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ABSTRACT
We investigate computational aspects of model equivalence for la-

beled transition systems (LTSs) relative to sets of plans. We focus

on the case when model equivalence is defined by a notion of bisim-

ulation in the context of an uncertainty-based knowing-how logic.

We start by reformulating such a notion of bisimulation based on

purely structural conditions of the LTSs involved, and show ade-

quacy results. Then, we elaborate a computational profile of the

new bisimulations. First, we show that the problem of checking

whether two LTSs are bisimilar is coNP-complete. Then, we investi-

gate model contractions in order to obtain minimal LTSs, and show

that they can be computed in polynomial time.
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1 INTRODUCTION
Labeled transition systems (LTSs) are the de facto formalism for

describing the behavior of a system. An LTS focuses on how the

execution of an action transforms one state of the system into

another. These structures are central in different areas of computer

science, such as concurrency theory, process algebra, and modal

logics (including temporal and epistemic variants), among others.

In general, LTSs act as abstractions of actual systems in order

to analyze their properties. For instance, they play a key role in

model-checking, where a logical formula expressing some desired

behavior of the system is verified over the LTS that represents it

(see, e.g., [9]). As a result, the problem of determining whether

two system representations have an equivalent behavior becomes

crucial. From a computational or cognitive perspective, for example,

working with minimal representations of equivalent systems is

often desirable, once a suitable definition of “equivalence” is fixed.

This work is licensed under a Creative Commons Attribution Inter-

national 4.0 License.
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Most current approaches introduce structural notions of model

equivalence, i.e., notions that are based solely on intrinsic character-

istic of the models. In this regard, the standard notion of bisimula-
tion [26, 27, 30, 31] was introduced, inspired by the classical notion

of automata equivalence (see, e.g., [24]). In short, a bisimulation is a

relation 𝑍 between states of two LTSs satisfying certain structural

conditions, namely that if two states 𝑠 and 𝑠′ are related by 𝑍 (i.e.,

𝑠𝑍𝑠′), and it is possible to perform a step from 𝑠 to another state 𝑡

via an action 𝑎, it is also possible to perform a step via 𝑎 from 𝑠′

to another state 𝑡 ′ such that 𝑡𝑍𝑡 ′, and vice-versa. For the case of

LTSs where states are also labeled, it is additionally required that

states related by 𝑍 share the same labeling. Intuitively, bisimula-

tions capture the idea that, two LTSs represent equivalent systems,

if every state of an LTS can be simulated by a state in the other

system, in the sense that the execution of actions in one system

can be mimicked by the other.

The origin of bisimulations can be traced back to a collection

of works emerging from different areas (see, e.g., [31] for a dis-

cussion), ranging from algebraic theory of automata [22], to pro-

gram/process comparison [26, 30]. Moreover, bisimulations have

become a standard tool to characterize the expressivity of modal

languages (see [13, 34]). In this context, it was proved that bisimilar

models satisfy the same modal formulas (in what is usually known

as the basic modal language), thus guaranteeing that they exhibit

the same “modal behavior”. Remarkably, this notion of equivalence

was introduced even earlier with a more operational definition, by

means of what are now called Ehrenfeucht-Fraïssé games [17, 21].

In modern modal logic, there exists a vast number of modal

languages with different levels of expressivity, each requiring its

own notion of bisimulation (see [13]). Our focus, in this article,

is to investigate the computational properties of bisimulation for

knowing-how logics. Knowing-how is an epistemic concept moti-

vated by scenarios in AI related to strategic abilities and planning.

The proposal in [36, 37] constitutes the starting point of a series of

works addressing different aspects of knowing-how. Within this

approach, we say that an agent knows how to achieve a goal𝜓 from
an initial condition 𝜑 , if there exists a sequence of actions 𝜎 (a plan)
that can be executed to completion without ever aborting (a re-

quirement usually referred to as strong executability) from every

state satisfying 𝜑 , leading unerringly to states satisfying𝜓 . In [3, 4],

this definition is extended so that an LTS represents the available

courses of action for the agents, while each agent’s perception is

modeled by an indistinguishability relation between plans. Thus, an

agent knows how to achieve a goal from a given initial condition if

a set of indistinguishable plans meet the conditions described above.
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The obtained logic is called uncertainty-based knowing how logic
and denoted LKh𝑖 . Notice that the practical or procedural knowl-
edge (ability-based and skill-oriented) of an agent is now relativized
to sets of plans, that encode her perception about her own abili-

ties/skills (see Def. 2.6). Then, in this article we focus on a notion

of model equivalence through bisimulations in this context, where

equivalence is not only defined with respect to the structural char-

acteristics of the LTS, but it is also relative to a set of plans or a

notion of plan equivalence that is part of the input.

Some proposals of “plan-dependent” bisimulations can be found

in previous literature. This is the case, for instance, of stuttering
bisimulation [15]. Stuttering bisimulations define a notion of model

equivalence in which certain intermediate states along a plan can be

ignored. What matters for equivalence is the emerging, observable

behavior along a plan, disregarding possible repetitions of a given

state. Another example is bisimulation for strategy logic [12], useful

to determine the ability of an agent to commit to a strategy. In this

setting, bisimulations are defined relative to strategies and histories

(not just states). In [10, 11], model comparison via bisimulations is

explored, considering objective and subjective semantics for ATL∗.
While in the former the notion of equivalence relies on the available

actions of the LTS, the latter takes into account each agent’s infor-

mation about the system, just as we will do. In [28], bisimulations

are used to compute heuristics for automated planning. Therein,

model minimization is performed with respect to equivalent paths.

Contributions. Our first contribution is to reformulate the defi-

nition of bisimulations for LKh𝑖 , in terms of structural conditions.

An adequate notion of bisimulation for LKh𝑖 was first introduced
in [4], building on the work of [20]. A distinctive feature of these

notions is the presence of a syntactic clause, stating that for two

models to be bisimilar, plans executed at propositionally definable
sets in one model should be mimicked in the other model. A set

is propositionally definable in a model, if it coincides with the ex-

tension of a propositional formula. In this article, we recast the

“propositional definability” condition into a clause that depends

simply on the valuation function of the model, and we establish

its adequacy. We call the new notion L∗Kh𝑖-bisimulation, and show

that L∗Kh𝑖-bisimilar models satisfy the same LKh𝑖 -formulas, while

the converse holds for LTSs with finite sets of states. Interestingly,

although LTSs that are L∗Kh𝑖-bisimilar are also bisimilar under the

definition from [4], the converse does not hold in general. However,

it holds for finite-state LTSs, which is sufficient for our purposes.

The notion of L∗Kh𝑖-bisimulation has some particularities. First,

the notion is global, i.e., conditions are established for all states in

the model. Second, plan execution is checked with respect to a set

of states, instead of a single state. Third, the plans executed on each

model can differ, e.g., they can have different lengths, with the status

of intermediate states being ignored. These plans, besides modeling

the agent’s perception, can be abstractly understood as those plans

that are known to be more likely to succeed. For instance, this could

be the case of a robot that has to traverse a surface, following sets

of plans derived from previously recorded paths. Then, these plans

could be part of the input in a model-checking procedure.

The structural nature of L∗Kh𝑖-bisimulation is useful for compu-

tational analysis. We characterize the complexity of the model

comparison problem under L∗Kh𝑖-bisimulation. In particular, we

prove that checking whether two models are L∗Kh𝑖-bisimilar is coNP-
complete. For the upper bound, we provide a non-deterministic

algorithm that verifies counter-examples, while the lower bound

is obtained by a reduction from the problem of deciding whether

a propositional formula in disjunctive normal form is a tautology

(see [7]). The algorithm also enables us to build a polynomial size

formula that distinguishes the two models, if one exists.

Finally, we investigate the problem of model minimization under

L∗Kh𝑖-bisimulation and show that minimal models can be obtained

via bisimulation-based contractions. It has been established in [3, 4]

that the model-checking problem for LKh𝑖 can be solved in polyno-

mial time, with respect to the number of states and the number of

plans that the agent is aware of. In this article, we study different

ways of contracting a model while minimizing these measures. Cru-

cially, to obtain minimal models the relevant paths between certain

states are abstracted into one-step actions, while preserving their

meaning with respect to LKh𝑖 . Intermediate states can be safely ig-

nored, similar to the so-called path abstraction technique [1, 32, 33],

introduced to make model-checking algorithms more tractable.

