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ABSTRACT
Current frameworks for aggregating free-form text-based opinions

with large language models lack the inherent structure needed to

provide meaningful fairness guarantees. To address this, we model

the task as a multi-objective, token-level Markov Decision Process

(MDP), where each objective corresponds to an agent’s preference.

Each agent’s token-level reward is induced by its policy (e.g., a per-

sonalized language model). Such policies implicitly define optimal

Q-functions, thus enabling stepwise reward computation without

an explicit value function [18]. This MDP formulation yields a for-

mal structure that can be analyzed with tools from social choice

theory. We first give a stochastic generation policy that is guar-

anteed to lie in the ex-ante core. It is derived from a distribution

over complete statements that maximizes Nash welfare, extend-

ing core stability from cooperative game theory and voting to text

generation. Second, for a single consensus statement, we target

egalitarian welfare and use search within the MDP. Empirically,

this search produces statements with improved worst-case agent

alignment compared with baselines, including the Habermas Ma-

chine [24]. Our code is available here and supplementary material

(the appendix) is available here.
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1 INTRODUCTION
Social choice theory has traditionally studied how to aggregate

preferences over predefined alternatives. Large language models

(LLMs) make it possible to aggregate free-form verbal opinions into

collective textual outputs, which removes the constraint of a fixed

agenda. Importantly, this flexibility can reduce the agenda-setting

power of organizers, since participants need not choose from a

preset list. However, ensuring provable fairness is difficult: complex

training and design choices yield an opaque, irregular LLM struc-

ture, which in turn complicates the formalization of specific fairness
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criteria during generation. For this reason, previous approaches

have treated the generation process as a black box, applying various

fairness measures post-hoc. For instance, in the Habermas Machine

[24], statements are first generated, and fairness is then pursued

through a voting procedure applied to these statements, which

were not themselves generated with an explicitly fair mechanism.

Similarly, the Generative Social Choice method [10] prompts an

LLM to maximize a given objective and assumes that the response

truly maximizes the objective. These strategies, though aimed at

fairness in free-form opinion aggregation, can cede a new form of

agenda control to the LLM. When the model is asked to produce

text that satisfies a broad fairness objective, its interpretation and

implementation of that objective, the trade-offs it chooses, and the

aspects of opinions it elevates remain opaque. This effectively al-

lows the LLM to shape the solution space. As such, these methods

risk overlooking biases embedded within the generation process

itself, which are known to exist [9].

We address this gap by modeling consensus statement genera-

tion as a token-level Markov Decision Process (MDP). Each agent

𝑖’s viewpoint is represented by a policy 𝜋𝑖 , which assigns likeli-

hoods 𝜋𝑖 (𝑠, 𝑎) to token choices given the current prefix 𝑠 . Follow-

ing Rafailov et al. [18], who show that policies implicitly define op-

timal Q-functions, our agent policies, 𝜋𝑖 , determine rewards 𝑟𝑖 (𝑠, 𝑎)
(e.g., 𝑟

log

𝑖
(𝑠, 𝑎) = 𝛽 log𝜋𝑖 (𝑠, 𝑎)) at each generation step. A primary

advantage of this reward formulation is that it avoids personalized

value functions, which are known to be challenging to train and

apply effectively [13]. This MDP structure provides a formal basis

for integrating fairness principles directly into the construction of

the consensus statement.

Within this MDP framework, we develop two approaches that

leverage existing notions of fairness from social choice theory,

namely the ex-ante core and egalitarian welfare (EW), which we

argue are compelling notions of fairness in the context of consensus

statement generation. First, to achieve an outcome in the ex-ante

core, we propose a stochastic generation policy 𝜋∗. This policy is

derived by optimizing a distribution over complete statements to

maximize proportional fairness (Nash Welfare), a process known

to yield core membership. For consensus generation, the core is

a highly desirable stability concept: a lottery in the core ensures

that no coalition of agents could unilaterally deviate and achieve

an alternative lottery that all its members prefer, given their pro-

portional influence, implying agreement, or even consensus, over

the randomized outcome. Second, when a single consensus state-

ment is desired, we target the maximization of EW, seeking the

best outcome for the least satisfied agent, which aligns with the

idea that a consensus statement should be agreeable to all parties.

We introduce constructive search algorithms (finite lookahead and

beam search) that optimize this EW objective directly within the
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MDP. This offers a transparent and analyzable generation mech-

anism distinct from methods reliant on high-level prompting or

post-hoc voting.

Our main contributions are:

(1) A formal token-level MDP framework for fair consensus gen-

eration where agent rewards are derived from their language

model policies.

(2) A method to derive a stochastic generation policy that is

provably in the ex-ante core, ensuring proportional fairness

and stability.

(3) The development and empirical validation of search algo-

rithms that, by optimizing egalitarian welfare within the

MDP, generate single consensus statements with improved

worst-case agent alignment compared to methods that do

not leverage this token-level structure or search.

Through these contributions, we hope to establish a new direc-

tion for methods seeking to generate consensus statements from

open-ended verbal opinions with provable fairness guarantees.

2 RELATEDWORK
Generative Social Choice. This field applies social choice princi-

ples to open-ended generation, such as creating text from diverse

opinions [3, 10, 21, 24]. Unlike methods that aggregate preferences

over predefined alternatives, Generative Social Choice (GSC) gen-

erates the alternatives themselves. For example, Tessler et al. [24]

employ iterative critiques and voting on complete statements for

consensus, while Fish et al. [10] prompt LLMs to directly maxi-

mize egalitarian welfare within a larger framework aimed at a form

of proportional representation. Our work differs by embedding

fairness into the token-by-token construction of a consensus state-

ment via a multi-objective MDP, treating each token selection as a

public decision [6]. This provides a more granular and verifiable

mechanism than post-hoc evaluations or high-level prompting.

Randomized Social Choice. We also draw from randomized so-

cial choice, which studies lotteries over outcomes. Our stochastic

generation policy, which maximizes Nash Welfare for proportional

fairness, connects to this area. Maximizing Nash Welfare is known

to yield outcomes in the 1-core [1, 7, 8]. We extend these findings

to the sequential decision-making context of this paper.

