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ABSTRACT

Tracing responsibility and assigning blame to decision-making ac-
tors in multi-agent systems has drawn attention of MAS community
in recent years. Existing approaches have proposed several defi-
nitions for multi-agent responsibility, but while these definitions
differ in details, most of them agree that responsibility for some
event may be allocated to agents only if the event is actually real-
ized. In this paper, we argue that in many scenarios this restriction
is too strong and that an undesirable outcome may be understood
as a (high) risk of some event, and not necessarily as the realization
of the event. To cover such cases, we propose a logical framework
for reasoning about various notions of multi-agent responsibility
for taking risks. The proposed logic contains primitives for prob-
ability, strategic power, time and knowledge modalities, which,
as we demonstrate, allow to express various notions of group re-
sponsibility in probabilistic settings. As the main result we prove
that the proposed logic has a complete axiomatization, a decidable
satisfiability problem, and an efficient model-checking procedure.
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1 INTRODUCTION

With the rapid development of complex multi-agent systems, there
is obvious urgency for ensuring their reliability, safety and trust-
worthiness [5, 8, 23, 34]. If an Al system creates an unsafe outcome,
it is crucial to determine which part of the system is responsible
for this event. This urgently calls for the development of formal
tools and reasoning methods to identify the responsibility of agents
whose actions lead to the unsafe outcomes [8, 33, 38].

The recently proposed approaches in the Al literature study re-
sponsibility from various perspectives, such as Strategic reasoning
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[3, 7, 24, 25, 30, 36, 37], Stit-style logics, [21, 26], planning [1, 28],
game-theory [2, 32] and causal reasoning [4, 17]. The existing liter-
ature studies the notion of responsibility from different angles. The
first important distinction is active vs passive responsibility. Active
responsibility is attributed to the agents when their actions make
an outcome unavoidable, while passive responsibility is a coun-
terfactual notion applicable when an undesirable outcome could
have been prevented by the agents. Another important distinction
is between ex ante and ex post (i.e. forward- and backward-looking)
approaches. Ex ante responsibility is considered when the agents
may become responsible by performing certain actions, while ex
post responsibility can be attributed to the agents only after their
actions are executed and the result of their choice is known. In this
paper we focus on passive and ex post responsibility.

Despite these differences, most of existing approaches assume
that in order to claim that (a group of) agent(s) is responsible for an
undesirable outcome, this outcome must be realized. In this paper
we take a different approach and study the notion of responsibility
that covers situations in which a harmful outcome is not necessarily
realized. In particular, we consider situations where agents can be
blamed because they have created a substantial risk of occurrence
of a harmful outcome, while they had more prudent options. This
approach is reflected in various endangerment offences like leaving
firearms accessible to a child or various forms of reckless driving.

The general notion of (counterfactual) group responsibility states
that a group of agents G is responsible for some outcome ¢ if (R1)
¢ actually takes place; (R2) group G had a strategy (intervention)
to prevent ¢ in the past; (R3) group G is minimal, i.e., no proper
subset of G satisfies (R2). Alternative notions of responsibility dif-
fer in details, but pretty much follow this structure. Note that, in
case of agents’ uncertainty about their current state (i.e. partial
observability), the existence of a strategy/intervention to prevent
the harmful outcome does not guarantee agents’ awareness about
such strategy or intervention. For example, knowing that there is
an action (correct password) to open a safe does not mean knowing
which action can open it (which password is correct). To cover such
cases, (R2) condition should additionally require that the agents
in G not only have a strategy to prevent ¢, but also know which
strategy prevents @. Such strategies are also known as uniform as
they select one and the same action in indistinguishable states. This
general structure that defines the notion of strategic responsibility
appears in various works on the topic, e.g. [3, 7, 24, 26, 36, 37].

We extend this framework for reasoning about multi-agent re-
sponsibility to probabilistic settings, where the risk of an event
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is taken into account, not only the realization of the event. On
the conceptual side, we deem our main contribution in the new
notions of responsibility for probabilistic contexts, which take into
account how different choices of agents affect the probability of oc-
currence of a negative outcome, and the formal framework suitable
for representing these notions. On the technical side, we develop a
rich logical framework with several modalities, in which we can
represent our notions of responsibility for probabilistic settings and
reason about them. Our logic contains the operator [§g], which
allows us to refer to a particular action profile d; of a group G. This
operator was previously used for reasoning about responsibility
in [7, 30]. A logic of the operator [d] is called Coalition Epistemic
Dynamic Logic (CEDL) due to its resemblance to Propositional Dy-
namic Logic (PDL) [13]. Together with a standard modal operator
for knowledge, it allows us to express the existence of a uniform
strategy for agents in G. We also use a temporal operator Y to refer
to the past state. This combination already allows us to express
responsibility in deterministic settings. However, because our main
goal is reasoning about responsibility in probabilistic context, we
also introduce a modal operator Pr() > «a for probabilities. We
present a sound and complete axiomatization for the logic, along
with an efficient model checking algorithm.

This paper is organized as follows. In Section 2 we briefly discuss
the motivation behind new definitions on a few informal examples.
In Section 3 we formally define our class of models, introduce our
logic and discuss our modelling choices. In Section 4 we propose
new notions of responsibility suitable for probabilistic contexts.
Finally, in Section 5 we present a completeness proof for our logic
and demonstrate that it has a decidable satisfiability problem and
an efficient model-checking procedure. We conclude in Section 6.

2 MOTIVATIONAL EXAMPLES

To highlight the drawbacks of the deterministic interpretation of
responsibility, consider two toy examples.

EXAMPLE 1. Assume that h is a health care advisor agent prescrib-
ing a treatment to a patient. Assume that in the initial state, without
a treatment the patient dies with the probability of 60%. Our agent
has three choices of the treatment A, B and C, that can still result with
death of the patient with probability of 55%, 30% and 10%, respectively.

