
Placing Green Bridges Optimally,
with Close-Range Habitats in Sparse Graphs

Christian Wallisch

Technische Universität Berlin,

Algorithmics and Computational

Complexity Group

Berlin, Germany

wallisch@campus.tu-berlin.de

Till Fluschnik

Humboldt-Universität zu Berlin,

Department of Computer Science,

Algorithm Engineering Group

Berlin, Germany

till.fluschnik@hu-berlin.de

Leon Kellerhals

Technische Universität Clausthal,

Computational Intelligence

Clausthal-Zellerfeld, Germany

leon.kellerhals@tu-clausthal.de

ABSTRACT
We study a network design problem motivated by the challenge

of placing wildlife crossings to reconnect fragmented habitats of

animal species, which is among the 17 goals towards sustainable

development by the UN: Given a graph, whose vertices represent

the fragmented habitat areas and whose edges represent possible

green bridge locations (with costs), and the habitable vertex set for

each species’ habitat, the goal is to find the cheapest set of edges

such that each species’ habitat is sufficiently connected. We focus

on the established variant where a habitat is considered sufficiently

connected if it has diameter two in the solution and study its com-

plexity in cases justified by our setting namely small habitat sizes on

planar graphs and graphs of small maximum degree Δ. We provide

efficient algorithms and NP-hardness results for different values of

Δ and maximum habitat sizes on general and planar graphs.
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1 INTRODUCTION
Habitat fragmentation due to human-made infrastructure like roads

or train tracks leads to wildlife-vehicle collisions [39], a threat to

animals so severe that it has a significant impact on biodiversity [5].

Installing wildlife crossings like bridges, tunnels, ropes, etc., to

connect habitat patches of different animal species is a cost-efficient

and effective measure against wildlife-vehicle collisions [26, 27].

A critical property in the design of wildlife corridors is the distance

between habitat patches and the number of obstacles that need to

be crossed between them. It seems desirable to place green bridges

such that every animal can traverse their habitat using only a few

green bridges. A natural question is where to build green bridges
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Figure 1: (a) A road network fragmenting habitats 𝐻1, 𝐻2,
and 𝐻3. (b & c) The corresponding graph and a solution
(thicker edges) for (b) 𝑑-Diam GBP-C of minimum cost where
the bridge over the broader road has cost 3 (while other
bridges have cost 1) and the already built green bridge forms
a forced edge; (c) 2-Diam GBP of minimum cardinality where
edge costs and forced edges are ignored.

to achieve dense connectivity of habitats while keeping financial

costs low.

Fluschnik and Kellerhals [17] developed a framework to tackle

such questions. They use a graph in which the vertices represent

patches of land, and edges correspond to places where wildlife

crossings can be installed. The habitats of animals then correspond

to vertex subsets. Fluschnik and Kellerhals [17] define multiple

classes of problems that represent different demands of habitat

connectivity. In this work, we focus on one of them.

Problem 1. 𝑑-Diameter Green Bridges Placement with Costs

(𝑑-Diam GBP-C)

Input: An undirected graph𝐺 = (𝑉 , 𝐸) with edge costs 𝑐 : 𝐸 → N0,
a setH = {𝐻1, . . . , 𝐻𝑟 } of habitats with 𝐻𝑖 ⊆ 𝑉 and |𝐻𝑖 | ≥ 2 for

all 𝑖 ∈ {1, . . . , 𝑟 }, a set 𝐹 ∗ ⊆ 𝐸 of forced edges, an integer 𝑘 ∈ N0.
Question: Is there an edge subset 𝐹 ⊆ 𝐸 with 𝐹 ∗ ⊆ 𝐹 and

𝑐 (𝐹 ) B ∑
𝑒∈𝐹 𝑐 (𝑒) ≤ 𝑘 such that in the graph 𝐺 ′ B (𝑉 , 𝐹 ),

diam(𝐺 ′ [𝐻 ]) ≤ 𝑑 for every 𝐻 ∈ H?

If all edges have unit cost 1, i.e., if 𝑐 ≡ 1, then we call the prob-

lem short 𝑑-Diameter Green Bridges Placement (𝑑-Diam GBP).

Fluschnik and Kellerhals [17] study only 𝑑-Diam GBP and without

forced edges. Thus, we generalize their model by allowing general

edge costs. The (possibly empty) set of forced edges that must be

contained in every solution only extends but does not generalize
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their model since any forced edge can be modeled by a habitat

of size two. A forced edge models the case where a green bridge

is already built or planned, and thereby allows for incremental

approaches of reconnecting habitats in an area.

Example 1. Consider the example given in Figure 1 for 𝑑 = 2. In (a),

we are given three habitats 𝐻1, 𝐻2, and 𝐻3 of different species

fragmented by a street network. The middle horizontal street part

is broader than the others, and a green bridge is already built over

a part of the horizontal street at the bottom. In (b) we show the

graph 𝐺 obtained from (a) with a vertex for each inhabited land

patch and with edge costs 𝑐 (above each edge), where all edges have

cost 1 except for the one that corresponds to the broader street

(which has cost 3). Each habitat 𝐻 is depicted by a subgraph 𝐺 [𝐻 ]
colored in correspondence with (a). The forced edge is drawn in

green. Thick lines correspond to a solution of cost 8, which is

minimum. In (c), we show the graph from (b) when edge costs and

forced edges are ignored. Thick lines correspond to a minimum-

cardinality solution. If the true costs were applied and the forced

edges were added, the obtained solution would have cost 9. ⋄

This work contributes to a better understanding of 𝑑-Diam GBP

from an algorithmic and complexity-theoretic point of view. As a

starting point, and to garner a better understanding of the structural

properties of the problem, we focus solely on the case 𝑑 = 2. There

are multiple reasons for this restriction: First, as the problem is

trivial for 𝑑 = 1 [17], we focus on the first value of 𝑑 for which

the problem is NP-hard. Second, the case 𝑑 = 2 has also been

studied the most in related problems (see below). Lastly, 𝑑 = 2

is also motivated by a practical point of view: The way human

infrastructure fragments the landscape often does not allow to

reconnect habitats with a diameter of 1 (a clique). A good example

is a habitat that contains the crossing of two streets: Such a habitat

will induce a cycle on four vertices, which already has diameter 2.

Our main interest is the complexity of 2-Diam GBP-C on planar
graphs as well as graphs with bounded maximum degree. As in our

setting, the graphs correspond to the duals of road networks, these

are natural assumptions. Moreover, we focus on instances in which

the habitats are small. Small habitats appear more often for small

mammals, amphibians, and reptiles [21, 22].

Related Work. The problems introduced by Fluschnik and Keller-

hals [17] are not the first network design problems for wildlife preser-
vation studied from a theoretical and algorithmic perspective. For

designing wildlife corridors, Lai et al. [32] consider the problem

of finding a subgraph induced by a vertex set so that within each

habitat, a set of habitat-specific terminals is connected. LeBras et al.

[33] extend this problem to guarantee multiple disjoint paths be-

tween each terminal pair. Both studies highlight the importance of

focusing on planar inputs.

The need to “connect fragmented habitats” also appears in a

range of areas outside of wildlife preservation. Applications include

social networks [3], graph drawing [7, 8, 13, 29], combinatorial

auctions [11], vacuum technology [14], structural biology [2], and

reconfigurable computer networks [10, 16]. In the latter context,

Chockler et al. [10] call for algorithms that “connect habitats” with

a small diameter. Chen et al. [9] list further applications of the

studied problem and its variants. Another problem concerned with

Table 1: Overview on our results for 2-Diam GBP regarding
maximum degree Δ, maximum habitat size, and further re-
strictions like planarity. Recall that 𝑛,𝑚, and 𝑟 denote the
number of vertices, of edges, and of habitats, respectively.
(∗: on planar graphs; †: even for unit costs)

Δ Maximum habitat size

≤ 3 = 4 ≥ 5

≤ 3 O(𝑛 + 𝑟 ) [Thm. 2]

= 4 O(𝑛 + 𝑟 ) [Thm. 3] open
≥ 5 NP-hard

†
[Thm. 4(i)]

≥ 5
∗ O(𝑛2𝑟2 + 𝑟3) [Thm. 1] NP-hard

†
[Thm. 4(ii)]

connecting more than one habitat is Steiner Forest [4], extending

the well-known Steiner Tree problem.