Guided Decoding. Guided decoding techniques steer LLM gen-

eration towards desired attributes at inference time, often using

search algorithms. Methods like PPO-MCTS [17] and VAS [14] use

a value network to guide generation, while MOD [23] or COLLAB

[5] combine or switch policies. Our approach also uses search but

derives token-level rewards from agent policies. Further, we ex-

plicitly frame generation as planning in a multi-objective MDP to

optimize social choice objectives (Proportional Fairness, Egalitarian

Welfare), rather than relying on a single pre-trained value model

or heuristic model combinations.

3 PROBLEM SETUP & PRELIMINARIES
We consider a setting with a finite set of agents 𝑁 = {1, 2, . . . , 𝑛},
each with a distinct opinion on a specific Issue. The goal is to gen-

erate a consensus text statement reflecting these perspectives fairly.

The inputs to the process include descriptions of the issue, a pol-

icy representing each agent (which can be derived from free-form

text expressing their opinion), and a reference policy (e.g., a base

language model) that is used to propose tokens in the consensus

statement.

Agent Policies. Each agent 𝑖 ∈ 𝑁 is represented by a policy 𝜋𝑖 ,
which assigns a likelihood 𝜋𝑖 (𝑠, 𝑎) ∈ [0, 1] to each action 𝑎 given

the state 𝑠 . Intuitively, 𝜋𝑖 (𝑠, 𝑎) reflects how closely an action aligns

with agent 𝑖’s preference at state 𝑠 . This policy could be an LLM

fine-tuned (ideally with DPO [19]) or base policy prompted with

agent 𝑖’s viewpoint.

Token-Level MDP. We model text generation as a determinis-

tic, discrete-time Markov Decision Process defined by the tuple

(𝑆,𝐴,𝑇 ,R). Here, 𝑆 is the state space of partial text sequences

(prefixes), including initial 𝑠0 and terminal states. 𝐴 is the action

space consisting of the token vocabulary plus a special end-of-

sequence token ⟨eos⟩. 𝑇 is the deterministic transition function

where 𝑇 (𝑠, 𝑎) = 𝑠 ∥𝑎 appends the chosen token; selecting 𝑎 = ⟨eos⟩
leads to a terminal state representing a completed statement 𝑋 .

Finally, R represents the agent-specific reward functions. We define

two types of rewards based on agent policies, serving different

analytical purposes:

(1) Log-Likelihood Reward: 𝑟 log

𝑖
(𝑠, 𝑎) = 𝛽 log𝜋𝑖 (𝑠, 𝑎). This

formulation aligns with implicit rewards in preference learn-

ing [18], where 𝛽 > 0 is a scaling factor. This is non-positive

and is suitable for additive utility accumulation along a path.

(2) Likelihood Reward: 𝑟prob
𝑖
(𝑠, 𝑎) = 𝜋𝑖 (𝑠, 𝑎). This reward uses

the direct probability, ensuring non-negativity (𝑟
prob

𝑖
≥ 0),

which is needed for social welfare functions involving prod-

ucts or ratios, such as Nash Welfare.

We denote by C the set of all possible complete paths (sequences

ending in ⟨eos⟩) from 𝑠0.

In practice, we assume that at each non-terminal state 𝑠 , we only

consider a finite set of 𝐵 possible next tokens 𝐴𝐵 (𝑠) ⊆ 𝐴. This

set could be the model’s vocabulary or a subset chosen by a base

language model giving us the 𝐵 most likely next tokens. With this

finite branching factor 𝐵 and a maximum sequence length 𝐿max, the

set C of complete paths is finite (bounded by 𝐵𝐿max
).

This sequential token selection process naturally defines a tree

structure rooted at 𝑠0. Each edge represents choosing a token from

𝐴𝐵 (𝑠𝑡 ), and each node represents a partial sequence 𝑠𝑡 . To make

this concrete, see panel B of Figure 1.

Agent Utilities. Given a completed sequence 𝑋 = (𝑎1, . . . , 𝑎ℓ =

⟨eos⟩) corresponding to states (𝑠0, 𝑠1, . . . , 𝑠ℓ ), we define two cor-

responding utility functions for each agent 𝑖 , derived from the

respective reward types:

(1) Additive Log-Utility: Primarily used for evaluating single

paths based on cumulative log-likelihood.

𝑈
log

𝑖
(𝑋 ) =

ℓ∑︁
𝑡=1

𝑟
log

𝑖
(𝑠𝑡−1, 𝑎𝑡 ) =

ℓ∑︁
𝑡=1

𝛽 log𝜋𝑖 (𝑠𝑡−1, 𝑎𝑡 )

= 𝛽 log

(
ℓ∏
𝑡=1

𝜋𝑖 (𝑠𝑡−1, 𝑎𝑡 )
)
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(A) Agent Policies (B) Token-Level MDP (C) Utilities & Selection

Issue: What is the future of energy?

Agent 1

“Go solar.”

Agent 2

“Go nuclear.”

Agent 1 Policy
𝜋1 (𝑠, 𝑎)

Agent 2 Policy
𝜋2 (𝑠, 𝑎)

Prompt: “Issue + Agent opinions→ Generate consensus”

We should. . .

invest in clean energy go nuclear wait and see

0.7 / 0.7
0.2 / 0.6

0.1 / 0.1

with a diverse portfolio prioritizing solar

0.8 / 0.9 0.7 / 0.2

Edge labels:
𝜋1 (𝑠, 𝑎) /𝜋2 (𝑠, 𝑎)

𝑈
prob

𝑖
: 0.56 / 0.63 𝑈

prob

𝑖
: 0.49 / 0.14

𝑈
prob

𝑖
: 0.2 / 0.6 𝑈

prob

𝑖
: 0.1 / 0.1

Leaf (path) 𝑈
prob

1
𝑈

prob

2

min𝑖

. . . diverse portfolio 0.56 0.63 0.56

. . . prioritizing solar 0.49 0.14 0.14

go nuclear 0.20 0.60 0.20

wait and see 0.10 0.10 0.10

Egalitarian: 𝑋 ∗ = arg max𝑋 ∈C min𝑖 𝑈
log

𝑖
(𝑋 )

or Lottery: 𝑝∗ = arg max𝑝∈Δ(C)
∏

𝑖 𝑈
prob

𝑖
(𝑝 )

