theorem

is omitted here.

Theorem 3.5. We can decide in polynomial time whether an in-
stance of Inv-StabFlow-PrefMod-Swap has a feasible solution.

While by Theorem 3.5, we can decide in polynomial timewhether

Inv-StabFlow-PrefMod-Swap has a feasible solution, the next

theorem shows that finding an optimal solution becomes NP-hard

in this case.

Theorem 3.6. The problem Inv-StabFlow-PrefMod-Swap is
NP-hard.

Proof. We give a reduction from the NP-hard VertexCover

problem [15] to the Inv-StabFlow-PrefMod-Swap problem. Let

𝐺 = (𝑉 , 𝐸) be an instance of VertexCover with 𝑉 = {𝑣1, . . . , 𝑣𝑛}
and 𝐸 = {𝑒1, . . . , 𝑒𝑚}.

We create a network (𝐷, 𝑠, 𝑡, 𝑐) as follows. For each vertex 𝑣𝑖 ∈ 𝑉 ,

we add the vertices 𝑣𝑖 and 𝑣
′
𝑖
to 𝑉 (𝐷). For each edge 𝑒𝑘 = 𝑣𝑖𝑣 𝑗 , we

add the vertices 𝑢𝑒𝑘 ,𝑤
𝑖
𝑒𝑘
, and𝑤

𝑗
𝑒𝑘

to 𝑉 (𝐷). We also add a source 𝑠

and a terminal 𝑡 to𝑉 (𝐷). Finally, we add dummy vertices 𝑑1, . . . , 𝑑𝑟 ,

where 𝑟 B 𝑛2𝑚2
.

We proceed to creating the arcs of 𝐷 .

– For each 𝑣𝑖 ∈ 𝑉 and for each ℓ ∈ [𝑟 ], we add the arcs

𝑠𝑣𝑖 , 𝑣𝑖𝑣
′
𝑖
, 𝑣𝑖𝑡, 𝑣𝑖𝑑ℓ with capacity 1 to 𝐷 .

– For each edge 𝑒𝑘 = 𝑣𝑖𝑣 𝑗 , we add the arcs 𝑣 ′
𝑖
𝑤𝑖
𝑒𝑘
,𝑣 ′
𝑗
𝑤

𝑗
𝑒𝑘
, 𝑠𝑤𝑖

𝑒𝑘
,

𝑠𝑤
𝑗
𝑒𝑘

with capacity 1 and the arcs𝑤𝑖
𝑒𝑘
𝑢𝑒𝑘 ,𝑤

𝑗
𝑒𝑘
𝑢𝑒𝑘 , 𝑢𝑒𝑘 𝑡 with

capacity 2 to 𝐷 .

The flow 𝑥 is defined as follows. For any arc 𝑓 of the form 𝑠𝑣𝑖 ,

𝑣𝑖𝑡 , 𝑠𝑤
𝑖
𝑒𝑘
, 𝑠𝑤

𝑗
𝑒𝑘
, 𝑤𝑖

𝑒𝑘
𝑢𝑒𝑘 , 𝑤

𝑗
𝑒𝑘
𝑢𝑒𝑘 , let 𝑥 (𝑓 ) = 1. For any arc 𝑓 of the

form 𝑢𝑒𝑘 𝑡 , let 𝑥 (𝑓 ) = 2. For any other arc 𝑓 , let 𝑥 (𝑓 ) = 0. It is

straightforward to verify that 𝑥 is a feasible flow.

Finally, we define the preferences. Since there are no parallel

edges in the construction, we write the preferences over the in- and

outneighbors for simplicity. Let the preference list

• of each 𝑣𝑖 ∈ 𝑉 (𝐷) over 𝛿 (𝑣𝑖 ) be induced by ≻out

𝑣𝑖
be 𝑣 ′

𝑖
≻

𝑑1 ≻ · · · ≻ 𝑑𝑅 ≻ 𝑡 ,

• of each 𝑤𝑖
𝑒𝑘

∈ 𝑉 (𝐷) over 𝜌 (𝑤𝑖
𝑒𝑘
) be induced by ≻in

𝑤𝑖
𝑒𝑘

be

𝑠 ≻ 𝑣 ′
𝑖
,

• and of each 𝑢𝑒𝑘 with 𝑒𝑘 = (𝑣𝑖 , 𝑣 𝑗 ) and 𝑖 < 𝑗 over 𝜌 (𝑢𝑒𝑘 ) be
induced by ≻in

𝑢𝑒𝑘
be𝑤𝑖

𝑒𝑘
≻ 𝑤

𝑗
𝑒𝑘
.

