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ABSTRACT
We consider the problem of finding a Nash equilibrium (NE) in a

general-sum game, where player 𝑖’s objective is 𝑓𝑖 (𝑥) = 𝑓𝑖 (𝑥1, ..., 𝑥𝑛),
with 𝑥 𝑗 ∈ R𝑑 𝑗 denoting the strategy variables of player 𝑗 . Our focus
is on investigating first-order gradient-based algorithms and their

variations, such as the block coordinate descent (BCD) algorithm,

for tackling this problem. We introduce a set of conditions, called

the 𝑛-sided PL condition, which extends the well-established gradi-

ent dominance condition a.k.a Polyak-Łojasiewicz (PL) condition

and the concept of multi-convexity. This condition, satisfied by

various classes of non-convex functions, allows us to analyze the

convergence of various gradient descent (GD) algorithms. More-

over, our study delves into scenarios where the standard gradient

descent methods fail to converge to NE. In such cases, we propose

adapted variants of GD that converge towards NE and analyze

their convergence rates. Finally, we evaluate the performance of

the proposed algorithms through several experiments.
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1 INTRODUCTION
Optimization problems with nonconvex objectives appear in many

applications from game theory to machine learning [9, 53, 74], such

as training deep neural networks [20, 23, 50], or policy optimization

in reinforcement learning [55, 66, 74]. In practice, the majority

of these applications involve interacting agents whose optimal

behavior emerges from solving nonconvex optimization problems.

Despite the notable empirical advancements, there is a lack of

understanding of the theoretical convergence guarantees of existing

multi-agent methods. Even the fully cooperative settings remain

largely underexplored and constitute one of the current frontiers

in machine learning research.

This work is licensed under a Creative Commons Attribution Inter-

national 4.0 License.

Proc. of the 25th International Conference on Autonomous Agents and Multiagent Systems
(AAMAS 2026), C. Amato, L. Dennis, V. Mascardi, J. Thangarajah (eds.), May 25 – 29,
2026, Paphos, Cyprus. © 2026 International Foundation for Autonomous Agents and

Multiagent Systems (www.ifaamas.org). https://doi.org/10.65109/

From a game-theoretic perspective, we focus on a multi-agent

general-sum game where the 𝑖-th player’s objective function 𝑓𝑖
captures the aggregate impact of agents’ strategies, which is pa-

rameterized by {𝑥𝑖 }𝑛𝑖=1
. Agents aim to optimize their individual

objective function. The most common solution concept for the

underlying optimization problem is Nash equilibrium (NE) [42].

Along this line of research, agents are said to be in a Nash equilib-

rium if no agent can gain by unilaterally deviating from its current

strategy, assuming that all other agents maintain theirs. We are

interested in finding Nash equilibrium 𝑥★ = (𝑥★
1
, · · · , 𝑥★𝑛 ) ∈ R𝑑 of

the nonconvex functions {𝑓𝑖 (𝑥) : 𝑖 ∈ [𝑛]}, i.e.,

𝑓𝑖 (𝑥★𝑖 ;𝑥★−𝑖 ) ≤ 𝑓𝑖 (𝑦𝑖 ;𝑥★−𝑖 ), ∀𝑖 ∈ [𝑛],∀𝑦𝑖 ∈ R𝑑𝑖 , (1)

where 𝑥★−𝑖 denotes all blocks except 𝑖-th block and 𝑑 =
∑
𝑖 𝑑𝑖 . Note

that in the special case where 𝑓1 (𝑥) = · · · = 𝑓𝑛 (𝑥), the setting

reduces to a potential game in which all players jointly aim to

minimize a common objective function. It is known that finding

the NE is PPAD-complete in general [19]. Thus, there is a need

for additional structural assumptions to reduce the computational

complexity of finding NE.

For example, in extensive-form games, which extend normal-

form interactions to multi-stage decision processes, equilibria can

often be analyzed using backward induction or dynamic program-

ming–based techniques [11, 30]. In linear-quadratic (LQ) games,

where player payoffs are quadratic functions governed by linear

dynamical systems, the algebraic structure permits explicit char-

acterizations of NE via coupled Riccati equations [22, 25, 51, 70].

However, these guarantees are inherently tied to the particular

game models under consideration, and therefore do not generalize

to the broader class of general-sum games with fewer structural

assumptions and nonconvex payoff functions, where the existence

and computability of equilibrium remain much less understood.

To tackle a nonconvex optimization problem, a straightforward

approach is to introduce additional structural assumptions to achieve

convergence guarantees. Within this scope, various relaxations of

convexity have been proposed, for example, weak strong convexity

[37], restricted secant inequality [69], error bound [10], quadratic

growth [16], etc. Recently, there has been a surge of interest in

analyzing nonconvex functions with block structures. Multiple as-

sumptions have been analyzed, which are correlated to each block

(coordinate) when other blocks are fixed, for example, PL-strongly-

concave [24], nonconvex-PL [52], PL-PL [13, 18, 64], and multi-

convex [54, 58, 59, 62]. For instance, the multi-convexity assumes

the convexity of the function with respect to each block when the

remaining blocks are fixed. On the other hand, the other aforemen-

tioned conditions are tailored for objective functions comprising
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only two blocks. They are particularly defined for min-max type

optimizations rather than general minimization problems.

The nonconvex optimization realm has seen a growing interest

in the gradient dominance condition a.k.a. Polyak-Łojasiewicz (PL)

condition. For instance, in analyzing linear quadratic games [22],

matrix decomposition [33], robust phase retrieval [57] and training

neural networks [12, 26, 36]. This is due to its ability to enable sharp

convergence analysis of both deterministic GD and stochastic GD

algorithms while being satisfied by a wide range of nonconvex

functions. More formally, a function 𝑓 satisfies the PL condition if

there exists a constant 𝜇 > 0 such that

∥∇𝑓 (𝑥)∥2 ≥ 2𝜇
(
𝑓 (𝑥) − min

𝑦∈R𝑑
𝑓 (𝑦)

)
, ∀𝑥 ∈ R𝑑 . (2)

This was first introduced by Lojasiewicz [38], Polyak [48], who

analyzed the convergence of the GD algorithm under the PL con-

dition and showed its linear convergence to the global minimum.

This condition can be perceived as a relaxation of strong convexity

and as discussed in [29], it is closely related to conditions such as

weak-strong convexity [43], restricted secant inequality [69] and

error bound [39].

As mentioned, the PL condition has been extended and applied

to optimization problems with multiple coordinates. This extension

is analogous to generalizing the concept of convexity (concavity)

to convex-concavity. For instance, the two-sided PL condition was

introduced by Yang et al. [64] for analyzing deterministic and sto-

chastic alternating gradient descent ascent (AGDA) in min-max
games. They showed that under this condition, AGDA converges

at linear rate to the unique NE. It is noteworthy that most litera-

ture requires convexity or PL condition to establish the last-iterate

convergence rate to the NE [28, 53, 56]. A considerable relaxation

is that the function satisfies the convexity or PL condition when all

variables except one are fixed.