Figure 1: Toy example of the consensus generation pipeline. (A) Each agent holds a policy 𝜋𝑖 (𝑠, 𝑎) over tokens, determined
by its stated opinion. (B) A token-level MDP expands candidate consensus statements 𝑋 ∈ C as a tree; edge labels show each
agent’s policy probability (𝜋1/𝜋2) for that token/chunk, and leaf labels show the multiplicative probability utility 𝑈 prob

𝑖
(𝑋 ) =∏

𝑡 𝜋𝑖 (𝑠𝑡−1, 𝑎𝑡 ). The full prompt is given in Appendix F. (C) Each complete path defines a candidate with per-agent utility𝑈 prob

𝑖
(𝑋 ).

The egalitarian rule selects the candidate maximizing min𝑖 𝑈
log

𝑖
(𝑋 ); alternatively, a lottery 𝑝 ∈ Δ(C) maximizes Nash welfare∏

𝑖 𝑈
prob

𝑖
(𝑝).

(2) Multiplicative Probability Utility: Primarily used for eval-

uating distributions via expected utility, forming the basis

for Nash Welfare and Proportional Fairness calculations.

𝑈
prob

𝑖
(𝑋 ) =

ℓ∏
𝑡=1

𝑟
prob

𝑖
(𝑠𝑡−1, 𝑎𝑡 ) =

ℓ∏
𝑡=1

𝜋𝑖 (𝑠𝑡−1, 𝑎𝑡 ) = 𝑃𝑖 (𝑋 )

This represents the joint probability of sequence 𝑋 under

agent 𝑖’s policy.

These are related by 𝑈
log

𝑖
(𝑋 ) = 𝛽 log𝑈

prob

𝑖
(𝑋 ), with𝑈 prob

𝑖
(𝑋 ) > 0.

3.1 Deterministic vs. Stochastic Policies
We consider two types of policies for generating fair consensus

statements in our token-level MDP:

(1) A deterministic policy 𝜇 (𝑠) that gives us a single path 𝑋 ∈ C.
To evaluate deterministic policies, we adopt additive log-

utilities𝑈
log

𝑖
(𝑋 ).

(2) A stochastic policy 𝜋 (𝑎 |𝑠) that gives us a distribution 𝑝 ∈
Δ(C) over paths (a lottery). When assessing this type of

outcome, we consider the expected probability-based utility

E𝑋∼𝑝 [𝑈 prob

𝑖
(𝑋 )] =

∑︁
𝑋 ∈C

𝑝 (𝑋 )𝑈 prob

𝑖
(𝑋 ) .

When it is clear from the context, we adopt the shorthand

of 𝑈
prob

𝑖
(𝑝) to refer to the expected utility of agent 𝑖 for a

given distribution over paths. This expected utility 𝑈
prob

𝑖
(𝑝)

is guaranteed to be non-negative, which is required for down-

stream fairness measures.

The Fairness of a Deterministic Policy. We assess the fairness of a

path 𝑋 ∈ C given by a deterministic policy through its egalitarian

welfare (EW), drawing from Rawls’ maximin principle [20]. This is

defined using the additive log-utilities 𝑈
log

𝑖
(𝑋 ):

EW
log (𝑋 ) = min

𝑖∈𝑁
𝑈

log

𝑖
(𝑋 ) = min

𝑖∈𝑁

ℓ∑︁
𝑡=1

𝛽 log𝜋𝑖 (𝑠𝑡−1, 𝑎𝑡 ) . (1)

Maximizing EW
log (𝑋 ) means finding the path whose cumulative

log-likelihood is highest for the agent who prefers it least. By max-

imizing the minimum utility, the egalitarian objective promotes

broadly acceptable outcomes, which supports the requirement that

a consensus statement should be agreeable to all.

The Fairness of a Stochastic Policy. To analyze the fairness of

a distribution over paths given by our stochastic policy, we use

the non-negative expected utilities𝑈
prob

𝑖
(𝑝). Our goal is to find a

stochastic policy that gives us a distribution 𝑝 ∈ Δ(C) that is in the

ex-ante core [22]. Following Fain et al. [8], we define the ex-ante

core as follows.

Definition 1 (Ex-Ante Core). A distribution 𝑝 ∈ Δ(C) is in the
ex-ante core if there is no coalition 𝑆 ⊆ 𝑁 and alternative distribution
𝑝′ such that

|𝑆 |
|𝑁 | ·𝑈

prob
𝑖
(𝑝′) ≥ 𝑈 prob

𝑖
(𝑝), ∀𝑖 ∈ 𝑆,

with strict inequality for at least one agent 𝑖 ∈ 𝑆 .

Intuitively, if a distribution over paths is in the ex-ante core,

there is no possible coalition of agents that could use their propor-

tional share of probability to create a distribution that has strictly

higher expected utility for at least one agent and not less expected

utility for all other agents (i.e., a Pareto improvement) [1]. This

resistance to coalitional deviation is desirable for consensus state-

ments, as a distribution in the ex-ante core represents an outcome

that all parties have implicitly agreed to (since they cannot use their

proportional share of utility to do something better).

4 DEFINING A STOCHASTIC POLICY IN THE
CORE

Having established the token-level MDP and fairness criteria, we

now turn to defining a stochastic generation policy 𝜋∗ that produces
a distribution 𝑝∗ over complete consensus statements C (i.e., a

lottery) that is in the ex-ante core.
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To do so, we first generate the tree of possible token sequences

with branching factor 𝐵 and maximum length 𝐿. We then find the

distribution over paths 𝑝∗ that maximizes Nash welfare (NW). The

NW optimal distribution is

𝑝∗ ∈ arg max

𝑝∈Δ(C)
NW(𝑝), NW(𝑝) :=

𝑛∏
𝑖=1

𝑈
prob

𝑖
(𝑝).

