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ABSTRACT

Many problems in compositional synthesis and verification of multi-
agent systems—such as rational verification and assume-guarantee
verification in probabilistic systems—reduce to reasoning about two-
player multi-objective stochastic games. This motivates us to study
the problem of characterizing the complexity and memory require-
ments for two-player stochastic games with Boolean combinations
of qualitative reachability and safety objectives. Reachability objec-
tives require that a given set of states is reached; safety requires
that a given set is invariant. A qualitative winning condition asks
that an objective is satisfied almost surely (AS) or (in negated form)
with non-zero (NZ) probability.

We study the determinacy and complexity landscape of the prob-
lem. We show that games with conjunctions of AS and NZ reach-
ability and safety objectives are determined, and determining the
winner is PSPACE-complete. The same holds for positive boolean
combinations of AS reachability and safety, as well as for negations
thereof. On the other hand, games with full Boolean combinations
of qualitative objectives are not determined, and are NEXPTIME-
hard. Our hardness results show a connection between stochastic
games and logics with partially-ordered quantification. Our results
shed light on the relationship between determinacy and complexity,
and extend the complexity landscape for stochastic games in the
multi-objective setting.
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1 INTRODUCTION

Stochastic games are a class of games consisting of multiple play-
ers, in which the environment exhibits stochastic behavior. The
2-player version of the game (often called 2%—player games) has
especially been extremely useful in modeling many problems in
verification, including rational verification in multi-agent systems
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¢ | queries | objectives | determined? complexity

N | AS,NZ 0,0 yes PSPACE-complete
\V | AS,NZ 0,0 yes PSPACE-complete
B* AS 0,0 yes PSPACE-complete
B*| NZ 0,0 yes PSPACE-complete
B* | AS,NZ 6,0 no NEXPTIME-hard
B* AS¢, ASO, NZ¢ no NEXPTIME-complete

Table 1: Main results. Queries that use only conjunctions
(/) or only disjunctions (\/) are PSPACE-complete, as are
positive Boolean combinations (8%) of only almost sure (AS)
or only nonzero (NZ) queries. Queries that use conjunctions,
disjunctions, and both AS and NZ are NEXPTIME-hard.

[16, 25], wherein Player 1 represents a deviating player and Player
2 represents a coalition of players who aim to punish the deviating
player. However, in many applications of 2-player stochastic games,
it is known that multiple objectives (i.e. a Boolean combination of
them) are necessary (cf. [8, 16, 17, 26]).

Many basic problems on solving 2-player stochastic games with
multiple objectives are still open. Chen et al. [8] studied this prob-
lem, focusing primarily on quantitative objectives, i.e., a Boolean
combination of expected total reward objectives. They proved that
such games are not determined. Determinacy is the property that
for every game and every winning objective, either player 1 wins
the winning objective or player 2 wins the negation of the objec-
tive; it is a generalization of the minimax theorem for two player
one-shot games. They also show that if players are restricted to
deterministic strategies, deciding if a player has a winning strategy
becomes undecidable. For general strategies, PSPACE-hard was
shown, but decidability remains open.

Stan et al. [25] and Winkler and Weininger [26] studied multi-
objective stochastic games with qualitative reachability objectives
(requiring that a set of states is reached) and safety objectives (re-
quiring that a given set of states is never left). Further, a qualitative
condition requires that the underlying reachability or safety objec-
tive is satisfied almost surely (with probability one; also written
AS) or with non-zero probability (also written NZ). Thus, winning
conditions are general Boolean formulas over the propositions

({AS,NZ} x {¢,0})F,

where F ranges over sets of states, ¢ and O denote reachability
and safety, respectively, and AS and NZ denote almost surely or
non-zero, respectively.

This qualitative setting is, in fact, sufficient for many applications.
For example, this is the case for liveness verification for probabilistic
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distributed protocols [14, 18-20], e.g., whether a philosopher will
eventually eat with probability 1 in a dining philosopher proto-
col. Such qualitative objectives were also considered in rational
verification problems in various settings [16, 25]. For this qualita-
tive setting, [26] show that disjunctions of almost sure reachability
can be solved in polynomial time, and are between PSPACE and
EXPTIME for deterministic strategies. In [25] it is shown that the
case with conjunctions of almost sure and nonzero objectives is
decidable, and is in EXPTIME. Decidability for the general case
with an arbitrary Boolean combination remains an open problem.

Contributions. In this paper, we carry out a systematic investiga-
tion of the determinacy and complexity of two-player stochastic
games with multiple qualitative objectives.

Our starting point is an observation that different applications
give rise to different classes of Boolean formulas. For example, in
the reduction [16, 25] from the problem of rational verification for
probabilistic systems to two-player stochastic games, one obtains
only a conjunctive Boolean formula. Similarly, in assume-guarantee
reasoning, it has been noted in [8, 21] that the required Boolean
formulas are of the form

/\ -9 V i,
1

where @; (resp. ;) encodes the required assumption (resp. guaran-
teed post-condition). For these reasons, it makes sense to investigate
the problem by varying the allowed Boolean operators (A, V, =) in the
objectives. Moreover, owing to the duality of AS(¢F) and NZ(OF)
(and similarly the duality of AS(OF) and NZ(¢F)), we may allow
only A,V (i.e., dispense with negation) and instead vary the indi-
vidual propositions that are allowed.