It is easy to see that the notion of non-probabilistic responsibility
mentioned in the Introduction is not suitable for this example. The
agent h has no action that can surely prevent the negative outcome,
only one that can alter its probability. Then h does not satisfy R2
condition and thus cannot be claimed responsible. However, if h
chooses either A or B, we believe it is reasonable to consider h
blameworthy for not making the probability of the patient’s death
as low as possible. More generally, in such probabilistic settings,
we consider a group of agents G to be responsible for not choos-
ing the safest option in the initial state. This is the first notion of
responsibility that we aim to formalize in this paper.

Though this interpretation may be crucial in many risk-sensitive
domains, in some applications choosing the safest option is not
always required or desirable. Consider the following example:

ExaMmPLE 2. Consider a self-driving car c moving along the high-
way. Assume that under normal conditions a risk of an accident is
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.001%. The car can maintain its current speed (M) (so the risk remains
.001%), increase the speed (I) (increasing the risk to .005%) or stop at a
parking lot (S) reducing the risk to 0.

According to the above-mentioned notion of responsibility in
probabilistic setting, only action (S) would be considered admissible
in this situation, because (S) is the safest option. Moreover, if the
agent chooses to maintain its speed and gets into an accident, even
a deterministic definition would claim the agent’s responsibility,
because a negative outcome is realized (R1) and c could prevent it by
choosing (S) in the initial state (R2). However, in scenarios such as
Example 2 we may not want to claim that agents are responsible as
long as they do not increase the current risk of a negative outcome.
This interpretation gives rise to another notion of being responsible
for increasing risk.

We believe that these examples demonstrate that deterministic
view on multi-agent responsibility is too limited for many scenarios.
This advocates the need for formal tools to represent similar exam-
ples and reason about responsibility allocation in non-deterministic
setting.

3 FORMAL FRAMEWORK

We begin by introducing the class of our models and illustrating
them with examples. Then, we define a logic for reasoning about
these structures. Let us fix a finite set of agents AG = {ay,...,a,},a
finite set of atomic actions Act and a countable set of propositional
variables Prop. Let F C [0,1] N Q denote a finite subset of ratio-
nal numbers from [0, 1], such that {0,1} C F. We assume that F
contains finitely many possible values for our probability function.
Moreover, we restrict our models to be tree-like such that each state
has at most one predecessor.

Our models are essentially Epistemic Concurrent Game Struc-
tures (ECGS) endowed with probability functions.

DEFINITION 1 (MODELS). A model is a tuple
M = (S,Sp, {~i}ieaa, act,0,P,L)

where

e S is a nonempty finite set of states and Sy C S is a set of final
states.

® ~;C SXS is an equivalence (epistemic) relation for alli € AG.
Availability function act : AG x S —s 24°\{0} defines
nonempty sets of actions available to agents at each state.
o is a non-deterministic transition function that assigns the
outcome states X = o(s, (01, ...,0,)) (where X C S) to a state
s € § and a tuple of actions (81, . ..,0,) with §; € act(i,s),
that can be executed by AG in s. To impose the restriction
that each s € S has at most one predecessor, we require Vs €
S, 107 (s)] <1, whereo™ (s) denotes the set of states from which
a transition to s is possible, i.e., s’ € 0= (s) if A5 : s € o(s', ).
P: S (25— F) assigns a probability measure P(s) to each
state s. We require P to satisfy the following properties:

P1 P(s)(S) =1,

P2 P(s)(0) =0,

P3 P(s) is (finitely) additive:

PO X0 = ) Pe&X),

0<i<m 0<i<m
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whenever X; N X; = 0 foranyi # j,
P4 P(s)({s}) >0,
P5 P(s)({s’}) > 0 implies P(s) = P(s).
o L : Prop U {final} — 25 is a labelling function, such that
L(final) = Sy.
e Foranyd,...,8, and anys € S, if
X ={s"|s"€o(s,(81,...,6n))}, then for anys’,s" € X
C1 P(s")({s"}) >0,
C2 P(s)(X) = 1.

We call a group of agents H C AG a coalition. A group of all
agents AG is called the grand coalition. For §g, which is an action
profile of a non-grand coalition G C AG, o(s, §g) is defined as the
set containing all outcomes of §g completed by actions of agents
outside the coalition. A denotes a set of all possible complete action
profiles. We use § instead of §4c to denote complete action profiles.
Sometimes we write d|g to denote §’s restriction to agents in G.

Let us have a closer look at our modelling choices. Our models are
based on Concurrent Game Structures endowed with an epistemic
uncertainty relation ~; for each i € AG, also known as Epistemic
CGSs. However, they have several notable differences. First of all,
because we are interested in reasoning in probabilistic settings, the
transition function o is non-deterministic. This is a fairly common
assumption in the field. Secondly, our models have designated final
states Sy C S, for which no outgoing transition is defined. So,
those states are deadlocks and violate so-called ‘activity’ property.
And because each state has at most one predecessor, our models
represent linear past and branching transitions to reason about
counterfactual scenarios.

Each (available) complete action profile § non-deterministically
leads to an element of X5 C S. To represent the probabilities of
these transitions we use a probability function P. P assigns each
state s € S with a probability measure P(s) on 2°. Intuitively, if
s is the current state after transitioning by 8, P(s)({s1,s2}) is the
probability of ending up in one of the states from {sy, s,} rather
than in s. For p € Prop, sometimes we write P(s)(||p]|) to refer to
P(s)({s" | p € s}).

Note that the way we model probabilities of transitions is dif-
ferent from modelling in stochastic games. In a stochastic game,
transition probabilities are associated with actions and they are
"forward-looking’: being in a state s, Ps(s)(s;) denotes probabil-
ity that the next transition after executing § in s will lead to s;;
while our probabilities are associated with states and are ’backward-
looking’: being in a state s, P(s)(s;) denotes probability that we
could have ended up in s; (instead of s) after the previous tran-
sition. Our models have linear past: being in a state s we always
know which state Past(s) was the previous one (and thus we know
which action was executed there). This is not true for an arbitrary
stochastic game: different states may be potential predecessors of
the current state s, which can create difficulties for responsibility
allocation. However, our models may be viewed as unfoldings of
stochastic games up to some finite depth.