We can find𝑝∗ by optimizing over the probability simplexΔ(C) =
{𝑝 ∈ R | C |≥0

:

∑
𝑋 ∈C 𝑝 (𝑋 ) = 1}. Indexing the leaves asC = {𝑋1, . . . , 𝑋𝑚}

and defining 𝑢𝑖 ∈ R𝑚≥0
by 𝑢𝑖 ( 𝑗) = 𝑈

prob

𝑖
(𝑋 𝑗 ), we get that each

agent’s expected utility under distribution 𝑝 is

𝑈
prob

𝑖
(𝑝) =

𝑚∑︁
𝑗=1

𝑢𝑖 ( 𝑗) 𝑝 𝑗 = 𝑢⊤𝑖 𝑝,

so the Nash welfare program is

𝑝∗ = max

𝑝∈Δ(C)

𝑛∑︁
𝑖=1

log

(
𝑢⊤𝑖 𝑝

)
.

Note, each term log(𝑢⊤𝑖 𝑝) is concave (log is concave and increasing;
𝑢⊤𝑖 𝑝 is affine), and the simplex is convex; hence this is a convex

programwith polynomial-time algorithms and strong duality under

a mild positivity condition (i.e., 𝑢⊤𝑖 𝑝 > 0 for all 𝑖) [4].

Moreover, we know that any maximizer of

∏
𝑖 𝑈

prob

𝑖
(𝑝) lies in

the core [1, 7, 8]. So, we can work backwards from this distribution

to find a stochastic policy in the core.

Specifically, given the target distribution 𝑝∗ ∈ Δ(C) that max-

imizes Nash welfare, we derive the stochastic policy 𝜋∗ that gen-
erates this distribution. To define 𝜋∗, we introduce some notation.

For any state (prefix) 𝑠 in the token-level MDP:

• Let C(𝑠) ⊆ C be the set of all complete paths (leaves) that

pass through state 𝑠 .

• Let C(𝑠, 𝑎) ⊆ C(𝑠) be the subset of paths in C(𝑠) where
the next action taken from state 𝑠 is 𝑎. Note that C(𝑠, 𝑎) =
C(𝑠 ∥𝑎), where 𝑠 ∥𝑎 is the state reached after choosing token

𝑎.

• For any subset of leaves 𝐿 ⊆ C, let 𝑃∗ (𝐿) = ∑
𝑋 ∈𝐿 𝑝

∗ (𝑋 )
be the total probability mass assigned by the NW optimal

distribution 𝑝∗ to the leaves in 𝐿.

Note that 𝑃∗ (C(𝑠0)) = 𝑃∗ (C) = 1.

With this, we can define the policy 𝜋∗ at any given state 𝑠 .

Definition 2 (Stochastic Policy Induced by 𝑝∗). Let 𝑝∗ be a
distribution over the leaf nodes C. The induced stochastic policy 𝜋∗
at a non-terminal state 𝑠 assigns the probability of taking the next
action (token) 𝑎 as:

𝜋∗ (𝑎 |𝑠) =
{
𝑃∗ (C (𝑠,𝑎) )
𝑃∗ (C (𝑠 ) ) if 𝑃∗ (C(𝑠)) > 0

0 if 𝑃∗ (C(𝑠)) = 0

(2)

This represents the conditional probability, according to the NW

optimal distribution 𝑝∗, of selecting token 𝑎 next, given that the

generation process has reached state 𝑠 . If state 𝑠 has zero probability

of being reached under 𝑝∗ (i.e., 𝑃∗ (C(𝑠)) = 0), then the probability

of taking any action from 𝑠 is also zero.

Algorithm 1 summarizes the process of finding a policy in the ex-

ante core. We will now briefly turn to the runtime of this algorithm.

Algorithm 1 Compute core-stochastic policy 𝜋∗

Require: Leaf set C = {𝑋1, . . . , 𝑋𝑚}, agent utilities 𝑈 prob

𝑖
(𝑋 𝑗 )

1: Build 𝑢𝑖 ∈ R𝑚≥0
with 𝑢𝑖 ( 𝑗) =𝑈 prob

𝑖
(𝑋 𝑗 )

2: Solve 𝑝∗ ∈ arg max𝑝∈Δ(C)
∑𝑛
𝑖=1

log(𝑢⊤𝑖 𝑝)
3: For every state 𝑠 in the tree, cache 𝑃∗ (C(𝑠)) and, for each en-

abled action 𝑎 at 𝑠 , cache 𝑃∗ (C(𝑠, 𝑎)).
4: if 𝑃∗ (C(𝑠)) > 0 then

5: 𝜋∗ (𝑎 | 𝑠) ← 𝑃∗ (C(𝑠, 𝑎))
𝑃∗ (C(𝑠))

6: else
7: 𝜋∗ (𝑎 | 𝑠) ← 0

8: end if
9: return 𝜋∗

Runtime. We optimize the Nash–welfare program on Δ(C) (with
𝑚 = |C| as above) and then induce 𝜋∗ via the conditional masses

𝑃∗ (C(𝑠)) and 𝑃∗ (C(𝑠, 𝑎)). Forming all agent–leaf utilities costs

𝑂 (𝑛𝑚𝐿). We then minimize −∑
𝑖 log(𝑢⊤𝑖 𝑝) on the simplex with

Frank–Wolfe: each iteration computes ∇𝐹 (𝑝) = ∑
𝑖 𝑢𝑖/(𝑢⊤𝑖 𝑝) in

𝑂 (𝑛𝑚) time and uses a coordinate linear oracle; the method attains

𝜀-suboptimality in 𝑂 (1/𝜀) iterations [15]. Hence the optimization

time is𝑂 (𝑛𝑚/𝜀). The conditional masses needed for 𝜋∗ are obtained
by a single bottom-up pass over the generation tree, which is linear

in the number of leaves when 𝐵 is fixed, i.e., Θ(𝑚). Altogether, the
total runtime is

𝑇total = 𝑂
(
𝑛𝑚𝐿 + 𝑛𝑚/𝜀 + 𝑚

)
,

which is polynomial in 𝑛,𝑚, and 1/𝜀.