The other preference lists of the construction are not given, because

either there is only a single in- or out arc from the vertex, or the

vertex has no incident arcs with 𝑥 (𝑓 ) > 0, implying it cannot be a

start or end of a blocking walk.

The proof of correctness is omitted here. □

4 MODIFYING THE CAPACITIES AND
PREFERENCES

In this section, we consider our second model, in which both the

capacities and the preferences can be modified. However, we now

impose an additional restriction on the preference modifications:

only the utility values corresponding to nonempty arcs can be

modified, and these values can only be increased; for a motivation

of such a framework, see the introduction.

Formally, as before, we have a directed network (𝐷, 𝑠, 𝑡, 𝑐) to-
gether with a feasible flow 𝑥 and utility functions 𝑝𝑣 : 𝐸 (𝑣) → R+
for each 𝑣 ∈ 𝑉 . Now, our goal is to find both a new capacity func-

tion 𝑐∗ and new utility functions 𝑝∗𝑣 for each 𝑣 ∈ 𝑉 such that the

following hold:

(a) 𝑥 becomes stable in the network (𝐷, 𝑠, 𝑡, 𝑐∗) with respect to

the preference lists defined by 𝑝∗𝑣 for each 𝑣 ∈ 𝑉 ,

(b) 𝑝∗𝑣 ≥ 𝑝𝑣 and 𝑝∗𝑣 (𝑒) = 𝑝𝑣 (𝑒) whenever 𝑥 (𝑒) = 0 for each

𝑣 ∈ 𝑉 and 𝑒 ∈ 𝐸 (𝑣),
(c) ∥𝑐 − 𝑐∗∥1 +

∑
𝑣∈𝑉 ∥𝑝𝑣 − 𝑝∗𝑣 ∥1 is minimized.

Note that in this model we do not have any lower and upper

bounds on the values of the utility functions {𝑝∗𝑣 }𝑣∈𝑉 . Observe that
a feasible solution always exists in this case: setting 𝑐′ (𝑒) B 𝑥 (𝑒)
for all 𝑒 ∈ 𝐴 makes the input flow 𝑥 stable. Also note that in an

optimal solution 𝑐∗ (𝑒) = 𝑥 (𝑒) or 𝑐∗ (𝑒) = 𝑐 (𝑒) holds for any arc 𝑒 ,

since setting 𝑐∗ (𝑒) to any other value would leave 𝑒 unsaturated by
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𝑥 , thus having no effect on the stability of 𝑥 while unnecessarily

increasing the ℓ1-norm of the total modifications.

For some vertex 𝑣 ∈ 𝑉 and for some subset 𝐹 ⊆ 𝛿 (𝑣) of its
out-going arcs, let 𝑔out𝑣 (𝐹 ) denote the ℓ1-norm of the minimum

required modification in 𝑝𝑣 in order to dominate 𝐹 at 𝑣 (note that

being dominated and being dominated at 𝑣 are different conditions),

while ensuring that condition (b) holds for 𝑝∗𝑣 . Clearly, we have
𝑔out𝑠 (∅) = 0, and 𝑔out𝑠 (𝐹 ) = ∞ for any 𝐹 ⊆ 𝛿 (𝑣). It is easy to see that
𝑔out𝑣 (𝐹 ) can be computed in polynomial time by solving a linear

programming problem similar to LP𝑣 (𝐹 ).
We define 𝑔in𝑣 for each 𝑣 ∈ 𝑉 analogously, where we have

𝑔in𝑡 (∅) = 0, and 𝑔in𝑡 (𝐹 ) = ∞ for any 𝐹 ⊆ 𝜌 (𝑡).
Let 𝑣 ∈ 𝑉 be arbitrary and assume that 𝛿 (𝑣) = {𝑒1, . . . , 𝑒𝑘 } such

that 𝑝𝑣 (𝑒1) ≤ . . . ≤ 𝑝𝑣 (𝑒𝑘 ). Now we show that for any ∅ ≠ 𝐹 ⊆
𝛿 (𝑣), we have 𝑔out𝑣 (𝐹 ) = 𝑔out𝑣