For the general case (without restricting the Boolean formulas),
we show that such games are not determined. This improves the
result in [8] that two-player stochastic games with multiple quanti-
tative objectives are not determined. As for the problem of deciding
if player 1 has a winning strategy, we do not know if this is de-
cidable, but we show a new NEXPTIME lower bound, improving
the PSPACE-hardness from [8]. This exploits a connection between
dependency quantified Boolean formulas [2] and stochastic games.

Table 1 summarizes our results for different subclasses of for-
mulas. For the special case of Boolean combinations of non-zero
reachability, we can show decidability and a matching NEXPTIME
upper bound. Our proof uses a characterization of optimal policies:
we show that if player 1 has a winning strategy, then player 1 has
a winning strategy that uses exponential memory.

We explore the determinacy boundary. We show that games with
positive Boolean combinations of only AS or only NZ objectives are
determined, as are games where the formula is a pure disjunction
or a pure conjunction. We complement this with a PSPACE upper
bound to determine the winner, which matches a PSPACE-hardness
inherited from multiple (nonstochastic) reachability games [12] or
from multi-objective reachability in MDPs [23].

Related Work. Very few results were known for multi-objective
stochastic games before our work. This is in contrast to single-
objective stochastic games—the winning condition is exactly one
temporal objective—for which there is a well-developed algorithmic
theory [6, 9, 10]. It is also in contrast to multi-objective problems
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Figure 1: Example stochastic game.

on Markov decision processes (single-player stochastic games),
where algorithmic solutions are known for Boolean combinations
of quantitative LTL objectives [11], for percentile queries [23], or
for combinations probabilistic and non-probabilistic objectives [3].

In addition to the related work on stochastic games that we
have discussed earlier, we also mention the work of [1, 4]. While
in general it is only known that the Pareto set for conjunctions
of reachability objectives can be approximated [1], it is shown in
[4] that total reward is decidable for stopping games with two
objectives. Notably, [4] also give an exponential time algorithm to
compute the Pareto set exactly, assuming determinacy.

Organization. We define stochastic games in Section 2. We pro-
vide the proofs of our results for determined (resp. nondetermined)
queries in Section 3 (resp. 4). Missing proofs are in the full version
[15].

2 PRELIMINARIES
We introduce the setting of turn-based stochastic games [5, 13, 24].

DEFINITION 1 (STOCHASTIC GAMES). A stochastic game is a tuple
G = (S,s0, A P), where S is a finite set of states, partitioned into
disjoint subsets Sy, Sz, and S controlled by player 1, player 2, and the
chance player, respectively. Thus, S = S; U S, US.. so € S is an initial
state. The map A : S; U Sy — 25\ {0} maps player 1 and 2 states to
possible successors in S. The map P : S, — A(S) maps states in S, to
a probability distribution over S.

A game starts in the initial state sy and proceeds in rounds. In
each round, if the current state is in S;, for i € {1, 2} then player i
picks a successor s” from A(s) and the new state is s”. If the current
state is in S, the game moves to a new state s’ € S with probability
P(s)(s"). A state s with A(s) = {s} is called a terminal state. Note
that these games are turn based: in each round, exactly one player
decides the next state. For s € S, we use G; to denote the game that
is identical to G but starts at s instead of s,. We draw a stochastic
game G as a directed graph, with nodes s € S, denoted by a square
if s € 51, adiamond if s € S; or a circle if s € S, and edges (s, s”)
if s’ € A(s) or P(s)(s") # 0. We will usually omit the self loops
on terminal states. Figure 1 is a stochastic game with S; = {so},
Sy ={s1}, Sc = {s2,3,54}.

DEFINITION 2 (STRATEGIES). A strategy for player 1in G is a
function o : $*S; — A(S) with supp(c(ns)) € A(s), for all ns €
S*Sy, where A(S) is the set of distributions over S and supp(d) is the
support of a distribution d € A(S). Strategies for player 2 are defined
symmetrically as functions T : $*S; — A(S).
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When both players fix their strategies, the game induces a
Markov chain, where the successors at any state are picked accord-
ing to the strategies (or according to P for chance states). Formally,
specifying a pair of strategies o, 7 induces an infinite Markov Chain
M"g"r, whose nodes are paths in G starting from sy following the
strategies o and 7 (branching is caused by probabilistic actions). See
[7] for more details. The runs of this Markov chain are called plays
of G according to o, 7. We write " for the probability measure
over these plays, defined by the usual cylinder sets [7].

An objective is a set of plays. We will focus on reachability and
safety objectives. Let T C S. The reachability objective with target
T, written ¢T, is the set of plays in S“ that reach T. Its dual, the
safety objective, written OT, is the set of plays that always remain
inT:

OT={mreS®Fi:m €T}t and OT={reS°|Vi:meT}

Note that 7 € ¢T < nw¢0OS\T.

Fix a game G and strategies o and 7. An objective X C S
is realized almost surely, written 0,7 =g ASX, iff X holds with
probability one: PgT(X ) = 1. An objective X is realized with nonzero
probability, written o, 7 |=g NZ X, iff P;’T(X) > 0.

We extend AS and NZ queries to Boolean combinations, with the
obvious semantics. For example, 0,7 =g ASX V ASY iff 0,7 |=g
ASX or 0,7 |=g ASY. We refer to such a Boolean combination as
a query.

In the following we only consider queries where the base objec-
tives are either reachability or safety. Note that for any objective
X, we have 0,7 g ASX iff 0,7 g NZ(S” \ X). Together with
the duality between reachability and safety, we see that queries are
closed under complementation.

We refer to nontrivial Boolean combinations as multi-objective
queries and an atomic AS or NZ query as a single-objective query.