The conditions (P1) — (P3) guarantee that P(s) is a probability
measure. In order to explain the intuition behind our probabili-
ties and conditions (P4) — (P5) and (C1) — (C2), we illustrate our
definition employing Example 1 from the previous section.
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Figure 1: Models M; and M, for Examples 1 and 2. Here the
circles represent the states, X denotes states at which a neg-
ative outcome (ie., “patient dies” for M;, and “car accident”
for M) has happened, and v/ denotes ’safe’ states. Rectangles
denote support sets of different probability distributions P(s).
Due to P5, states s, s’ from the same support set (P(s)(s") > 0)
have the same probability distribution (P(s) = P(s")). Differ-
ent colours also denote different probabilities of X. Arrows
marked with action profiles represent the transition function
o. The states without an outgoing transition are final.

CONTINUANCE OF EXAMPLE 1. Let us introduce the model M,
depicted in the upper part of Figure 1, which models the scenario with
three treatments with different death rates. In (M, so) treatment A
leads to either the state s1, in which the patient survives, or to s;, in
which the patient dies (denoted by the propositional letter px). Thus,
0(so,A) = {s1,s2}. In addition to information about death (px ¢ s1,
DPx € s2), both states also contain information about alternate possibil-
ities after executing the action A (according to o), with probabilities in
ending in each of them. In particular, the fact that the chance of death
was .55 is modelled by P(s1)(sz) = P(s2)(sz) = .55. Consequently, the
complementary chance of survival is P(s1)(s1) = P(s2)(s1) = .45 (we
omit those complementary values from Figure 1 for clarity).

Note also that P(sy)({s1,s2}) = P(s2)({s1,$2}) = 1, so for any
s € S —{s1,52},P(s1)(s") = 0. Recall that due to (C1) and (P5),
P(s1)(s") = 0 implies P(s2)(s") = 0. The alternative actions (B) and
(C) lead to states with different probabilities: (B) leads to {ss, ss} with
P(s3)(llpxll) = P(s3)(s4) = .3 and P(s4)(s4) = .3, and (C) leads to
{ss. 56} with P(ss)(|lpx|) = P(ss5)(ss) = .1 and P(ss)(ss) =.1. In the
initial state sy, P(so)(|[px]|) = -6.

As illustrated above, P(s)(s”) > 0 means that s and s’ are two
possible outcomes of the same complete action profile §, and the
probability of s’ being the outcome of § is P(s)(s’).

Thus, each state must assign itself non-zero probability, which
is guaranteed by P4. P5 ensures that given s all states s” € {s” €
S | P(s)(s””) > 0} in its support set have the same probability
distributions P(s) = P(s"). These two properties correspond to
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S5 conditions for epistemic logic with uncertainty represented by
probability measure [9, 19].

Finally, C1 and C2 ensure that the outcomes of a non-deterministic
transition function o all agree on the same probability measure P,
in the way that the probability of each state corresponds to the
probability of transition resulting in that outcome, and the set of
all possible outcomes of a transition has probability 1.

Now we also provide a model for the second motivating example
from the previous section.

CONTINUANCE OF EXAMPLE 2. The model M,, depicted in the
Figure 1, models the scenario from the Example 2. Here px denotes the
accident. Similarly as above, in (M, s) it holds that P(s;)(||lpx||) =
.001, action (M) leads to {s{,s;} with P(s})(||px|l) = .001, action (S)
(deterministically) leads to {s;} with P(s})(||lpx|l) = 0, and action (I)
leads to {s, s} with P(sy)(llpx|l) = .005.

We would like to emphasize that in our settings values of P(s)
belong to a finite set F, instead of a real interval [0, 1] as typical in
probabilistic modal logic [10, 19]. This restriction to a finate set of
values was previously explored in [12] and [35]. On the one hand,
this restriction provides more technical convenience especially in
cases of quantification over F instead of over RN [0, 1] as discussed
in Section 6. On the other hand, it is usually sufficient for modelling
and verification purposes to have a finite representation of the
model anyway. That is why we believe the proposed restriction is
suitable for our purposes.

Note also that we do not impose additional restrictions on epis-
temic relation ~;. However, in some scenarios additional inter-
actions between epistemic relations and transition function can
be introduced. For example, one may require that agents are al-
ways aware about actions available to them: s; ~; s; implies
act(i,s1) = act(i,sz), or that agents have ’perfect recall’ and never
loose information: s; € 0~ (sz) implies ~; (s2) S~; (s1) for any

i€ AG[7, 30].

3.1 Language and Semantics

DEFINITION 2 (LANGUAGE). The language L of our logic is defined
recursively by the following Backus—Naur form:

pu=pl-plene|Pr(e)2aldcle|Ye|Kie,

where p € Prop, a is any rational in [0, 1] and g = S| for some
& € A. Boolean connectives are defined in a usual way. Operator
Pr(¢) > a means “probability of ¢ is at least a”. Derived operators
Pr(g)Xa for X € {>,=<,<} are introduced in the following way:
Pr(p) < a =4ef =Pr(¢) = a, Pr(¢) < a =4ef Pr(-¢) 2 1-a,
Pr(p) > a =gey ~Pr(p) < a, Pr(p) = a =gey Pr(p) 2 a APr(ep) <
a. Operator [5g]@ means “after every execution of actions dg, ¢ is
true". The dual (5g) = —=[8g]— means “there exists an execution &',
s.t. 8'|g = &g, after which ¢ is true". Operator Yo means ‘¢ was
true on the previous step (Yesterday)". K;p means “agent i knows ¢ "
Abbreviation Egp = \;eg Kig denotes “everybody in G knows ¢".