(
{𝑒ℓ }

)
, where ℓ ∈ [𝑘] is the largest

number such that 𝑒ℓ ∈ 𝐹 . Indeed, as max

{
𝑝𝑣 (𝑒)

�� 𝑒 ∈ 𝐹 ∩ 𝜌B (𝑣)
}
=

𝑝𝑣 (𝑒ℓ ), the optimum values for dominating 𝐹 and for dominating

{𝑒ℓ } are equal (in the case of 𝑠 , both are∞): the preference values

of all arcs with nonzero flow values have to be increased to 𝑝𝑣 (𝑒ℓ ),
which is not only necessary but clearly sufficient. Hence, 𝑔out𝑣 is

uniquely determined by the values 𝑔out𝑣

(
{𝑒1}

)
≤ . . . ≤ 𝑔out𝑣

(
{𝑒𝑘 }

)
.

Analogous statements hold 𝑔in𝑣 .

Hence, for simplicity, from now on, we assume that for each

vertex 𝑣 ∈ 𝑉 , we are given monotone increasing functions ℎout𝑣 :{
0, 1, . . . , |𝛿 (𝑣) |

}
→ R+ ∪ {∞} and ℎin𝑣 :

{
0, 1, . . . , |𝜌 (𝑣) |

}
→ R+ ∪

{∞} such that ℎout𝑣 ( 𝑗) represents the cost of dominating the 𝑗 least-

preferred outgoing arcs of 𝑣 at 𝑣 for any 𝑗 ∈
{
0, 1, . . . , |𝛿 (𝑣) |

}
, that

is, ℎout𝑣 ( 𝑗) = 𝑔out𝑣 ({𝑒 𝑗 }), and similarly, ℎin𝑣 ( 𝑗) represents the cost of
dominating the 𝑗 least-preferred incoming arcs of 𝑣 at 𝑣 for any

𝑗 ∈
{
0, 1, . . . , |𝛿 (𝑣) |

}
. Here, we have by the above observations on

the functions 𝑔out𝑠 and 𝑔in𝑡 that ℎout𝑠 ( 𝑗) = ∞ and ℎin𝑡 ( 𝑗) = ∞ hold

for any 𝑗 ≥ 1. It is also clear that ℎin𝑣 (0) = ℎout𝑣 (0) = 0 for all 𝑣 ∈ 𝑉 .

Hence, our new optimization problem can be defined as follows.

Inv-StabFlow-PrefCapMod

In: A network (𝐷, 𝑠, 𝑡, 𝑐) with utility functions 𝑝𝑣 : 𝐸 (𝑣) →
R+ for each 𝑣 ∈ 𝑉 , a feasible flow 𝑥 , and monotone in-

creasing functions ℎout𝑣 :

{
0, 1, . . . , |𝛿 (𝑣) |

}
→ R+ ∪ {∞}

and ℎin𝑣 :

{
0, 1, 2, . . . , |𝜌 (𝑣) |

}
→ R+ ∪ {∞} for each 𝑣 ∈ 𝑉

with ℎout𝑠 ( 𝑗) = ℎin𝑡 ( 𝑗) = ∞ for any 𝑗 ≥ 1, and ℎout𝑣 (0) =
ℎin𝑣 (0) = 0 for all 𝑣 ∈ 𝑉 .

Out: A capacity function 𝑐∗ and numbers 𝑘∗𝑣 , ℓ
∗
𝑣 for each 𝑣 ∈ 𝑉

such that dominating the 𝑘∗𝑣 least-preferred outgoing arcs
and the ℓ∗𝑣 least-preferred incoming arcs of 𝑣 at 𝑣 for each

𝑣 ∈ 𝑉 and modifying the capacity function 𝑐 to 𝑐∗ makes

𝑥 stable, while ∥𝑐 − 𝑐∗∥1 +
∑

𝑣∈𝑉
(
ℎout𝑣 (𝑘∗𝑣 ) + ℎin𝑣 (ℓ∗𝑣 )

)
is

minimized.