Given a game G and query ¢, a strategy o of player 1 is a winning
strategy if and only if for every strategy 7 of player 2, ¢ is satisfied,
that is, 0,7 =g ¢ holds. Player 1 is winning if they have a winning
strategy: 3oV7: 0,7 |Fg ¢.

Player 2 is winning if they have a winning strategy for the
negated objective 3rVo : 0,7 |zg —¢.

For a given query ¢, the set [[¢]l1 = {s € S|FoV7r0,7 |Fg, ¢} of
all states s such that player 1 has a winning strategy if the game
starts at s is called the winning region of ¢.

A query ¢ is determined if in every game G with query ¢, either
player 1 is winning or player 2 is winning. (We assume the queries
and games share the same set of states.) Determinacy is a non-trivial
property of stochastic games. This is because the logical negation of
“player 1 is winning” is that Vo3r : 0, 7 |=g —¢, which only ensures
that player 2 has a spoiling strategy for any player 1 strategy. This
does not mean that player 2 has a single winning strategy for every
player 1 strategy. The following results hold.

ProOPOSITION 1 (DETERMINACY). (1) [9, 10] Games with ASX
and NZ X objectives for safety and reachability objectives X
are determined.

(2) [Determinacy Argument] A query ¢ is determined if there
exists a determined query ¢’ such that for every game G:

- If player 1 wins ¢’ then they win ¢
- If player 2 wins ¢’ then they also win ¢.
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The first result follows from a general determinacy theorem for
stochastic games for all Borel objectives [22]. The second result
follows because either player 1 or player 2 wins the game with
query ¢’, and this determines who wins the game with query ¢.

In our proofs we will sometimes restrict the game G to only a
subset of S, replacing all other states with a new terminal state s, .

DEFINITION 3 (RESTRICTED GAME). Let G be a stochastic game,
and U C S be a subset of states. We define game G|U restricted to U
as: (U U {s.},sq, A", P") wheres, is a new terminal state, with:

g = S0 if so € U, sy =s, otherwise
A’(s) = A(s) if A(s) C U, A'(s) = (A(s) NU) Us, otherwise

P'(s)(s") =P(s)(s") if s € U, P'(s)(s1) = Z P(s)(s")

s’¢U:
If X is an objective with target set T in G then we consider it in G|U
with the target set T' =T NU.

3 DETERMINED QUERIES

In this section, we prove the following main theorem.

THEOREM 1. Consider the following class of queries:

(1) Conjunctions of AS and NZ queries for both reachability and
safety objectives;

(2) Positive Boolean combinations of AS queries for reachability
and safety objectives.

Both classes of queries are determined. Further, deciding if player 1
wins a game is PSPACE-complete.

This result solves the open problem from [16] of the precise
complexity of rational verification for reachability/safety objectives.

By negating the classes and using determinacy, we conclude the
following classes are also determined, and have the same PSPACE-
completeness complexity to determine the winner:

(1) Disjunctions of AS and NZ queries for both reachability and
safety objectives;

(2) Positive Boolean combinations of NZ queries for reachability
and safety objectives.

We prove Theorem 1 using a sequence of lemmas, building up
to the main result.

3.1 Conjunctions

We start with the first class of conjunctive queries.

LEMMA 2 (CONJUNCTION OF NONZERO). Let ¢ = A;o; NZ(X;),
where X; C S® is any objective. ¢ is determined and player 1 has a
winning strategy for ¢ if any only if player 1 has a winning strategy
foreach ¢; = NZ(X;).

Proor. Since each ¢; is determined, either player 1 has a winning
strategy o; for each ¢;, or there is some ¢; for which player 2 has a
winning strategy 7;.

If player 1 has a winning strategy o; for each i, then the strategy
o that randomizes uniformly between each o; at the start of the
game is a winning strategy for ¢, since for all strategies 7 of player

2 we have that P%7(X;) = ﬁPG"’T(Xi) > 0.
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If player 2 has a winning strategy 7; for some ¢;, then this strategy
is also a winning strategy for ¢, since for any strategy o of player 1
we have that o, 7; [£ ¢; and therefore o, 7; |~ ¢.

It follows that ¢ is determined, and player 1 has a winning strat-
egy if and only if they have a winning strategy for each ¢;. O

The following lemma shows that we can reduce a conjunction
of multiple almost sure reachability queries to a single almost sure
reachability query.

LEMMA 3 (CONJUNCTION OF AS). Let ¢ = AL AS(OT;) be a
conjunction of almost sure reachability queries. ¢ is determined and
player 1 has a winning strategy for ¢ if and only if player 1 has a
winning strategy for ¢’ = AS(OT’) where

=t n A Asem),
i=1

J#i

ProorF. The set T’ is a subset of the union of all target states
T = U, T; such thatif s € T"NT; is reached, player 1 can guarantee
that all other target sets T; (j # i) are reached almost surely from
each s. We show by induction over n that the lemma holds for any
conjunction with up to n objectives. For the base case, we have
since T’ = T and ¢’ = ¢ = AS(0T1), so the lemma holds. Now
assume the lemma holds for any conjunctions of up to k objectives
and consider the case of n =k + 1.

Suppose player 1 has a winning strategy o for AS(¢T"). Consider
the following strategy: player 1 starts playing o until a state s € T’
is reached. Suppose s € T; N [[ A jz; AS(0T;)]]1 for some i (pick any
i in case multiple apply). From s player 1 switches to playing the
strategy from [[/\ ;,; ASOT)1-

By the induction hypothesis, each subquery A ;; AS(¢T;) is de-
termined. Consider the following strategy: player 2 plays a winning
strategy for ¢T’. If the play reaches some s € T; \ T’ for some i,
player 2 switches to a winning strategy for A ;,; AS(0T;) from s.