Can similar results be achieved by extending the two-sided PL
condition to accommodate problems in the form of (1), where the
objectives comprise 𝑛 coordinates? And is there an algorithm to
guarantee convergence to a NE at a linear rate in such problems?

Motivated by the above question, we introduce the notion of

𝑛-sided PL
1
condition (Definition 2.4), which is an extension to

the PL condition, and show that it holds in several well-known

nonconvex problems such as 𝑛-player linear quadratic game, linear

residual network, etc. It is noteworthy that, unlike the two-sided PL

condition, which guarantees the uniqueness of the NE in min–max

optimization [13, 64], functions satisfying the 𝑛-sided PL (even 2-

side PL) condition may have multiple NE points (see Section 2.1 for

examples). However, as we will discuss, the set of stationary points

for such functions is equivalent to their NE points. Moreover, unlike

the two-sided PL condition, which ensures linear convergence of

the AGDA algorithm to the NE, the BCD algorithm exhibits varying

convergence rates for different functions, all satisfying the 𝑛-sided

PL condition. Similar behavior has been observedwithmulti-convex

functions [59, 63]. Therefore, additional local or global conditions

1
We should emphasize that 2-sided PL and two-sided PL are slightly different conditions

as the former is suitable for min𝑥,𝑦 𝑓 (𝑥, 𝑦) while the latter is for min𝑥 max𝑦 𝑓 (𝑥, 𝑦) .

are required to characterize the convergence rate under the 𝑛-sided

PL condition.

In this work, we study the convergence of first-order GD-based

algorithms such as the BCD, and propose different variants of BCD

that are more suitable for the class of nonconvex functions satis-

fying 𝑛-sided PL condition. We show the convergence to NE and

introduce additional local conditions under which linear conver-

gence can be guaranteed.

1.1 Related Work
Block Coordinate Descent and its variants: Block coordinate

descent (BCD) is an efficient and reliable gradient-based method for

optimization problems, which has been used extensively in machine

learning [3, 41, 44, 68, 73]. Numerous existing works have studied

the convergence of BCD and its variants applied to the special

case of potential games. Most of them require the assumptions of

convexity, PL condition, and their extensions [5, 14, 15, 27, 35]. For

instance, Xu and Yin [62, 63] studied the convergence of BCD for

the regularized block multiconvex optimization. They established

the last iterate convergence under Kurdyka-Łojasiewicz, which

might not hold for many functions globally. The authors in [35]

considered the generalized Minty variational problem and applied

cyclic coordinate dual averaging with extrapolation to find its so-

lution. Their algorithm is independent of the dimension of the

number of coordinates. However, their results rely on assuming the

monotonicity of the operators, which is rarely satisfied in practice.

Cai et al. [8] considered composite nonconvex optimization and

applied cyclic block coordinate descent with PAGE-type variance

reduced method. They proved linear and non-asymptotic conver-

gence when the PL condition holds, which is not valid for functions

with multiple local minima. However, none of these work consider

the general-sum setting.

PL condition in optimization: The PL condition was origi-

nally proposed to relax the strong convexity in the minimization

problem sufficient for achieving the global convergence for first-

order methods. For example, Karimi et al. [29] showed that the

standard GD algorithm admits a linear convergence to minimize

an 𝐿-smooth and 𝜇-PL function. To be specific, in order to find an

𝜖-approximate optimal solution 𝑥 such that 𝑓 (𝑥) − 𝑓 ★ ≤ 𝜖 , GD

requires the computational complexity of the order 𝑂 ( 𝐿𝜇 log
1

𝜖 ).
Besides this, different proposed methods, such as the heavy ball

method and its accelerated version, have been analyzed [17, 60].

The authors in [67] proved the optimality of GD by showing that

any first-order method requires at least Ω( 𝐿𝜇 log
1

𝜖 ) gradient costs to
find an 𝜖-approximation of the optimal solution. Furthermore, many

studies focus on the complexity when the objective function has a

finite-sum structure, i.e., 𝑓 (𝑥) = 1

𝑛

∑𝑛
𝑖=1

𝑓𝑖 (𝑥), e.g., [4, 32, 34, 49, 61].
It is important to emphasize that the aforementioned studies do

not generalize to optimization problems of the form given in (1).

In addition to the minimization problem, extensions of the PL

condition, such as two-sided conditions, have been proposed to

provide convergence guarantees to saddle points for gradient-based

algorithms when addressing minimax optimization problems. For

example, the two-sided PL holds when both functions ℎ𝑦 (𝑥) :=

𝑓 (𝑥,𝑦) and ℎ𝑥 (𝑦) := −𝑓 (𝑥,𝑦) satisfy the PL condition [13, 64], or

one-sided PL condition holds when only ℎ𝑦 (𝑥) satisfies the PL
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condition [24, 65]. Various types of first-order methods have been

applied to such problems, for example, SPIDER-GDA [13], AGDA

[64], Multi-step GDA [46, 52]. For additional information on the

sample complexity of the methods mentioned earlier and their

comparisons, see [13] and [4].

2 𝑛-SIDED PL CONDITION
Notations: Throughout this work, we use ∥ · ∥ to denote the Eu-
clidean norm and the lowercase letters to denote a column vector.

In particular, we use 𝑥−𝑖 to denote the vector 𝑥 without its 𝑖-th

block, where 𝑖 ∈ [𝑛] := {1, ..., 𝑛}. The partial derivative of general
function 𝑓 (𝑥) with respect to the variables in its 𝑖-th block is de-

noted as ∇𝑖 𝑓 (𝑥) := 𝜕
𝜕𝑥𝑖

𝑓 (𝑥𝑖 , 𝑥−𝑖 ) and the full gradient is denoted

as ∇𝑓 (𝑥) that is (∇1 𝑓 (𝑥), ...,∇𝑛 𝑓 (𝑥)).

2.1 Definitions and Assumptions
In this paper, we assume all the functions 𝑓𝑖 (𝑥) : R𝑑 → R belong

to 𝐶1
, i.e., they are continuously differentiable. Furthermore, we

assume they have Lipschitz gradient.

Assumption 2.1 (Smoothness). We assume the 𝐿-Lipschitz conti-

nuity of the derivative ∇𝑓𝑖 (𝑥),
∥∇𝑓𝑖 (𝑥) − ∇𝑓𝑖 (𝑦)∥ ≤ 𝐿𝑖 ∥𝑥 − 𝑦∥, ∀𝑖 ∈ [𝑛],∀𝑥,𝑦,

where 𝐿𝑖 > 0 are constants and 𝐿 := max𝑖 𝐿𝑖 . In this case, 𝑓𝑖 (𝑥) is
also called 𝐿-smooth.