4.1 Algorithm 2
The overview of Algorithm 2 is the following. Given a network

(𝐷, 𝑠, 𝑡, 𝑐) with utility functions 𝑝𝑣𝑖 for each 𝑣𝑖 ∈ 𝑉 = {𝑣1, . . . , 𝑣𝑛}, a
feasible flow 𝑥 and monotone increasing functions ℎout𝑣𝑖

and ℎin𝑣𝑖 for

each 𝑣𝑖 ∈ 𝑉 , we first create a new network (𝐷′, 𝑠′, 𝑡 ′, 𝑐′). Then, we
find a minimum 𝑆-𝑇 cut in 𝐷′

for some specific sets 𝑆,𝑇 ⊆ 𝑉 (𝐷′)
of vertices. Finally, the output is computed based on this cut.

Intuitively, we want to ‘cut’ all possible blocking walks, either

by making modifications in the preferences of one of the endpoints,

or by decreasing the capacity of one of its arcs.

Step 1. First, we create a new directed graph 𝐷′ = (𝑉 ′, 𝐴′) and
a new capacity function 𝑐′ : 𝐴′ → R+ as follows.

For each vertex 𝑣𝑖 ∈ 𝑉 , we create a gadget 𝐺𝑣𝑖 as follows.

Let 𝑒𝑖1B𝑣𝑖𝑤𝑖1, . . . , 𝑒𝑖𝑘B𝑣𝑖𝑤𝑖𝑘 be the outgoing arcs from 𝑣𝑖 such

that 𝑝𝑣𝑖 (𝑒𝑖1) ≤ . . . ≤ 𝑝𝑣𝑖 (𝑒𝑖𝑘 ). Similarly, let 𝑓𝑖1 B 𝑢𝑖1𝑣𝑖 , . . . , 𝑓𝑖ℓ B
𝑢𝑖ℓ𝑣𝑖 be the incoming arcs to 𝑣𝑖 such that 𝑝𝑣𝑖 (𝑓𝑖1) ≤ . . . ≤ 𝑝𝑣𝑖 (𝑓𝑖ℓ ).

Let the vertices of 𝐺𝑣𝑖 be then 𝑣𝑖 , 𝑣
out

𝑖
, 𝑣

𝑒𝑖1
𝑖

, . . . , 𝑣
𝑒𝑖𝑘
𝑖

, 𝑣 in
𝑖
, 𝑣

𝑓𝑖1
𝑖
, . . . ,

𝑣
𝑓𝑖ℓ
𝑖

. Let the arcs of 𝐺𝑣𝑖 be the following:

– 𝑣𝑖𝑣
out

𝑖
, 𝑣𝑖𝑣

𝑒𝑖1
𝑖

, 𝑣 in
𝑖
𝑣𝑖 , 𝑣

𝑓𝑖1
𝑖
𝑣𝑖 , each with 𝑐′-capacity equal to ∞,

– 𝑣
𝑒𝑖 𝑗
𝑖

𝑣
𝑒𝑖 𝑗 ′
𝑖

for all 𝑗, 𝑗 ′ ∈ [𝑘] with 𝑗 < 𝑗 ′, each with 𝑐′-capacity
equal to ∞,

– 𝑣
𝑓𝑖 𝑗 ′
𝑖

𝑣
𝑓𝑖 𝑗
𝑖

for all 𝑗, 𝑗 ′ ∈ [ℓ] with 𝑗 < 𝑗 ′, each with 𝑐′-capacity
equal to ∞,

– 𝑣out
𝑖

𝑣
𝑒𝑖 𝑗
𝑖

for all 𝑗 ∈ [𝑘], with 𝑐′-capacity ℎout𝑣𝑖
( 𝑗) −ℎout𝑣𝑖

( 𝑗 − 1),
unless 𝑣𝑖 = 𝑠 , in which case the 𝑐′-capacity of these arcs is

∞.

– 𝑣
𝑓𝑖 𝑗
𝑖

𝑣 in
𝑖

for all 𝑗 ∈ [ℓ], with 𝑐′-capacity ℎin𝑣𝑖 ( 𝑗) − ℎin𝑣𝑖 ( 𝑗 − 1),
unless 𝑣𝑖 = 𝑡 , in which case the 𝑐′-capacity of these arcs is

∞.