4.1 Properties of the Stochastic Policy
We now establish that executing this policy 𝜋∗ from the initial state

𝑠0 indeed generates the target distribution 𝑝∗.

Theorem 1 (Eqivalence of Policy-Induced Distribution

and Target Lottery). Let 𝑝𝜋∗ be the distribution over C generated
by executing the policy 𝜋∗ (defined in Definition 2) from the initial
state 𝑠0. Then 𝑝𝜋∗ = 𝑝∗.

The proof is presented in Appendix C.1. This equivalence leads

to the desired ex-ante fairness guarantee for the policy 𝜋∗.

Corollary 1 (Core Membership of Stochastic Policy). Let
𝑝∗ be a distribution over C that maximizes Nash Welfare (and is
therefore in the ex-ante core). Let 𝜋∗ be the stochastic policy derived
from 𝑝∗ according to Definition 2. Then the distribution 𝑝𝜋∗ generated
by executing 𝜋∗ is in the ex-ante core.

Proof. By Theorem 1, the distribution generated by policy 𝜋∗

is 𝑝𝜋∗ = 𝑝
∗
. Since 𝑝∗ was chosen to maximize Nash Welfare over C,

it is in the core. Therefore, 𝑝𝜋∗ is also in the core. □

This simple result confirms that our procedure, which first finds

the distribution maximizing Nash Welfare 𝑝∗ and then executes the

derived policy 𝜋∗, yields a stochastic policy in the core. And thus,

we have an ex-ante fair way to generate consensus statements.
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4.2 Empirical Core Test
Here we empirically validate that the NW optimal policy 𝜋∗ is in
fact in the ex-ante core, and demonstrate that a uniform policy and

a utilitarian optimal policy are not in the ex-ante core.

Environment. For demonstration we use a small 𝐵-ary token tree

(𝐵=3, depth 𝐿=4). Each agent 𝑖 has a next-token policy

𝜋𝑖 (𝑎 | 𝑠) = softmax𝑎

(
𝜌 𝑤⊤𝑖 (𝑧 + 𝑣𝑡,𝑎)

)
,

where 𝑧 is the running state embedding, 𝑣𝑡,𝑎 is the token vector,

and 𝑤𝑖 is the agent vector. The scalar polarization 𝜌 ≥ 0 controls

how concentrated preferences are. When 𝜌 = 0, 𝜋𝑖 (𝑎 | 𝑠) = 1/𝐵.
For two actions 𝑎, 𝑏,

𝜋𝑖 (𝑎 | 𝑠)
𝜋𝑖 (𝑏 | 𝑠)

= exp

(
𝜌 𝑤⊤𝑖 (𝑣𝑡,𝑎 − 𝑣𝑡,𝑏 )

)
,

so increasing 𝜌 multiplies odds exponentially and makes agents

much more confident about their preferred action.

To initialize the experimentwe draw token vectors 𝑣𝑡,𝑎 ∼ N(0, 𝐼𝑑 )
and agent vectors 𝑤̃𝑖 ∼ N(0, 𝐼𝑑 ), set 𝑣𝑡,𝑎 = 𝑣𝑡,𝑎/∥𝑣𝑡,𝑎 ∥2 and 𝑤𝑖 =

𝑤̃𝑖/∥𝑤̃𝑖 ∥2, and define the state vector at prefix 𝑠 = (𝑎1, . . . , 𝑎𝑡−1) as
𝑧 (𝑠) = ∑𝑡−1

𝜏=1
𝑣𝜏,𝑎𝜏 .

Baselines. We compare 𝜋∗ to a uniform policy that induces a

uniform distribution over leaves and a utilitarian policy that deter-

ministically follows the single path maximizing

∑
𝑖 𝑈𝑖 𝑗 .

Blocking test. For any policy 𝜋 , let 𝑝𝜋 be its induced leaf dis-

tribution and 𝑢𝑖 (𝜋) = 𝑈 ⊤𝑖 𝑝𝜋 . For a coalition 𝑆 of size 𝑟 , give it a

budget 𝑟/𝑛 of probability mass and solve a small LP to find the

largest factor 𝛼 such that all 𝑖 ∈ 𝑆 can secure at least 𝛼 𝑢𝑖 (𝜋). The
maximum coalition improvement

𝛼∗ (𝜋) = max

𝑆≠∅
max

𝑝′ : 1⊤𝑝′=𝑟/𝑛, 𝑝′≥0

min

𝑖∈𝑆

𝑈 ⊤𝑖 𝑝
′

𝑢𝑖 (𝜋)
The value of 𝛼∗ (𝜋) is > 1 exactly when a coalition can block 𝜋 .

Figure 2 plots 𝛼∗ (𝜋) versus polarization 𝜌 (log 𝑦-axis).

Takeaways. Figure 2 shows the result. As 𝜌 increases, agents’

own policies become more concentrated. The Nash-welfare policy
stays at 𝛼∗ (𝜋∗) = 1 across all 𝜌 , consistent with the theoretical

result. The utilitarian policy becomes highly blockable, and the

uniform policy becomes steadily easier to block.

4.3 Computational Tractability via Token
Chunking

The set of complete statements C grows as |C| ≈ 𝐵𝐿max
for branch-

ing factor 𝐵 and maximum length 𝐿max. Enumerating leaves and

solving for 𝑝∗ over C could be infeasible for long sequences.

We therefore restrict attention to a coarser action space obtained

by grouping tokens into macro-actions.

Definition 3 (Token chunking). A chunking scheme K par-
titions positions into contiguous blocks {𝑘1, . . . , 𝑘𝑚}, where each 𝑘 𝑗
contains one or more tokens and the concatenation of chosen blocks
forms a complete statement. Decoding now selects entire blocks. The
corresponding feasible set of leaves is CK ⊆ C.