We now define two notions of optimality; Nash equilibrium (NE)

and Stationary point.

Definition 2.2 (Nash Equilibrium (NE)). Point 𝑥★ = (𝑥★
1
, ..., 𝑥★𝑛 ) is

called a Nash Equilibrium of functions {𝑓𝑖 (𝑥)} if

𝑓𝑖 (𝑥★𝑖 , 𝑥
★
−𝑖 ) ≤ 𝑓𝑖 (𝑥𝑖 , 𝑥★−𝑖 ), ∀𝑖 ∈ [𝑛],∀𝑥𝑖 ∈ R𝑑𝑖 .

The set of all NE points of functions {𝑓𝑖 (𝑥)} is denoted byN(𝑓1, · · · , 𝑓𝑛).

The other notion, the stationary point, is related to the first-order

condition of optimality and also relevant for studying gradient-

based algorithms.

Definition 2.3 (𝜀-Partial Stationary point). Point 𝑥 = (𝑥1, ..., 𝑥𝑛)
is called an 𝜀-stationary point of functions {𝑓𝑖 (𝑥)} if

∥∇𝑖 𝑓𝑖 (𝑥)∥ ≤ 𝜀, ∀𝑖 ∈ [𝑛] .
When 𝜀 = 0, 𝑥 is called a partial stationary point. We denote the set

of all 𝜀-stationary points by S𝜀 (𝑓1, · · · , 𝑓𝑛), respectively.

It is important to note that the notion of partial stationarity in

general-sum games differs from the standard concept of stationar-

ity commonly used in potential games. In the former, the partial

derivative of each player’s objective function with respect to its

own variable is zero, whereas in the latter, the entire gradient of

the potential function vanishes. Thus, it is possible that, at a partial

stationary point 𝑥 ∈ S𝜀 (𝑓1, · · · , 𝑓𝑛), the full gradient ∇𝑓𝑗 (𝑥) ≠ 0

for some players 𝑗 ∈ [𝑛].
For general nonconvex minimization problems, the above two

notions are not necessarily equivalent, i.e., a stationary point may

not be a NE. Nevertheless, for the remainder of this work, we assume

that the objective functions have at least oneNE, i.e.,N(𝑓1, · · · , 𝑓𝑛) ≠
∅. We also assume that arg min𝑥𝑖 ∈R𝑑𝑖 𝑓𝑖 (𝑥𝑖 , 𝑥−𝑖 ) is non-empty for

Figure 1: Left is function 𝑓 (1) (𝑥1, 𝑥2) and right is 𝑓 (2) (𝑥1, 𝑥2).

any 𝑖 ∈ [𝑛] and 𝑥−𝑖 , i.e., there exists a best response to every

𝑥−𝑖 . Below, we formally introduce the 𝑛-sided PL condition for the

functions {𝑓𝑖 (𝑥)}.

Definition 2.4 (𝑛-sided PL Condition). We say the set of functions

{𝑓𝑖 (𝑥) = 𝑓𝑖 (𝑥1, ..., 𝑥𝑛) : 𝑖 ∈ [𝑛]} satisfy 𝑛-sided 𝜇-PL condition

if there exist a set of positive constants 𝜇𝑖 > 0 such that for all

𝑥 ∈ R𝑑 , 𝑖 ∈ [𝑛],
∥∇𝑖 𝑓𝑖 (𝑥𝑖 , 𝑥−𝑖 )∥2 ≥ 2𝜇𝑖

(
𝑓𝑖 (𝑥𝑖 , 𝑥−𝑖 ) − 𝑓 ★𝑖,𝑥−𝑖

)
, (3)

where 𝑓 ★
𝑖,𝑥−𝑖

:= min𝑦𝑖 ∈R𝑑𝑖 𝑓𝑖 (𝑦𝑖 , 𝑥−𝑖 ). We also denote 𝜇 := min𝑖 𝜇𝑖 .

It is worth noting that the 𝑛-sided PL condition does not im-

ply convexity or the gradient dominance (PL) condition. It is an

extension to the PL condition. In the special case of a potential

game where 𝑓𝑖 (𝑥) = 𝑓 (𝑥) for all 𝑖 ∈ [𝑛] and 𝑓 (𝑥) is independent
of 𝑥−𝑖 , then 𝑓 satisfies the PL condition. Moreover, it is consider-

ably weaker than multi-strong convexity. Nevertheless, under the

𝑛-sided PL condition, the set of stationary points and the NE set

are equivalent.

Lemma 2.5. If functions {𝑓𝑖 (𝑥1, ..., 𝑥𝑛)} satisfy the 𝑛-sided PL con-
dition, then S0 (𝑓1, · · · , 𝑓𝑛) = N(𝑓1, · · · , 𝑓𝑛).

All proofs are in the Appendix D. It is noteworthy that, unlike

the two-sided PL condition, even in the special case of a potential

game where all players have the same objective function, under

the 𝑛-sided PL condition presented in Definition 2.4, it is no longer

possible to ensure that the NE is unique. In fact, there could be mul-

tiple NEs with different function values. For example, consider the

following two potential games with objective functions illustrated

in Figure 1,

𝑓 (1) (𝑥) := 𝑓
(1)

1
(𝑥)= 𝑓 (1)

2
(𝑥)= (𝑥1−1)2 (𝑥2+1)2+(𝑥1+1)2 (𝑥2−1)2,

𝑓 (2) (𝑥) := 𝑓
(2)

1
(𝑥)= 𝑓 (2)

2
(𝑥)= 𝑓 (1) (𝑥) + exp(−(𝑥2 − 1)2) .

As shown in Appendix C, both functions 𝑓 (1) and 𝑓 (2) are 2-sided

PL, but their sets of NE and the set of minima points are not equiva-

lent. In particular, both functions have three NE points, while 𝑓 (1)

has two global minima and a saddle point, and 𝑓 (2) has a local

minima, a global minima, and a saddle point.

3 ALGORITHMS AND CONVERGENCE
ANALYSIS

In this section, we first study the BCD algorithm for finding a

stationary point of (1) under the 𝑛-sided PL condition. Afterward,

we propose different variants of BCD algorithms that can provably

achieve better convergence rates.
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Figure 2: The result of R-BCD algorithm applied to potential
setting with functions 𝑓 (3) (𝑥1, 𝑥2) and 𝑓 (4) (𝑥1, 𝑥2). The y-axis
is in log scale, thus the R-BCD demonstrates linear conver-
gence for 𝑓 (4) .

The BCD algorithm is a coordinate-wise approach that iteratively

improves its current estimate by updating a selected block coor-

dinate using the first-order partial derivatives until it converges.