Green bridges placement. Fluschnik and Kellerhals [17] proved

that 2-Diam GBP is NP-hard even if 𝑟 = 1, and polynomial-time

solvable if the graph has constant maximum degree and there are

only a constant number of habitats. Herrendorf et al. [24] show that

an algorithm solving the problem in 2
𝑜 (𝑛2+𝑟 )

time would break the

exponential time hypothesis, even if each habitat has size 4. Several

related problems consider the task of connecting just one “habitat”.

Minimizing the diameter of the habitat with a fixed budget is also

NP-hard [37], as is the problem of adding few edges to a graph to

reduce its diameter [18, 38]. The latter problem is also known as

finding shortcut edges and has been studied intensely [1, 6, 12].

The variant where every habitat has size three has been studied

extensively and is NP-hard even if 𝐺 is a clique [16, 23, 25]. It is

2-approximable in polynomial time, which is best possible under

the unique games conjecture [25]. The variant is polynomial-time

solvable on planar graphs if each habitat induces a triangle being

the boundary of a face, or when the graph has maximum degree

and each habitat induces a triangle [23]. If there is a solution that

spans a tree in 𝐺 , then it can be found in linear time [30].

2-Diam GBP has been studied by Jansson et al. [28] who give a

polynomial-time 𝑂 (𝜂4)-approximation algorithm, where 𝜂 denotes

the maximum habitat size. Moreover, there are several studies on

heuristics for 2-Diam GBP [34–36]. Besides the primary objective,

the heuristics aim to keep the maximum degree of 𝐺 [𝐹 ] low.
Another related network design problem is network sparsifica-

tion. Gionis et al. [20] consider a variant of 2-Diam GBP called

Sparse Stars where an edge subset 𝐹 is a solution if for each

𝐻 ∈ H the graph 𝐺 [𝐹 ] [𝐻 ] contains a spanning star. As a star

has diameter two, any such 𝐹 is also a solution for 2-Diam GBP.

They give a polynomial-time approximation algorithm for Sparse

Stars. Herrendorf et al. [24] study the parameterized complexity

of Sparse Stars with respect to the parameters solution size |𝐹 |
and maximum degree Δ, among others. Korach and Stern [31] ex-

amine a variant of Sparse Stars which additionally requires that

the solution 𝐹 induces a spanning tree of 𝐺 .

Our Contributions. Our results are summarized in Table 1. We

provide tractability boundaries (i.e., polynomial-time solvability

versus NP-hardness) for 2-DiamGBP-Cwhen combining sparsity as

described above with small maximum habitat sizes. On the positive
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side, we show that 2-Diam GBP-C is polynomial-time solvable for

instances with

(i) maximum degree three;

(ii) maximum degree four and maximum habitat size four;

(iii) planar graphs and maximum habitat size three.

Cases (i) and (ii) are even solvable in linear time. To complement

these results, we show that 2-Diam GBP is NP-hard even if the

input graph has maximum degree five and

(i) the maximum habitat size is three;

(ii) is also planar, and the maximum habitat size is four.

For all of our polynomial-time algorithms, the habitat size is

constant. Therefore, the complexity of these specific cases arises

from the way the habitats intersect. For each of the polynomial-time

solvable cases, we make use of different structural observations and

algorithmic techniques.

Highlights of this work are the structural observations and po-

lynomial-time algorithms for instances with planar graphs and

habitat size three (Section 3) and instances with maximum degree

four and habitat size four (Section 5). The former algorithm exploits

that size-three habitats in planar graphs admit a hierarchywhich we

can break down with an intricate data reduction rule. For the latter

result, we introduce the habitat intersection graph that captures

the complexity of how habitats intersect; in this case, we are able

to show that each connected component of the intersection graph

is a path or a cycle, or has constant size. For larger habitat sizes, we

were unable to prove the same structure for the habitat intersection

graph, but we conjecture that it keeps the same structure. Both

structural properties cease to hold when increasing the habitat size

to four in planar graphs, or the maximum degree to five, even for

size-three habitats. This is reflected by our hardness results.

We first define some notation and state some preprocessing rules

used throughout the paper in Section 2. Then, we present the algo-

rithms, starting with the algorithm on planar graphs in Section 3.

Afterwards, our results are ordered by increasing maximum degree

(Sections 4 & 5), ending with the hardness results for graphs of

maximum degree five (Section 6).

2 PRELIMINARIES AND PREPROCESSING
For an (undirected) graph 𝐺 = (𝑉 , 𝐸), we also denote by 𝑉 (𝐺) and
𝐸 (𝐺) the vertex and edge sets and let 𝑛 B |𝑉 | and𝑚 B |𝐸 |. For
a vertex set𝑊 ⊆ 𝑉 , the graph 𝐺 [𝑊 ] induced by𝑊 is the graph

with vertex set𝑊 and all edges in 𝐸 with both endpoints in𝑊 . For

an edge set 𝐸′ ⊆ 𝐸, the graph induced by 𝐸′ is 𝐺 [𝐸′] B (𝑉 , 𝐸′).
For an edge set 𝐸′ and a vertex set𝑊 ⊆ 𝑉 , the graph 𝐺 [𝐸′] [𝑊 ]
is the graph 𝐺 [𝐸′] induced by𝑊 . For 𝑢, 𝑣 ∈ 𝑉 , let dist𝐺 (𝑢, 𝑣) be
the length of a shortest path between 𝑢 and 𝑣 . The diameter of𝐺 is

diam(𝐺) B max𝑢,𝑣∈𝑉 dist𝐺 (𝑢, 𝑣). A vertex 𝑣 is called a cut vertex
if 𝐺 [𝑉 \ {𝑣}] contains more connected components than 𝐺 . The

degree deg𝐺 (𝑣) of a vertex 𝑣 is the number of edges incident to 𝑣 .

The maximum degree of𝐺 is the maximum degree of a vertex in𝐺 .

A graph is 𝑘-connected if for each pair 𝑢, 𝑣 of vertices, there are at

least 𝑘 vertex-disjoint paths connecting them. A graph is planar if

it can be drawn in the 2-dimensional plane without crossing edges.

A set𝑊 ⊆ 𝑉 is a vertex cover of 𝐺 if 𝐺 [𝑉 \𝑊 ] is edgeless.
Some proofs and details (marked by⋆) are deferred to the full

version of the paper [40].

Preprocessing. We use the following straightforward reduction

rules throughout our paper.

Reduction Rule 1. Return no if diam(𝐺 [𝐻 ]) > 2 for some 𝐻 ∈ H .

If there is an edge 𝑒 = {𝑢, 𝑣} contained in a habitat 𝐻 such that

the distance from 𝑢 to 𝑣 is more than two when removing the edge,

then 𝑒 must be in every solution. Thus:

Reduction Rule 2. If there is a habitat 𝐻 ∈ H and an edge 𝑒 ∈
𝐸 (𝐺 [𝐻 ]) not contained in a triangle in 𝐺 [𝐻 ], then mark 𝑒 as forced.

Reduction Rule 2 implies the next more direct rule.

Reduction Rule 3. If a habitat 𝐻 ∈ H contains no triangle, then
mark each edge in𝐺 [𝐻 ] as forced. If𝐺 [𝐻 ] for some 𝐻 ∈ H contains
a cut vertex 𝑣 , then mark all edges in 𝐺 [𝐻 ] incident to 𝑣 as forced.

Next, we remove all unnecessary habitats, edges, and vertices,

and small components.