With fixed chunk size 𝑐 , the effective depth drops from 𝐿 to ⌈𝐿/𝑐⌉.
Running Algorithm 1 on the chunked tree produces a lottery that
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Figure 2: Maximum coalition improvement vs. polarization.

lies in the ex-ante corewith respect to CK ; all coalitions are evaluated
against this feasible set. This interpretation mirrors real elections:

not every eligible candidate runs, yet we judge the outcome by

comparing the candidates who did run. Here, chunking plays the

role of eligibility: it narrows the set of feasible statements, and

fairness is defined relative to that set.

However, this restriction does have a consequence. Because

CK ⊆ C, the optimal Nash welfare over CK cannot exceed that

over C. Moreover, no uniform multiplicative guarantee is possible

without further structure:

Theorem 2 (No constant-factor approximation under chunk-

ing). For any constant 𝑅 > 1, there exists a two-agent instance, a
finite set of leaves 𝐶 , and a chunked subset 𝐾 ⊂ 𝐶 such that, writing

NW𝑌 (𝑝) =

2∏
𝑖=1

( ∑︁
𝑥∈𝑌

𝑢𝑖 (𝑥) 𝑝 (𝑥)
)

for 𝑌 ⊆ 𝐶, 𝑝 ∈ Δ(𝑌 ),

and letting 𝑝∗
𝑌
∈ arg max𝑝∈Δ(𝑌 ) NW𝑌 (𝑝), we have

NW𝐶 (𝑝∗𝐶 )
NW𝐾 (𝑝∗𝐾 )

> 𝑅.

Hence the approximation ratio of the chunked solution, measured
against the unchunked optimum, is unbounded.

The proof appears in the Appendix. The theorem states a worst

case that arises when chunking prunes precisely those statements

that both agents value highly.

Observe that we can think about this as an anytime algorithm:

enlarging CK can only improve the Nash welfare, and the ex-ante

core guarantee continues to hold relative to the current feasible set.

5 GENERATING A SINGLE STATEMENT
Although our stochastic policy 𝜋∗ achieves a highly desirable ex-

ante fairness guarantee, many practical applications require select-

ing a single consensus statement. In this case, our objective shifts

from finding a fair distribution to identifying the single path (i.e.,

statement) that represents consensus.

5.1 Finding the Egalitarian Path
Given the token tree with leaf nodes C, we aim to find a determin-

istic policy 𝜇∗ that produces a single path 𝑋 ∗ ∈ C that maximizes

egalitarian welfare as defined in Equation 1. Due to the size of the
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token tree, exhaustive search for 𝑋 ∗ may be intractable. We pro-

pose approximate algorithms to find high-quality paths, including

finite-lookahead search and beam search, which are detailed below.

Finite Lookahead Search. The finite lookahead algorithm oper-

ates with a rolling horizon. At each step 𝑡 , it explores all possible

paths 𝑃 of length up to 𝑑 originating from 𝑠𝑡 . For each such path

𝑃 , the algorithm evaluates the egalitarian welfare of the sequence

formed by concatenating the path generated so far (𝑋𝑝𝑟𝑒 𝑓 𝑖𝑥 ) with 𝑃 .

It then chooses the first action 𝑎∗ of the path 𝑃∗ that maximizes this

lookahead evaluation, transitions to state 𝑠𝑡+1 = 𝑇 (𝑠𝑡 , 𝑎∗), and re-

peats the process. This 𝑑-step lookahead can mitigate the potential

for hedging inherent in greedy search. When no single immedi-

ate token is agreeable (i.e., results in high egalitarian welfare), a

greedy method might select less informative tokens that avoid com-

mitment. In contrast, a lookahead can identify longer sequences

that, despite potentially controversial initial steps, lead to states

with higher overall welfare, perhaps by expressing a concept with

suitable qualifications. The algorithm is shown in Appendix D.

Beam Search. Beam search is a heuristic search algorithm that

balances greedy search and exhaustive exploration, and has been

effective in sequence generation tasks like machine translation and

text generation [16, 18]. Instead of pursuing only the single best

option (greedy search) or all options (exhaustive search), beam

search maintains a fixed number of the most promising partial

paths (hypotheses), 𝑤 (the beam width), at each depth 𝑡 . At each

step, it expands paths in the beam by generating potential successor

tokens. These candidates are then evaluated using the egalitarian

welfare objective function, and only the top 𝑤 scoring paths are

retained for the next step. The algorithm returns the highest-scoring

complete path found within the beam at the maximum length or

upon reaching a terminal state. The algorithm is shown in Appendix

D.

6 EXPERIMENTS
We conduct experiments with three main objectives. First, we test

whether agent policies derived from prompting language models

show meaningful correlation with human preferences. Second, we

examine whether these prompted policies can perform credit as-

signment to generate meaningful token-level rewards (a necessary

prerequisite for our search algorithms). Third, we evaluate how

well our finite lookahead and beam search methods perform in

generating single consensus statements when compared to baseline

approaches.

6.1 Opinion-length scaling experiment
We test whether a chat LLM’s conditional likelihood of a policy

statement, given a participant’s written opinion, predicts that par-

ticipant’s 1–5 Likert rating, and whether supplying more of the

participant’s opinion improves prediction.

Data. We use the abortion dataset from Fish et al. [10]. This

dataset contains data from 42 human participants who each pro-

vided their opinion on abortion in natural language. Each partici-

pant also rated five other candidate statements about abortion using

a 1-5 Likert scale where higher values indicate higher agreement.
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Figure 3: Spearman’s correlation between model likelihood
and participants’ Likert ratings vs. the fraction of the user’s
opinion provided.

Method. We evaluate how well candidate statements capture

participants’ opinions using language model scoring. For each par-

ticipant 𝑢 and statement 𝑗 , we construct a paraphrase validation

task using Meta-Llama-3.1-8B-Instruct-Turbo with temperature 1.0,

computing log-probabilities without generation.

We structure the prompt as follows: the system instruction es-

tablishes the paraphrasing task, the user message provides the

issue topic and the participant’s original opinion, and we place the

candidate statement as a pre-filled assistant response:

[System] You paraphrase people’s views.