Outline. In Sec. 2 we introduce the syntax and semantics of the

uncertainty-based knowing how logic LKh𝑖 , together with the no-

tion of bisimulation from [4]. In Sec. 3 we reformulate the clauses of

bisimulation, show a correspondence with the previous definition,

and prove adequacy results. Moreover, we investigate the definabil-

ity problem in LKh𝑖 as a corollary. Sec. 4 is devoted to prove that

the problem of deciding if two models are L∗Kh𝑖-bisimilar is coNP-
complete. Moreover, our algorithm enables to extract a formula

distinguising the models, if one exists. Then, in Sec. 5 we investi-

gate the problem of model minimization, for which we propose two

approaches: one based on L∗Kh𝑖-bisimulation and another based on

standard bisimulations. In Sec. 6 we provide some final remarks.

2 PRELIMINARIES
2.1 Syntax and Semantics
We start by presenting the logical framework introduced in [3, 4].

In the rest of the article, let Prop be a countable set of propositional

symbols and Agt a finite set of agents.

Definition 2.1. Formulas of the language LKh𝑖 are defined by

the following grammar:

𝜑 ::= 𝑝 | ¬𝜑 | 𝜑 ∨ 𝜑 | Kh𝑖 (𝜑, 𝜑),
where 𝑝 ∈ Prop and 𝑖 ∈ Agt. Other Boolean connectives are defined

as usual. The formula Kh𝑖 (𝜑,𝜓 ) is read as “when𝜑 is the case, agent 𝑖
knows how to make𝜓 true”.

In [36, 37], formulas are interpreted over labeled transition sys-
tems (LTSs), i.e., relational models in which each relation indicates

the source and target of a particular action the agent can perform.

This is extended in [3, 4] to include a notion of uncertainty or

indistinguishability between plans (a.k.a. the agents perceptions).

Definition 2.2 (Actions and plans). Let Act∗ be the set of finite
sequences over a set of actions Act. Elements of Act∗ are called

plans, with 𝜖 being the empty plan. Given 𝜎 ∈ Act∗, we use |𝜎 | to
denote its length (with |𝜖 | = 0). For 0 ≤ 𝑘 ≤ |𝜎 |, the plan 𝜎𝑘 is 𝜎’s

initial segment up to (and including) the 𝑘th position (with 𝜎0
def

= 𝜖).

For 0 < 𝑘 ≤ |𝜎 |, the action 𝜎 [𝑘] is the one in 𝜎’s 𝑘th position.
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Definition 2.3 (Uncertainty-based LTS). An uncertainty-based
LTS (LTSU) for Prop and Agt is a tupleM = ⟨S,Act, R,U,V⟩ where
S is a non-empty set of states, Act is a countable non-empty set of

action names, R = {R𝑎 ⊆ S× S | 𝑎 ∈ Act} is a collection of binary

relations on S, U = {U(𝑖) ⊆ P(Act∗) \ {∅} | 𝑖 ∈ Agt} assigns to
every agent a non-empty collection of pairwise disjoint non-empty

sets of plans (i.e., U(𝑖) ≠ ∅, π1, π2 ∈ U(𝑖) with π1 ≠ π2 implies

π1 ∩ π2 = ∅, and ∅ ∉ U(𝑖)) and V : S → P(Prop) is a valuation
function. We say that M is finite-domain if its set of states S

is finite, and thatM is finite if also Act, each V(𝑠), U(𝑖), and all

π ∈ U(𝑖) are finite. If 𝑠 ∈ S, we callM, 𝑠 a pointed LTS
U
.

Intuitively, P𝑖
def

=
⋃

π∈U(𝑖 ) π is the set of plans agent 𝑖 has at

her disposal (alternatively, she is aware of). Each π ∈ U(𝑖) is an
indistinguishability class: two plans in π are seen as equivalent

by the agent (see [3, 4] for a discussion). As discussed therein,

there is a one-to-one correspondence between each U(𝑖) and an

‘indistinguishability relation’ ∼𝑖 ⊆ P𝑖 × P𝑖 describing the agent’s

uncertainty or perception over her available plans (𝜎1 ∼𝑖 𝜎2 iff there

is π ∈ U(𝑖) such that {𝜎1, 𝜎2} ⊆ π). The presentation used here

simplifies the definitions that will follow.

Definition 2.4. Given R = {R𝑎 ⊆ S× S | 𝑎 ∈ Act} and 𝜎 ∈ Act∗,
define R𝜎 ⊆ S× S inductively as: R𝜖

def

= {(𝑠, 𝑠) | 𝑠 ∈ S} and R𝜎𝑎
def

=

R𝜎 ◦R𝑎 . For π ⊆ Act∗ and 𝑇 ∪ {𝑡} ⊆ S, define R𝜎 (𝑡)
def

= {𝑢 ∈
S | (𝑡,𝑢) ∈ R𝜎 }, and R𝜎 (𝑇 )

def

=
⋃
𝑢∈𝑇 R𝜎 (𝑢). Moreover, we denote

Rπ
def

=
⋃

𝜎∈π R𝜎 , Rπ (𝑡)
def

=
⋃

𝜎∈π R𝜎 (𝑡), and Rπ (𝑇 )
def

=
⋃

𝑡 ∈𝑇 Rπ (𝑡).

In what follows, we introduce the notion of strong executability

of plans (see, e.g., [4, 36]), a condition which determines when a

given plan (or a set of them) is appropriate for achieving a certain

goal. Given her uncertainty over (a subset of) Act∗, the abilities of
an agent 𝑖 depend not on what a single plan can achieve, but rather

on what a set of them can guarantee.

Definition 2.5 (Strong executability). LetM = ⟨S,Act, R,U,V⟩ be
an LTS

U
. A plan 𝜎 ∈ Act∗ is strongly executable (SE) at 𝑠 ∈ S if

and only if, for all𝑘 ∈ [0 ... |𝜎 |−1], 𝑡 ∈ R𝜎𝑘 (𝑠) implies R𝜎 [𝑘+1] (𝑡)≠∅.
We define the set SE

M (𝜎) def

= {𝑠 ∈ S | 𝜎 is SE at 𝑠}. Then, a set of
plans π ⊆ Act∗ is strongly executable at 𝑠 if and only if every plan

𝜎 ∈ π is strongly executable at 𝑠 . Finally, SEM (π) def

=
⋂

𝜎∈π SE
M (𝜎)

is the set of the states in S where π is SE.

In short, a plan is strongly executable (at a state) when all its
partial executions can be completed, while a set of plans is strongly
executable when all its plans are strongly executable.

Let us introduce now the semantics of the logic.

Definition 2.6. LetM = ⟨S,Act, R,U,V⟩ be an LTS
U
and 𝑠 ∈ S.

The satisfiability relation |= for LKh𝑖 is inductively defined as:

M, 𝑠 |= 𝑝
def⇔ 𝑝 ∈ V(𝑠)

M, 𝑠 |= ¬𝜑 def⇔ M, 𝑠 ̸ |= 𝜑

M, 𝑠 |= 𝜑 ∨𝜓 def⇔ M, 𝑠 |= 𝜑 orM, 𝑠 |= 𝜓

M, 𝑠 |= Kh𝑖 (𝜑,𝜓 )
def⇔ there is π ∈ U(𝑖) such that:

(1) ⟦𝜑⟧M ⊆ SE
M (π), and

(2) Rπ (⟦𝜑⟧M ) ⊆ ⟦𝜓⟧M ,

where ⟦𝜒⟧M def

= {𝑡 ∈ S | M, 𝑡 |= 𝜒}. Any π making true the

existential statement in the semantic clause of Kh𝑖 (𝜑,𝜓 ) is called
a witness for Kh𝑖 (𝜑,𝜓 ). The universal modality (see [23]) can be

expressed in LKh𝑖 as A𝜑
def

= Kh𝑖 (¬𝜑,⊥) (for 𝑖 arbitrary, see [4]), and
its dual as E𝜑

def

= ¬A¬𝜑 . Notice thatM, 𝑠 |= A𝜑 iff ⟦𝜑⟧M = S.

2.2 A Notion of Bisimulation for LKh𝑖
The notion of bisimulation is a crucial tool to compare models, and

moreover to understand the expressive power of a modal language.

Here we review the notion of bisimulation for LKh𝑖 over LTS
U
s

introduced in [4]. We start by providing some useful abbreviations.

Definition 2.7. LetM = ⟨S,Act, R,U,V⟩ be an LTS
U
over Prop

and Agt. Take π ∈ P(Act∗), 𝑋,𝑇 ⊆ S and 𝑖 ∈ Agt.
• Write 𝑋

π⇒ 𝑇
def⇔ 𝑋 ⊆ SE

M (π) and Rπ (𝑋 ) ⊆ 𝑇 .
• Write 𝑋

𝑖⇒ 𝑇
def⇔ there is π ∈ U(𝑖) such that 𝑋

π⇒ 𝑇 .