Firstly, note that probability values @ in the formulae are not
restricted to the finite range F and can be any rational in [0, 1].
Secondly, note that due to the finite nature of both probability
range F and the set of complete action profiles A, we can quantify
over those sets using finite conjunctions and disjunctions. Thus,
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we will simplify the notation and use V,¢r instead of A ,.cp, Irer
instead of \/,¢f, and Vs instead of A sca, 35 instead of \/ sca-

DEFINITION 3 (SEMANTICS). Given a model M, a states € S and a
formula ¢ € L we define the satisfaction relation I+ in the following
way (the cases for p and boolean connectives are defined standardly):

o (M,3) \ Pr(p) = aiff P(s)(llolI™) = a, where (llolI") =
{seS|(M,s)IF ¢}

o (M,s) v [dcle iff Vs’ € o(s, 8g) it holds that (M, s") I+ ¢;

o (M,s) Yo iff3s" € 07 (s) : (M,s) I ¢;

o (M,s) v Kip iffs ~; s’ implies (M, s") I+ ¢.

We also write M IF ¢ if (M,s) - ¢ foralls € S,and I ¢ if M IF ¢
for any M. In the latter case we call ¢ valid.

When we write §;,, we mean that agent i takes action a. The
following statements about Figure 1 illustrate the semantics.
(My,81) & ps A Pr(px) = .55 A YKy [Snc]Pr(px) = .1
states that "in (M, s;) : py is true, probability of px is .55, and
on the previous step h knew that using action C will enforce the
probability of px to be .1", and
(Ma, s3) I px A Pr(px) =.001 A Y35 [S:](ps A Pr(px) = 0) states
that "in (M, s;) the negative outcome is true (an accident happens),
its probability is.001, and on the previous step agent c had a strategy
to make the probability to be 0 and avoid the negative outcome".

It is easy to check that these formulas hold in Figure 1 according
to Definition 3.

4 RESPONSIBILITY FOR TAKING RISKS

As we discussed in the Introduction, in the simplest deterministic
form, the notion of counterfactual responsibility may be formulated
as follows. A group G is responsible for ¢ at (M, s) if (R1) ¢ holds in
(M, s), (R2) there exists a G-strategy g, such that group G knows
that dg enforces —¢, and (R3) no proper subset of G satisfies (R2).
This notion translates to our language as

Respc(¢) = ¢ AY3s5Ec[06]-¢ A =FnccYIsy En[du]-e

Similar definitions' appear in various papers on the topic, e.g.
[3, 24, 30]. However, in our examples from Section 2 this definition
does not behave in a desirable way. In Example 1, M; ¥ Respp(px),
so no state of M; satisfies the definition above. In Example 2 the sit-
uation is more interesting, because both (Ma, s3) and (My, s) satisfy
the definition. Thus, in both states (R1) px is satisfied, (R2) ¢ has a
strategy (S) that enforces —px (and ¢ knows about this), and (R3) {h}
is a singleton, so the minimality condition is satisfied. We believe
this behavior of Resp (¢) can be considered undesirable by the fol-
lowing reason. First of all, the definition takes into account only the
truth value of px, but not its probability. Thus, both states s; and s;
agree that the probability of px is .005, however (My, s) ¥ Resp.px
(because (R1) condition is violated) while (M, s7) I Resp.px. Sec-
ondly, as we already discussed, depending on a situation the safest
action is not necessarily an optimal choice.

Recently, a notion of responsibility for risky behaviour was pro-
posed in [14, 15]. According to this notion, a group of agents is
held responsible if the probability of a harmful event is above a

Note that here we used ’everybody knows’ modality EG to define responsibility, in-
stead of distributed or common knowledge [11]. We believe that distributed knowledge
is too weak to claim agents blameworthy, while common knowledge is excessively
strong to be applicable. However, both notions can be implemented in our framework.
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fixed numerical threshold «, while they could take actions that
would push the probability of the event below that threshold. This
definition can be encoded in our language as

Respg (¢, a) = Pr(e) > a AY3s5,Ec[dc]Pr(p) < a
AVrcGY3s,Ec[06]1Pr(p) < a
Note that in [14] only perfect information scenarios were con-
sidered, while our framework allows to take into account agents’

uncertainty about the current state.
To illustrate the intuition, let us fix a risk threshold ¢ = .001.

Then, in Figure 1fors” € {s}, s} it holds that (M, s”) I Resp.(px, o).

However, if we increase the threshold to a’ = .005, then M, ¥
Resp(px, a’), because risk of an accident in s; and s; does not
exceed the threshold.

While being useful in many applications, we believe this ap-
proach is limited as legal doctrines and endangerment offences
usually do not specify a fixed probability value which would sepa-
rate responsible from irresponsible behaviour. And as we argued in
Section 2, often additional definitions are needed. Thus, the idea
of being responsible for not keeping the probability of ¢ as low as
possible may be expressed as

RespZ™ () = 3rep(Pr(p) > r AY(3s,Ec[86]1Pr(p) <1
AVHacG—3s, Ex[du]Pr(e) <r))

In Example 1, Resp}’l"i" (px) holds at states {s, s, $3, 54} So, accord-
ing to this definition, agent h is considered blameworthy if the
chosen action is (A) or (B), because in this case the safest option
(C) is ignored. However, in Example 2 not only states {s, s} sat-
isfy Resp;"i" (px), but also states s, s;, because decision to maintain
the current speed (M) does not minimize the risk of an accident.
In order to encode the intuition behind Example 2, we introduce
a final notion of responsibility for increasing the risk that can be
formulated as follows:

Respl,(¢) = EreF(Pr((P) >r AY(Pr(g) =rA
35,Ec[86)Pr(@) < r) AVhcG—3s,EnlSu)Pr(e) < r))

Now, Respl (px) is satisfied only in states {sj, sz} of M, in Fig-
ure 1, because only action (I) (increase the speed) increases the risk of
px with respect to the initial state. However, because in M; no action
of agent h increases the risk wrt sy it holds that M; ¥ Respl (px)-

Although for simplicity of the presentation all our examples
illustrate one step interaction of agents, and we only demonstrated
how to encode single step definitions of responsibility, the mod-
ular nature of the proposed framework allows reasoning about
multiple step interactions as well. For example, instead of 1-step
clause Y35, Eg[8c]—¢, meaning that on the previous step G had a
strategy dg such that G knew that §; prevents ¢, one might define
2-steps version of this clause by nesting past-time and strategic
ability modalities as YY3s,Eg [5(;]35rGEG [05]1—¢. So, by nesting
different modalities in our framework one may obtain a definition
of responsibility for any fixed temporal depth. At the same time,
we admit that our logic is still unable to capture LTL-style modal-
ity ‘eventually in the past’ that does not require fixed temporal
depth. Such a modality, together with Probabilistic ATL strategic

2227

AAMAS 2026, May 25-29, 2026, Paphos, Cyprus

operators would result in a more expressive framework. However,
axiomatizing PATL-style framework is an extremely challenging
task. So, we leave it for future work.