Finally, we connect these gadgets according to the arcs of 𝐷 : for

each arc 𝑒 = 𝑣𝑖𝑣 𝑗 ∈ 𝐴, we add an arc 𝑣𝑒
𝑖
𝑣𝑒
𝑗
with capacity 𝑐′ (𝑣𝑒

𝑖
𝑣𝑒
𝑗
) =

𝑐 (𝑒) − 𝑥 (𝑒).
Let 𝑆 B {𝑣out

𝑖
| 𝑣𝑖 ∈ 𝑉 } and 𝑇 B {𝑣 in

𝑖
| 𝑣𝑖 ∈ 𝑉 }.

Step 2. The algorithm proceeds by computing a minimum cut

𝐹 ′ that separates 𝑆 and 𝑇 . Let 𝐹 ′′ B 𝐹 ′ ∪ {𝑒 ∈ 𝐴′ | 𝑐′ (𝑒) = 0}. For
each 𝑣𝑖 ∈ 𝑉 , the algorithm outputs the largest indices 𝑘∗𝑣𝑖 , ℓ

∗
𝑣𝑖

≥ 0

such that 𝑣out
𝑖

𝑣
𝑒𝑖 𝑗
𝑖

∈ 𝐹 ′′ for all 𝑗 ∈ [𝑘∗𝑣 ] and 𝑣
𝑓𝑖 𝑗
𝑖

𝑣 in
𝑖

∈ 𝐹 ′′ for all 𝑗 ∈
[ℓ∗𝑣𝑖 ]. For example, if 𝑣out

𝑖
𝑣
𝑒𝑖1
𝑖

, 𝑣out
𝑖

𝑣
𝑒𝑖3
𝑖

∈ 𝐹 ′′ but 𝑣out
𝑖

𝑣
𝑒𝑖2
𝑖

∉ 𝐹 ′′, then
𝑘∗𝑣𝑖 = 1. Finally, the algorithm also outputs the following capacity

function 𝑐∗: for any arc 𝑒 = 𝑢𝑣 , if 𝑢𝑒𝑣𝑒 ∈ 𝐹 ′′ then 𝑐∗ (𝑒) B 𝑥 (𝑒),
and 𝑐∗ (𝑒) B 𝑐 (𝑒) otherwise.

Theorem 4.1. Algorithm 2 outputs an optimal solution to Inv-
StabFlow-PrefCapModin polynomial time.

Proof. Let 𝐼 =
(
𝐷, 𝑠, 𝑡, 𝑐, 𝑥, (ℎout𝑣 , ℎin𝑣 )𝑣∈𝑉

)
be an instance of Inv-

StabFlow-PrefCapMod and let OPT be the objective value of an

optimal solution to 𝐼 . Let 𝐼 ′ = (𝐷′, 𝑐′) be the network created in

Step 1, and let OPT
′
denote the 𝑐′-capacity of a minimum 𝑆-𝑇 cut,

where the sets 𝑆 and 𝑇 were also defined in Step 1. We show that

(1) OPT
′ ≤ OPT and that (2) for the output

(
𝑐∗, (𝑘∗𝑣 )𝑣∈𝑉 , (ℓ∗𝑣 )𝑣∈𝑉

)
of the algorithm, we have ∥𝑐∗ − 𝑐 ∥1 +

∑
𝑣∈𝑉

(
ℎout𝑣 (𝑘∗𝑣 ) + ℎin𝑣 (ℓ∗𝑣 )

)
=

𝑐′ (𝐹 ′) = OPT
′
, where 𝐹 ′ is a minimum 𝑆-𝑇 cut in 𝐼 ′ with respect to

𝑐′. From these, it follows that the output of Algorithm 2 is optimal.

(1) Assume that

(
𝑐∗, (𝑘∗𝑣 )𝑣∈𝑉 , (ℓ∗𝑣 )𝑣∈𝑉

)
is an optimal solution to

Inv-StabFlow-PrefCapMod. Let 𝐹 B
{
𝑒 ∈ 𝐴

�� 𝑐∗ (𝑒) = 𝑥 (𝑒)
}
.