It follows that ¢ is determined and player 1 has a winning strat-
egy if an only if they have a winning strategy for AS(¢T”). Induc-
tively, this holds for conjunctions over any number of objectives.
The complete proof is in the full version [15]. O

Next, we extend the results to conjunctions of both AS and NZ
reachability. We start with the special case where there is exactly
one NZ reachability query.

LEMMA 4 (CONJUNCTION OF AS AND ONE NZ REACHABILITY).
Let ¢ = NZ(0To) A Ny AS(OT;) be a conjunction of one nonzero
and multiple almost sure reachability queries. ¢ is determined, and
deciding if player 1 has a winning strategy is PSPACE-complete.

Proor. We first construct a nonstochastic reachability game
(G*,F) and show that for each player, winning the query ¢ in
G is equivalent to winning the reachability game (G, F). Since
nonstochastic reachability games are determined, it follows that ¢
is determined.

We construct the goal unfolding of G (see also [26], [12], [8]).
This is a game constructed from G with state space S X {0, 1y
such that in a state (s, b), the vector b tracks which target sets T,
i € {0,...,n} have already been visited during a play. For each
state s € S, let Iy = {i € {0,...n}|s € T;} be the index set of
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targets that include s. We define the goal unfolding formally as
G’ =(8',s5,A’,P'), where:

§'=§x{0,1}"*!
sg = (50, (0,...,0))
A'((s,0)) ={(s", )] s" € A(s),
Viel:b;=1VYi¢l b, =b;}
P(s)(s") ifViel :b;=1Vig¢l :b; =b;

0 otherwise

P'((s.0))((s, b)) = {

Note that we can identify paths in G’ with paths in G via projection
or by augmenting each state with the vector of previously visited
target sets. Similarly we can identify strategies in G’ with strategies
inG.

Consider in G’ the query ¢’ = NZ(0T)) A \jL; AS(OT/), where
Vie{0,...,n}: T; ={(s,b)|s € S, b; = 1}. This query is equivalent
to the query ¢ in G, since for any pair of strategies o, r it holds
that 0,7 |=g: ¢’ if and only if 0,7 |=g ¢. Since all target sets
T/ are absorbing, i.e. any play that reaches T, will stay in T}, it
follows that 0,7 |= AL AS(OT/) if and only if 0,7 |= AS(0T")
where T" = {(s,b)[s € S,Vi# 0 : b; = 1}.

Let M = [[AS(0T")]l1 be the winning region of player 1 for
AS(0T’) in G’, and let G'|[[AS(0T’)]]; be the game restricted to
that set. Finally, let (G*, 0T;) be the nonstochastic reachability
game obtained from the restricted game G’|[[AS(0T")]]; by giving
control of the stochastic states to player 1.

We now show that player 1 has a winning strategy for ¢’ in G’
if and only if they win (G*, ¢T;). Since (G”, ¢T;) is a nonstochas-
tic reachability game it is determined and winning strategies are
deterministic and memoryless (in G*).

Assume player 2 has a winning strategy 7* for (G*, 0Ty ), and let 7
be the deterministic strategy for player 2 in G’ that plays according
to 7* until some state s ¢ M is reached, and then switches to a
winning strategy 7, for player 2 for AS(0T’). Let o be any strategy
for player 1in G’ and assume that o, 7 |=g/ ¢’.It follows that there is
aplay & with P%* () > 0, w € (", 0T,.If ¥ would reach a state s ¢
M, then player 2 would play 7y and ensure o, 7 [rgr AL AS(OT)).
Therefore 7 is a play in M. Let 7* be the corresponding play in G*
and let ¢* be the strategy that on each prefix of 7* plays the next
state on 7" (player 1 plays at all states (s, b) with s € 5] U S;). Then
it follows that 7* € ¢T;. Since playing ¢* against 7* in G results
in the path 7%, player 1 wins (G*, T;), which is a contradiction to
7" being a winning strategy for (G*, 0T;) for player 2. Therefore it
follows that o, 7 [£g ¢’, and 7 is a winning strategy for player 2 for
¢ inG.

Assume now instead that player 1 has a winning strategy o for
(G*,¢0T;) and let 7" be any strategy of player 2. Without loss of
generality, both o* and 7* are memoryless strategies. Then the play
according to ¢*, 7* is a finite simple path 7 that ends in s € T and
therefore does not contain s, . The union of all these simple paths
form a tree IT that branches universally on states of player 2. Let o
be the strategy for player 1 in G that plays according to ¢* on IT
and switches to playing o5 after leaving IT at s or after reaching a
leaf s of I, where oy is the winning strategy for A\j_; AS(0T/) from
s. Note that a play according to o only leaves II at stochastic states
s € S, N M. Let 7 be any strategy of player 2. Because II branches
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universally at states of player 2 and any play reaching a stochastic
state s € IT has a nonzero chance to stay in II, there is a root-to-leaf
path in IT that has positive probability according to o, 7. It follows
that 0,7 =g NZ(0T;). Since any play with positive probability
eventually either reaches a leaf of II C M or leaves II at some
stochastic state s € S, N M, player 1 eventually plays a strategy os
that is a winning strategy for AL, AS(0T,). It follows that o, 7 |=g

.1 AS(0T/). Therefore 0,7 |=g» ¢’ and o is a winning strategy
for ¢’ in G'.