To sum up, we believe that alternative modelling settings may
require alternative definitions of what it means to be responsible or
blameworthy. In some scenarios, we might want agents to stick to
the safest strategies and minimize the risk whenever it is possible.
However, in different settings, we might be interested in preventing
agents from increasing the current risk of some outcome, but not
necessarily from minimizing it, or we might have a specific risk
threshold that agents are not allowed to cross. Sometimes we are
interested in one-shot interactions of agents only, but sometimes
we need to deal with temporally extended goals, and then multiple-
step definition of responsibility is required. So, we would like to
emphasize, that we deem our main contribution to be the proposed
logic rather than any particular definitions of responsibility related
to risk. And we argue that our logic is expressive enough to encode
various such definitions. In the paper we discuss some of them, but,
depending on the modelling settings, others may be considered as
well. In the next section we demonstrate that the proposed logic
admits complete axiomatization, decidable satisfiability problem
and efficient model-cheking procedure.

5 AXIOMATIZATION

Let us fix enumeration of F = {rg,...,rn},st.0=rg < --- <r; <
rit1 < --- < r, = 1. The proof system for our logic L is presented
in Table 1. The first group of axioms defines properties of []
operator. (AAK) is a standard K axiom for modal logic, (AA1) -
(AA4) define the properties of the transition function, and (AA5) -
(AAS6) encode properties C1 and C2 from Definition 1. The second
group of axioms encodes all properties of probabilistic operator
Pr(). Axioms (PA1) - (PA5) are standard properties of probabilities,
(PA6) restricts probabilistic values to finite range F, and (PAr) —
(P45) encode properties P4 and P5 from Definition 1. The next group
of axioms deals with past-time operator Y. (YAK) is a standard K
axiom, (YA1) enforces uniqueness of the past, and (YA2) — (YA3)
encode the interplay of [§] and Y operators. Finally, (KAK)-(KA5)
are standard S5 axioms for multi-agent epistemic logic. It is a routine
to show that all axioms in Table 1 are sound (i.e. valid on our class
of models), so for space reasons we omit the proof.

A formula ¢ is a theorem, denoted by + ¢, if there is a sequence
of formulas ¢, ¢, . . ., ¢n, such that ¢,, = ¢ and every ¢; is an axiom,
or it is derived from the preceding formulas by an inference rule.
We also say that ¢ is deducible from a set of formulas T, denoted
by T + ¢ if there is a sequence of formulas ¢, ¢, ..., ¢,, such
that ¢, = ¢ and every ¢; is an theorem, or it is derived from the
preceding formulas by (MP).

In this section we prove that the presented axiomatization is
complete with respect to the proposed class of models. The proof
is organized as follows. At first, we define a sub-language for any
consistent formula ¢. We call this construction a closure cl(¢), due
to its resemblance to Fisher-Ladner style closure [13]. Then, we
construct a canonical pseudo model 9 over the set of maximally
consistent subsets of cI(¢) . In this pseudo-model, transitions are
represented as a Kripke-style binary relations and probability func-
tion P is not yet defined. Then, we extend this pseudo model to a
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(Taut) All propositional tautologies

Action Axioms:
(AAK) ([dcle A [66]Y) — [6c](@ A Y)
(AAl) —|final — 3§€A<6>T
(AA2) ()T = Aieac(dlT
(AA3) ((6c) T A(S)T) = (S U ) Tfor GNH =0
(AA4) ([dcle A [64]Y) — [Sc Vo l(@ AY) for GNH =0
(AA5) (6)Pr(¢)Xa — [5]Pr(p)Xa
forX e {>>=<<}Lae[0,1]
(AA6) [6]p — [6]Pr(p) 2 1
Probability Axioms:
(PA1) Pr(p —> ¢) > 1 — ((Pr(p) > a = Pr(y) > a)A
(Pr(p) > a— Pr(y) = a) A (Pr(p) = a — Pr(y) = a))
(PA2) Pr(p > ¢) 21— (Pr(p) =2 a — Pr(y) = p),
a,pel01],f<a
(PA3) Pr(p) =0
(PA4) Pr(p V) > (a+ p) — (Pr(p) > aV Pr(y) > p),
a, p, (a+ p) € [0,1]
(PA5) Pr(~(p A ) 21— ((Pr(9) > a APr(y) > f) —
= Pr(pVy) > (a+f),ap (a+p)e(01]
(PA6) Pr(¢) > ri = Pr(¢) = riz1, forri,rizg € F
(PAT) Pr(p) 21— ¢
(PA4s) Pr(@)Xa — Pr(Pr(p)Xa) 2 1
‘Yesterday’ Axioms:
(YAK) (=Y=¢ A =Y=4)) = =Y=(p AY)
(YA1) Yp — ~Y-¢
(YA2) ¢ — [6]Ye
(YA3) (¢ AYT) — 35Y(S)e
Knowledge Axioms:
(KAK) (Kip AKiyy) — Ki(¢ AY)
(KAT) Kip — ¢
(KAS5) -Kip — Ki=Kip
Inference Rules:
(MP) From ¢ and ¢ — ¥, infer
(Nec,) from ¢ infer [d|g]¢
(Nec,) from ¢ infer Pr(g) > 1
(Nec;) from ¢, infer K;¢
(Nec,) from ¢ infer =Y-¢
Table 1: Axiomatization AX of our logic L.

proper canonical model M¢, demonstrate that it satisfies all neces-
sary constrains and prove the Truth lemma. In general, our proof
uses fairly standard techniques, and the main source of difficulties
is a fusion of different modalities and their interplay.