Reduction Rule 4. If diam(𝐺 [𝐹 ∗] [𝐻 ]) ≤ 2 for a habitat 𝐻 ∈ H ,
then remove 𝐻 fromH .

Reduction Rule 5. If there is an edge 𝑒 ∈ 𝐸 such that there is no
habitat 𝐻 ∈ H with 𝑒 ∈ 𝐸 (𝐺 [𝐻 ]), then remove 𝑒 . If further 𝑒 ∈ 𝐹 ∗,
then also set 𝑘 B 𝑘 − 𝑐 (𝑒).

Reduction Rule 6. If 𝑣 ∈ 𝑉 is isolated, then remove 𝑣 .

Reduction Rule 7. Let 𝐶 be a connected component of 𝐺 with
|𝑉 (𝐶) | ≤ 6. Then, in constant time, brute-force a minimum-cost
set 𝐹 ∗

𝐶
⊆ 𝐸 (𝐶) with 𝐹 ∗∩𝐸 (𝐶) ⊆ 𝐹 ∗

𝐶
such that diam(𝐺 [𝐹 ∗

𝐶
] [𝐻 ]) ≤ 2

for every habitat 𝐻 ⊆ 𝑉 (𝐶). Next, remove 𝐶 from 𝐺 and all habi-
tats 𝐻 ⊆ 𝑉 (𝐶) fromH , and set 𝑘 B 𝑘 − 𝑐 (𝐹 ∗

𝐶
).

Observation 1 (⋆). Reduction Rules 1 to 7 can be exhaustively
applied to an instance (𝐺, 𝑐,H , 𝐹 ∗, 𝑘) of 2-Diam GBP-C in O(𝑟 ·𝜂3 +
𝑛 +𝑚) time, where 𝜂 B max𝐻 ∈H |𝐻 |. In the obtained instance, each
component has more than 6 vertices and for each habitat 𝐻 ,𝐺 [𝐻 ] (i)
is 2-connected, (ii) has at least two unforced edges, and (iii) at least
one triangle.

We mention in passing that, after applying our preprocessing,

habitats in instances with maximum degree 3 (4) have size at most

6 (8). This can be verified by checking all graphs with maximum

degree 4 and diameter 2, which contain at most 15 vertices [15].

3 PLANAR GRAPHS AND HABITATS OF SIZE
THREE

Herkenrath et al. [23] showed that, when every habitat has size

three and induces a face in a planar graph, 2-Diam GBP-C is effi-

ciently solvable.
1
We extend their result by showing that this is

possible without the face constraint.

Theorem 1 (⋆). 2-Diam GBP-C on planar graphs is solvable in
𝑂 (𝑛2𝑟2 + 𝑟3) time if the habitat size is at most three.

We assume that the graph is embedded in the plane R2 using a
straight-line embedding 𝜙 and that each habitat induces a triangle

by Observation 1. The crucial observation is that for any habitat

1
They show this for a variation of 2-Diam GBP-C where one only needs that𝐺 [𝐹 ] [𝐻 ]
is connected for each 𝐻 ∈ H. For triangle habitats, this is equivalent to our diameter

constraint.
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𝐻 ∈ H of size 3,𝐺 [𝐻 ] splits the plane into an inner (bounded) area

𝐴in

𝐻
⊆ R2 and an outer, unbounded area 𝐴out

𝐻
⊆ R2. A vertex or

edge is contained in (i) 𝐺 [𝐻 ], (ii), the inner, or (iii) the outer area.
Habitats cannot be both inside and outside as otherwise two edges

would cross. This implies a hierarchy on the habitats: For every

two habitats, either one has a vertex in the inner area of the other,

or both habitats consider the other as outside of them. Hence, there

are habitats that induce faces (at the lowest level of the hierarchy).

Thus, there is a habitat that contains only face habitats; we call

such a habitat reducible, see Definition 2.

As habitats inside a reducible habitat 𝐻 may share edges with 𝐻 ,

theminimum cost of reconnecting them depends on the subsolution,

i.e., the edges in𝐺 [𝐹 ] [𝐻 ]. Themain tool for Theorem 1 is Reduction

Rule 8, which eliminates all vertices, edges, and habitats inside 𝐻 ,

propagating the costs of its optimal inside solutions into the cost

of the edges of 𝐻 . This is remarkable since there are four possible

subsolutions for 𝐻 , but only three edges to store the information

in: A solution may contain all or all but one of the edges in 𝐻 .

Exhaustive application of our reduction rule results in an in-

stance in which every habitat induces a face and allows us to apply

the algorithm by Herkenrath et al. [23].

Let us introduce some notation. For a habitat𝐻 ∈ H , a vertex 𝑣 ∈
𝑉 \𝐻 is either inside or outside a habitat𝐻 , i.e.,𝜙 (𝑣) ∈ 𝐴in

𝐻
or𝜙 (𝑣) ∈

𝐴out

𝐻
(we define the vertices in 𝐻 to be neither inside nor outside of

𝐻 ). As𝐺 is planar, the endpoints of an edge in 𝐸\𝐸 (𝐺 [𝐻 ]) cannot be
both inside and outside 𝐻 . Hence, 𝑒 ∈ 𝐸 \𝐸 (𝐺 [𝐻 ]) is inside if 𝑒 has
an endpoint in 𝐴in

𝐻
and outside if 𝑒 has an endpoint in 𝐴out

𝐻
. Finally,

we define a habitat 𝐻 ′ ∈ H , 𝐻 ′ ≠ 𝐻 , to be inside if 𝐴in

𝐻 ′ ⊊ 𝐴
in

𝐻
and

outside if𝐴out

𝐻 ′ ⊊ 𝐴
out

𝐻
. We denote by𝑉 in

𝐻
,𝑉 out

𝐻
, 𝐸in

𝐻
, 𝐸out

𝐻
,H in

𝐻
,Hout

𝐻
,

the sets of vertices, edges, and habitats that are inside or outside

of 𝐻 . Note that 𝐻 induces an (inner) face if and only ifH in

𝐻
= ∅.

Definition 2. We call a habitat 𝐻 ∈ H reducible ifH in

𝐻
≠ ∅ and

for each 𝐻 ′ ∈ H in

𝐻
it holds true thatH in

𝐻 ′ = ∅.

We prove that if at least one habitat contains another, then there

is a reducible habitat.

Lemma 3 (⋆). Let 𝐺 be a non-empty finite planar graph with an
embedding into the plane andH ≠ ∅ a set of pairwise distinct habitats
in 𝐺 each inducing a triangle. Then eitherH in

𝐻
= ∅ for all 𝐻 ∈ H or

there is a reducible habitat.

We next define some terms that we need for Reduction Rule 8,

alongside an example in Figure 2. Let 𝐻 ∈ H be a habitat; define

𝐸𝐻 B 𝐸 (𝐺 [𝐻 ]). The inner graph𝐺𝐻 of𝐻 is defined as the subgraph

of 𝐺 containing all edges in 𝐸in
𝐻
∪ 𝐸𝐻 . The inner cost function 𝑐𝐻

assigns cost 𝑐𝐻 (𝑒) B 𝑐 (𝑒) to each 𝑒 ∈ 𝐸in
𝐻

and cost 𝑐𝐻 (𝑒) B 0

to each 𝑒 ∈ 𝐸𝐻 . We define the inside optimum solution 𝐹𝐻 for 𝐻

to be an edge set 𝐸 (𝐺𝐻 ) ∩ 𝐹 ∗ ⊆ 𝐹𝐻 ⊆ 𝐸 (𝐺𝐻 ) satisfying 𝐻 ′ ⊆
𝑉 (𝐺𝐻 [𝐹𝐻 ]) and diam(𝐺 [𝐹𝐻 ] [𝐻 ′]) ≤ 2 for all 𝐻 ′ ∈ H in

𝐻
that

minimizes the cost 𝑐𝐻 (𝐹𝐻 ) C opt𝐻 . Intuitively, 𝐹𝐻 is the cheapest

solution regarding the inner cost function that contains all forced

edges satisfying the diameter constraints for all habitats inside of

𝐻 . In the example in Figure 2, 𝐹𝐻 = 𝐸𝐻 ∪ {𝑣𝑟 , 𝑣𝑐 } and opt𝐻 = 3.