Additionally, 𝑋 ⊆ S is propositionally definable inM if and only if

there is a propositional formula 𝜑 such that 𝑋 = ⟦𝜑⟧M .

Now we introduce the notion of bisimulation for LKh𝑖 .

Definition 2.8 (LKh𝑖 -bisimulation). LetM = ⟨S,Act, R,U,V⟩ and
M′ = ⟨S′,Act′, R′,U′,V′⟩ be LTS

U𝑠 . A non-empty 𝑍 ⊆ S× S′ is
called an LKh𝑖 -bisimulation betweenM andM′ if and only if

𝑠𝑍𝑠′ implies all of the following.

(Atom): V(𝑠) = V
′ (𝑠′).

(Kh𝑖 -zig): for any propositionally definable 𝑃 ⊆ S, if 𝑃
𝑖⇒ 𝑇 for

some 𝑇 ⊆ S, then there is 𝑇 ′ ⊆ S
′
such that:

1) 𝑍 (𝑃) 𝑖⇒ 𝑇 ′, and 2) 𝑇 ′ ⊆ 𝑍 (𝑇 ).
(Kh𝑖 -zag): for any propositionally definable 𝑃 ′ ⊆ S

′
, if 𝑃 ′

𝑖⇒ 𝑇 ′

for some 𝑇 ′ ⊆ S
′
, then there is 𝑇 ⊆ S such that:

1) 𝑍−1 (𝑃 ′) 𝑖⇒ 𝑇 , and 2) 𝑇 ⊆ 𝑍−1 (𝑇 ′).
(A-zig): for all 𝑡 ∈ S there is a 𝑡 ′ ∈ S′ such that 𝑡𝑍𝑡 ′.
(A-zag): for all 𝑡 ′ ∈ S′ there is a 𝑡 ∈ S such that 𝑡𝑍𝑡 ′.

(Notice that above, 𝑍 (𝑋 ) and 𝑍−1 (𝑋 ′) have the expected meaning.)

We writeM, 𝑠↔M′, 𝑠′ when there is an LKh𝑖 -bisimulation 𝑍

betweenM andM′ such that 𝑠𝑍𝑠′.

The following theorem establishes a classical adequacy result.

Theorem 2.9 ([4]). LetM, 𝑠 andM′, 𝑠′ be two LTS
Us.M, 𝑠 ↔

M′, 𝑠′ implies M, 𝑠 |= 𝜑 iff M′, 𝑠′ |= 𝜑 , for all LKh𝑖 -formulas 𝜑 .
Moreover, ifM andM′ are finite-domain, the converse also holds.

Thm. 2.9 states that the notion of bisimulation we introduced is

in a sense adequate for the logic. However, one can argue that the

conditions (Kh𝑖 -zig/zag) can be target of criticism. Usually, a notion

of bisimulation relies purely on structural properties of the logic.

However, Def. 2.8 contains clauses quantifying over propositionally
definable sets, i.e., sets that are characterized by a propositional

formula (a syntactic object). This also makes difficult to provide a

procedural way to operate over bisimulations. In the next section

we introduce a novel notion of bisimulation addressing these issues.

3 REDEFINING BISIMULATIONS FOR LKh𝑖
In this section we introduce a novel notion of bisimulation that

maintains the logical properties of Def. 2.8. Interestingly, this new
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notion relies on structural characteristics only and it is more suitable

for defining model-comparison procedures. We start by introducing

a natural property that will be of use in the forthcoming results.

Lemma 3.1. LetM = ⟨S,Act, R,U,V⟩ be an LTS
U, and 𝑠, 𝑡 ∈ S

be such that V(𝑠) = V(𝑡). Then, for all propositional formulas 𝜑 ,
M, 𝑠 |= 𝜑 iffM, 𝑡 |= 𝜑 .

Grouping states in terms of their valuation function defines a

partition on the model that will be crucial in the definition of our

new notion of bisimulation.

Definition 3.2. LetM = ⟨S,Act, R,U,V⟩ be an LTS
U
, define the

relation ZM
def

= {(𝑠, 𝑡) ∈ S× S | V(𝑠) = V(𝑡)}. Let [𝑠] def

= {𝑡 ∈ S |
(𝑠, 𝑡) ∈ ZM }, define ℭM

def

= {[𝑠] | 𝑠 ∈ S}.
We now reformulate the property of “propositionally definability”

in terms of structural properties of the model. Consider first the

following result:

Lemma 3.3. LetM = ⟨S,Act, R,U,V⟩ be an LTS
U, with 𝑃 ⊆ S a

propositionally definable set. Then, for all [𝑠] ∈ ℭM , either [𝑠]∩𝑃 = ∅
or [𝑠] ⊆ 𝑃 . IfM is finite-domain, the converse also holds.

Proof. Let M = ⟨S,Act, R,U,V⟩ be an LTS
U
, and let 𝑃 ⊆ S

be a propositionally definable set, i.e., there exists a propositional

formula𝜓 s.t. ⟦𝜓⟧M = 𝑃 . To prove the lemma, we assume for all

[𝑠] ∈ ℭM , [𝑠] ∩ 𝑃 ≠ ∅ and prove that [𝑠] ⊆ 𝑃 . Since [𝑠] ∩ 𝑃 ≠ ∅,
then there is 𝑡 ∈ 𝑃 s.t. [𝑡] = [𝑠] andM, 𝑡 |= 𝜓 . For all 𝑢 ∈ [𝑠], we
know V(𝑢) = V(𝑡), thus by Lemma 3.1,M, 𝑢 |= 𝜓 . Then, 𝑢 ∈ 𝑃 , and
therefore we obtain [𝑠] ⊆ 𝑃 .

For the converse, assume M is finite-domain, i.e., S is finite.

Suppose that for all [𝑠] ∈ ℭM , either [𝑠] ∩ 𝑃 = ∅ or [𝑠] ⊆ 𝑃 . We

proceed by case analysis. If 𝑃 = ∅, the formula 𝜓 = ⊥ defines 𝑃 ,

thus the proof is concluded. Then assume 𝑃 ≠ ∅. Notice that since
S is finite, each [𝑠] is finite, and moreover, ℭM contains a finite

number of elements. Thus, let us denote ℭM as {[𝑠1], . . . , [𝑠𝑛]},
and denote V( [𝑠]) as V(𝑠) (since for all 𝑢, 𝑣 ∈ [𝑠], V(𝑢) = V(𝑣)).
Then, for each 𝑗 ≠ 𝑘 , there is 𝑝 ∈ Prop s.t. 𝑝 ∈ V( [𝑠 𝑗 ]) and 𝑝 ∉

V( [𝑠𝑘 ]), or viceversa. Let us denote such a variable as 𝑝 𝑗,𝑘 . Define

𝜓 𝑗
def

=
∧𝑛

𝑘=1,𝑘≠𝑗
𝑙 (𝑝 𝑗,𝑘 ), where 𝑙 (𝑝 𝑗,𝑘 ) = 𝑝 𝑗,𝑘 if 𝑝 𝑗,𝑘 ∈ V( [𝑠 𝑗 ]), and

𝑙 (𝑝 𝑗,𝑘 ) = ¬𝑝 𝑗,𝑘 otherwise. It can be proved that the propositional

formula

∨
[𝑠 𝑗 ]⊆ 𝑃 𝜓 𝑗 defines 𝑃 , concluding the proof. □

Finally, we proceed to define a novel notion of bisimulation for

LKh𝑖 with the desired characteristics.

Definition 3.4 (L∗Kh𝑖-bisimulation). LetM = ⟨S,Act, R,U,V⟩ and
M′ = ⟨S′,Act′, R′,U′,V′⟩ be LTS

U𝑠 . A non-empty 𝑍 ⊆ S× S′ is
called an L∗Kh𝑖-bisimulation betweenM andM′ if and only if

𝑠𝑍𝑠′ implies all of the following.

(Atom), (A-zig), (A-zag): as in Def. 2.8.

(Kh𝑖 -zig*): for all 𝑃 ⊆ S such that for any [𝑡] ∈ ℭM either

[𝑡] ∩ 𝑃 = ∅ or [𝑡] ⊆ 𝑃 , if 𝑃
𝑖⇒ 𝑇 for some 𝑇 ⊆ S, then there

is 𝑇 ′ ⊆ S
′
such that: 1) 𝑍 (𝑃) 𝑖⇒ 𝑇 ′, and 2) 𝑇 ′ ⊆ 𝑍 (𝑇 ).