[User] Topic: {issue}

Original opinion: {opinion}

[Assistant] Paraphrase: {statement}

Given the assistant response following the “Paraphrase:” tok-
enized as𝑎1, . . . , 𝑎𝑀 , we compute the length-normalized log-probability

score:

𝑠𝑢,𝑗 =
1

𝑀

𝑀∑︁
𝑘=1

log 𝑝𝜃 (𝑎𝑘 | context, 𝑎1:𝑘−1)

Intuitively, this score measures how well the statement repre-

sents the participant’s opinion. For validation, we compute Spear-

man’s correlation between each participant’s five model-assigned

scores {𝑠𝑢,𝑗 }5𝑗=1
and their corresponding Likert ratings for the same

statements.

Length manipulation. We repeat the procedure after truncating

each participant’s opinion to the last fraction 𝑓 ∈ {1.00, 0.75, 0.50, 0.25}
of its words.

Results. The correlation between the average likelihood of the

statement according to the user prompted policy and the user’s

rating increases with the fraction of the user’s opinion that is condi-

tioned on (Fig. 3). Thus, conditioning on more of the opinion yields

better predictions of human ratings. We note that with the users’

full opinions the correlation is still somewhat low, but the positive

trend observed suggests that eliciting more informative statements

could lead to a more accurate signal.

6.2 Evaluating Credit Assignment
Setup. Our framework defines token-level rewards as 𝑟𝑖 (𝑠, 𝑎) =

𝛽 log𝜋𝑖 (𝑎 | 𝑠), where each policy 𝜋𝑖 is obtained by prompting a

base LLM with agent-specific information. Reward-guided search is
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Table 1: Credit assignment results for Llama 3.1 8B Instruction-Tuned. Darker green indicates larger Z-score. Z-score column
is for altered tokens. Alterations are represented by "<misaligned>/<aligned>".

Reference policy prompt User policy prompt Sequence Z-Score

User food profile: empty User food profile: vegetarian I am having chicken/tofu enchiladas tonight. Then I

am going to meet up with some friends.

2.69

User location profile: empty User location profile: lives in a

cold climate

I ’m going to the beach/mountains this weekend to

surf/ski . I need to buy some new clothes .

1.78, 3.31

User time profile: empty User time profile: morning I am about to eat some food . I am going to have

spaghetti/pancakes . I will use my phone to order it .

4.26

User opinion: empty User opinion: Favors stricter

gun control laws.

Implement ing background checks that are less/more

strict for gun purchases is essential . Also , my

favorite color is orange .

2.09

effective when policies exhibit localized credit assignment: changes
in 𝜋𝑖 (𝑎 | 𝑠) concentrate on tokens tied to the prompt information.

Rafailov et al. [18] observed this behavior in DPO-trained models;

here we test it for policies induced by prompting instruction-tuned

models.

Test design. We use Llama 3.1 8B Instruction-Tuned. For each test,

we compare token log-probabilities under a user policy prompt
(e.g., “User time profile: morning”) and a reference policy prompt
(e.g., “User time profile: empty”). We evaluate two nearly identical

sequences:𝑋1 contains a concept that conflicts with the user profile

(e.g., “spaghetti” for a “morning” profile) and 𝑋2 replaces it with an

aligned concept (e.g., “pancakes”).

Metric. For each token 𝑎 𝑗 with prefix 𝑠 , we compute the log-

likelihood difference between the user and reference policies,

Δ𝐿(𝑎 𝑗 | 𝑠) = log𝜋𝑈 (𝑎 𝑗 | 𝑠) − log𝜋𝑅 (𝑎 𝑗 | 𝑠) .

We then measure the change in this difference when switching

from 𝑋1 to 𝑋2,

𝐷 𝑗 =
��Δ𝐿𝑋1

(𝑎 𝑗 | 𝑠) − Δ𝐿𝑋2
(𝑎 𝑗 | 𝑠)

��.
A large 𝐷 𝑗 indicates that the user profile alters the model’s pref-

erence for token 𝑎 𝑗 specifically when the conflicting concept is

swapped for an aligned concept. To compare across positions, we

convert {𝐷 𝑗 } to Z-scores using the mean and standard deviation

over all tokens in the sequence.

Findings. The largest Z-scores occur at the tokens that differ

between 𝑋1 and 𝑋2 (Table 1). With a “morning” time profile, the

“spaghetti” versus “pancakes” position shows the highest shift. Addi-

tional examples with Llama and Gemma 2 9B Instruction-Tuned
in Appendix E.1 show the same pattern.

Implication. System prompting induces localized credit assign-

ment in instruction-tuned models. This supports using 𝑟𝑖 (𝑠, 𝑎) =
𝛽 log𝜋𝑖 (𝑎 | 𝑠) from prompted policies as a targeted signal for token-

level search.

6.3 Consensus Generation
We evaluated different approaches for generating a single con-

sensus statement by comparing our proposed search algorithms

against several baselines. The primary goal was to assess how

well each method optimizes egalitarian welfare (EW), measured by

a perplexity-based metric reflecting worst-case agent alignment.

More detailed consensus generation experiments, with Gemma 2 9b
Instruction-Tuned, an LLM-judge metric, and with more agents

are presented in subsection E.4 of Appendix E.

Scenarios: Weused scenarios from theHabermasMachine dataset

[24]. To obtain distinct settings, scenario descriptions were em-

bedded using BAAI/bge-large-en-v1.5 [25] and clustered via 𝑘-

means (𝑘 = 3). Representative scenarios were selected from each

cluster (Scenarios 1, 2, and 3). The issues for these scenarios are in

the captions of Tables 4, 5, and 6.

Agents and Policies: For each scenario, agent opinions were taken
from the dataset. Agent policies 𝜋𝑖 were instantiated by prompt-

ing Llama 3.1 8B Instruct [12] with the issue and agent 𝑖’s

opinion, instructing it to generate text aligned with that viewpoint

(prompt shown in Figure 7 in Appendix F). The resulting likelihoods

𝜋𝑖 (𝑠, 𝑎) represent agent 𝑖’s preferences. Agent opinions are detailed
in Tables 4, 5, 6 in subsection E.3 of Appendix E.