Now we create an arc set 𝐹 ′ ⊆ 𝐴(𝐷′) and show that it forms an

𝑆-𝑇 cut of 𝑐′-capacity equal to OPT. For each 𝑒 = 𝑢𝑣 ∈ 𝐹 , we add

𝑢𝑒𝑣𝑒 to 𝐹 ′. For each 𝑣𝑖 ∈ 𝑉 , we add 𝑣out
𝑖

𝑣
𝑒𝑖 𝑗
𝑖

for any 𝑗 ∈ [𝑘∗𝑣𝑖 ] and
𝑣
𝑓𝑖 𝑗
𝑖

𝑣 in
𝑖

for any 𝑗 ∈ [ℓ∗𝑣𝑖 ] to 𝐹 ′.
Note that each arc of the form 𝑢𝑒𝑣𝑒 has capacity 𝑐′ (𝑢𝑒𝑣𝑒 ) =

𝑐 (𝑒) − 𝑥 (𝑒), and for each 𝑣𝑖 ∈ 𝑉 , we have
∑

𝑗∈[𝑘∗
𝑣𝑖
] 𝑐

′ (𝑣out
𝑖

𝑣
𝑒𝑖 𝑗
𝑖

)
=
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ℎout𝑣𝑖
(𝑘∗𝑣𝑖 ) and

∑
𝑗∈[ℓ∗𝑣𝑖 ] 𝑐

′ (𝑣 𝑓𝑖 𝑗
𝑖

𝑣 in
𝑖

)
= ℎin𝑣𝑖 (ℓ

∗
𝑣𝑖
). Thus, it is clear that

the 𝑐′-capacity of 𝐹 ′ is exactly OPT. We only need to show that 𝐹 ′

is an 𝑆-𝑇 cut. First, note that for each gadget𝐺𝑣 , we can only reach

𝐺𝑣 from a gadget 𝐺𝑢 for which 𝑒 = 𝑢𝑣 ∈ 𝐴, and we can only reach

it using the arc 𝑢𝑒𝑣𝑒 ; and we can only continue to a gadget 𝐺𝑤 for

which 𝑓 = 𝑣𝑤 ∈ 𝐴 by using the arc 𝑣 𝑓𝑤 𝑓
. Furthermore, any path

through 𝐺𝑣 must also travel through 𝑣 ∈ 𝑉 (𝐺𝑣), so it can visit 𝐺𝑣

at most once. So suppose to the contrary that there exist 𝑢out ∈ 𝑆

and 𝑣 in ∈ 𝑇 such that there exists a directed 𝑢out-𝑣 in path 𝑃 ′ not
containing any arcs of 𝐹 ′. Then by the previous observation, 𝑃 ′

corresponds to a directed 𝑢-𝑣 path 𝑃 in 𝐷 . Let 𝑣𝑖 B 𝑣 and let the

last edge of 𝑃 be 𝑒𝑖 𝑗 B 𝑤𝑣𝑖 , that is,𝑤𝑣𝑖 is the 𝑗-th least-preferred

incoming edge for 𝑣𝑖 . Then, we have that
{
𝑣
𝑒𝑖 𝑗 ′
𝑖

𝑣 in
𝑖

�� 𝑗 ′ ∈ [ 𝑗]
}
⊈ 𝐹 ′,

so 𝑒𝑖 𝑗 is not dominated at 𝑣 by the definition of 𝐹 ′ (otherwise all of
these arcs would be contained in 𝐹 ′). Similarly, the first edge of 𝑃

is not dominated at 𝑢. Hence, 𝑃 gives a blocking walk to 𝑥 , which

is a contradiction. Thus, it follows that OPT
′ ≤ OPT.

(2) Let 𝐹 ′ be a minimum 𝑆-𝑇 cut found by Algorithm 2. As Inv-

StabFlow-PrefCapMod always admits a feasible solution, by (1),

that is, by OPT
′ ≤ OPT, we can assume that 𝐹 ′ has finite 𝑐′-capacity.

Let 𝐹 ′′ B 𝐹 ′ ∪ {𝑒 ∈ 𝐴′ | 𝑐′ (𝑒) = 0} as said in Step 2.