For 𝑒 ∈ 𝐸𝐻 , the 𝑒-omitting inner cost function 𝑐𝑒
𝐻
sets 𝑐𝑒

𝐻
(𝑒) B

1+∑𝑒′′∈𝐸in

𝐻
𝑐 (𝑒′′) and 𝑐𝑒

𝐻
(𝑒′) B 0 for each 𝑒′ ∈ 𝐸 (𝐺𝐻 ) \ {𝑒}. The

𝑒-omitting inside optimum solution 𝐹𝑒
𝐻

and opt
𝑒
𝐻
B 𝑐𝑒

𝐻
(𝐹𝑒

𝐻
) are

(a) 𝑘 = 14

1
3

4
3

8

𝑣ℓ

𝑣𝑡

𝑣𝑟

𝑣𝑏

𝑣𝑐

5

5

2

𝐻 ′

𝐻

𝐻1

𝐻2

(b) 𝑘 = −1

1
3𝑣ℓ

𝑣𝑡

𝑣𝑟

𝑣𝑏

1

-
3

2

𝐻 ′

𝐻

(c) 𝑘 = 2

1
3𝑣ℓ

𝑣𝑡

𝑣𝑟

𝑣𝑏

1

0

2

𝐻 ′

𝐻

Figure 2: An illustration of the application of Reduction
Rule 8, with edge costs written on the edges and 𝑘 given
in the subfigure’s label. (a) The habitats are 𝐻 ′ = {𝑣ℓ , 𝑣𝑟 , 𝑣𝑡 },
𝐻 = {𝑣ℓ , 𝑣𝑟 , 𝑣𝑏 }, 𝐻1 = {𝑣ℓ , 𝑣𝑟 , 𝑣𝑐 }, and 𝐻2 = {𝑣𝑟 , 𝑣𝑏 , 𝑣𝑐 }, where 𝐻
is the reducible habitat with 𝐻1 and 𝐻2 being inside 𝐻 . (b)
After deleting 𝐻1 and 𝐻2 and adjusting edge costs and 𝑘 . (c)
After dealing with negative edge costs, where edge {𝑣𝑟 , 𝑣𝑏 }
(thick, red) is now forced.

defined just as the inside optimum solution with the only difference

being the cost function. In the example in Figure 2, 𝐹
{𝑣𝑟 ,𝑣𝑏 }
𝐻

= 𝐹𝐻 \
{{𝑣𝑟 , 𝑣𝑏 }} ∪ {{𝑣ℓ , 𝑣𝑐 }} and opt

{𝑣𝑟 ,𝑣𝑏 }
𝐻

= 11. Further, opt
{𝑣ℓ ,𝑣𝑏 }
𝐻

= 3

and opt
{𝑣ℓ ,𝑣𝑟 }
𝐻

= 7.

Since the cost of 𝑒 is prohibitively high, we have 𝑒 ∉ 𝐹𝑒
𝐻
. Thus

opt𝐻 ≤ opt
𝑒
𝐻
≤ ∑

𝑒′∈𝐸in

𝐻
𝑐 (𝑒′), and observe the following.

Observation 4. For 𝐻 ∈ H , 𝑒 ∈ 𝐸𝐻 , and a solution 𝐹 ,

𝑐 (𝐹 ∩ 𝐸in𝐻 ) ≥
{
opt𝐻 , if |𝐹 ∩ 𝐸𝐻 | = 3,

opt
𝑒
𝐻
, if 𝐸𝐻 \ 𝐹 = {𝑒}.

This gives rise to our central reduction rule (see Figure 2).

Reduction Rule 8 (⋆). Let 𝐻 be a reducible habitat. Then remove
𝐸in
𝐻

from the graph,H in

𝐻
from the habitat set, increase 𝑘 by 2 opt𝐻 −∑

𝑒∈𝐸𝐻 \𝐹 ∗ opt
𝑒
𝐻
, and increase the cost of each 𝑒 ∈ 𝐸𝐻 by opt𝐻 . Af-

terwards, decrease the cost of each 𝑒 ∈ 𝐸𝐻 \ 𝐹 ∗ by opt
𝑒
𝐻
. For every

edge 𝑒 whose cost 𝑐 (𝑒) becomes negative in this process, increase 𝑘 by
|𝑐 (𝑒) |, set 𝑐 (𝑒) B 0, and mark 𝑒 as forced.

Proof idea. Denote by I and I′ the instances before and after

applying the rule. Let 𝑐′ denote the new cost function. For the proof

idea, we assume that 𝐹 ∗ = ∅ and that no edges become negative

during the application.

Consider a solution 𝐹 of cost at most 𝑘 for I. Then either |𝐹 ∩
𝐸𝐻 | = 3 or 𝐸𝐻 \ 𝐹 = {𝑒}. Let 𝐹 ′ B 𝐹 \ 𝐸in

𝐻
. The cost of the edges

in 𝐸𝐻 ∩ 𝐹 ′ increases by 3 opt𝐻 −
∑
𝑒′∈𝐸𝐻 opt

𝑒′
𝐻
if |𝐹 ∩ 𝐸𝐻 | = 3 and

by 2 opt𝐻 −
∑
𝑒′∈𝐸𝐻 opt

𝑒′
𝐻
+ opt𝑒

𝐻
if 𝐸𝐻 \ 𝐹 = {𝑒}, but 𝐹 ′ need not

pay for the edges in 𝐸in
𝐻
, saving 𝑐 (𝐹 ∩ 𝐸in

𝐻
). So the cost increase

𝑐′ (𝐹 ′) − 𝑐 (𝐹 ) is equal to the budget increase 𝑘′ − 𝑘 .
For the reverse direction, if 𝐹 ′ is a solution for I′, we consider

the same cases. If |𝐹 ′ ∩ 𝐸𝐻 | = 3, then we construct 𝐹 by adding an

inside optimum solution to 𝐹 ′. If 𝐸𝐻 \ 𝐹 ′ = {𝑒}, then we add an

𝑒-omitting inside optimum solution. The verification that 𝑐 (𝐹 ) ≤ 𝑘
is the same as above.

It remains to show that the constructed solutions satisfy the habi-

tat diameter constraints and how to deal with forced and negative

edges. These details are in the paper’s full version [40]. □
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(a)

𝑣 𝑤

(b)

𝑣 𝑤

(c)

Figure 3: The zones, where the𝐾3 in (c) must not be contained
in (a) or (b).

Algorithm 1: Given a reduced instance 𝐼 = (𝐺 = (𝑉 , 𝐸), 𝑐,
H , 𝐹 ∗, 𝑘) where Δ(𝐺) ≤ 3, return a set 𝐹 ∗ ⊆ 𝐹 ⊆ 𝐸 or no.
Here, 𝐸𝐻−𝑋 B 𝐸 (𝐺 [𝐻 ]) \ 𝐸 (𝑋 ) and 𝐹𝐻,𝑋 B 𝐸𝐻−𝑋 ∪ 𝐹𝑋 .
1 Initialize 𝐹 ← 𝐹 ∗;
2 foreach zone 𝑋 ⊆ 𝐺 do
3 Find lowest-cost set 𝐹 ∗ ∩ 𝐸 (𝑋 ) ⊆ 𝐹𝑋 ⊆ 𝐸 (𝑋 ) such that

diam(𝐺 [𝐹𝐻,𝑋 ] [𝐻 ]) ≤ 2 for each 𝐻 with 𝐻 ∩𝑉 (𝑋 ) ≠ ∅;
4 𝐹 ← 𝐹 ∪ 𝐹𝑋 ;
5 if 𝑐 (𝐹 ) ≤ 𝑘 then return 𝐹 else return no;

When applying Reduction Rule 8 to a reducible habitat, its parent

becomes reducible. Thus, after exhaustive application, every habitat

induces a face, and we can apply Herkenrath et al. [23]’s algorithm.