Therefore ¢’ in G’ is determined, and player 1 has a winning
strategy if and only if they win the reachability game (G*, ¢T;).

For complexity, note that the reachability game (G*, 0T ) is con-
structed from the goal unfolding of G’ and therefore the state space
is exponential in terms of the number of almost sure target sets n.
However, because along any path s, the value of b; can only change
from 0 to 1 once, the length of any simple path in G* is at most of
length (n + 2)|S|. Therefore the depth of the tree I spanned by any
winning strategy in G* is only linear in the initial state space S,
and we can use a polynomial space algorithm to verify if a winning
strategy exists by checking if there is a tree in G* that branches
universally at states of player 2, where each leaf is in T;. The al-
gorithm can be found in the full version [15]. PSPACE-hardness
follows from the multiple almost sure reachability problem in MDPs
[23]. O

We now show the general case.

LEmMMA 5 (CONJUNCTION OF AS AND NZ REACHABILITY). Let
¢ = Nier AS(OT:) A A\ jey NZ(0T;) be a conjunction of almost sure
and nonzero reachability queries. ¢ is determined, and deciding if
player 1 has a winning strategy is PSPACE-complete.

ProoF. We show that ¢ is determined and that player 1 has a
winning strategy for ¢ if and only if they have a winning strategy
foreach ¢; = NZ(0Tj) A \;e; AS(OT;), j € J. The rest follows from
Lemma 4.

Assume that for each j, player 1 has a winning strategy o;for
¢;. Then the strategy o that plays each o; with probability ﬁ is
a winning strategy for ¢: Let 7 be any strategy of player 2, then
0,7 |= N\ieg AS(0T;) for each j € J, therefore o, 7 |= A\;c; AS(OT;),
and 0}, 7 |= NZ(0T;) therefore o, 7 |= NZ(0T;) forall j € J.

Assume now instead that for some j, player 2 has a winning
strategy 7; for ¢;. For any strategy o of player 1, it follows that
0,7;j [£ ¢; and therefore o, 7; | ¢. Therefore 7; is a winning strat-
egy for player 2 for ¢.

It follows that ¢ is determined and player 1 has a winning strat-
egy if and only if they have a winning strategy for each ¢;. O

Note that the approach from Lemma 5 that generalizes from
a single nonzero reachability objective to conjunctions involving
multiple nonzero reachability objectives also works for nonzero
safety objectives.

Finally, we add safety conditions. For almost sure safety, first note
that for any pair of strategies o, 7, it holds that 0,7 |= A AS(OT;)
iff 0,7 |= AS(NOT;) and (N OT; = 0 T;. Therefore conjunctions
of multiple almost sure safety queries can be replaced with a single
almost sure safety query.
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LEMMA 6 (ALMOST SURE SAFETY). Let ¢ = ¢y A AS(QT), where
is positive Boolean formula over almost sure and nonzero reachability
queries. Let G’ = G|[[AS(TT)]];1 be the game restricted to the winning
region of AS(OT). Then ¢ is determined, and player 1 has a winning
strategy if and only if player 1 has a winning strategy fory in G'.

We give a proof'in the full version [15]. The proof only shows that
Lemma 6 holds for conjunctions with reachability targets. However,
since almost sure safety in stochastic games is equivalent to safety
in the non-stochastic game where player 2 is given control of the
stochastic states, Lemma 6 actually holds for all ¢.

For nonzero safety, we use a result from [25], which shows that
in conjunctions, we can replace a nonzero safety objective with a
nonzero reachability objective. Note that in general this result only
applies to nonzero safety objectives where a play that leaves the
target set T can not enter T again later. The construction of the
goal unfolding ensures that this holds.

LEMMA 7 (CONJUNCTION OF AS AND ONE NZ SAFETY). Let ¢ =
NZ(@Ty) AN, AS(OT;) be a conjunction of one nonzero safety query
and multiple almost sure reachability queries. ¢ is determined, and
deciding if player 1 has a winning strategy is PSPACE-complete.

ProoF. Similar to the proof of Lemma 4, we can construct the
goal unfolding G’, and consider the equivalent query

n
¢’ = NZ(OT)) A A AS(0T))
i=1
with T/ = {(s,b)|s € S,b; = 1} for i € {1,...,n} as in Lemma 4
and Ty = {(s,b)|s € S,by = 0}. Here we can apply a result from
[25] that states that player 1 wins ¢’ if and only if they win ¢ =
NZ(OT)") \i=y AS(0T/) where
n
T = [INZ@I)DTh N ()T
i=1
A winning strategy o for ¢’ reaches a state (s,b) € [[NZ(QT;)]]1N
i, T; with positive probability. Since by = 0, it follows that for
each state (s’,b’) in the play so far bj = 0 and therefore the current
play is in OT;. Since the almost sure reachability queries are already
satisfied, player 1 can then switch to playing the winning strategy
from [[NZ(QT})]l; to satisfy NZ(OTy).
The rest of the lemma follows from Lemma 4, since now ¢’ is a
conjunction of one nonzero reachability and multiple almost sure
reachability objectives. O

Finally, the proof for Theorem 1 for a conjunction ¢ of almost
sure and nonzero reachability and safety queries is as follows:

(1) For each nonzero query NZ(X;) in ¢, consider the conjunc-
tion of NZ(X;) and all almost sure queries in the goal un-
folding.

(2) Use Lemma 6 to remove almost sure safety queries by moving
to a restricted game.