(Kh𝑖 -zag*): for all 𝑃 ′ ⊆ S
′
such that for any [𝑡 ′] ∈ ℭM′ either

[𝑡]′ ∩ 𝑃 ′ = ∅ or [𝑡 ′] ⊆ 𝑃 ′, if 𝑃 ′
𝑖⇒ 𝑇 ′ for some𝑇 ′ ⊆ S

′
, then

there is 𝑇 ⊆ S such that:

1) 𝑍−1 (𝑃 ′) 𝑖⇒ 𝑇 , and 2) 𝑇 ⊆ 𝑍−1 (𝑇 ′).

𝑝M 𝑝 𝑞 𝑞

𝑝

M′

𝑝

𝑞 𝑞

𝑠1 𝑠2 𝑠3 𝑠4

𝑠′
2

𝑠′
1

𝑠′
3

𝑠′
4

𝑎 𝑎 𝑎

𝑑

𝑑

𝑒

Figure 1: Two L∗Kh𝑖-bisimilar models.

We writeM, 𝑠↔∗M′, 𝑠′ when there is an L∗Kh𝑖-bisimulation 𝑍 be-

tweenM andM′ such that 𝑠𝑍𝑠′. Moreover,M↔∗M′ iff there are

𝑠, 𝑠′ such thatM, 𝑠↔∗M′, 𝑠′.

Below we state a correspondence between Defs. 2.8 and 3.4.

Lemma 3.5. If a relation 𝑍 is an L∗Kh𝑖-bisimulation between two

LTS
UsM andM′, then it is an LKh𝑖 -bisimulation between them. If

M andM′ are finite-domain, then the converse also holds.

Proof. LetM = ⟨S,Act, R,U,V⟩ andM′ = ⟨S′,Act′, R′,U′,V′⟩
be two LTS

U𝑠 , and let 𝑍 ⊆ S× S′ be an L∗Kh𝑖-bisimulation. To prove

the property it is enough to see that if 𝑍 satisfies (Kh𝑖 -zig*) (resp.
zag*), then it satisfies (Kh𝑖 -zig) (resp. zag). Let 𝑃 ⊆ S be a proposi-

tionally definable set s.t. for some 𝑇 ⊆ S, we have 𝑃
𝑖⇒ 𝑇 . We need

to find a set𝑇 ′ ⊆ S
′
s.t. 1) 𝑍 (𝑃) 𝑖⇒ 𝑇 ′, and 2)𝑇 ′ ⊆ 𝑍 (𝑇 ). Since 𝑃 is

propositionally definable, by Lemma 3.3, for all [𝑠] ∈ ℭM , either

[𝑠] ∩𝑃 = ∅ or [𝑠] ⊆ 𝑃 . Moreover, 𝑍 satisfies (Kh𝑖 -zig*), which guar-

antees the existence of the set𝑇 ′ as described above. For (Kh𝑖 -zag*)
the proof is analogous. The converse for the finite-domain case

follows by the converse part in Lemma 3.3. □

As a consequence of the previous lemma, we are able to prove

the corresponding adequacy results for L∗Kh𝑖-bisimulations.

Theorem 3.6. LetM, 𝑠 andM′, 𝑠′ be two LTSUs.M, 𝑠↔∗M′, 𝑠′
impliesM, 𝑠 |= 𝜑 iffM′, 𝑠′ |= 𝜑 , for all LKh𝑖 -formulas 𝜑 . IfM and
M′ are finite-domain, the converse also holds.

Proof. It follows by Lemma 3.5 and Thm. 2.9. □

As an example, letM andM′ be two LTS
U
s with Agt = {𝑖},

whose graphical representation is given in Fig. 1, where U(𝑖) =
{{𝑎𝑎}} and U

′ (𝑖) = {{𝑑𝑒, 𝑑}}. It is easy to check that M, 𝑠1 ↔
∗

M′, 𝑠′
1
, since𝑍 defined by the dashed arrows is an L∗Kh𝑖 -bisimulation.

For instance, we can check that [𝑠1] = {𝑠1, 𝑠2} and that [𝑠1]
𝑖⇒

[𝑠3] = {𝑠3, 𝑠4}, with witness {𝑎𝑎}. We can take 𝑇 ′ = [𝑠′
3
] = {𝑠′

3
, 𝑠′
4
},

since it satisfies that 1) 𝑍 ( [𝑠1])
𝑖⇒ 𝑇 ′ (witness {𝑑𝑒, 𝑑}), and 2)

𝑇 ′ ⊆ 𝑍 ( [𝑠3]) (actually, 𝑇 ′ = [𝑠′
3
] = 𝑍 ( [𝑠3])).

It is worth noticing that an LKh𝑖 -bisimulation𝑍 is not necessarily

an L∗Kh𝑖-bisimulation (although this is the case in finite models).

Suppose that Prop is an infinite and countable set of propositional

symbols. LetM = ⟨S,Act, R,U,V⟩ be an LTS
U
s.t. S = P(Prop) and

V(𝑠) = 𝑠 . Clearly, P(Prop) is not countable. However, the set of all
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the propositional formulas built over Prop is countable, thus there

is some 𝑠 ∈ P(Prop) such that {𝑠} is not propositionally definable.

Hence, the converse of Lemma 3.3 in the general case does not hold.

With this at hand, we can defineM andM′ such that they are

LKh𝑖 -bisimilar but not L∗Kh𝑖-bisimilar. LetM = ⟨S,Act, R,U,V⟩ and
M′ = ⟨S,Act, R,U′,V⟩ be s.t. S = P(Prop), Act = {𝑎, 𝑏}, V(𝑠) = 𝑠 ,

U(𝑖) = {{𝑎}, {𝑏}} and U
′ (𝑖) = {{𝑎}}. Define also R𝑎 = S× S, and,

for a fix 𝑠 s.t. {𝑠} is not propositionally definable, R𝑏 = {(𝑠, 𝑠)}. Take
𝑃 = {𝑠} as in Def. 3.4, then {𝑠} 𝑖⇒ {𝑠} via {𝑏} inM. However, there

is no matching π ∈ U
′ (𝑖), since the only possible witness inM′

is {𝑎}, but R𝑎 ({𝑠}) ⊈ R𝑏 ({𝑠}). Thus,M, 𝑠↔M′, 𝑠 butM, 𝑠↔∗M′, 𝑠
does not hold. This situation is natural since LKh𝑖 -bisimulations

involve a finite characterization of sets via propositional formulas,

while L∗Kh𝑖-bisimulations get rid of such a condition.

We conclude this section with a result that already illustrates

the impact of our developments. Concretely, we show that with the

results introduced above we can solve the definability problem (see,

e.g., [5, 6] for examples of its use) for LKh𝑖 in polynomial time.

Corollary 3.7 (Definability). LetM = ⟨S,Act, R,U,V⟩ be a
finite-domain LTS

U, and let 𝑋 ⊆ S. The problem of deciding whether
there exists an LKh𝑖 -formula 𝜑 such that ⟦𝜑⟧M = 𝑋 is in P.

Proof. In [4, Prop. 3] it is established that ⟦𝜑⟧M = 𝑋 for some

LKh𝑖 -formula 𝜑 iff ⟦𝜓⟧M = 𝑋 , for some propositional formula 𝜓 .

Then, by Lemma 3.3, the problem boils down to computingℭM , and

then checking whether 𝑋 ∩ [𝑠] = ∅ or [𝑠] ⊆ 𝑋 , for each [𝑠] ∈ ℭM .

This computation can be clearly done in polynomial time. □

4 COMPLEXITY OF MODEL-COMPARISON
This section is devoted to a computational analysis of bisimulations

in the context of LKh𝑖 . These bisimulations depend on the sets of

plans specified on U(𝑖). The main problem we address here consists

in checking whether two finite models are bisimilar:

Definition 4.1. Define the problem KhiBisim as:

KhiBisim
def

= {⟨M,M′⟩ | M,M′ are finite LTSUs andM↔∗M′}.

Before we proceed to characterize the complexity of KhiBisim,
we will discuss some subproblems that are of interest for their

own sake. Concretely, KhiBisim can be thought of as a “search and

verification problem”, consisting on finding a potential candidate 𝑍

for a bisimulation and checking that 𝑍 actually is a bisimulation.

Remarkably, the search part is not actually needed, as we can use a

very particular relation that works universally. We postpone the

definition of such a relation, and start providing an algorithm and

a complexity characterization of the problem of checking if a given

𝑍 is a bisimulation. Below,M andM′ are always finite.