This proves Theorem 1. See the paper’s full version [40] for details.

4 MAXIMUM DEGREE THREE
We next give a linear-time algorithm for subcubic graphs.

Theorem 2 (⋆). 2-Diam GBP-C is solvable in O(𝑛 + 𝑟 ) time on
graphs of maximum degree three.

Due to Reduction Rule 2, we only care about those edges of

habitats contained in a triangle, and every edge of a habitat not

contained in a triangle is forced. Indeed, the degree and diameter

constraints allow us to partition the triangles into vertex-disjoint

groups each of which contains at most two triangles. We call these

groups zones, see Figure 3. The clue now is that any edge of a habitat

outside of a zone is forced. As the zones have constant size, we

can brute-force an optimum solution for each. The union of these

solutions then is an optimum solution; see Algorithm 1.

Let𝑀 (𝐾3) be the graph obtained by adding a complete matching

between two 𝐾3’s. Observe that, due to the degree bound, any 𝐾4
and𝑀 (𝐾3) would be isolated in 𝐺 and thus removed by Reduction

Rule 7. Let𝐾4−𝑒 be a𝐾4 where one edge is removed. Let𝑀 (𝐾3)−𝑒𝑀
be a𝑀 (𝐾3) where one matching edge is removed.

Definition 5. A zone is a subgraph of 𝐺 isomorphic to a 𝐾4 − 𝑒
or an 𝑀 (𝐾3) − 𝑒𝑀 , or a 𝐾3 that is not contained in a 𝐾4 − 𝑒 or

𝑀 (𝐾3) − 𝑒𝑀 ; compare with Figure 3.

We next show that zones are vertex-disjoint.

Observation 6. Any two distinct zones are vertex-disjoint.

Proof. In a graph with maximum degree three, any two distinct

triangles either share an edge or are vertex-disjoint. If they share

two edges, then they are not distinct. If they share no edge but a

vertex, then this vertex has degree four. Moreover, a triangle can

share edges with at most one other triangle, otherwise one of its

vertices would have degree four in 𝐺 . This implies that the 𝐾4−𝑒
shares no vertices or edges with other zones. Finally, as the only

two vertices in the𝑀 (𝐾3) − 𝑒𝑀 with degree less than three are not

adjacent, it cannot share a vertex or edge with any other zone. □

Observation 7. Let 𝐻 ∈ H and 𝑣,𝑤 ∈ 𝐻 . Then all 𝑣-𝑤-paths of
length at most two in 𝐺 [𝐻 ] contain edges of at most one zone.

Proof. Note that there cannot be a single such path containing

edges of two zones as this would contradict their vertex-disjointness.

Suppose towards a contradiction that there are two distinct zones𝑋

and 𝑌 such that 𝐺 [𝐻 ] contains two length-two 𝑣-𝑤-paths 𝑃𝑋 =

(𝑣, 𝑥,𝑤) and 𝑃𝑌 = (𝑣,𝑦,𝑤) such that 𝑃𝑋 contains an edge from 𝑋

and 𝑃𝑌 contains an edge from𝑌 . Assume that 𝑣, 𝑥 ∈ 𝑋 and𝑤,𝑦 ∈ 𝑌 .
Note that 𝑣, 𝑥,𝑤,𝑦 induce a 𝐶4: {𝑣,𝑤} cannot exist due to zones

being vertex-disjoint and {𝑥,𝑦} cannot exist as otherwise the ver-
tices would have degree greater than three (note that each of 𝑥,𝑦

has at least one further neighbor in their respective zone). Observe

further that deg𝑋 (𝑣), deg𝑋 (𝑥) ≤ 2 and 𝑣 and 𝑥 are adjacent. This

is only possible if 𝑋 is a triangle. Analogously, 𝑌 is also a triangle.

But then, 𝐺 [𝑋 ∪ 𝑌 ] induces an𝑀 (𝐾3) − 𝑒𝑀 , contradicting the fact

that 𝑋 and 𝑌 are distinct zones. □

Proof of Theorem 2. We first prove that 𝐹 is a solution and

then that it has minimal cost. Finally, we show that Algorithm 1

runs in O(𝑛 + 𝑟 ) time.

To see that 𝐹 is a solution, we show dist𝐺 [𝐹 ] [𝐻 ] (𝑣,𝑤) ≤ 2 for

each 𝐻 ∈ H and each 𝑣,𝑤 ∈ 𝐻 . By Observation 7, all 𝑣-𝑤-paths of

length two contain edges from at most one zone. If they contain

edges of zero zones, then they are all forced and dist𝐺 [𝐹 ] [𝐻 ] (𝑣,𝑤) ≤
2. If they contain edges of zone𝑋 , then all edges outside of that zone

are forced; thus dist𝐺 [𝐹 ] [𝐻 ] (𝑣,𝑤) = dist𝐺 [𝐹𝐻,𝑋 ] [𝐻 ] (𝑣,𝑤) ≤ 2.

Now suppose that there is a solution 𝐹 ′ with 𝑐 (𝐹 ′) < 𝑐 (𝐹 ). Since
𝐹 and 𝐹 ′ can only differ in edges contained in triangles and every

triangle is contained in a zone, there is a zone𝑋 with 𝑐 (𝐸 (𝑋 )∩𝐹 ′) <
𝑐 (𝐸 (𝑋 ) ∩ 𝐹 ). This contradicts the choice of 𝐹𝑋 by Algorithm 1.

Finally, for the running time, note that every habitat has constant

size due to the degree and diameter constraints, or we have a trivial

no-instance. Thus, Reduction Rules 1 to 7 are applicable in O(𝑛 + 𝑟 )
time. Since all zones are vertex-disjoint, there are at most 𝑛 zones,

which can be found in linear time by searching the neighborhoods

of each vertex. Finally, for the brute-force step of the algorithm,

observe that zones and habitats have constant size and that each

zone contains only a constant number of habitats. □

5 MAXIMUM DEGREE FOUR
In this section, we will show the following result.

Theorem 3 (⋆). 2-Diam GBP-C is solvable in O(𝑛 + 𝑟 ) time if the
maximum degree of 𝐺 and the maximum habitat size are at most 4.

Note that, even if the habitats have size at most four, we can-

not remove habitats that are subsets of other habitats: Consider a

habitat 𝐻 = {𝑢, 𝑣,𝑤, 𝑥} that induces a 𝐾4. Then a solution 𝐹 with

{𝑢, 𝑣}, {𝑢,𝑤}, {𝑢, 𝑥} ∈ 𝐹 (but no other edges in 𝐺 [𝐻 ]) is sufficient

for 𝐻 ; however, for the subset habitat 𝐻 ′ = {𝑣,𝑤, 𝑥}, 𝐹 would be

infeasible. Our following algorithm cannot deal with such habi-

tats. Instead, we simply compute the set F𝐻 of feasible solutions for

each habitat𝐻 ∈ H ; note that each set F𝐻 contains only constantly

many solutions as 𝐻 is of constant size. If we then have a habitat

𝐻 ′ which is a subset of some habitats 𝐻 ∈ H ′, then we remove 𝐻 ′
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𝐻1 𝐻2 𝐻3 𝐻4 𝐻5

Figure 4: Illustration of a graph with five habitats, and the
corresponding intersection graph 𝜕H by Definition 9. Note
that 𝐻1 and 𝐻3 are not neighboring in 𝜕H as 𝐸 (𝐺 [𝐻1 ∩𝐻3]) ⊆
𝐸 (𝐺 [𝐻1 ∩ 𝐻2]), and that 𝐻4 and 𝐻5 are not neighboring as
their only common edge is forced (red).

and keep only those solutions in F𝐻 , 𝐻 ∈ H ′ that are feasible for
both 𝐻 and 𝐻 ′.