Depending on how the coordinates are chosen, various types of

BCD algorithms can be devised. For example, coordinates can be

selected uniformly at random for random BCD (R-BCD), presented

in Algorithm 1 with learning rates 𝛼 , or in a deterministic cyclic

sequence for cyclic BCD, presented in Algorithm 5 in the Appendix.

Moreover, to update the 𝑖-th block at the 𝑡-th iteration, it employs

∇𝑖 𝑓𝑖 (𝑥𝑡−1), where 𝑥𝑡−1
denotes the latest estimated point. The next

result shows that when the iterates of the BCD are bounded, the

output converges to the NE set.

Algorithm 1 Random Block Coordinate Descent (R-BCD)

Input: initial point 𝑥0 = (𝑥0

1
, ..., 𝑥0

𝑛), learning rates 𝛼 , 𝑡 = 1.

while not converges do
Select 𝑖 ∈ [𝑛] at random
𝑥𝑡
𝑖
= 𝑥𝑡−1

𝑖
− 𝛼∇𝑖 𝑓𝑖 (𝑥𝑡−1)

𝑥𝑡
𝑗
= 𝑥𝑡−1

𝑗
, for all 𝑗 ≠ 𝑖

end while

Note that AGDA can be viewed as a variant of BCD applied to

a two-player potential game where the first coordinate is updated

via descent and the second coordinate via ascent. Unlike the two-

sided PL condition that leads to linear convergence of AGDA to

the min-max, the 𝑛-sided PL condition does not necessarily lead

to any specific convergence rate of the BCD. To illustrate this phe-

nomenon, we consider two settings: potential and general-sum.

In each setting, we examine two different games and analyze the

convergence behavior of R-BCD.

Potential setting: We consider the following two potential games,

i.e., 𝑓1 = 𝑓2 = 𝑓 , in which all players share the same objective

function; both games satisfy the 2-sided PL condition.

𝑓 (3) (𝑥1, 𝑥2) =
{
(𝑥1 + 𝑥2)2 + exp

(
− 1

(𝑥1−𝑥2 )2

)
, 𝑥1 ≠ 𝑥2,

(𝑥1 + 𝑥2)2, o.t.,

𝑓 (4) (𝑥1, 𝑥2) = (𝑥1 + 𝑥2)2 .

0 50 100 150 200

iteration

10-15

10-10

10-5

100

Figure 3: The result of R-BCD algorithm applied to functions
{𝑓 (5)

1
, 𝑓

(5)
2

} and {𝑓 (6)
1

, 𝑓
(6)

2
}. The y-axis is in log scale, thus the

BCD shows linear convergence in the second game.

We applied the BCD algorithm to both these functions with constant

learning rates to find their NE points with random initializations.

As it is illustrated in Figure 2, the R-BCD converges linearly for the

function 𝑓 (4) while it converges sub-linearly for 𝑓 (3) .

General-sum setting: Here, we consider the following two-player
games, both of which satisfy the 2-sided PL condition. The objec-

tives of the first game are

𝑓
(5)

1
(𝑥1, 𝑥2) =

{
(𝑥1 + 𝑥2)2 + exp

(
− 1

(𝑥1−𝑥2 )2

)
, 𝑥1 ≠ 𝑥2,

(𝑥1 + 𝑥2)2, o.t.,

𝑓
(5)

2
(𝑥1, 𝑥2) = (𝑥1 + 𝑥2)2,

and the objectives of the second game are

𝑓
(6)

1
(𝑥1, 𝑥2) = 𝑥2

1
+ 𝑥2

2
, 𝑓

(6)
2

(𝑥1, 𝑥2) = (𝑥1 + 𝑥2)2 .

Figure 3 illustrates the convergence rate of R-BCD applied to the

above functions, showing clearly that the convergence rates differ

between them. Note that we plotted the sum of the players’ ob-

jectives against the number of iterations, since in both examples

(0, 0) corresponds to the global Nash equilibrium, where all players’

objectives are zero.

These examples illustrate that, even under the 𝑛-sided PL condi-

tion and smoothness, characterizing the convergence rate of the

BCD algorithm in general-sum games may not be feasible and fur-

ther assumptions on the function class are required. Next, we study

one such assumption that holds for a large class of non-convex

functions and could characterize the convergence rate of R-BCD.

3.1 Convergence of random BCD under an
additional assumption

To introduce our additional assumption, we need to define the sum

of the objective functions and their best responses, denoted by 𝐹 (𝑥)
and𝐺𝐹 (𝑥), respectively, which plays a central role in analyzing the

convergence of coordinate-wise algorithms.

𝐹 (𝑥) :=

𝑛∑︁
𝑖=1

𝑓𝑖 (𝑥), 𝐹−𝑖 (𝑥) := 𝐹 (𝑥) − 𝑓𝑖 (𝑥), (4)

𝐺𝐹 (𝑥) :=

𝑛∑︁
𝑖=1

𝑓𝑖 (𝑥∗𝑖 (𝑥), 𝑥−𝑖 ), (5)
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where 𝑥∗
𝑖
(𝑥) denotes the best response to 𝑥−𝑖 , i.e.,

𝑥∗𝑖 (𝑥) ∈ arg min

𝑦𝑖

{
∥𝑦𝑖 − 𝑥𝑖 ∥ : 𝑓𝑖 (𝑦𝑖 , 𝑥−𝑖 ) ≤ 𝑓𝑖 (𝑧𝑖 , 𝑥−𝑖 ),∀𝑧𝑖 ∈ R𝑑𝑖

}
.

Next result shows that the best response function is smooth

when the objective functions are both smooth and 𝑛-sided PL.

Lemma 3.1. If {𝑓𝑖 (𝑥)} satisfy 𝑛-sided 𝜇-PL and Assumption 2.1,
then 𝐺𝐹 (𝑥) is 𝑛𝐿′-smooth, where 𝐿′ := 𝐿 + 𝐿2

𝜇 .

It is straightforward to see that 𝐹 (𝑥) −𝐺𝐹 (𝑥) ≥ 0 for all 𝑥 . More-

over, if 𝑥∗ ∈ N (𝑓1, · · · , 𝑓𝑛), then 𝐹 (𝑥∗) = 𝐺𝐹 (𝑥∗). Conversely, if
𝐹 (𝑥∗) −𝐺𝐹 (𝑥∗) = 0, then 𝑓𝑖 (𝑥★) = min𝑥𝑖 𝑓𝑖 (𝑥𝑖 , 𝑥★−𝑖 ), ∀𝑖 , which im-

plies that 𝑥★ belongs toN(𝑓1, · · · , 𝑓𝑛). The next lemma summarizes

these results.