Definition 4.2. Define the problem CheckKhiBisim as:

CheckKhiBisim
def

= {⟨M,M′, 𝑍 ⟩ | 𝑍 is an L∗Kh𝑖 -bisimulation

betweenM andM′}.

Lemma 4.3. Deciding CheckKhiBisim is in coNP.

Proof. To prove that CheckKhiBisim is in coNP we will give a

non-deterministic algorithm for its complement. First, we guess a

certificate that acts as a counterexample. In our case, the certificate

Algorithm 1 Counterexample Verifier

1: function NotSimulates(M,M′, 𝑍,𝑋 )

2: for all 𝑖 ∈ Agt do
3: for all π ∈ U(𝑖 ) do
4: if 𝑋 ⊆ SE

M (π) then
5: 𝑇,𝑋 ′ ← Rπ (𝑋 ), 𝑍 (𝑋 )
6: 𝑇 ′ ← 𝑍 (𝑇 )
7: foundWitness← False

8: for all π′ ∈ U′ (𝑖 ) do
9: if 𝑋 ′⊆ SEM′ (π′ ) and R′

π′ (𝑋
′ )⊆𝑇 ′ then

10: foundWitness← True

11: if not foundWitness then return 1

12: return 0

13: function CounterExCheck(M,M′, 𝑍, ⟨𝑋,𝑏 ⟩)
14: if 𝑏 then
15: if exists [𝑠 ] ∈ ℭM s.t. [𝑠 ] ⊈ 𝑋 and [𝑠 ] ∩𝑋 ≠ ∅ then
16: return 0

17: return NotSimulates(M,M′, 𝑍,𝑋 )

18: else
19: if exists [𝑠′ ] ∈ ℭM′ s.t. [𝑠′ ] ⊈ 𝑋 and [𝑠′ ] ∩𝑋 ≠ ∅ then
20: return 0

21: return NotSimulates(M′,M, 𝑍 −1, 𝑋 )

will be of the form 𝑥 = ⟨𝑋,𝑏⟩, where 𝑋 is a subset of states from

one of the models, and 𝑏 is a bit indicating to which model we

are referring to. Notice that |𝑥 | ≤ 𝑓 ( |M| + |M′ | + |𝑍 |) for some

polynominal 𝑓 . Then, we need to verify that 𝑥 is a counterexample

for CheckKhiBisim, i.e., to provide an algorithm A s.t. 𝑍 is not an

L∗Kh𝑖 -bisimulation betweenM andM′ iff A(𝑥) = 1.

Checking conditions (Atom), (A-zig) and (A-zag) can clearly be

done in polynomial time w.r.t. the number of states of the models,

and any certificate works as a counterexample. Thus, the crucial

part is to check the conditions (Kh𝑖 -zig*/zag*). The function Coun-

terExCheck in Alg. 1 checks if (Kh𝑖 -zig*) is satisfied over the set𝑋
playing the role of 𝑃 in Def. 3.4 ((Kh𝑖 -zag*) is obtained by inverting

the parameters in line 21, whenever 𝑏 = 0). The condition in line 15

(resp. line 19) requires to computing ℭM (resp. ℭM′ ), which can be

done in polynomial time on the number of states of the respective

model. Then, the rest of the solution relies on invoking the function

NotSimulates, which verifies if the given input is a counterexam-

ple. The most critical part is in lines 4, 5 and 9, but as stated in [4],

all these can be done in polynomial time. Correctness of Alg. 1

follows since it simply verifies the conditions from Def. 3.4. □

To establish a matching lower bound, we reduce the problem of

checking whether a propositional formula 𝜑 in DNF is a tautology,

known to be coNP-complete (see [7]). The strategy is to create two

models that are identical, except that an additional action 𝑡𝑒𝑠𝑡 can

be potentially executed in only one of them, and such an action can

be mimicked in the other model if and only if 𝜑 is a tautology. The

sets 𝑃 and 𝑃 ′ of Def. 3.4 will encode possible valuations for 𝜑 .

Lemma 4.4. Deciding CheckKhiBisim is coNP-hard.

Proof. The proof proceeds by reduction of the problem below:

DNF-TAUT
def

= {𝜑 | 𝜑 is a propositional tautology in DNF}.
Let us define 𝑓 : DNF-TAUT → CheckKhiBisim as the following

mapping between instances of the respective problems. Let 𝜑 =

𝜑1 ∨ ... ∨𝜑𝑚 be a propositional formula in disjunctive normal form

(DNF), and let 𝑝1, ..., 𝑝𝑛 ∈ Prop those symbols that appear in 𝜑 .

Then, 𝑓 maps 𝜑 to ⟨M,M′, 𝑍 ⟩, where Agt def

= {𝑎𝑔𝑡} and:
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• M def

= ⟨S,Act, R, {U(𝑎𝑔𝑡)},V⟩,
• M′ def

= ⟨S,Act, R, {U′ (𝑎𝑔𝑡)},V⟩, where
• S

def

= {𝑠𝑖 | 𝑖 ∈ {1, ..., 𝑛}} ∪ {𝑡 𝑗 | 𝑗 ∈ {1, ...,𝑚}} ∪ {𝑒},
• Act

def

={𝑖𝑛𝜑 𝑗
| 𝑗 ∈ {1, ...,𝑚}}∪{𝑜𝑢𝑡𝜑 𝑗

| 𝑗 ∈ {1, ...,𝑚}}∪{𝑡𝑒𝑠𝑡},
• R𝑖𝑛𝜑𝑗

def

={(𝑠𝑖 , 𝑡 𝑗 ) | 𝑝𝑖 does not appear in negative form in 𝜑 𝑗 },
• R𝑜𝑢𝑡𝜑𝑗

def

={(𝑡 𝑗 , 𝑠𝑖 ) | 𝑝𝑖 appears in positive form in 𝜑 𝑗 } ∪
{(𝑡 𝑗 , 𝑒) | 𝜑 𝑗 does not contain positive symbols},

• R𝑡𝑒𝑠𝑡
def

= {(𝑠𝑖 , 𝑠𝑖 ) | 𝑖 ∈ {1, ..., 𝑛}} ∪ {(𝑠𝑖 , 𝑒) | 𝑖 ∈ {1, ..., 𝑛}},
• R

def

= {R𝑖𝑛𝜑𝑗
, R𝑜𝑢𝑡𝜑𝑗

| 𝑗 ∈ {1, ...,𝑚}} ∪ {R𝑡𝑒𝑠𝑡 },
• U
′ (𝑎𝑔𝑡) def

= {{𝑖𝑛𝜑 𝑗
𝑜𝑢𝑡𝜑 𝑗

} | 𝑗 ∈ {1, ...,𝑚}},
• U(𝑎𝑔𝑡) def

= U
′ (𝑎𝑔𝑡) ∪ {{𝑡𝑒𝑠𝑡}}, and

• let 𝑞1, ..., 𝑞𝑛+𝑚+1 ∈ Prop be 𝑛 + 𝑚 + 1 different proposi-

tional variables, we define: V(𝑠𝑖 )
def

= {𝑞𝑖 } for all 𝑖 ∈ {1, ..., 𝑛};
V(𝑡 𝑗 )

def

= {𝑞 𝑗+𝑛}, for all 𝑗 ∈ {1, ...,𝑚}, and V(𝑒) = {𝑞𝑛+𝑚+1},
• 𝑍

def

= {(𝑠, 𝑠) | 𝑠 ∈ S}.

We need to prove that 𝜑 is a propositional tautology iff 𝑍 is an L∗Kh𝑖 -
bisimulation betweenM andM′. Notice that the sets of states

ofM andM′ coincide, so whenever we have 𝑠𝑍𝑡 , 𝑠 is seen as a

member ofM while 𝑡 is a member ofM′. W.l.o.g., we assume that

every valuation making 𝜑 false assigns 1 to some of the variables

(otherwise, 𝑓 can be easily modified to handle this case). It is clear

that |M| + |M′ | + |𝑍 | is polynomial w.r.t. the size of 𝜑 .

⇒) Suppose 𝜑 = 𝜑1 ∨ . . . ∨ 𝜑𝑚 ∈ DNF-TAUT and let 𝑝1, ..., 𝑝𝑛 ∈
Prop those symbols that appear in 𝜑 . Let us check that 𝑍 is an L∗Kh𝑖 -
bisimulation betweenM andM′, with 𝑓 (𝜑) = ⟨M,M′, 𝑍 ⟩. If 𝑠𝑍𝑠′,
then 𝑍 satisfies (Atom), because by definition 𝑠 = 𝑠′. Conditions
(A-zig/zag) are also directly satisfied. For (Kh𝑖 -zag*) note that every
witness inM′ can be mimicked onM, then the condition directly

holds. Let us see that 𝑍 satisfies (Kh𝑖 -zig*).
Before proceeding, notice that𝑍 (𝑋 ) = 𝑋 , for all𝑋 ⊆ S. Take then

𝑃,𝑇 ⊆ S s.t. for all [𝑠] ∈ ℭM we have 𝑃 ∩ [𝑠] = ∅ or [𝑠] ⊆ 𝑃 , and s.t.