(3) If X; = OT;, use Lemma 7 to replace any nonzero safety
queries with nonzero reachability queries.

(4) Use Lemma 4 to check if player 1 has a winning strategy
for the resulting conjunction of one nonzero and multiple
almost sure reachability queries.
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(5) With Lemma 3, player 1 has a winning strategy for ¢ if
and only if they have a winning strategy for each of these
conjunctions.

3.2 Positive Boolean combinations

We now move on to positive Boolean combinations. First note
that we can negate Lemma 2 to get the following corollary for
disjunctions over multiple almost sure queries.

COROLLARY 8 (DISJUNCTION ALMOST-SURE). Let ¢ be a disjunc-
tion of almost sure queries. Then ¢ is determined and player 1 has
a winning strategy for ¢ = \/'; AS(X;) if and only if they have a
winning strategy for some ¢; = AS(X;).

Determinacy follows because the negation of a determined query
is still determined. A separate proof for this can also be found
in [26]. Together with Lemma 3, it follows that positive Boolean
combinations of almost sure reachability and safety queries are
determined and PSPACE-complete.

LEMMA 9 (POSITIVE BOOLEAN AS-REACHABILITY AND AS-SAFETY).
Let ¢ be a positive Boolean formula over almost-sure reachability
and safety queries. ¢ is determined, and deciding which player has a
winning strategy is PSPACE-complete.

Proor. For determinancy convert ¢ to DNF and note that for any
conjunction of almost sure objectives it holds that o, 7 = AS(X;) A
AS(X3) if and only if 0, 7 |= AS(X; A X;). Therefore ¢ is equivalent
to a disjunction of almost sure queries. Determinacy follows from
Corollary 8.

For membership in PSPACE, consider the following algorithm.
First, nondeterministically guess a satisfying assignment to ¢ and
Let ¢ = Ny AS(OTi) A A\ jey AS(OT;) be a conjunction over the
positive variables in that assignment. From Lemma 6, we know that
player 1 has a winning strategy if and only if they have a winning
strategy for ¢” = /\;e; AS(0T;) in the game G|[[AS(T ey )11
Since ¢” is a conjunction of almost sure reachability queries, we
can decide if player 1 has a winning strategy in PSPACE using
Lemma 3. If player 1 has no winning strategy for any satisfying
assignment of ¢, then it follows from Corollary 8 that player 1 has
no winning strategy for ¢. O

4 NONDETERMINED QUERIES

In this section, we show that the subclasses shown to be determined
in Theorem 1, and their negations, form a maximal class. That is,
games with queries outside these classes are not determined: neither
player may have a winning strategy. Moreover, we show that the
decision problem of determining if player 1 can win is at least
NEXPTIME-hard.

We start with an example of a nondetermined query. Con-
sider the with the game from Figure 1. We show that the query
¢ =AS(0{s3}) V(NZ(0{s2}) ANZ(0{s4})) is not determined. The
available strategies for both players in this game can be charac-
terized as follows: player 1 either plays a strategy oy that plays s;
with probability 1, or a strategy o, that plays s; with probability
greater than 0. Symmetrically player 2 can either play a strategy 7
than plays s; with probability 1, or a strategy 7, that plays s4 with
positive probability. It follows that 01,71 |= ¢ and 03,72 |= ¢, but
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01,72 [ ¢ and 03, 71 £ @. Therefore there are no winning strategies
for either player, and ¢ is not determined.

This nondeterminancy example extends to the following classes
of queries:

(1) positive Boolean combinations of AS and NZ reachability
(example);
(2) Boolean combination of AS reachability with

¢" = AS(0{s3}) V (=AS(0{s3,54}) A NZ(0{s4}))
(3) Boolean combinations of NZ reachability
9" = =NZ(0{s2,54}) V (NZ(0{s2}) A NZ(0{s4}))

as well as for the qualitative multiple safety queries that arise from
their respective negations.

4.1 Hardness

While the determined queries in the previous sections were PSPACE-
complete, we show the extended classes of queries are NEXPTIME-
hard. To show NEXPTIME-hardness, we use a reduction from
Boolean formulas with Henkin quantifiers, known as Dependency
Quantified Boolean Formulas (DQBF) [2]. In comparison to a regular
QBF, where a quantified variable always depends on exactly the
previously quantified variables, in DQBF this dependency can be
specified explicitly. We are concerned with S-form DQBFs:

D =Vxy,...,Vx,3y1s,, - - - Ums, P

where X = {xi,...,x,} are the universally quantified variables,
Y = {y1,...,ym} the existentially quantified variables, and for
each j € {1,...,m}, the set S; C X is the set of variables that
y; depends on. This formula is satisfied if and only if there are
Skolem functions Y; : S; — {0, 1}, such that the Skolemization
Vxi,...xn : ¢ly; — Yj(X)] is satisfied, where ¢[y; — Y;(X)]
denotes ¢ with each y; replaced by Y;(X). Satisfiability of a DQBF
in S-Form is NEXPTIME-complete [2].

THEOREM 10 (REDUCTION FROM DQBF). Let ¢ be a positive
Boolean combination of AS and NZ reachability queries. Deciding if
player 1 has a winning strategy is NEXPTIME-hard.

We describe the construction informally here, the complete proof
can be found in the full version [15]. For a DQBF ® in S-Form:

D =Vxy,...,Vx,3Y1s,, - - - Yms, P

We construct a stochastic game where the initial state s, randomizes
between m branches.