Given an L-consistent formula ¢, let A(¢) be an ordered set of
all rational numbers § € [0,1] where g is the smallest common
denominator of all indexes « in ¢ together with all elements of F.

DEFINITION 4 (CLOSURE). For any L-consistent formula ¢, cl(@) is
the smallest set containing all possible formulas  with || < |¢| + 1,
such that

o only propositional variables from ¢ and { final} occurin cl(¢);
o indexes a in probabilistic operator belong to the finite set A(¢);
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Let Q be the set of all maximally consistent subsets of cI(¢). The
standard properties of such construction[19, 20] are: (1) Q is finite;
(2) any subset of Q is an equivalence class of some formula from
cl(p) ie, ¥X € QY € cl(p) : X = ||¢||, where ||[¢|| = {s € Q |
¥ €5t 3) llell € llgzll iff + 1 — @o.

The second property is especially useful, because it will allow
us to refer to arbitrary states or sets of states in the canonical
model using formulas from cl(¢). So, givens € Sand X € S we
denote their characteristic formulas as ¢; (s.t. ||s|| = s) and ¢x (s.t.
lloxll = X).

At first, consider a pseudo-model defined as follows

DEFINITION 5 (CANONICAL PSEUDO MODEL). A canonical pseudo
model is the tuple M = (S, S]i, ~€,1,L°), where

° 5°=Q,

S} ={s € §¢| final € s},

Vs,s" € 8¢5 ~$ 8" iff VKiy € cl() : Kiy € s iff K € &,

o T represents a set of binary relations indexed by all elements of
act (all partial action profiles). Vs, s’ € SVdg : (s,5') € Tsg
ifi{y | [6cly estu{Yplpestcs,

o L°(p) ={seS°|pes}

In this pseudo model, transition- and probability functions are
not defined. Instead, it contains a Kripke-style binary relation 7.
More precisely, a set of binary relations {zs } for any &g. These
relations indexed by (partial) action profiles provide alternative
representation of the transition function. Now, let’s show that this
representation is correct.

LEMMA 1 (TRANSITION FUNCTION). 7 represents a well-defined
transition function.

PRroOF. At first, we want to replace binary relation 7 with a well-
defined transition function o°. But we need to define availability
function act® first.

Let Vs, Vi : §; € act®(i,s) if 39, s.t. §|; = §; and 75(s) # 0. For
each (i,s), act®(i,s) is non-empty by (AA1-AA2) and the consis-
tency of s. So, act® is well-defined.

Now, for any s € $ and any complete action profile § available

to AG in s according to act®, let 0°(s,5) = 75(s). Since s € se,
—final € s. By (AA1) and the consistency of s, there exists at least
one § for which z5(s) is non-empty. By (AA3), for any combination
8y, of available individual actions ({5; = &y|; | i € H & 75,(s) # 0}),
zs), (s) is non-empty. This property is also known as Independence
of Choice. Finally, (AA4) enforces that 5, (s) € 75, (s) for
G N H = 0. As a result, any 0°(s, ) is a union of 0°(s, (g U
d(aAG-G))- Recall that 0° is a non-deterministic function, so 0°(s, 5)
is not necessarily a singleton. Thus, we obtained availability and
transition functions (act®, o¢).

Note that each s € S¢ has at most one predecessor. Recall that 0~
denotes an inverse of 0¢. Let ¢5 and ¢y be characteristic formulae of
s and some s’ € 0™ (s) respectively. Then ¢y € s” and (d)¢; € s for
some 8. By (YA2) and (MP) [§]Ygy € s’. Then, by the construction
of s and the fact that s € 0(s", §), Ypg € s. Assume that there exists
s’ # ', such that s”” € 07 (s). Then, Ygy € s, which implies Y-¢y.
This contradicts (YA1) axiom and violates the consistency of s. Thus,
each s € S§¢ has at most one predecessor. O
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The last missing component in the pseudo-model is a probability
function P¢. Let

o”zf =max{a : Pr(y) > @ € s} and /?f =min{f: Pr(y) < p € s}

It is straightforward to see that Vy € A(¢p),y < d;//

Pr(y) >y esandy > ,5~;// implies Pr(y) < y € s. It remains to
prove the following lemma:

implies

LEMMA 2. Foralls € S° and ally € cl(¢): 0?;/' € Fand 0720 = ,BN;P

PRrROOF. Assume df ¢ F. Thenr; < df < riy1, for some rj, riyq €
F. Then Pr(y) > r; € s since Pr(y) > 0?;// implies Pr(y) > r;.
By (PA6) axiom and the consistency of s, Pr(y) > r; € s implies
Pr(y) > riz1 € s which contradicts the definition of 0?;// (where
5(;// < ri+1), and thus 07;# e F.

Now, assume that Is € S° and ¢ € cl(y) : o”zf < ﬁ? Then
Pr(y) = 0?;'// € sand Pr(y) < o?f ¢ s. The latter implies that
Pr(y) > &Sw € s by maximality of s. If df =r; € F, then Pr(y) >
ri € sand Pr(y) > r; € s. Then, by axiom (PA6), we know that
Pr(y) > riy1 €s,and riy > d;//. This contradicts the definition of
& Thus, &’ = ¥ O

Now for any state s € S¢ and any subset X C S¢, where X = ||{/||
we define a probability function P¢ as P°(s)(X) = 0?;/'. This function
is defined everywhere since {0?2// } and { BZ’} are defined for all €
cl(p) and any X C S€ is an equivalence class of some ¢ € cl(¢). It
remains to show that P°(s) is indeed a probability measure.

LEMMA 3. P¢(s) is a probability measure, i.e. satisfies P1-P3 in
Definition 1.