𝑃
𝑎𝑔𝑡
⇒ 𝑇 . We need to show that exists 𝑇 ′ ⊆ S s.t.: 1) 𝑍 (𝑃)

𝑎𝑔𝑡
⇒ 𝑇 ′ and

2)𝑇 ′ ⊆ 𝑍 (𝑇 ). It is worth noticing that if {𝜎} is a witness of 𝑃
𝑎𝑔𝑡
⇒ 𝑇

of the form 𝜎 = 𝑖𝑛𝜑 𝑗
𝑜𝑢𝑡𝜑 𝑗

, for 1 ≤ 𝑗 ≤ 𝑚, we can take 𝑇 ′ = 𝑇

and the same {𝜎} as witness of 𝑍 (𝑃)
𝑎𝑔𝑡
⇒ 𝑇 ′. Then, suppose that

𝜎 = 𝑡𝑒𝑠𝑡 . By definition of R, 𝑃 ⊆ SE
M (𝑡𝑒𝑠𝑡) only if 𝑃 ⊆ {𝑠1, . . . , 𝑠𝑛}.

Since R𝑡𝑒𝑠𝑡 (𝑃) = 𝑃 ∪ {𝑒}, then necessarily 𝑃 ∪ {𝑒} ⊆ 𝑇 (†).
Consider now the valuation 𝑣 : Prop → {0, 1} s.t. 𝑣 (𝑝𝑖 ) = 1

for all 𝑖 s.t. 𝑠𝑖 ∈ 𝑃 , and 𝑣 (𝑝𝑖 ) = 0 for all 𝑖 s.t. 𝑠𝑖 ∈ {𝑠1, . . . , 𝑠𝑛} \ 𝑃 .
Since 𝜑 is a tautology, there is some 𝜑 𝑗 s.t. 𝑣 ⊩ 𝜑 𝑗 (here, ⊩ rep-

resents the standard satisfiability relation in propositional logic,

see e.g. [35]). Thus, if a propositional variable 𝑝𝑖 appears posi-

tively in 𝜑 𝑗 , then 𝑠𝑖 ∈ 𝑃 , whereas if 𝑝𝑖 appears negatively in 𝜑 𝑗

then 𝑠𝑖 ∈ {𝑠1, . . . , 𝑠𝑛} \ 𝑃 . As a consequence of the latter, 𝑃 ⊆
SE
M′ (𝑖𝑛𝜑 𝑗

𝑜𝑢𝑡𝜑 𝑗
), and moreover, 𝑡 𝑗 ∈ R𝑖𝑛𝜑𝑗

(𝑃). Additionally, it
holds that (𝑡 𝑗 , 𝑢) ∈ R𝑜𝑢𝑡𝜑𝑗

iff, either 𝑢 = 𝑠𝑘 for 𝑘 s.t. 𝑝𝑘 appears in

𝜑 𝑗 positively, or 𝑢 = 𝑒 , if 𝜑 𝑗 contains no propositional symbols in

positive form. Thus, necessarily R𝑖𝑛𝜑𝑗
𝑜𝑢𝑡𝜑𝑗

(𝑃) ⊆ 𝑃∪{𝑒} ⊆ 𝑇 (using

also †). Then, 𝑇 ′ = R𝑖𝑛𝜑𝑗
𝑜𝑢𝑡𝜑𝑗

(𝑃) works to show that 𝑍 (𝑃)
𝑎𝑔𝑡
⇒ 𝑇 ′,

and furthermore, that 𝑇 ′ ⊆ 𝑇 = 𝑍 (𝑇 ). Hence, 𝑍 satisfies (Kh𝑖 -zig*).

𝑞3

𝑞4

𝑞5

𝑞1

𝑞2 𝑞6
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𝑖𝑛𝜑
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𝑖𝑛𝜑
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𝑖𝑛𝜑
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𝑜𝑢𝑡𝜑
1

𝑡𝑒𝑠𝑡

𝑜𝑢𝑡𝜑
2

𝑡𝑒𝑠𝑡

𝑜𝑢𝑡𝜑
3

𝑡𝑒𝑠𝑡

𝑡𝑒𝑠𝑡

U(𝑎𝑔𝑡 ) =
{
{𝑖𝑛𝜑

1
𝑜𝑢𝑡𝜑

1
}, {𝑖𝑛𝜑

2
𝑜𝑢𝑡𝜑

2
}, {𝑖𝑛𝜑

3
𝑜𝑢𝑡𝜑

3
}, {𝑡𝑒𝑠𝑡 }

}
U
′ (𝑎𝑔𝑡 ) =

{
{𝑖𝑛𝜑

1
𝑜𝑢𝑡𝜑

1
}, {𝑖𝑛𝜑

2
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2
}, {𝑖𝑛𝜑

3
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3
}
}

Figure 2: Graphical representation ofM andM′.

⇐)Wewill prove the contrapositive, i.e., that𝜑 = 𝜑1∨ . . .∨𝜑𝑚 ∉

DNF-TAUT implies𝑍 is not an L∗Kh𝑖 -bisimulation betweenM andM′.
Let 𝑣 be the valuation s.t. for all 1 ≤ 𝑗 ≤ 𝑚, we have 𝑣 ⊮ 𝜑 𝑗 . Let

𝑉 + = {𝑝𝑖 | 𝑣 (𝑝𝑖 ) = 1}, and 𝑃+ = {𝑠𝑖 | 𝑝𝑖 ∈ 𝑉 +}. As mentioned

earlier, we can assume w.l.o.g. that 𝑃+ ≠ ∅. We will check that 𝑍

fails to satisfy (Kh∗𝑖 -zig).
Since 𝑃+ ⊆ {𝑠1, . . . , 𝑠𝑛}, we have that 𝑃+ ⊆ SE

M (𝑡𝑒𝑠𝑡) and
R𝑡𝑒𝑠𝑡 (𝑃+) = 𝑃+ ∪ {𝑒}, thus 𝑃+

𝑎𝑔𝑡
⇒ 𝑃+ ∪ {𝑒}. We need to show that

there is no 𝑇 ′ s.t. 1) 𝑍 (𝑃+)
𝑎𝑔𝑡
⇒ 𝑇 ′ and 2) 𝑇 ′ ⊆ 𝑍 (𝑇 ). Notice that

inM′, the only possible witness for 1) is of the form {𝑖𝑛𝜑 𝑗
𝑜𝑢𝑡𝜑 𝑗

},
for 1 ≤ 𝑗 ≤ 𝑚. Notice that since for all 𝑗 , 𝑣 ⊮ 𝜑 𝑗 , then either: (A)

exists 𝑝𝑖 ∈ 𝑉 + that appears negatively in 𝜑 𝑗 , or (B) exists 𝑝𝑖 ∈
{𝑝1, . . . , 𝑝𝑛} \𝑉 + that appears positively in 𝜑 𝑗 . Let us analyze each

case. If (A) holds, then that 𝑝𝑖 ∈ 𝑉 + appears negatively in 𝜑 𝑗 implies

that 𝑠𝑖 ∉ SE
M′ (𝑖𝑛𝜑 𝑗

𝑜𝑢𝑡𝜑 𝑗
). Thus such a plan cannot be awitness for

finding a proper𝑇 ′. Otherwise, if (B) holds, that 𝑝𝑖 ∈ {𝑝1, . . . , 𝑝𝑛} \
𝑉 + appears positively in 𝜑 𝑗 implies that 𝑠𝑖 ∈ R𝑖𝑛𝜑𝑗

𝑜𝑢𝑡𝜑𝑗
(𝑃+). Since

𝑠𝑖 ∉ 𝑃+, we have R𝑖𝑛𝜑𝑗
𝑜𝑢𝑡𝜑𝑗

(𝑃+) ⊈ 𝑃+ ∪ {𝑒} = 𝑍 (𝑃+ ∪ {𝑒}). Again,
such a plan is not appropriate to find a suitable 𝑇 ′. As we analyzed
all possible cases, we conclude that 𝑍 does not satisfy (Kh∗𝑖 -zig),
thus 𝑍 is not an L∗Kh𝑖-bisimulation betweenM andM′. □

For instance, for the formula 𝜑 = (𝑝1 ∧¬𝑝2) ∨ (𝑝2) ∨ (¬𝑝1), the
mapping 𝑓 (𝜑) results in modelsM andM′ as indicated in Fig. 2.