We assume that Reduction Rules 1 to 7 are inapplicable, implying

that each habitat induces a 𝐾3, a 𝐾4, or a 𝐾4−𝑒 . Formally, we reduce

2-Diam GBP-C to the following problem.

Problem 2. General Green Bridges Placement with Costs

(Gen GBP-C)

Input: An undirected graph𝐺 = (𝑉 , 𝐸) with edge costs 𝑐 : 𝐸 → N0,
a set H = {𝐻1, . . . , 𝐻𝑟 } of habitats with 𝐻𝑖 ⊆ 𝑉 and |𝐻𝑖 | ≥ 2

for all 𝑖 ∈ {1, . . . , 𝑟 }, a set F𝐻𝑖
⊆ 2

𝐸 (𝐺 [𝐻𝑖 ] )
of feasible edge

sets for all 𝑖 ∈ {1, . . . , 𝑟 }, a set 𝐹 ∗ ⊆ 𝐸 of forced edges, and an

integer 𝑘 ∈ N0.
Question: Is there a subset 𝐹 ⊆ 𝐸 with 𝐹 ∗ ⊆ 𝐹 and 𝑐 (𝐹 ) B∑

𝑒∈𝐹 𝑐 (𝑒) ≤ 𝑘 such that for every 𝑖 ∈ {1, . . . , 𝑟 } there is a set
𝐹𝐻𝑖
∈ F𝐻𝑖

with 𝐹𝐻𝑖
⊆ 𝐹?

Observation 8. For each instance I = (𝐺, 𝑐,H , 𝐹 ∗, 𝑘) of 2-Diam

GBP-C with constant habitat size, one can compute in O(𝑟 ) time the
sets F𝐻 ⊆ 2

𝐸 (𝐺 [𝐻 ] ) , 𝐻 ∈ H , such that 𝐹 is a solution for I if and
only if 𝐹 is a solution for the instanceI′ = (𝐺, 𝑐,H , {F𝐻 }𝐻 ∈H, 𝐹 ∗, 𝑘)
of Gen GBP-C.

We apply the following rule to Gen GBP-C instances.

Reduction Rule 9. Let 𝐻 ′ ∈ H and letH ′ B {𝐻 ∈ H | 𝐻 ′ ⊆ 𝐻 }.
Then, for each 𝐻 ∈ H ′, keep only those sets 𝐹𝐻 in F𝐻 such that there
is a set 𝐹𝐻 ′ ∈ F𝐻 ′ with 𝐹𝐻 ′ ⊆ 𝐹𝐻 , and then remove 𝐻 ′ and F𝐻 ′ .

5.1 The Habitat Intersection Graph
The crucial part for computing a solution for Gen GBP-C (and thus

also 2-Diam GBP) is that a habitat may influence the subsolution for

another habitat (directly) only if they both share an (unforced) edge.

However, if the two habitats have no common edges, but both share

edges with a third habitat, then their subsolutions can still affect

each other. To exploit this property, we formally define the habitat

intersection graph, where two habitats are neighboring—up to one

small caveat—when they share an unforced edge (see Figure 4 for

an illustrative example).

Definition 9. For a graph 𝐺 with a subset of edges being forced

and habitat set H , the intersection graph 𝜕H has the vertex set

𝑉 (𝜕H) = H and two habitats are neighboring, i.e., {𝐻1, 𝐻2} ∈
𝐸 (𝜕H) if and only if

(i) 𝐺 [𝐻1 ∩ 𝐻2] contains at least one unforced edge and

(ii) there is no𝐻3 ∈ H such that 𝐸 (𝐺 [𝐻1∩𝐻2]) is a proper subset
of 𝐸 (𝐺 [𝐻1 ∩ 𝐻3]) or 𝐸 (𝐺 [𝐻2 ∩ 𝐻3]).

We call the edges in 𝐺 [𝐻1 ∩ 𝐻2] intersection edges between 𝐻1

and 𝐻2. For a subset C ⊆ H , we denote by 𝑉 (C) and 𝐸 (C) the
vertices and the edges of 𝐺 [⋃𝐻 ∈C 𝐻 ].

We show that we can compute 𝜕H efficiently and solutions

separately for each of its connected components.

Observation 10 (⋆). If the maximum habitat size and the max-
imum degree of the graph are both at most four, then each edge is
contained in at most 21 habitats.

Lemma 11. Given a graph 𝐺 with maximum degree four, a subset
of forced edges, and a set H of 𝑟 habitats each of size at most four,
one can compute 𝜕H in O(𝑛 + 𝑟 ) time.

Proof. We first compute for each edge 𝑒 the set of habitats

containing 𝑒 (which is constant by Observation 10) in two steps:

First, compute for each vertex 𝑣 the set of habitats containing 𝑣

(which is also constant by Observation 10), then perform a breadth-

first search over 𝐺 and, whenever there is an edge 𝑒 = {𝑢, 𝑣} with
𝑢, 𝑣 ∈ 𝐻 , add 𝐻 to the habitat set for 𝑒 . Next, for every unforced

edge 𝑒 and every pair 𝐻1, 𝐻2 of habitats containing 𝑒 , we check

Definition 9(ii) by listing all habitats sharing an edge with 𝐻1 or

𝐻2 in constant time. If there is no 𝐻3 ∈ H with 𝐸 (𝐺 [𝐻1 ∩ 𝐻2]) ⊆
𝐸 (𝐺 [𝐻𝑖 ∩𝐻3]) for 𝑖 ∈ {1, 2}, then add {𝐻1, 𝐻2} to 𝐸 (𝜕H). As there
are O(𝑛) edges, the claimed running time follows. □

Lemma 12. For an instance of Gen GBP-C, let C1, C2, . . . , Cℓ be
the connected components of 𝜕H . For each 𝑖 ∈ {1, . . . , ℓ}, define
𝐺𝑖 B 𝐺 [⋃C𝑖 ], and let 𝐹𝑖 ⊆ 𝐸 (𝐺𝑖 ) be a minimum-cost solution for
the subgraph 𝐺𝑖 . Then 𝐹 B 𝐹 ∗ ∪ 𝐹1 ∪ · · · ∪ 𝐹ℓ is a minimum-cost
solution for 𝐺 , where 𝐹 ∗ is the set of forced edges.

Proof. If 𝐺 [𝐻1 ∩ 𝐻2] contains edges but {𝐻1, 𝐻2} ∉ 𝐸 (𝜕H),
then all intersection edges are in 𝐹 ∗, or there is a habitat 𝐻3 as

in Definition 9(ii). In the latter case, {𝐻1, 𝐻3}, {𝐻3, 𝐻2} ∈ 𝐸 (𝜕H);
thus 𝐻1, 𝐻2, 𝐻3 are in the same connected component. Thus, for

every 𝑖, 𝑗 ∈ {1, . . . , ℓ}, we have 𝐸 (𝐺𝑖 ) ∩ 𝐸 (𝐺 𝑗 ) ⊆ 𝐹 ∗. Consequently,
𝐹𝑖 ∩ 𝐹 𝑗 ⊆ 𝐹 ∗. Clearly, 𝐹 is a solution, and every solution must

contain 𝐹 ∗. As every 𝐹𝑖 is cost-optimal for𝐺𝑖 , the resulting solution

𝐹 is also cost-optimal. □

5.2 Structure of the Habitat Intersection Graph
The following important vertices limit how habitats intersect.

Definition 13. For two neighboring habitats 𝐻,𝐻 ′ ∈ H , we call a

vertex 𝑣 ∈ 𝐻 ∩𝐻 ′ docking towards 𝐻 ′ if it is adjacent to a vertex in

𝐻 ′ \ 𝐻 .