Lemma 3.2. 𝑥★ is a NE if 𝐹 (𝑥★) −𝐺𝐹 (𝑥★) = 0. Moreover, 𝑥 ∈ S𝜖
if 𝐹 (𝑥) −𝐺𝐹 (𝑥) ≤

√
2𝐿𝜖 .

Thus, 𝐹 (𝑥) −𝐺𝐹 (𝑥) serves as an indicator of whether 𝑥 is a NE.

Using this indicator, we show that the R-BCD algorithm achieves a

linear convergence rate under an additional assumption.

Theorem 3.3. Suppose {𝑓𝑖 (𝑥)} are 𝑛-sided 𝜇-PL functions sat-
isfying Assumption 2.1 such that for all 𝑥 ∈ R𝑑

𝑛∑︁
𝑖=1

〈
∇𝑖

(
𝐺𝐹 (𝑥) − 𝐹−𝑖 (𝑥)

)
,∇𝑖 𝑓𝑖 (𝑥)

〉
≤ 𝜅

𝑛∑︁
𝑖=1

∥∇𝑖 𝑓𝑖 (𝑥)∥2, (6)

where 𝜅 < 1, then random BCD with 𝛼 ≤ 1−𝜅
𝑛 (𝐿+𝐿′ ) achieves

linear convergence rate, i.e.,

E[𝐹 (𝑥𝑡+1)−𝐺𝐹 (𝑥𝑡+1)] ≤
(
1− 𝜇𝛼 (1 − 𝜅)

2

)
E[𝐹 (𝑥𝑡 )−𝐺𝐹 (𝑥𝑡 )] .

The expectation is taken over the randomness inherent in the
procedure for selecting coordinates.

It is straightforward to verify that 𝑓 (4) in Figure 2 (for all 𝑥 ∈ R2
),

𝑓 (6) in Figure 3 (for all 𝑥 ∈ R2
), and 𝑓 (0) in Figure 1 (for all points

in {(𝑥1, 𝑥2) : |𝑥1 | > 0.75, |𝑥2 | > 0.75}) satisfy the condition in

(6). Notably, these sets contain all the NE points, and the R-BCD

algorithm exhibits a linear convergence rate when applied to these

functions. The above result further highlights the fast convergence

of R-BCD for finding NEs of these functions.

To demonstrate that the additional assumption in (6) is not overly

restrictive, we apply the Cauchy–Schwarz inequality together with

the result of Lemma D.1 (see Appendix) to obtain the following

bound, valid for all smooth functions {𝑓𝑖 } satisfying the 𝑛-sided PL

condition:

𝑛∑︁
𝑖=1

〈
∇𝑖𝐺𝐹 (𝑥) − ∇𝑖𝐹−𝑖 (𝑥),∇𝑖 𝑓𝑖 (𝑥)

〉
≤

(√
3𝑛 𝐿𝜇

) 𝑛∑︁
𝑖=1

∥∇𝑖 𝑓𝑖 (𝑥)∥2,

where

√
3𝑛 𝐿𝜇 ≥ 1 (see Lemma A.3 for a proof that 𝜇 ≤ 𝐿). This

implies that for any collection of smooth functions satisfying the 𝑛-

sided PL condition, there exists a constant 𝑐 such that the left-hand

side of(6) is bounded by 𝑐
∑
𝑖 ∥∇𝑖 𝑓𝑖 (𝑥)∥2

. According to Theorem 3.3,

R-BCD exhibits linear convergence to a NE when the corresponding

constant factor is less than one. As discussed in the previous section,

however, there also exist smooth, 𝑛-sided PL functions (e.g., those

depicted in Figures 2 and 3) whose constant factors exceed one but

remain bounded by

√
3𝑛 𝐿𝜇 .

3.2 Adaptive random BCD with the knowledge
of exact best responses

As discussed earlier, BCD algorithms may exhibit different conver-

gence rates in general. In the remainder of this section, we therefore

focus on developing variants of the randomized BCD algorithm

that can achieve convergence rates close to linear. To this end, we

propose algorithms that, at each iteration 𝑡 , update the variables

based on the best responses {𝑥∗
𝑖
(𝑥𝑡 )}.

We initially propose an algorithm that presumes access to the

exact values of the best responses at each iteration. Subsequently,

we refine this assumption by integrating a sub-routine into the

proposed algorithm capable of approximating the best responses.

To present our results, we need the following definition.

Definition 3.4 ((𝜃, 𝜈)-PL condition). A function 𝑓 withmin𝑥 𝑓 (𝑥) =
0 satisfies (𝜃, 𝜈)-PL condition if and only if there exists 𝜃 ∈ [1, 2)
and 𝜈 > 0 such that ∥∇𝑓 (𝑥)∥𝜃 ≥ (2𝜈)𝜃/2 𝑓 (𝑥).

It has been proved by Lojasiewicz [38] that for any 𝐶1
analytic

function, there exists a neighborhood 𝑈 around the minimizer

where (𝜃, 𝜈)-PL condition is satisfied for some 𝜃 and 𝜈 .

Algorithm 2 Ideal Adaptive random BCD (IA-RBCD)

Input: initial point 𝑥0 = (𝑥0

1
, ..., 𝑥0

𝑛), 𝑇 , step size 𝛼 , 0 ≤ 𝛾 < 1

and 𝐶 > 0

for 𝑡 = 0 to 𝑇 − 1 do
𝐴 =

∑𝑛
𝑖=1

〈
∇𝑖

(
𝐺𝐹 (𝑥𝑡 ) − 𝐹−𝑖 (𝑥𝑡 )

)
,∇𝑖 𝑓𝑖 (𝑥𝑡 )

〉
𝐵 =

∑𝑛
𝑖=1

∥∇𝑖 (𝐺𝐹 (𝑥𝑡 ) − 𝐹−𝑖 (𝑥𝑡 ))∥2

𝐷 =
∑𝑛
𝑖=1

∥∇𝑖 𝑓𝑖 (𝑥𝑡 )∥2

sample 𝑖𝑡 uniformly at random from {1, 2, ..., 𝑛}
if 𝐴 ≤ 𝛾𝐷 then
𝑘𝑡 = 0 :Case 1:

else if (𝐵 −𝐴)2 ≥ 𝐶𝐴2 then
𝑘𝑡 = −2 + 𝐴

𝐵
:Case 2:

else
𝑘𝑡 = −1 :Case 3:

end if
𝑥𝑡+1

𝑖𝑡
= 𝑥𝑡

𝑖𝑡
− 𝛼

(
∇𝑖𝑡 𝑓𝑖𝑡 (𝑥𝑡 ) + 𝑘𝑡∇𝑖𝑡 (𝐺𝐹 (𝑥𝑡 ) − 𝐹−𝑖𝑡 (𝑥𝑡 ))