It is easy to check that 𝜑 ∈ DNF-TAUT, and that 𝑍 as in Lemma 4.4

is an L∗Kh𝑖-bisimulation between the obtained models.

Theorem 4.5. Deciding CheckKhiBisim is coNP-complete.

Proof. It follows from Lemmas 4.3 and 4.4. □

The next result states that, to check whether two LTS
U
are bisim-

ilar, we can run the defined algorithm with a particular 𝑍 .

Lemma 4.6. LetM andM′ be LTSUs s.t.M = ⟨S,Act, R,U,V⟩
andM′ = ⟨S′,Act′, R′,U′,V′⟩.M↔∗M′ implies that𝔅

def
= {(𝑡, 𝑡 ′) ∈

S× S′ | V(𝑡) = V
′ (𝑡 ′)} is an L∗Kh𝑖-bisimulation betweenM andM′.

Proof Sketch. Suppose 𝑍 is an L∗Kh𝑖-bisimulation betweenM
andM′. We need to show that all the conditions from Def. 3.4 holds
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for 𝔅. By definition, 𝔅 satisfies (Atom). Since 𝑍 satisfies (Atom),

we get 𝑍 ⊆ 𝔅. Then, (A-zig/zag) follows for 𝔅.

To prove (Kh𝑖 -zig*), let us take 𝑃,𝑇 ⊆ S as in Def. 3.4, and show

that there exists 𝑇 ′ s.t.: 1) 𝔅(𝑃) 𝑖⇒ 𝑇 ′ and 2) 𝑇 ′ ⊆ 𝔅(𝑇 ). Since
𝑍 is an L∗Kh𝑖-bisimulation, there is 𝑇 ′′ s.t. 1) 𝑍 (𝑃) 𝑖⇒ 𝑇 ′′ and 2)

𝑇 ′′ ⊆ 𝑍 (𝑇 ). We will show that we can take 𝑇 ′ = 𝑇 ′′. It is clear
that since 𝑍 ⊆ 𝔅 and 𝑇 ′′ ⊆ 𝑍 (𝑇 ), then 𝑇 ′′ ⊆ 𝔅(𝑇 ). Thus, we only
need to prove that𝔅(𝑃) 𝑖⇒ 𝑇 ′′. But by definition of𝔅, and since 𝑍

is a bisimulation, we can show that 𝔅(𝑃) = 𝑍 (𝑃), concluding the
proof. The condition (Kh𝑖 -zag*) can be shown analogously. □

Corollary 4.7. Deciding KhiBisim is coNP-complete.

Proof. The problem can be decided in coNP by Lemmas 4.3

and 4.6, invoking CounterExCheck with 𝑍 = 𝔅. Furthermore,

coNP-hardness follows by Lemma 4.4. □

As a by-product, it can be shown that the problem of checking

whether two pointed LTS
U
are L∗Kh𝑖-bisimilar is also coNP-complete.

Corollary 4.8. Deciding PKhiBisim is coNP-complete, where

PKhiBisim
def
= {⟨M, 𝑠,M′, 𝑠′⟩ | M, 𝑠↔∗M′, 𝑠′}.

Proof. The result follows by reducing the problem KhiBisim,
and by running Alg. 1 and checking if two states belong to 𝔅. □

We finish this section with a last result that is a consequence

from our previous developments. In the finite case, two models are

not L∗Kh𝑖 -bisimilar iff there is a formula that distinguishes them.

Actually, we can show that Alg. 1 enables us to build such a formula.

Let Prop′ be the finite set of propositional symbols appearing in the

valuation of some of the models under comparison. For a modelM
and a set of states 𝑋 , we define 𝜑𝑋

def

=
∨
[𝑠 ]∈ℭM ,[𝑠 ]⊆𝑋 𝜑 [𝑠 ] , where

𝜑 [𝑠 ]
def

=
∧

𝑝∈V(𝑠 ) 𝑝 ∧
∧

𝑝∈Prop′\V(𝑠 ) ¬𝑝 . With this at hand, we can

build a formula distinguishing the models.

Theorem 4.9. For finiteM,M′, ifM, 𝑠 ↮∗M′, 𝑠′, then there is a
polynomial size LKh𝑖 -formula 𝜑 s.t.M, 𝑠 |= 𝜑 andM′, 𝑠′ ̸ |= 𝜑 .

Proof sketch. We can use Alg. 1 with 𝑍 = 𝔅 and see in which

case the bisimulation fails, to obtain the intended formula. If (𝑠, 𝑠′) ∉
𝔅 (resp. (A-zig/zag)) then, take 𝜑 = 𝜑 [𝑠 ] (resp. 𝜑 = E𝜑 [𝑡 ] , with 𝑡

being the state where the condition fails). If (Kh𝑖 -zig*) fails ((Kh𝑖 -
zag*) is analogous), take 𝜑 = Kh𝑖 (𝜑𝑋 , 𝜑𝑇 + ) where 𝑋 is the input of

the algorithm and 𝑇 + =
⋃

𝑡 ∈𝑇 [𝑡], for 𝑇 as in line 5. The respective

𝜑 does the job on each case. □

5 BISIMULATION CONTRACTION
One of the most common applications of bisimulation is the one

of model minimization or model contraction. The idea is, given a

model, to obtain one that is smaller than the original one but pre-

serving its properties. Bisimulation is usually a right way to guide

this preservation condition. Model contraction is particularly impor-

tant for model-checking, since the complexity of model-checking

algorithms relies on the size of the model. In turn, it is important to

determine how to measure the relevant parts of the model and mini-

mize them. We will present some proposals for model minimization,

and discuss how they improve on model-checking for LKh𝑖 .

5.1 Contraction Via Propositional Valuations
Our first proposal bears some resemblance to the ideas introduced

to characterize bisimulations between two different models using

the relation𝔅 in Sec. 4. Concretely, we simply collapse those states

that share the same propositional valuation. Still, we need to decide

how to connect the states on the new model.

Lemma 5.1. Let M be an LTS
U, the relation ZM is an auto-

bisimulation. Moreover,ZM is the maximal auto-bisimulation ofM.

Interestingly, by a simple inspection of the valuation function on

a model one can obtain already a maximal bisimulation. Maximality

holds since any other bisimulation cannot relate more states, as

states not related byZM are distinguishable by some propositional

symbol, thus violating (Atom). This property is a consequence of

the globality in these particular bisimulation conditions. Below, we

introduce a model contraction using such a bisimulation.

Definition 5.2. LetM = ⟨S,Act, R,U,V⟩ be an LTS
U
, we define

its valuation contraction asM/ZM = ⟨S′,Act′, R′,U′,V′⟩, where:

• S
′ def

= ℭM , Act′
def

= {𝑎π | π ∈
⋃

𝑖∈Agt U(𝑖)},
• ([𝑠], [𝑡]) ∈ R′𝑎π

def⇔ 1) [𝑠] ⊆ SE
M (π) and 2) (𝑣,𝑢) ∈ Rπ , for

some 𝑣 ∈ [𝑠] and 𝑢 ∈ [𝑡],
• U
′ (𝑖) def

= {{𝑎π} | π ∈ U(𝑖)} (for each 𝑖 ∈ Agt), and
• V
′ ( [𝑠]) def

= V(𝑠).
There are some interesting aspects ofZM to be discussed. Since

this bisimulation collapses the maximum number of states inM, it

is optimal with respect to this measure. Moreover, the size of U
′ (𝑖)

above equals the size of the original U(𝑖), except that now each

π ∈ U′ (𝑖) is a singleton containing a plan of length 1. As a side effect,
the number of accessibility relations may grow, as they compact the

information concerning complex plans that are strongly executable

inM. This trade-off is convenient for performing model-checking,

since not only the number of states obtained is minimal, but also is

the number of visited states needed to execute a plan.

Theorem 5.3. LetM be an LTSU withM/ZM as in Def. 5.2. Then,
for all states 𝑠 , we haveM, 𝑠↔∗M/ZM , [𝑠]. Moreover, for a finiteM,
M/ZM can be computed in polynomial time.