Each branch j € {1,..., m} consists of n + m modules, one for
each variable. In each module for a variable v € X UY we have a
state controlled by player 1if v € Y and by player 2 if v € X, where
the player chooses between a state that corresponds to setting the
variable o to true, and a state corresponding to setting the variable
v to false.

The modules in each branch are ordered according to the depen-
dency induced by S;: Each branch j begins with the modules for
x € §j, followed by the module for y;, then the remaining modules
x ¢ S; and finally the modules y;, i # j. The winning condition for
the game ¢ is constructed by augmenting the formula ¢ with restric-
tions ¢4 and /, that ensure that each player plays deterministically
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and identically on each branch:

Y= AY1) Vi

where ¢’ is obtained from ¢ by replacing each positive variable v
with the almost sure reachability query for the states that set v to
true, and —o with the almost sure reachability query for the states
that set v to false.

Player 1 wins if player 2 does not follow the restriction (making
Y, true) or if they follow the restriction (making ¢/, true) and o, 7 |=
¢’. To show that player 1 has a winning strategy for ¢ in G, we
use that a strategy of player 2 that follows these restrictions can
be translated to an assignment to the variables X, and a strategy of
player 1 strategy that satisfies these restrictions can be translated
to Skolem functions Y; : S; — {0,1}.

Essentially the same proof works for any of the other query types
previously shown to be nondetermined (e.g. Boolean combinations
of AS reachability, Boolean combinations of NZ reachability, etc.).

4.2 Membership

While in general a strategy is a function depending on the entire
play of the game so far, often strategies only need to remember
limited information about the history of the play. A strategy can be
realized by a strategy automaton [26] with a state space M called
memory. In each round, the strategy automaton updates its memory
state m € M (potentially in a probabilistic way) based on the new
state s and, if it is the respective player’s turn, outputs a distribution
A(S) based on its memory state m and the game state s. For a
strategy o, the smallest k € N U {co} such that there is a strategy
automaton realizing o with |[M| = k is the memory size of o.

To put an upper bound on the complexity, we aim at bounding the
memory requirement: Given a bound on the memory of a winning
strategy, we can nondeterministically guess a strategy of that bound
and check if the strategy is winning in the induced MDP using the
algorithms of [11].

We will show that for positive Boolean combinations that in-
clude AS(¢), AS(O) and NZ(¢) queries only require exponential
memory, and therefore deciding if player 1 has a winning strategy
is in NEXPTIME. For queries that also include NZ(O) the memory
requirement, and hence decidability/complexity remains open.

In generalized reachability games [12], it is known that winning
strategies only need to remember the set of target sets previously
visited. We show that this is not sufficient for our class of queries.

Consider in the game from Figure (2) the objective

(NZ(0A) A NZ(0B)) V (AS(0{A,B,D}) A NZ(¢D))
V (AS(0{A, B,C}) A NZ(6C))

Since all target sets are terminal states, if memory of the target
sets visited was sufficient, then player 1 should have a winning
strategy if and only if they have a memoryless winning strategy.
If player 2 plays both s; and s; with positive probability, then
(NZ(0A) A NZ(0B)) and therefore ¢ is satisfied, regardless of
player 1s actions. Therefore we only have to consider spoiling
strategies 74 andrp that play s; and s; with probability 1 respec-
tively. For player 1, any strategy that randomizes between C and D
will fail to satisfy ¢ against both 7 and 74. Therefore there are two
possible memoryless strategies for player 1: oc and op which play
C and D with probability 1 respectively, and neither is a winning
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Figure 2: Example game where a winning strategy requires
memory other than visited target sets.

strategy: oc, g ¢ ¢ and op, 74 £ ¢. Player 1 does however have a
winning strategy that uses memory: If o plays C with probability 1
if s; has been played, and plays D with probability 1 if s, has been
played. This strategy wins against 74 by playing C, wins against 75
by playing D and trivially wins against any randomization.

For queries that do not include NZ(O), we show that remember-
ing the subset of all visited states (not just target sets) is sufficient
for a winning strategy. To show this, we assume there is a winning
strategy o (with arbitrary memory) and construct a strategy & from
o that only uses the set of previously visited states as memory, and
show that & is still a winning strategy.

Let o be a strategy. For a play =, let set(n) = {s € S | Ji: m; = s}
be the set of states visited by . For a state s € S and set of states
M C S, define the set resp_ (s, M) as:

(s € A(s) | 3', 7’ : P77 (n's) > 0 set(n’) = Ma(n's)(s') > 0}

i.e., the actions that are played with positive probability by o after
some play that reaches s and visits exactly the states in M. Let & be
the strategy derived from o where:

if " € resp, (s, set(r))

I
5(ms)(s') = 4 Irespo (sset(m))]
0 otherwise

LEMMA 11. The strategy G derived from o is well defined, and only
uses exponential memory.

Proor. G(rs) only depends on resp (s, set(rr)) and so only on s
and set(r). Thus, the only memory 6 requires is the set of previously
visited states, which is exponential in the number of states.

Let 7 be any strategy for player 2 and xs be a path such that
P%7(xs) > 0. We show that the set resp, (s, set(r)) is non-empty
and thus & is well defined. For this we prove:

A, 7' Prot (n's) > 0, set(r) = set(n’)

()
by induction over finite paths 7s.

() trivially holds for s = (sp) with 7" = rand 7’ = x.