Observe that a vertex 𝑣 ∈ 𝐻 ∩ 𝐻 ′ may be docking towards 𝐻 ′,
but not towards 𝐻 ; i.e., docking vertices are not symmetric. Also,

there are always at least two docking vertices towards𝐻 ′ in𝐻 ∩𝐻 ′
if 𝐻 and 𝐻 ′ are neighboring.

Observation 14 (⋆). Let 𝐻,𝐻 ′ ∈ H be two neighboring habitats.
Then there are at least two and at most max{|𝐻 |, |𝐻 ′ |} − 1 vertices
in 𝐻 docking towards 𝐻 ′.

Note that the docking vertices towards 𝐻 ′ may have at most

three neighbors within 𝐻 , otherwise they cannot be adjacent to

any vertex in 𝐻 ′ \𝐻 . Indeed, we show that among the intersecting

edges, there must be one whose endpoints both have degree at most
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three in 𝐻 . We call them docking edges, and additionally proper if
one of their endpoints has degree two. We define these notions for

sets of habitats.

Definition 15. For a set C ⊆ H of habitats, an edge {𝑢, 𝑣} ∈ 𝐸 (C)
is called docking if degC (𝑢) ≤ 3 and degC (𝑣) ≤ 3, and properly
docking if degC (𝑢) = 2 and degC (𝑣) = 3.

Observation 16. If a set C ⊆ H does not contain docking edges,
then C has no neighboring habitats.

Proof. Suppose that there is a habitat𝐻 ∉ C that is neighboring

a habitat 𝐻 ′ ∈ C. Then there are two vertices 𝑢, 𝑣 ∈ 𝐻 ∩𝐻 ′ that are
docking towards 𝐻 , and there is one vertex 𝑥 ∈ 𝐻 \ 𝑉 (C). Thus,
the degree of both of these vertices within C is at most three. So

if {𝑢, 𝑣} ∈ 𝐸, then C contains a docking edge. Hence, {𝑢, 𝑣} ∉ 𝐸,
and as 𝐻 ∩𝐻 ′ contains an unforced edge, there is another vertex

𝑤 ∈ 𝐻 ∩ 𝐻 ′, and {𝑢,𝑤}, {𝑤, 𝑣} ∈ 𝐸. As C contains no docking

edge, we have degC (𝑤) = 4, and so {𝑤, 𝑥} ∉ 𝐸. Thus, 𝐻 induces

a 𝐶4 (or 𝐺 [𝐻 ] contains even fewer edges); a contradiction to the

inapplicability of Reduction Rule 2. □

We now show amonotonicity property when there are no proper

docking edges in C.

Lemma 17. Let C ⊆ H be a set of at least two habitats that are
connected in 𝜕H . Let𝐻 ∈ H \C be adjacent to at least one habitat in
C. If for each vertex 𝑣 ∈ 𝑉 (C) docking towards𝐻 we have degC (𝑣) ≥
3, then C′ B C ∪ {𝐻 } contains strictly fewer docking edges than C.
Moreover, C′ does not contain a docking edge with an endpoint in 𝐻 .

Proof. Suppose first that𝐻∩𝑉 (C) contains exactly two vertices
𝑢, 𝑣 . Then both are docking vertices, and degC (𝑢) = degC (𝑣) =
3. Moreover, {𝑢, 𝑣} ∈ 𝐸, or 𝐻 is not neighboring any habitat in

C. If 𝐻 contains four vertices, then the two (adjacent) vertices

in 𝐻 \ 𝑉 (C) both have degree two; thus 𝐻 induces a 𝐶4, which

contradicts the inapplicability of Reduction Rule 2. If 𝐻 = {𝑢, 𝑣,𝑤},
then degC′ (𝑤) = 3 and degC′ (𝑢) = degC′ (𝑣) = 4. Thus, the new

vertex 𝑤 ∈ 𝑉 (C′) \ 𝑉 (C) is not incident to a docking edge, and

{𝑢, 𝑣} is docking in C but not in C′. As the remaining edges are

unaffected, there are strictly fewer docking edges in C′.
Now, suppose that 𝐻 ∩ 𝑉 (C) contains exactly three vertices

𝑢, 𝑣,𝑤 . Then 𝐻 contains a fourth vertex 𝑥 ∉ 𝑉 (C). If one of the
vertices in𝐻∩𝑉 (C), say 𝑣 , is not docking, then it must be adjacent to

both 𝑢 and𝑤 ; otherwise 𝐺 [𝐻 ] is not 2-connected. Then {𝑣, 𝑥} ∉ 𝐸
(otherwise 𝑣 is docking); thus𝑢, 𝑣 ,𝑤 form a triangle in𝐺 (otherwise

𝐻 induces a 𝐶4). Then none of the edges incident to 𝑥 ∈ 𝑉 (C′) \
𝑉 (C) are docking, but {𝑢,𝑤} is docking in C′ but not in C. As the
remaining edges are unaffected, the number of docking edges in

C′ strictly decreases. Suppose next that 𝑣 is docking. If 𝑢, 𝑣 ,𝑤 form

a triangle in𝐺 (i.e., 𝐻 induces a 𝐾4), then we are in a case identical

to the three-vertex case above. If one of the edges between 𝑢, 𝑣,𝑤 ,

say, {𝑢,𝑤}, is missing, then 𝐻 induces a 𝐾4−𝑒 . In this case, {𝑢, 𝑣}
and {𝑣,𝑤} are docking in C, but not in C′; and there is no docking

edge incident to 𝑥 as degC′ (𝑢) = degC′ (𝑤) = 4 and degC′ (𝑥) = 3.

Thus, the number of docking edges strictly decreases. □

Next we show that, if C contains proper docking edges, then C
is part of a path in 𝜕H .

(a1) (a2) (a3)

(a4) (b1)

(b2) (b3)

Figure 5: Illustration to Lemma 18 with base cases (a1)–(a4),
with two habitats (dashed/dotted), and induction step cases
(b1)–(b3) with habitat 𝐻 (dashed). Thick edges are shared.

Lemma 18 (⋆). Let C ⊆ H be a set of at least two habitats that are
connected in 𝜕H . If C contains at least one proper docking edge, then
𝜕H[C] is a path, and each habitat corresponding to an endpoint of
the path contains exactly one degree-2 vertex with a degree-3 neighbor.

Proof sketch. We proceed by induction on the number of habi-

tats in C. Our base case is |C| = 2. Figure 5(a) shows habitat pairs

containing at least one proper docking edge. Assume the statement

holds for any set of ℓ habitats. Consider a set C′ of ℓ + 1 habitats
such that 𝜕H[C′] is connected and C′ contains a habitat 𝐻 with a

proper docking edge. Let C B C′ \ {𝐻 } and assume𝑉 (C) ≠ 𝑉 (C′),
otherwise we are done. In this sketch, we verify the ways that 𝐻

neighbors C in Figure 5(b). Note that 𝐻 ∩𝑉 (C) contains a proper
docking edge 𝑒 of C; otherwise𝐻 does not contain a proper docking

edge in C′. Moreover, C contains another degree-two vertex with

a degree-three neighbor whose edge is disjoint from 𝑒 . It remains

to prove that C′ is a path, i.e., that 𝐻 has only one neighbor in C.
For this, we need Definition 9(ii); details are in the full proof. □

From this, we can deduce the following.

Lemma 19. Each component in 𝜕H is either a path or a cycle, or
has constant size.

Proof. We show that if there is a habitat 𝐻 with at least three

neighbors in 𝜕H , then 𝐻 is part of a constant-size component C′.
Let C comprise 𝐻 and its neighbors. By the contraposition of

Lemma 18, C does not contain any proper docking edge. So any

habitat added to C strictly decreases the number of docking edges of

the subgraph by Lemma 17, and by Observation 16, C cannot grow

without docking edges. As |𝐸 (C)| initially is a constant, its number

of docking edges is also constant; thus |C′ | is also constant. □

5.3 The Algorithm
We give an algorithm for Gen GBP-C where 𝜕H is a path.

Lemma 20 (⋆). Let I be an instance of Gen GBP-C where 𝜕H is
a path and Reduction Rule 9 has been exhaustively applied. If 𝜕H
is given, then one can compute in O(𝑟 · 𝜆4) time a minimum-cost
solution for I. Here, 𝜆 B max𝐻 ∈H |F𝐻 |.