)
,

𝑥𝑡+1

𝑖
= 𝑥𝑡

𝑖
for all 𝑖 ≠ 𝑖𝑡 .

end for

Algorithm 2 presents the steps of our modified version of the ran-

dom BCD. In this algorithm, instead of updating along the direction

of −∇𝑖𝑡 𝑓𝑖𝑡 (𝑥), where 𝑖𝑡 denotes the chosen coordinate at iteration 𝑡 ,

a linear combination of ∇𝑖𝑡 𝑓𝑖𝑡 (𝑥) and ∇𝑖𝑡
(
𝐺𝐹 (𝑥) − 𝐹−𝑖𝑡 (𝑥)

)
is used

to refine the updating directions. The coefficient of this linear com-

bination, 𝑘𝑡 , is adaptively selected based on the current estimated

point. It is important to mention that ∇𝐺𝐹 (𝑥) can be computed

using the gradients of {𝑓𝑖 } at the best responses,

∇𝐺𝐹 (𝑥) =
𝑛∑︁
𝑖=1

∇𝑓𝑖
(
𝑥∗𝑖 (𝑥), 𝑥−𝑖

)
. (7)
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The following theorem establishes the convergence guarantee

of the algorithm presented in 2.

Theorem 3.5. For 𝑛-sided 𝜇-PL functions {𝑓𝑖 (𝑥)} satisfying
Assumption 2.1, by applying Algorithm 2,

• in Case 1 with 𝛼 ≤ 1−𝛾
𝑛 (𝐿+𝐿′ ) , we have

E[𝐹 (𝑥𝑡+1)−𝐺𝐹 (𝑥𝑡+1) |𝑥𝑡 ] ≤
(
1− 𝜇𝛼 (1 − 𝛾)

2

) (
𝐹 (𝑥𝑡 )−𝐺𝐹 (𝑥𝑡 )

)
,

• in Case 2 with 𝛼 ≤ min{ 1

2𝑛 (𝐿+𝐿′ ) ,
𝐶

2𝑛 (𝐿+𝐿′ ) }, we have

E[𝐹 (𝑥𝑡+1)−𝐺𝐹 (𝑥𝑡+1) |𝑥𝑡 ] ≤
(
1−(𝐿 + 𝐿

′)𝜇𝛼2

2

) (
𝐹 (𝑥𝑡 )−𝐺𝐹 (𝑥𝑡 )

)
,

• in Case 3 with 𝛼 ≤ 1

𝑛 (𝐿+𝐿′ ) , E[𝐹 (𝑥
𝑡+1) −𝐺𝐹 (𝑥𝑡+1)] is non-

increasing. Furthermore, if 𝐹 −𝐺𝐹 satisfies (𝜃, 𝜈)-PL condition
and case 3 are satisfied from iterates 𝑡 to 𝑡 + 𝑘 , we have

E[𝐹 (𝑥𝑡+𝑘 ) −𝐺𝐹 (𝑥𝑡+𝑘 ) |𝑥𝑡 ] = O
( 𝐹 (𝑥𝑡 ) −𝐺𝐹 (𝑥𝑡 )

𝑘
𝜃

2−𝜃

)
.

The proof in the Appendix provides the exact constant factors. It

is noteworthy to highlight that BCD requires the objective function

to be lower bounded to converge to the NE [62] and almost surely

avoids strict saddle points [31]. However, the above result shows

that IA-RBCD converges to the NE, irrespective of this assumption.

Additionally, based on this result, IA-RBCD demonstrates a linear

rate for two out of three cases and a sub-linear rate for the third

case. Next, we show that even if the third case occurs frequently,

but within a limited range, linear convergence is still guaranteed

by IA-RBCD.

Theorem 3.6. Under the assumptions of Theorem 3.5, by applying
Algorithm 2 for 𝑡 iterations and denoting the number of iterations
it visits Case 3 by 𝑏 (𝑡), if 𝐵 := lim sup𝑡→+∞ 𝑏 (𝑡)/𝑡 < 1, then there
exists 0 < 𝑐𝐵 < 1 and 𝑇𝐵 such that for all 𝑡 ≥ 𝑇𝐵 ,

E[𝐹 (𝑥𝑡 ) −𝐺𝐹 (𝑥𝑡 )] ≤ (𝑐𝐵)𝑡
(
𝐹 (𝑥0) −𝐺𝐹 (𝑥0)

)
.

In the following theorem, we demonstrate that as 𝛾 → 1 and

𝐶 → 0, the measure of non-NE points that fail to satisfy case 1

and case 2 converges to zero. Furthermore, when the iterates fall

into case 3, 𝐹 −𝐺𝐹 is small at those iterates which indicates that

a good approximation of a NE is already achieved. As a conse-

quence, by choosing hyperparameters 𝛾 and 𝐶 close to one and

zero, respectively, we can achieve close to linear convergence rate.

Theorem3.7. Under the assumption of Theorem 3.5 and when 𝐹−𝐺𝐹
satisfies (𝜃, 𝜈)-PL condition, let 𝑆 (𝛾,𝐶) be the set of non-NE points
that do not satisfy case 1 and case 2, then

lim

𝛾→1,𝐶→0

|𝑆 (𝛾,𝐶) | = 0,

where |𝑆 (𝛾,𝐶) | denotes the measure of the set 𝑆 (𝛾,𝐶). Moreover, if
𝑆 (𝛾,𝐶) is non-empty, then

lim

𝛾→1,𝐶→0

max

𝑥∈𝑆 (𝛾,𝐶 )
𝐹 (𝑥) −𝐺𝐹 (𝑥) = 0.

3.3 Adaptive random BCD without the
knowledge of exact best responses

Evaluating 𝐺𝐹 at a given point requires knowledge of the best re-

sponses at that point. Often, these best responses are not known a

priori, and they have to be computed at each iteration. Fortunately,

since in our study, {𝑓𝑖 } satisfy the 𝑛-sided PL condition, the best

responses can be efficiently approximated by applying the GD al-

gorithm with the partial gradients as a sub-routine. Algorithm 3

outlines the steps of the sub-routine, which outputs an approxima-

tion of the best responses for a given step size 𝛽 after 𝑇 ′
iterations.

These approximated best responses are then used by Algorithm 4

to find a NE point.