Assume () holds for some s with strategy 7’ and alternative
path 7/, and consider the path zss’ for s’ € A(s):

If ¢ € S, then by assumption P®” (x’s) > 0 and thus
Po7 (n’ss’) = Po7 ('s)P(s)(s’) > 0. Since set(x) = set(x’) it
also follows that set(7s) = set(’s’) and so () holds for ss’.

If s’ € S; and P& (xss’) > 0, then consider the strategy 7’ that
plays like 7* on the path 7" and then plays like 7 everywhere else. It



Research Paper Track

follows that Po” (7'ss’) = PO (7’s)r(ms)(s’) > 0. Since set(r) =
set(n") by assumption, it also follows that set(s) = set(n’s) and
therefore (*) holds for ss’.

If s € S; and P>"(xss’) > 0, then it follows that s’ €
resp,.(s, set()). By construction there exist 7,7’ such that
Po" (n's) > 0, set(n) = set(n’), and o(x’s)(s) > 0. It follows
that P%7 (7ss’) > 0 and set(ms) = set(’s), so (*) holds for mss’.

It follows that for any path s with P%7(xs) > 0, the set
resp,. (s, set(r)) is non-empty and therefore & is well defined. O

LEMMA 12 (EXPONENTIAL MEMORY). Let ¢ be a positive Boolean
combination of AS reachability, AS safety and NZ reachability queries.
If o is a winning strategy for ¢, then & is a winning strategy for ¢.

Proor. We prove that ¢ is a winning strategy by assuming that
there is a strategy 7 such that &, 7 [~ ¢ and showing a contradiction
by constructing * with o, 7" |£ ¢.

This proof uses two important properties of &. First, from the
previous proposition we know if there is a play s according to &, 7,
then there is a play 7’s according to o, 7’ that visits the same set of
states. Additionally from the construction of & it is clear that any
finite play that has positive probability according to o, 7 also has
positive probability according to 4, 7.

From the second property it follows that for any target set T we
have 0,7 | NZ(0T) = 4,7 = NZ(0T). Therefore there must
be some almost sure safety or reachability queries ¢;, i € I* in ¢
such that &, 7 [ ¢;. Using the first property, we then construct a
strategy 7; for each of these queries such that o, tau; [~ ¢;, and let
7" be the strategy that chooses to play any 7; at random.

We then show that 0,7" |= NZ(¢T) = 6,7 |= NZ(0T). It
follows that o, 7* |~ ¢ which is a contradiction to o being a winning
strategy. Thus the assumption of & not winning against 7 is false,
and ¢ is a winning strategy. Details are in the full version [15]. O

This construction does however not work with nonzero safety
targets, as 0,7 |= NZ(OoT) = 4,7 |= NZ(OT) does not hold.
This can be seen in a simple example game where player 1 can
choose to either stay in the initial state sy or choose to move to a
terminal state s;. A strategy oy, k € N that randomizes between
staying in sy and moving to s; for the first k iterations, and then
chooses to play s, forever is a winning strategy for NZ(Osp), but
& constructed from o would randomize uniformly between s, and
s1 at every step, eventually reaching s; with probability 1 and not
satisfying NZ(Os).

Since exponential memory is sufficient for positive Boolean com-
binations that do not include NZ(OT) queries, we can decide if
player 1 has a winning strategy in NEXPTIME.

THEOREM 13. Let ¢ be a positive Boolean combination of almost
sure reachability, almost sure safety and nonzero reachability queries.
Deciding if player 1 has a winning strategy is NEXPTIME-complete.

ProoF. From the previous proposition we know that if a winning
strategy o exists, then there exists a winning strategy & that only
uses exponential memory, and randomizes uniformly at every state.
We guess such an exponentially sized strategy &, and verify in
exponential time that player 2 does not have a winning strategy for
—¢ in the MDP G5, which can be done in exponential time using
the algorithm from [11]. O
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So

Figure 3: Example game where winning strategies require
memory other than the set of visited states.

It remains open whether positive Boolean combinations includ-
ing NZ0O can be decided in NEXPTIME, but we motivate why it
is not trivial to extend our result. Consider again the previous ex-
ample where & fails for a simple NZ(OT) in a game with 2 states.
The two strategies al(s(’)“)(sl) = % and al(s(’)‘)(sl) = k—lz both play s;
with positive probability at every step, but with arbitrarily small
probability overall. However, the probability of reaching s; with
oy is lim % = 1, while the probability of reaching s; with o is
% = % < 1. A construction of & that works for queries that
include NZ0O would need to be able to distinguish between these
two strategies.

Additionally, we show that simply remembering all visited states
is not sufficient if we include NZ(O) queries. Consider in the game

from Figure (3) the objective ¢ = @1 V ¢2 V ¢3 V P4 where:

¢
$1
$s
s

¢35 ensures that at the start of the game, player 2 plays either A
or B with probability 1, while ¢4 ensures that if player 1 never
plays C or D (and therefore the game almost surely reaches F),
player 2 has to eventually both A and B. The strategy o that plays
E with probability 1 until both A and B have been reached and then
plays C if A was reached before B and D otherwise is a winning
strategy. However, a strategy that only uses the set of visited states
as memory can not distinguish between these two cases, and there
is no winning strategy with that memory structure. We do not
know if a different exponential-sized memory structure is sufficient
to solve queries that include NZ(0O) and therefore if these queries
are also in NEXPTIME.

lim

=AS(0A) A NZ(0B) A NZ(0C) A AS(OD)
=NZ(0A) A AS(0B) A AS(TC) A NZ(¢D)
=NZ(OA) A NZ(OB)

=AS(OF) A (AS(OA) V AS(OB))

—
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