ProoF. Note that Pr(T) > 1 is a theorem of our logic (by Nec;)
and since S¢ = ||T||, it follows immediately that P°(s)(S) = 1.
So, P1 is satisfied. For finite additivity (P3), consider two disjoint
subsets X N'Y = 0 of S° and let ||[¢x|| = X and ||¢y] = Y. So,
lgxll N llgyll = 0 and then [lyx|l € [[=¢y |l Since [lg1ll S llgall
iff -+ ¢ — ¢, we have + yx — -y, which is equivalent to
F =(¥x A ¢y). By (Necz) we have + Pr(—(¢x A ¢y)) > 1. Then, by
(PA5) and (MP) we get

F (Pr(yx) > a APr(yy) 2 B) — Pr(yx vV iy) > (a + B).
Then

s+t (Pr(yx) > a APr(yy) = ) = Pr(yx Viy) > (a + f).

Let d > 0 be any positive rational number, such that Vr,r" € F, |r —
r’| > d. Assume that P°(s)(X) = r; and P¢(s)(Y) = rs, for some
ri,r2 € F. Thens + Pr(yx) = ry and s + Pr(yy) > ry, and thus
s+ Pr(yx) > (r; —d) by (PA6). Then, we have

s+ Pr(yx) > (r; —d) A Pr(yy) 2 r;, and by (MP):

skPr(Yx Viy) > (r1 +r,—d).
From the latter, by the choice of d and (PA6) we have Pr(yx Viy) >
(r1 + r2). So, for any s, and any ry,r; € F, if P°(s)(X) > r; and
P¢(s)(Y) = rp, then P°(s)(X UY) = (rq + rz). The argument for
another direction, is similar and uses (PA4) axiom instead of (PA5).
Finally, P2 semantically follows from P1 and finite additivity. O
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Now, canonical model M€ is a pseudo model I endowed with
availability and transition functions (act¢, 0¢) defined in Lemma 1
and probability function P€. It remains to demonstrate that M¢
satisfies all remaining constraints, i.e. is a model of our logic.

PROPOSITION 1. P¢ satisfies P4-P5 in Definition 1.

Proor. Towards a contradiction, assume there exists s € S¢ and
its characteristics formula ¢, s.t. @ = 0. Then Pr(p;) <0 € s
or, equivalently, Pr(—¢s) > 1 € s. By (PAr) axiom, —¢, € s. The
latter violates the consistency of s, so our assumption is wrong and
@?* > 0 for any s. Then, P°(s)({s}) > 0.

For P5, assume P°(s1)(¢s,) > 0 and P°(s;) # P°(s;) for some
s1,52 € S°. Then, Pr(¢s,) > 0 € s, and for some ¥, Pr(y) =a € 5
and Pr(y) # a € s;. By (PA4s) axioms and the consistency of s,
Pr(Pr(y) = a) = 1. But since s; ¢ ||Pr(y) = «f|, by additivity
of P¢ it holds that P°(s;)({s2}) = 0. This contradicts our initial
assumption, and thus P¢ satisfies P5. O

PROPOSITION 2. M€ satisfies C1 and C2 constraints.

Proor. Assume (C1) does not hold, so P(s;)({s2}) = 0 for some
1,82 € 0°(s,8). Then, Pr(¢s,) = 0 € s; and (8)Pr(¢s,) = 0 € s.
By (AA5) and (MP), [8]Pr(¢s,) = 0 € s. And since s; € 0°(s, §),
Pr(¢s,) = 0 € s;. The latter contradicts P4, and thus P¢ satisfies
(C1).

For any s € S° and §, s.t. 0°(s,8) # 0, consider ¥, s.t. ||y =
0°(s, 8). Then, [8]¢¥ € s. By (AA6), [8]Pr(¢) =1 € s,and Pr(y) =
1 e’ forany s’ € ||¢||. Then, Pr(s")(||¢]|) = 1, satistying (C2). O

ProPOSITION 3. Foralli € AG, ~{ is an equivalence relation.

ProoF. The reflexivity holds trivially, since K;y € s iff K;i) € s.
For transitivity, let s; ~{ s; and s, ~{ s3. Then, by the construction
of ~¢, Kiyy € 51 iff K;iy € s, and Kiy € 53 iff Kiy € s3. Then Ky € 54
iff K/ € s3 and then s; ~{ s3. To show that ~{ is symmetric, assume
that s; ~¢ s, then Ky € s; iff K;i) € s5. Then, trivially s, ~{ s;. O

LEmMMA 4 (TRUTH LEMMA). For ally’ € cl(¢p),s € S¢:
(MS,s) vy iffy’ €5

Proor. The proof is organized by the induction on ¢’. Cases for
Y’ = p and boolean are trivial.

CASE ¢’ = Pr(y) > a. For right-to-left direction, Pr(y) > a € s
implies P¢(s)(||/||) = a by the construction. Then

(M, s) - Pr(y) = a.

For the other direction, M€, s I Pr(y) = a & P°(s)(||¢|]) = a. By
the construction of P¢ and 0?;// we know that P¢(s)(||¢|]) = d;//
o?f > a. Then, Pr(y) > a € s.

CASE ' = [§g]y. Let (M€ s) I+ [Sg]¢. Then, for all s" €
0°(s,06), (M®,s") + . By the previous induction step, ¢ € s’.
And since s” € 0°(s, §g), it holds that (M€, s") I Yg iff (M€, s) I ¢.
Again, by previous induction step, Y¢ € s’ for any ¢ € s. Then,

W11l estulYplpestcs,
and by the construction of 0%, [5g]¢ € s.
For the other direction, assume [6g] € s. Consider a set of

formulas Suc = {y’ | [0y’ € s}. Note that by (YA2) for any ¢ €
s, [8c]Yep € 5. So, Yg € Suc. By the construction of the canonical

and
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model, for any s’ € S¢, such that s’ € 0°(s, dg), it holds that Suc C
s’. And since ¢ € Succ, € s’. By the previous induction step,
(M€, s") I ¢. Thus, (M, s) I+ [5g]¥.

CASE ¢/ = Yy By contraposition, assume (M€, s) ¥ Yi. Then,
for all s™ € 07 (s), (M€, s™) ¥ . By the previous induction step,
¥ ¢ s7, and then = € s™. By the construction of 0, s~ € 07 (s)
implies that {Y¢ | ¢ € s™} C s. Then, Y= € 5. By (YA1), =Yy € 5.
Finally, by the consistency of s, Y{/ ¢ s.