For each 𝑣 ∈ 𝑉 , let 𝑘∗𝑣 and ℓ∗𝑣 be the output indices of the algo-

rithm, that is, for each 𝑣 ∈ 𝑉 , we dominate the 𝑘∗𝑣 least-preferred
outgoing arcs of 𝑣 and the ℓ∗𝑣 least-preferred incoming arcs of 𝑣 at 𝑣 .

Note that 𝑘∗𝑠 = ℓ∗𝑠 = 𝑘∗𝑡 = ℓ∗𝑡 = 0 as 𝐹 ′′ has finite capacity. Further-
more, for each arc 𝑒 = 𝑢𝑣 , we have 𝑐∗ (𝑒) = 𝑥 (𝑒) if 𝑢𝑒𝑣𝑒 ∈ 𝐹 ′′, and
𝑐∗ (𝑒) = 𝑐 (𝑒) otherwise. Since each arc of the form𝑢𝑒𝑣𝑒 ∈ 𝐴′

has ca-

pacity 𝑐′ (𝑢𝑒𝑣𝑒 ) = 𝑐 (𝑒) −𝑥 (𝑒), and∑𝑗∈[𝑘∗
𝑣𝑖
] 𝑐

′ (𝑣out
𝑖

𝑣
𝑒𝑖 𝑗
𝑖

)
= ℎout𝑣𝑖

(𝑘∗𝑣𝑖 )

and

∑
𝑗∈[ℓ∗𝑣𝑖 ] 𝑐

′ (𝑣 𝑓𝑖 𝑗
𝑖

𝑣 in
𝑖

)
= ℎin𝑣𝑖 (ℓ

∗
𝑣𝑖
) hold for each 𝑣𝑖 ∈ 𝑉 , the objec-

tive value ∥𝑐∗ − 𝑐 ∥1 +
∑

𝑣∈𝑉
(
ℎout𝑣 (𝑘∗𝑣 ) + ℎin𝑣 (ℓ∗𝑣 )

)
of the solution

found by Algorithm 2 is at most 𝑐′ (𝐹 ′′) = OPT
′
.

We only have to show that 𝑥 becomes stable after the modifi-

cations suggested by the output of the algorithm. Suppose to the

contrary that we have a remaining blocking walk 𝑃 = (𝑣1, 𝑒1, 𝑣2, . . . ,
𝑣𝑚−1, 𝑒𝑚−1, 𝑣𝑚) to 𝑥 after the mentioned modifications. Then, 𝑃

gives a walk from 𝑣out
1

to 𝑣 in𝑚 in 𝐷′
, which is 𝑃 ′ = (𝑣out

1
, 𝑣

𝑒1
1
, 𝑣

𝑒1
2
, 𝑣2,

𝑣
𝑒2
2
, 𝑣

𝑒2
3
, 𝑣3, 𝑣

𝑒3
3
, . . . , 𝑣

𝑒𝑚−1
𝑚 , 𝑣 in𝑚), where we omitted the arcs of 𝑃 ′ (as

there are no parallel arcs in 𝐷′
).

Now we show that 𝑣out
1

∈ 𝑆 and 𝑣 in𝑚 ∈ 𝑇 are not separated by

𝐹 ′′, which is a contradiction. Let 𝑖 ∈ [𝑚 − 2]. Since 𝑃 is a blocking

walk, we have 𝑥 (𝑒𝑖 ) < 𝑐∗ (𝑒𝑖 ). By the construction of 𝑐∗ in Step 2,

we have that 𝑐∗ (𝑒) = 𝑥 (𝑒) holds for any 𝑒 ∈ 𝐹 ′′. Thus, 𝑣𝑒𝑖
𝑖
𝑣
𝑒𝑖
𝑖+1 ∉ 𝐹 ′′.