Algorithm 3 Approximating Best Responses (ABR)

Input: Point 𝑥 = (𝑥1, ..., 𝑥𝑛), 𝑇 ′
, step size 𝛽

for 𝑗 = 1, ..., 𝑛 do
𝑦0

𝑗
= 𝑥 𝑗

for 𝜏 = 0, ...,𝑇 ′ − 1 do
𝑦𝜏+1

𝑗
= 𝑦𝜏

𝑗
− 𝛽∇𝑗 𝑓𝑗 (𝑦𝜏𝑗 , 𝑥− 𝑗 )

end for
end for
Output: ∇𝐺̃𝐹 (𝑥) =

∑𝑛
𝑖=1

∇𝑓𝑖 (𝑦𝑇
′

𝑖
, 𝑥−𝑖 )

Lemma 3.8. For 𝑛-sided 𝜇-PL functions {𝑓𝑖 (𝑥)} satisfying Assump-
tion 2.1, by implementing Algorithm 3, with 𝛽 ≤ 1

𝐿
and 𝑇 ′ ≥

log

(
𝑛𝐿2

𝜇2𝛿

)
/log( 1

1−𝜇𝛽 ), for any 𝛿 > 0, we have

∥∇𝐺𝐹 (𝑥) − ∇𝐺̃𝐹 (𝑥)∥2 ≤ 𝛿
𝑛∑︁
𝑖=1

∥∇𝑖 𝑓𝑖 (𝑥)∥2 .

Interestingly as we showed in the next result, the number of steps

for approximating𝐺𝐹 ,𝑇
′
, only depends on the function parameters,

and it is independent of the final precision of 𝐹 − 𝐺𝐹 . The exact
form of the step sizes are presented in the Appendix D.9.

Theorem 3.9. For 𝑛-sided 𝜇-PL functions {𝑓𝑖 (𝑥)} satisfying
Assumption 2.1, by implementing Algorithm 4 with 𝛼 small
enough, 𝛽 ≤ 1

𝐿
and 𝑇 ′ ≥ 𝐶′

log

(
1

𝛼

)
/log( 1

1−𝜇𝛽 ) where 𝐶
′ only

depends on the function parameters,
• in Case 1, we have

E[𝐹 (𝑥𝑡+1)−𝐺𝐹 (𝑥𝑡+1) |𝑥𝑡 ] ≤
(
1− 𝜇𝛼 (1 − 𝛾)

2

)
(𝐹 (𝑥𝑡 )−𝐺𝐹 (𝑥𝑡 )),

• in Case 2, we have

E[𝐹 (𝑥𝑡+1)−𝐺𝐹 (𝑥𝑡+1) |𝑥𝑡 ] ≤
(
1− (𝐿 + 𝐿′)𝜇𝛼2

4

)
(𝐹 (𝑥𝑡 )−𝐺𝐹 (𝑥𝑡 )),

• in Case 3, E[𝐹 (𝑥𝑡 ) −𝐺𝐹 (𝑥𝑡 )] is non-increasing. Furthermore,
if 𝐹−𝐺𝐹 satisfies (𝜃, 𝜈)-PL condition and case 3 occurs from
iterates 𝑡 to 𝑡 + 𝑘 , then

E[𝐹 (𝑥𝑡+𝑘 ) −𝐺𝐹 (𝑥𝑡+𝑘 ) |𝑥𝑡 ] = O
( 𝐹 (𝑥𝑡 ) −𝐺𝐹 (𝑥𝑡 )

𝑘
𝜃

2−𝜃

)
.
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Algorithm 4 Adaptive random BCD (A-RBCD)

Input: initial point 𝑥0 = (𝑥0

1
, ..., 𝑥0

𝑛), 𝑇,𝑇 ′
, step sizes 𝛼 , 𝛽 , 0 <

𝛾 < 1 and 𝐶 > 0

for 𝑡 = 0 to 𝑇 − 1 do
sample 𝑖𝑡 uniformly from {1, 2, ..., 𝑛}
∇𝐺̃𝐹 (𝑥𝑡 ) = ABR(𝑥𝑡 , 𝛽,𝑇 ′) :Algorithm 3
𝐴̃ =

∑𝑛
𝑖=1

〈
∇𝑖

(
𝐺̃𝐹 (𝑥𝑡 ) − 𝐹−𝑖 (𝑥𝑡 )

)
,∇𝑖 𝑓𝑖 (𝑥𝑡 )

〉
𝐵̃ =

∑𝑛
𝑖=1

∥∇𝑖 (𝐺̃𝐹 (𝑥𝑡 ) − 𝐹−𝑖 (𝑥𝑡 ))∥2

𝐷̃ =
∑𝑛
𝑖=1

∥∇𝑖 𝑓𝑖 (𝑥𝑡 )∥2

if 𝐴̃ ≤ 𝛾𝐷̃ then
˜𝑘𝑡 = 0 :Case 1:

else if (𝐵̃ − 𝐴̃)2 ≥ 2𝐶𝐴̃2 then
˜𝑘𝑡 = −2 + 𝐴̃

𝐵̃
:Case 2:

else
˜𝑘𝑡 = −1 :Case 3:

end if
𝑥𝑡+1

𝑖𝑡
= 𝑥𝑡

𝑖𝑡
− 𝛼

(
∇𝑖𝑡 𝑓𝑖𝑡 (𝑥𝑡 ) + ˜𝑘𝑡∇𝑖𝑡

(
𝐺̃𝐹 (𝑥𝑡 ) − 𝐹−𝑖𝑡 (𝑥𝑡 )

) )
𝑥𝑡+1

𝑖
= 𝑥𝑡

𝑖
, if 𝑖 ≠ 𝑖𝑡

end for
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Figure 4: Performances of A-RBCD, BM1, and BM2 applied
to functions 𝑓1 and 𝑓2.

4 APPLICATIONS
In this section and in Appendix E, we evaluate the performance of

our algorithms on a set of well-known nonconvex problems that

satisfy the 𝑛-sided PL condition.

Benchmarks. We compared our algorithms against the follow-

ing state-of-the-art algorithms: BM1, which corresponds to the

R-BCD algorithm described in 1 and BM2, an empirical variant of

Algorithm A-RBCD in which updates are performed exclusively

via case 3 while ignoring the first two cases, i.e.,
˜𝑘𝑡 = −1.

Function with only strict saddle point: To illustrate an ex-

ample where our A-RBCD algorithm converges to a NE point

while the random BCD (BM1) fails, we considered a two-player

general-sum game with the objective functions 𝑓1 (𝑥1, 𝑥2) = (𝑥1 −
1)2 + 4(𝑥1 + 0.1 cos(𝑥1))𝑥2 + (𝑥2 + 0.1 sin(𝑥2))2

and 𝑓2 (𝑥1, 𝑥2) =

(𝑥1 − 1)2 + 4(𝑥1 − 0.1 cos(𝑥1))𝑥2 + (𝑥2 − 0.1 sin(𝑥2))2
. The problem

aims at finding the NE (𝑥★
1
, 𝑥★

2
), i.e.,

𝑓1 (𝑥★1 , 𝑥
★
2
) ≤ 𝑓1 (𝑥1, 𝑥

★
2
), 𝑓2 (𝑥★1 , 𝑥

★
2
) ≤ 𝑓2 (𝑥★1 , 𝑥2), ∀𝑥1, 𝑥2 .