For the other direction, let (M€, s) I Yi. So, Is~ € S¢, s.t. s~
0~ (s) and (M€, s7) I . Then, by the construction of 0°,

{elldcloes u{YplpesT}cs
By the previous induction step, ¥ € s~, and then Yy € s.

CASE ¢ = Kiy. Ky € siff Vs' : s ~{ s = Kiy € s’ by
the construction. K;i € s’ implies € s’ by (T) axiom and the
consistency of s’. By previous induction step, ¥ € s” iff (M€, s") I .
Thus, K;i) € siff Vs" : s ~{ 5" = M, s’ I . And hence Ky € s iff
(M€, s) - K;p. ]

€

THEOREM 1 (COMPLETENESS). L is complete: - ¢ iff + ¢.

Proor. For any formula ¥ ¢, construct a model M’ for ~¢. From
the Truth Lemma it follows that M’, s I —¢ for some s € S. Then
¥ . The other direction follows from the soundness of (AX). O

Thus, any valid formula is derivable in L. Note also that from
the proof of Theorem 1 it follows that the satisfiability problem for
L is decidable. Formally, the satisfiability problem is: given ¢ € L,
decide whether there exists (M, s), such that (M, s) I ¢. We know
that any satisfiable formula ¢ is satisfiable in a model of size not
greater than the size of M¢ from the proof of Theorem 1. Note that
|M€¢| = O(21¢4@)y and |cl(p)| = O(214@)). And since there are

only finitely many models M’ of size |M’| < 224!

result follows immediately:

, the following

PRrROPOSITION 4. Satisfiability problem for L is decidable.

It is also easy to see that the model-checking problem for our
logic is solvable in polynomial time. Verifying Pr(y) > « takes
O(|M]); [8c]y requires checking all outgoing transitions for §g
and thus requires O(|M|) steps; cases for Yy and K;i are also
solvable in O(|M|). Thus, given (M, s) and ¢, checking (M, s) I ¢
requires polynomial time in O(|M] - |¢]).

6 CONCLUSION AND DISCUSSION

In this paper we proposed several notions of multi-agent respon-
sibility for taking risks by contributing to an unnecessarily high
chance of occurrence of some harmful event, even if the event does
not necessarily happen. We proposed a logical framework in which
all those notions can be represented, provided a complete axiomati-
zation for the logic, and showed that it has a decidable satisfiability
problem and an efficient model-checking procedure. Our approach
is similar to [14], which extends Coalition logic [29] and in which
agents are held responsible if they do not keep the risk of occur-
rence of of some undesirable event below a specified numerical
threshold. We have shown that this notion can also be represented
in our framework. Recently, other notions of responsibility that
do not require an undesirable outcome to be necessarily realized
have been proposed. For example, the notions of weak and strong

2230

AAMAS 2026, May 25-29, 2026, Paphos, Cyprus

passive responsibility based on dominant and best-effort strategies
were proposed in [6]. These notions evaluate whether the agent did
her best for avoiding an undesirable outcome, but do not take into
account whether the outcome is actually realized. In contrast to our
framework, this approach deals with deterministic outcomes and
single-agent scenarios only. Another approach to responsibility in
probabilistic setting has been proposed in [22]. Their framework is
based on Probabilistic ATL logic and allows to encode notions of a
degree of active and passive responsibility in the sense of [28]. Un-
like our notions of passive responsibility, where a group of agents
is responsible for the outcome if they could prevent the outcome in-
dependently of what other agents do, [22] assumes that the agent is
passively responsible if, keeping all other agents’ actions fixed, the
agent could avoid the outcome. So, their degree of responsibility is
the ratio of probability of the fixed actions of other agents violating
the outcome relative to the probability of all possible behaviours
violating the outcome. While both our approach and [22] compare
probabilities of outcomes for different actions, [22] is focused on
STIT-like rather than strategic setting.

We believe the restriction to a fixed finite set F of probabilities is
reasonable in many scenarios where risk of a harmful outcome is as-
sessed by a finite number of qualitative categories (e.g. low, medium,
high). For example, side-effects of medicines list “fewer than 1 in
1000”, “fewer than 1 in 10000”, etc. We did not introduce that con-
straint because of issues in axiomatizing our language, but because
of challenges in representing our proposed notions of responsibility
by formulas of the language. Indeed, the counterfactual nature of
these notions requires comparison of probabilities of a formula
(describing a harmful event) in different states. To the best of our
knowledge, virtually all probability logics do not have that ability.
That holds even for the languages with the qualitative probability
operator [16, 27, 31], or with comparison of linear combinations
of probabilities [9] — they can compare probabilities of different
formulas in the same state, but they are unable to compare prob-
abilities of the same formula in different states. The only notable
exception is the work of Halpern and Pucella [18], which allows
relating probabilities in two consecutive time instants, which is
obtained by extending syntax with polynomial probability terms
and first-order quantification over probability values. Using those
extensions, we can, for example, represent responsibility for not
choosing the safest option that minimizes chance of occurrence
of a harmful event ¢ as 3x(Pr(¢) > x A Y(35,Ec[5c]Pr(¢p) <
x AVEcc3sy Er[0r]Pr(e) < x)).

Instead of such a heavy extension of the language, whose axiom-
atization would require all valid formulas about real closed fields
[18], we opted to stay at the level of purely propositional logic with
restriction to a fixed finite set F of probabilities. With that restric-
tion, we were able to replace 3x in the above formula with a finite
disjunction over values from F, obtaining our formula Respé"i".

Finally, although our novel notions of responsibility have zero
tolerance for increasing risk, our logic can also be used to model al-
ternative definitions with various tolerance levels. For example,
the formula 3,cr(Pr(p) > r + € A Y(355,Ec[dc]Pr(p) < r A
Vucc—3s, Ex[0u]Pr(@) < r)) has the same intuition as Respg”",
with the exception that it allows the increase of risk for at most a
tolerance level €.
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