For any 𝑖 ∈ {2, . . . ,𝑚 − 1}, we have 𝑐′
(
𝑣𝑖𝑣

𝑒𝑖
𝑖

)
= ∞, and for any

𝑖 ∈ {1, . . . ,𝑚 − 2}, we have 𝑐′
(
𝑣
𝑒𝑖
𝑖+1𝑣𝑖+1

)
= ∞, so these arcs are also

not contained in 𝐹 ′′. The only arcs that can be contained in 𝐹 ′′ are
𝑣out
1

𝑣
𝑒1
1

and 𝑣
𝑒𝑚−1
𝑚 𝑣 in𝑚 . Moreover, if 𝑣out

1
𝑣
𝑒1
1

∈ 𝐹 ′′, then 𝑣1 ≠ 𝑠 , and

similarly, if 𝑣
𝑒𝑚−1
𝑚 𝑣 in𝑚 , then 𝑣𝑚 ≠ 𝑡 . However, in the case when these

arcs are contained in 𝐹 ′′, by the choice of the values 𝑘∗𝑣 and ℓ∗𝑣 in

the output, we know that there exist arcs 𝑓1 = 𝑣1𝑤 and 𝑓2 = 𝑢𝑣𝑚
such that the following hold: the arc 𝑓1 is at least as bad for 𝑣1 as

𝑒1, the arc 𝑓2 is at least as bad for 𝑣𝑚 as 𝑒𝑚−1, and 𝑣out
1

𝑣
𝑓1
1

∉ 𝐹 ′′

and 𝑣
𝑓2
𝑚𝑣 in𝑚 ∉ 𝐹 ′′. Indeed, if all arcs leaving 𝑣1 that are at most as

good as 𝑒1 for 𝑣1 are contained in 𝐹 ′′, then by the choice of 𝑘∗𝑣1 in
Step 2, we have that the 𝑘∗𝑣1 least-preferred incoming arcs that get

dominated at 𝑣1 include 𝑒1, and similarly if all arcs incoming to 𝑣𝑚
that are at most as good as 𝑒𝑚−1 for 𝑣𝑚 are contained in 𝐹 ′′, then
by the choice of ℓ∗𝑣𝑚 , the ℓ∗𝑣𝑚 least-preferred outgoing arcs that get

dominated at 𝑣𝑚 include 𝑒𝑚−1. This contradicts the assumption that

𝑃 is a blocking walk. Thus, using the arc 𝑣
𝑓1
1
𝑣
𝑒1
1

if 𝑓1 ≠ 𝑒1, and the

arc 𝑣
𝑒𝑚−1
𝑚 𝑣

𝑓2
𝑚 if 𝑓2 ≠ 𝑒𝑚−1 (these arcs exist since 𝑓1 and 𝑓2 are worse

than 𝑒1 and 𝑒𝑚−1, respectively) and the arcs 𝑣out
1

𝑣
𝑓1
1
and 𝑣

𝑓2
𝑚𝑣 in𝑚 , we

can obtain a walk, and thus a path as well, in 𝐴′ \ 𝐹 ′′ from 𝑆 to 𝑇 ,

which is a contradiction.

As finding a minimum cut separating two disjoint sets 𝑆 and

𝑇 with respect to a nonnegative capacity function can be done in

polynomial time using a maximum flow algorithm after contracting

both 𝑆 and 𝑇 , we obtain that Algorithm 2 is polynomial. □

Remark 1. One may also ask about the complexity of the problem
when the part of the objective corresponding to preference changes is
measured by swap distance. By making capacity changes irrelevant —
simply by increasing every capacity corresponding to an unsaturated
arc to infinity (or to a sufficiently large value) — the same reduction
used in Theorem 3.6 can be used to show NP-hardness. Indeed, the
solutions constructed in the proof of Theorem 3.6 only swap arcs
that carry nonzero flow, and after the swaps these arcs get strictly
more preferred. Hence the constructed solutions satisfy the required
restrictions on preference changes.

5 CONCLUSIONS AND FUTURE RESEARCH
In this paper, we studied several inverse optimization problems

related to stable flows and circulations. We explored two different

models, depending on whether only the preferences or also the

capacities are allowed to be modified.

While our first algorithm solves the problem of computing new

utility functions such that a given flow 𝑥 becomes stable while the

ℓ1-norm of the modifications is minimized, we imposed stronger

restrictions on utility modifications in our second model, that is,

we only allowed the utilities to be increased on the nonempty arcs

of the flow 𝑥 . It remains open whether the second model is still

solvable in polynomial time if we drop this restriction.

Finally, it is also interesting to pursue min-max characterization

theorems, or use different metrics to measure the change, e.g. the

Hamming distance.
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