Figure 4 illustrates the convergence results with different initial-

izations. The iterates of A-RBCD always converge to the NE at a

linear rate. Note that the NE is a strict saddle point.

Cournot Competition: The Cournot competition model, first

proposed by Augustin Cournot in 1838, describes a market struc-

ture in which multiple firms compete simultaneously by choos-

ing quantities of a homogeneous good [1, 2, 40]. Each firm 𝑖 de-

termines its output level 𝑞𝑖 assuming that the quantities of all

other firms 𝑞−𝑖 are fixed, and the market price is determined by

an inverse demand function denoted by 𝑃 (𝑄) that depends on

the aggregate output 𝑄 =
∑
𝑖 𝑞𝑖 . The strategic interdependence

among firms is captured by the dependence of each firm’s profit

𝑓𝑖 (𝑞𝑖 , 𝑞−𝑖 ) := −(𝑃 (𝑄)𝑞𝑖 −𝐶𝑖 (𝑞𝑖 )) on the total market output, where

𝐶𝑖 (𝑞𝑖 ) is the cost of producing the 𝑞𝑖 output. A Cournot-NE is a

fixed point in which every firm’s output 𝑞★
𝑖
is the best response to

the others, i.e.,

𝑓𝑖 (𝑞★𝑖 , 𝑞
★
−𝑖 ) ≤ 𝑓𝑖 (𝑞𝑖 , 𝑞★−𝑖 ), ∀𝑞𝑖 ≥ 0.

Normally, the equilibrium cannot be solved in closed form, and

each firm’s output decreases with its marginal cost while increas-

ing with market demand. The Cournot framework has become a

cornerstone in industrial organization [47], energy economics [72],

and networked systems [6], providing a tractable yet insightful

model for analyzing strategic interactions among self-interested

agents under cost or capacity constraints.

In Figure 5, we compared the convergence of A-RBCD and two

benchmark methods for computing the Cournot-NE under two

types of inverse demand functions: linear 𝑃 (𝑄) = 𝑎 − 𝑏𝑄 and

nonlinear 𝑃 (𝑄) = 𝑎 − 𝑏𝑄2
. The A-RBCD algorithm demonstrates

faster and more stable convergence than the benchmark methods.

This result highlights that the adaptive correction term in A-RBCD

effectively combines ∇𝑖 𝑓𝑖 and ∇𝑖 (𝐺𝐹 − 𝐹−𝑖 ), leading to improved

convergence behavior.

Infinite Horizon 𝑛-player Linear-quadratic (LQ) Game: LQ
games provide a powerful tool for analyzing the behavior of the

multi-agent reinforcement learning (MARL) with continuous state

and action space. Owing to their closed-form solvability and in-

terpretability, LQ games serve as canonical benchmarks in both

control theory and game-theoretic learning, bridging the gap be-

tween theoretical analysis and practical algorithm design [7, 70, 71].

In this game, the 𝑖-th player’s objective function is given by

E𝑠0∼D

[+∞∑︁
𝑡=0

[(𝑠𝑡 )𝑇𝑄𝑖𝑠𝑡 + (𝑢𝑖𝑡 )𝑇𝑅𝑖𝑢𝑖𝑡 ]
]
,

where 𝑠𝑡 denotes the state, 𝑢𝑖𝑡 is the input of 𝑖-th player at time

𝑡 , and 𝑖 ∈ [𝑛]. The state transition of the system is characterized

by 𝑠𝑡+1 = 𝐴𝑠𝑡 +
∑𝑛
𝑖=1

𝐵𝑖𝑢
𝑖
𝑡 +𝑤𝑡 , where 𝐴 ∈ R𝑑×𝑑 and 𝐵 ∈ R𝑑×𝑘𝑖 .

When players apply a linear feedback strategy, i.e., 𝑢𝑖𝑡 = −𝐾𝑖𝑠𝑡 , the
objective functions become

𝑓𝑖 (𝐾𝑖 , 𝐾−𝑖 ) = E𝑠0∼D

[+∞∑︁
𝑡=0

[(𝑠𝑡 )𝑇𝑄𝑖𝑠𝑡 + (𝐾𝑖𝑠𝑡 )𝑇𝑅𝑖𝐾𝑖𝑠𝑡 ]
]
.

If 𝐾𝑖s are bounded and Σ0 = E𝑠0∼D [𝑠0 (𝑠0)𝑇 ] is full rank, the
objective functions {𝑓𝑖 } satisfy the 𝑛-sided PL condition (see Ap-

pendix E.1 for a proof). However, as it is discussed in [22], even the
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Figure 5: (a) Performances of A-RBCD, BM1, and BM2 applied to the Cournot model with 𝑃 (𝑄) = 𝑎 − 𝑏𝑄 ; (b) with 𝑃 (𝑄) = 𝑎 − 𝑏𝑄2.
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Figure 6: (a) and (b) Performance of A-RBCD, BM1, and BM2 applied to the LQR game for a different set of parameters. The
y-axis is on a log scale.

objective of the one-player LQ game is not convex. Subsequently,

the objective function of the 𝑛-player LQ game is not multi-convex.

See Appendix E.2 for examples.

Figure 6 demonstrates the performances of A-RBCD, BM1, and

BM2 for different set of parameters. Note that the benchmark (BM2)

reflects the algorithmic setting studied in [25], which establishes

the convergence of both policy gradient descent and vanilla gra-

dient descent in the context of 𝑛-player general-sum LQ games.

Nevertheless, the theoretical guarantee provided in [25] critically

depends on the assumption that the covariance of the injected noise

is sufficiently large to stabilize the dynamics and it is limited to the

class of LQ games which is a special case of our setting.

5 CONCLUSION
In this paper, we identified a subclass of nonconvex functions called

𝑛-sided PL functions and studied the convergence of GD-based

algorithms, particularly the R-BCD algorithm, for finding their

NEs. The 𝑛-sided PL condition is a reasonable extension of the

gradient dominance condition, that holds inmany existing problems

and is better suited for a broader class of settings, particularly

general-sum games. Furthermore, we studied the convergence rate

of such first-order algorithm applied to general-sum games that

satisfy the 𝑛-sided PL condition. Our analysis showed that the

convergence rate depends on a local relation between the sum of

the objective functions 𝐹 , and the sum of their best responses 𝐺𝐹 .

Subsequently, we proposed two novel algorithms, IA-RBCD and A-

RBCD, equipped with the gradient of𝐺𝐹 , that provably converge to

a NE almost surely with random initialization, even if the individual

objective functions are not lower bounded and have strict saddle

points.We hope this work can shed some light on the understanding

of a broader class of nonconvex optimization problems.
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