Proof sketch. Let (𝐻1, 𝐻2, . . . , 𝐻𝑟 ) be the path in 𝜕H . Assume,

without loss of generality, that for each 𝐻 ∈ H and each 𝐹𝐻 ∈ F𝐻 ,
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we have 𝐹 ∗∩𝐸 (𝐺 [𝐻 ]) ⊆ 𝐹𝐻 , i.e., forced edges are part of all subsolu-

tions. In our algorithm, we make use of the fact that𝐻𝑖 has common

edges with 𝐻𝑖−1 and 𝐻𝑖−2, but not with 𝐻𝑖−3. Let 𝐷 [𝑖, 𝐹1, 𝐹2, 𝐹3]
denote the costs of using subsolutions 𝐹1 ∈ F𝐻𝑖

, 𝐹2 ∈ F𝐻𝑖+1 , 𝐹3 ∈
F𝐻𝑖+2 for habitats 𝐻𝑖 , 𝐻𝑖+1, 𝐻𝑖+2, respectively, under the assump-

tion that the cost for the subsolutions for all habitats𝐻1, . . . , 𝐻𝑖+1 is
minimal given 𝐹1 and 𝐹2. Given the values of all entries 𝐷 [ 𝑗, ·, ·, ·]
for 𝑗 < 𝑖 , the entry 𝐷 [𝑖, 𝐹1, 𝐹2, 𝐹3] can be computed as follows.

𝐷 [𝑖, 𝐹1, 𝐹2, 𝐹3] =


𝑐 (𝐹1 ∪ 𝐹2 ∪ 𝐹3), if 𝑖 = 1,

min𝐹0∈F𝐻𝑖−1
𝐷 [𝑖 − 1, 𝐹0, 𝐹1, 𝐹2]

+𝑐 (𝐹3 \ (𝐹1 ∪ 𝐹2)), otherwise.

The optimum cost for the instance is then

min𝐹1∈F𝐻𝑟−2 ,𝐹2∈F𝐻𝑟−1 ,𝐹3∈F𝐻𝑟
𝐷 [𝑟 − 2, 𝐹1, 𝐹2, 𝐹3] . □

We can extend the algorithm of Lemma 20 to instances where

𝜕H induces a cycle: Pick an arbitrary habitat𝐻 and guess a solution

𝐹𝐻 ∈ F𝐻 . Mark all edges in 𝐹𝐻 as forced and run the algorithm

on 𝜕H − 𝐻 , which induces a path. Theorem 3 then follows from

Lemmas 11, 12, 19 and 20.

6 MAXIMUM DEGREE FIVE
We complement our results with (almost) tight hardness results via

polynomial-time reductions from the NP-hard [19] Planar Cubic

Vertex Cover problem, where, given a planar, connected graph

𝐺 = (𝑉 , 𝐸) where every vertex has degree three and an integer 𝑘 ,

the task is to decide whether 𝐺 has a vertex cover of size at most 𝑘 .

Theorem 4 (⋆). 2-Diam GBP is NP-hard even if (i) the graph has
maximum degree five and the maximum habitat size is three, or
(ii) the graph is planar, has maximum degree five, and the maximum
habitat size is four.

We sketch a reduction for the proof of Theorem 4(i) and defer

the details to the paper’s full version [40]. The construction uses

vertex and edge gadgets as shown in Figure 6 (left and center).

Every triangle forms a habitat. These are then connected by a so-

called docking operation for a vertex gadget and an edge gadget

(Figure 6 right): We dock the corresponding vertex and edge gadgets
by identifying one of the dashed edges of each so that the directions

of the arrows on the edges match (otherwise the degree bound is

violated). The budget is chosen such that we can add four edges

per vertex gadget and per edge gadget, plus an additional 𝑘 edges.

To provide intuition for the correctness, if a vertex 𝑢 is included

in a vertex cover, then we choose 𝐹⊤𝑢 to reconnect all habitats in𝐺𝑢 ,

and 𝐹⊥𝑢 otherwise. Although 𝐹⊤𝑢 contains one more edge than 𝐹⊥𝑢 ,

it covers all docking edges. So, for each edge gadget adjacent to𝐺𝑢 ,

we need one fewer edge to reconnect all habitats therein. As we

only have budget for four edges per edge gadget, we require that

each edge gadget must be docked to a vertex gadget that is in the

vertex cover.

The direction constraint may violate planarity. Thus, for Theo-

rem 4(ii), we require two different edge gadgets (see Figure 7) such

that the docking pairs point in the same direction in one and in

different directions in the other. This is only possible with size-four

habitats. See the full version of the paper [40] for details.

𝑏5𝑢

𝑏1𝑢 𝑏2𝑢

𝑏3𝑢𝑏4𝑢

𝑎1𝑒 𝑎2𝑒

𝑎3𝑒

𝑎4𝑒 𝑎5𝑒

𝑏2𝑢 = 𝑎2𝑒

𝑏3𝑢 = 𝑎1𝑒

Figure 6: Illustrations for the construction for Theorem 4(i).
Left: A vertex gadget for a vertex 𝑢. Red edges are size-two
habitats (and thus forced). Blue edges mark the set 𝐹⊤𝑢 . Green
edges mark the set 𝐹⊥𝑢 . Dashed edges mark the docking pairs.
Center: An edge gadget for an edge 𝑒 = {𝑢, 𝑣}. Green edges
mark the set 𝐹𝑢𝑒 . Blue edges mark the set 𝐹 𝑣𝑒 . Right: The result
of docking the two gadgets at (𝑏2𝑢 , 𝑏3𝑢 ) and (𝑎2𝑒 , 𝑎1𝑒 ).

𝑏1𝑢 𝑏2𝑢

𝑏3𝑢

𝑏4𝑢𝑏5𝑢

𝑏6𝑢

𝑎1𝑒 𝑎2𝑒

𝑎3𝑒

𝑎4𝑒 𝑎5𝑒

𝑎6𝑒 𝑎7𝑒

𝑎1𝑒 𝑎2𝑒

𝑎3𝑒

𝑎4𝑒 𝑎5𝑒

𝑎6𝑒 𝑎7𝑒

Figure 7: Illustrations of the construction for Theorem 4(ii).
Red edges are forced. Green and blue highlights are two
(sub)solutions. Top Left: A vertex gadget for a vertex 𝑢. Top
Center and Right: A default edge gadget for an edge 𝑒. Top
Right: An anti-crossing edge gadget. Bottom: The result of
docking two vertex and two edge gadgets; the right edge gad-
get is anti-crossing.

7 EPILOGUE
We showed that reconnecting habitats so that every habitat has

diameter two is computationally challenging even in sparse graphs

with small maximum habitat sizes. On the way, we also identified

intriguing structural properties to enable efficient algorithms.

The main unanswered question in this work is whether 2-Diam

GBP-C is polynomial-time solvable on graphs with maximum de-

gree four and maximum habitat size at least five. We believe that

it is possible to extend our habitat intersection graph approach. If

there are habitats of size six, we can, however, find another proper

docking structure that can also result in paths. We also note that

the dynamic programming approach for paths in the habitat inter-

section graph can be generalized to trees and to graphs of bounded

treewidth. This raises the question: What do instances with these

habitat intersection structures look like?

Finally, one limitation of our model is that every habitat must

have diameter 𝑑 = 2. Future work could extend our study by con-

sidering the cases 𝑑 ≥ 3, or even considering an adaptive diameter

bound, for example, diam(𝐺 [𝐹 ] [𝐻 ]) ≤ 𝛼 diam(𝐺 [𝐻 ]) for 𝛼 ≥ 1.
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