Proof. To prove that M, 𝑠 ↔∗M/ZM , [𝑠], we need to find an

L∗Kh𝑖 -bisimulation 𝑍 s.t. 𝑠𝑍 [𝑠]. Define 𝑍 def

= {(𝑡, [𝑡]) | 𝑡 ∈ S}. First,
notice that 𝑍 ≠ ∅ since S ≠ ∅. Second, 𝑍 satisfies (Atom) directly

since V
′ ( [𝑡]) = V(𝑡). Third, 𝑍 also satisfies (A-zig/zag), because it

is defined for all 𝑡 and [𝑡]. Then, we focus on (Kh𝑖 -zig*), whereas
(Kh𝑖 -zag*) follows by a similar argument. For checking (Kh𝑖 -zig*)
let us take 𝑃,𝑇 ⊆ S such that for all [𝑡] ∈ ℭM either [𝑡] ∩ 𝑃 = ∅ or
[𝑡] ⊆ 𝑃 . Assume also that 𝑃

𝑖⇒ 𝑇 . We need to find 𝑇 ′ ⊆ S
′
s.t. 1)

𝑍 (𝑃) 𝑖⇒ 𝑇 ′, and 2) 𝑇 ′ ⊆ 𝑍 (𝑇 ).
Let us take 𝑇 ′

def

= {[𝑠] | 𝑠 ∈ 𝑇 }. By definition of 𝑍 , it is clear that

𝑍 (𝑇 ) = 𝑇 ′, which implies 2. We need to show that it satisfies 1.

Since 𝑃
𝑖⇒ 𝑇 , there is π ∈ U(𝑖) s.t. 𝑃 ⊆ SE

M (π) and Rπ (𝑃) ⊆ 𝑇 . By
definition ofM/ZM , there is 𝑎π s.t. {𝑎π} ∈ U

′ (𝑖). Let [𝑠] ∈ 𝑍 (𝑃).
Then, exists 𝑡 ∈ [𝑠] s.t. 𝑡 ∈ 𝑃 . By hypothesis, [𝑠] = [𝑡] ⊆ 𝑃 ,

and since 𝑃 ⊆ SE
M (π), [𝑠] ⊆ SE

M (π). Then, there exists 𝑢 s.t.

(𝑡,𝑢) ∈ Rπ . Thus, by definition of R
′
, ( [𝑡], [𝑢]) ∈ R′𝑎π , and since 𝑎π
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is a single action, [𝑡] ∈ SEM/ZM ({𝑎π}), for all [𝑡] ∈ 𝑍 (𝑃). Hence,
𝑍 (𝑃) ⊆ SE

M/ZM ({𝑎π}). It remains to be proved that R
′
𝑎π
(𝑍 (𝑃)) ⊆

𝑇 ′, but this can be directly checked by analyzing the definition

of R
′
. Therefore, we can conclude that 𝑍 (𝑃) 𝑖⇒ 𝑇 ′ (with witness

{𝑎π}), proving condition 1. To see thatM/ZM can be computed in

polynomial time, it is enough to notice that e.g. ℭM and SE
M (π)

(and thus R
′
𝑎π
) can be computed in polynomial time. □

Notice also that we can still reduce the number of actions and

the size of each U(𝑖). This can be achieved by collapsing any pair

of actions 𝑎π and 𝑎π′ such that R
′
𝑎π

= R
′
𝑎π′ into a single action. As

a consequence only one of these equal relations is maintained, as

well as a single class containing the new single action.

5.2 Contractions Via Classical Bisimulations
Here we briefly discuss another possibility to construct a model

contraction. The definition we will introduce relies on the notion

of bisimulation for the Basic Modal Logic (BML) (see, e.g., [13]).

This is remarkable since BML-bisimulation between two models

do not imply they satisfy the same LKh𝑖 -formulas. However, using

BML-bisimulation works fine for auto-bisimulations.

Definition 5.4. LetM = ⟨S,Act, R,U,V⟩ be an LTS
U
, and let 𝑍

its maximal auto-bisimulation for BML, its BML contraction is

defined asM
BML

= ⟨S′,Act, R′,U′,V′⟩, where:
• S
′ def

= S/𝑍 , V
′ ( [𝑠]) def

= V(𝑠), U′ (𝑖) def

= U(𝑖) (for each 𝑖 ∈ Agt).
• R
′
𝑎

def

= {([𝑠], [𝑡]) | exist 𝑠′ ∈ [𝑠], 𝑡 ′ ∈ [𝑡] s.t. (𝑠′, 𝑡 ′) ∈ R𝑎}.

The auto-bisimulation through this notion is not maximal for

LKh𝑖 , but still useful since efficient methods to compute it already

exists, see, e.g., [18, 29]. Moreover, using this notion for model

contraction avoids action renaming, since the set of actions of the

contracted model is the same as in the original model.

Theorem 5.5. LetM be an LTS
U withM

BML
as in Def. 5.4. Then,

for all states 𝑠 , we haveM, 𝑠↔∗M
BML

, [𝑠].

Proof. To prove this result, it is enough to show that 𝑍 ′ =

{(𝑠, [𝑠]) | 𝑠 ∈ 𝑆} is an L∗Kh𝑖 -bisimulation. It is clear that 𝑍 ′ satisfies
(Atom), by definition of BML-bisimulations. For checking (Kh𝑖 -
zig*) let us take 𝑃,𝑇 ⊆ S s.t. for all [𝑡] ∈ ℭM either [𝑡] ∩ 𝑃 = ∅
or [𝑡] ⊆ 𝑃 . Assume also that 𝑃

𝑖⇒ 𝑇 . We need to find 𝑇 ′ ⊆ S
′
s.t.

1) 𝑍 ′ (𝑃) 𝑖⇒ 𝑇 ′, and 2) 𝑇 ′ ⊆ 𝑍 ′ (𝑇 ). We can show that 𝑇 ′ = 𝑍 ′ (𝑇 )
does the job. Since 𝑃

𝑖⇒ 𝑇 , there is π ∈ U(𝑖) s.t. 𝑃 ⊆ SE
M (π)

and Rπ (𝑃) ⊆ 𝑇 , thus it can be shown that 𝑍 ′ (𝑃) ⊆ SE
MBML (π)

and R
′
π (𝑍 ′ (𝑃)) ⊆ 𝑇 ′. Hence, 𝑍 ′ (𝑃) 𝑖⇒ 𝑇 ′, as wanted. (Kh𝑖 -zag*)

follows similarly. By definition of 𝑍 ′, (A-zig/zag) hold. □

Notice that the result above does not hold in general for other

modal logics, for instance for sabotage logic (see e.g. [2, 8]). It thus re-
flects an interesting expressivity feature of LKh𝑖 . Even thoughM

BML

is not the minimal contraction w.r.t. the number of states, Thm. 5.5

enables us to use efficient methods to compute a model that is con-

siderably smaller than the original one. For instance, [29] establishes

that for a finiteM, computingM
BML

can be done in O(𝑚 ∗ log(𝑛))-
time, where 𝑛 and𝑚 are resp. the number of states and edges ofM.
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Figure 3:M on the left, its contractionsM/ZM (top) andM
BML

(bottom) on the right.

As an example, letM be the leftmost LTS
U
in Fig. 3, where U(𝑖) =

{{𝑎𝑏}, {𝑎𝑐}}. The modelM/ZM is shown at the top right, where

U
′ (𝑖) = {{𝑎𝑎𝑏 }, {𝑎𝑎𝑐 }}, whileMBML

is displayed at the bottom right

of Fig. 3. It is worth noticing thatM/ZM always contains a minimal

number of states, whereas this is not the case forM
BML

.

6 FINAL REMARKS
We investigated computational aspects of different problems related

to bisimulations for the logic LKh𝑖 from [3, 4]. We start by redefining

the previously introduced notion of bisimulation, using structural

properties of the models only, and provide adequacy results. As

a by-product, we show that the definability problem for LKh𝑖 is
in P. We then analyze the complexity of different instances of the

model-comparison problem, all shown to be coNP-complete. Fi-

nally, we provide suitable alternatives for model contraction using

bisimulations that can be computed efficiently.

One promising direction for further research involves charac-

terizing the complexity of alternative model-equivalence relations

for LKh𝑖 . Possible candidates include simulation equivalence or trace
equivalence, adapted to incorporate the notions of plan dependence

and strong executability that are central to LKh𝑖 . Furthermore, we

could exploremore advancedmodel minimization techniques aimed

at preserving specific structural characteristics of the model, such

as the branching factor or the maximum length of plans.

Finally, wewould like to investigate the computational properties

of bisimulations for other knowing-how logics. Some of the results

presented in this article extend naturally to the setting of regular
LTS

U
from [16], in which each π ∈ U(𝑖) can be infinite, but finitely

represented by a finite-state automaton. Also, we would like to

adapt the general methodologies used herein to handle the linear-

plans logic from [36, 37], and other variant logics as in [14, 19, 25].
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