Base Generation Model: Consensus statements were generated

using Llama 3.1 8B Instruct, prompted with the issue and all

agent opinions (prompt shown in Figure 6 in Appendix F).

Evaluation Metric - Egalitarian Perplexity: To capture alignment

with the least satisfied agent for a consensus statement𝑋 , we define

Egalitarian Perplexity (EPPL). For each agent 𝑖 , their specific per-

plexity 𝑃𝑃𝐿𝑖 (𝑋 ) is found by prompting Llama 3.1 8B Instruct
with the issue and agent 𝑖’s opinion to generate a statement per-

fectly reflecting that opinion. The average log-likelihood of the

actual consensus statement 𝑋 = (𝑎1, . . . , 𝑎𝐿) conditioned on this

agent-specific prompt is:

𝐿𝑖 (𝑋 ) =
1

𝐿

𝐿∑︁
𝑡=1

log𝜋𝑖 (𝑠𝑡−1, 𝑎𝑡 |prompt𝑖 ).

The agent-specific perplexity is 𝑃𝑃𝐿𝑖 (𝑋 ) = exp(−𝐿𝑖 (𝑋 )). The final
Egalitarian Perplexity for𝑋 is 𝐸𝑃𝑃𝐿(𝑋 ) = max𝑖∈𝑁 𝑃𝑃𝐿𝑖 (𝑋 ). Lower
EPPL indicates better egalitarian welfare.
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Figure 4: Per-scenario egalitarian welfare (perplexity). Lower values indicate better minimum agent utility. Striped bars indicate
that the method uses search over the token-level MDP. Numerical results are reported in Table 3 in Appendix E.

Seeds: We report the mean and standard deviation of EPPL over

3 seeds per method and scenario.

Methods Compared: We compared our proposed algorithms, Fi-
nite Lookahead (Algorithm 2 in Appendix D, depth 𝑑 = 4, branch-

ing 𝐵 = 2), and Beam Search (Algorithm 3 in Appendix D, width

𝑤 = 4, pruning based on partial EPPL), against three baselines:

Best-of-N (selecting the best of 𝑁 = 4 samples
1
from the base

model by EPPL); a Prompted Habermas Machine2 (1 critique
round, 4 candidates

3
, critiques from base model conditioned on

agent opinions); and the original Habermas Machine (HM) [24]

consensus (generated by a fine-tuned Chinchilla-70B).

6.3.1 Results. Figure 4 summarizes EPPL performance (lower is

better). Beam Search consistently achieved the lowest EPPL
(average: 2.87), indicating high alignment with the least satisfied

agent. Finite Lookahead also performed well (average EPPL:
4.18), outperforming baseline methods. Both search methods sur-

passed Best-of-N (6.35) and the Prompted Habermas Machine
(9.67). The Habermas Machine baseline had the highest EPPL

(15.69), possibly because its statement was generated by a different

model (Chinchilla 70B).

The results suggest that token-level search guided by EPPL, as

in Beam Search and Finite Lookahead, effectively generates consen-

sus statements with better minimum agent alignment compared

to sampling or iterative refinement. Consensus statements for the

first seed are in Tables 4, 5, and 6 in Appendix E. The strong em-

pirical performance of methods operating on the token-level MDP

complements the fact that these methods are also more amenable

to theoretical analysis and fairness guarantees.

7 DISCUSSION
This work introduced a framework for generating consensus state-

ments by modeling the process as a multi-objective, token-level

MDP with rewards derived from agent-specific language model

policies. Our aim was to connect LLM-based text generation with

the formal fairness guarantees of social choice theory via this MDP.

Our theoretical contributions for stochastic outcomes (lotteries

over statements) focused on the core. By maximizing Nash Welfare

over expected probability-based utilities, we identified an optimal

1𝑁 = 4 was chosen to align with the Prompted Habermas Machine.

2
As implemented in https://github.com/google-deepmind/habermas_machine

3
We chose four candidates to align with the default parameters in the Prompted

Habermas Machine example in the Habermas Machine GitHub repository.

lottery 𝑝∗ that induces a stochastic generation policy 𝜋∗ (Defini-
tion 2) inheriting the ex-ante core property (Corollary 1). Chunking

was introduced as a heuristic to manage the search space. For deter-

ministic outcomes (single statements), we focused on maximizing

egalitarian welfare (EW), proposing finite lookahead and beam

search as approximation algorithms.

Empirical results validated several aspects of our framework. We

found that token likelihood from prompted policies meaningfully

correlate with human preferences. Credit assignment experiments

(subsection 6.2) confirmed that prompting LLMs with agent profiles

creates policies that not only correlate with human preferences, but

that also correctly assign credit to tokens. Consensus generation

experiments (subsection 6.3), using Egalitarian Perplexity (EPPL) to

measure EW, showed that beam search and finite lookahead, guided

by the EW objective, outperformed baselines like Best-of-N and an

adapted Habermas Machine. Beam search yielded the lowest EPPL.

Overall, formulating consensus generation as a search problem

within a token-level MDP, guided by explicit social choice objec-

tives like EW, is a promising direction. However, there are some

important questions that future work should address. First, finding

methods to train more faithful personalized policies for each agent

is an important direction as it is upstream of many important chal-

lenges [2]. Second, finding a way to approximate the core on the

unchunked space without looking at the whole tree is an important

step to work towards. Previous work has looked at approximating

the core [7, 11], but neither method directly applies to our setting.

And third, future work should focus on theoretical guarantees for

the single statement case, which we did not obtain.

Lastly, we note that until our methods are better understood,

the outputs of our algorithm should be treated as artifacts for col-

lective sense-making instead of binding decisions, as suggested

by Revel and Pénigaud [21]. For example, instead of treating the

output as a decision, the output could be treated as another input

to the discussion that participants of the collective decision could

reflect on. Optimistically, one would hope that these consensus

statements could identify previously unknown points of agreement

or solutions that no one had previously thought of that are in fact

highly agreeable. In sum, this work contributes theoretical foun-

dations and practical algorithms for incorporating social choice

principles into generative AI for collective decision-making and

sense-making.
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