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ABSTRACT
In the fundamental Stable Marriage and Stable Roommates
problems, there are inherent trade-offs between the size and the sta-
bility of solutions. While the existence of desirable stable matchings
can famously be determined in linear time when considering strict
ordinal preferences, the computation of matchings that minimise
the instability, either due to the presence of additional constraints
on the size of the matching, or due to restrictive preference cycles,
gives rise to a collection of infamously intractable almost-stable
matching problems.

To better understand and deal with individual and collective
incentives in such settings, we introduce two new perspectives on
these problems. The first applies a minimax principle, seeking a
matching that minimises the maximum number of blocking pairs
that any single agent is involved in, thus limiting individual in-
centives to deviate. The second requires that a given set of agents
is in few blocking pairs, or even entirely free of blocking pairs,
motivated by contexts where some agents are unwilling or unable
to initiate deviations even in the presence of such opportunities.

Surprisingly, both of these directions prove computationally in-
tractable in strong ways: for example, it is NP-complete to decide
whether a matching exists where no agent is in more than one
blocking pair, even under bounded preference lists. On the positive
side, we identify polynomial-time and fixed-parameter tractable
cases, providing practical algorithmic tools for multi-agent sys-
tems where stability cannot be fully guaranteed, and offering new
insights into the structure of almost-stable matchings.
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1 INTRODUCTION
The two foundational stable matching problems Stable Marriage
and Stable Roommates were first studied by Gale and Shapley [18].
In the former, there are two disjoint sets of agents𝐴1 and𝐴2, where
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each agent ranks a subset of the opposite set. The latter problem
generalises this: there is a single set 𝐴 of agents, each ranking a
subset of the remaining agents. We will denote these problems by
SMI and SRI, respectively, to indicate that incomplete preference
lists, i.e., preferences over a strict subset of agents (implying that
all unranked agents are not acceptable), are permissible. In both
settings, the goal is to find a matching consisting of disjoint pairs
of mutually acceptable agents, such that no two agents prefer each
other to their partners (either or both of which could be none). If
such a pair does exist, we refer to it as a blocking pair. The prob-
lem of finding a stable matching (i.e., a matching without blocking
pairs) underpins many real-world allocation tasks, such as match-
ing doctors to hospitals [35], students to dormitories [2], or users
to communication channels [4]. Much of the literature focuses on
efficient algorithms for centralised schemes [36]. While a stable
matching for an SMI instance can always be found in linear time
using the Gale-Shapley algorithm [18], not every SRI instance ad-
mits a stable matching [29]. If at least one exists, one can be found
in linear time using Irving’s algorithm [34].

Two key challenges arise in practice. Incomplete preference
lists can prevent stable matchings from maximising the number
of matched agents, resulting in unfilled positions and unmatched
agents despite possible improvements to the size [8]. Secondly, in
non-bipartite matching settings, stable matchings often do not exist
at all [22]. Gale and Sotomayor [19] and Gusfield and Irving [29]
observed that, under strict preferences, the set of matched agents is
identical in all stable matchings. Consequently, there is no flexibil-
ity to increase the size of the matching while maintaining stability.
A large number of unmatched agents can often be considered a
significant weakness, and experimental works have highlighted the
practical importance of relaxing stability for a substantial improve-
ment in this regard [5]. Eriksson and Häggström [14] reviewed
different measures of instability and concluded that counting block-
ing pairs is often the most indicative of instability, as each such pair
has both the incentive and the opportunity to deviate [36]. In this
work, we adopt a fine-grained, agent-centric view of blocking pairs
and continue research on problems concerned with matchings and
maximum-cardinality matchings that are “as stable as possible”,
also referred to as “almost-stable” matchings [1, 8].

1.1 Our Contributions
Given the practical importance of matchings that minimise insta-
bility (and possibly maximise size), strong intractability results for
various problems involving the computation of such matchings are
discouraging. Hence, we aim to understand the complexity frontier
for related problems better in search of efficiently solvable variants.

In this paper, we consider two directions that are somewhat
orthogonal to those studied previously. In the first one, we study
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almost-stability through the classical economic and optimisation
principle ofminimax fairness. Here, we investigate the computation
of (any or maximum-cardinality) matchings that minimise the max-
imum number of blocking pairs that any agent is in. Hence, rather
than minimising the aggregate instability, we minimise individuals’
incentives to deviate. Surprisingly, even deciding whether a match-
ing (respectively a maximum-cardinality matching) exists in which
no agent is in more than one blocking pair is NP-complete for SRI
(SMI). On the positive side, we present polynomial-time algorithms
for instances with preference lists of length at most 2.

In the second direction, we study the computation of (any or
maximum-cardinality) matchings that minimise the number of
blocking pairs for a given subset of preferential agents, i.e., when
giving preferential treatment to a subset of the agents. For example,
agents that are bound by law, contracts, or regulations may be un-
able to initiate deviations, so there may be less of a practical need to
minimise their instability. Hence, we aim to minimise the deviation
incentive of the remaining (preferential) agents. Unfortunately, here
we can also conclude strong intractability results: even deciding
whether there exists a matching (respectively maximum-cardinality
matching) in which no preferential agent is in any blocking pair is
NP-complete for SRI (SMI). On the positive side, we present efficient
parametrised algorithms.

1.2 Formal Definitions
We start by rigorously defining the models that we already intro-
duced informally.

Definition 1.1 (SRI Instance). Let 𝐼 = (𝐴,≻) be a Stable Room-
mates with Incomplete lists (SRI) instance consisting of a set
𝐴 = {𝑎1, 𝑎2, . . . , 𝑎𝑛} of agents and a tuple of strict ordinal preference
rankings ≻, where each agent 𝑎𝑖 has a ranking ≻𝑖 over a subset of
𝐴 \ {𝑎𝑖 }. Agent 𝑎𝑖 prefers 𝑎 𝑗 to 𝑎𝑘 if 𝑎 𝑗 ≻𝑖 𝑎𝑘 . We write 𝑎 𝑗 ⪰𝑖 𝑎𝑘
if 𝑎 𝑗 ≻𝑖 𝑎𝑘 or 𝑗 = 𝑘 . Agents 𝑎𝑖 and 𝑎 𝑗 are acceptable if 𝑎𝑖 appears
in ≻𝑗 and vice versa. Throughout, we assume that acceptability is
symmetric.

We can equivalently treat an SRI instance 𝐼 = (𝐴,≻) as a graph
𝐺 = (𝐴, 𝐸): let every agent 𝑎𝑖 ∈ 𝐴 be a vertex in the graph and let
all acceptable pairs of agents {𝑎𝑖 , 𝑎 𝑗 } be in 𝐸. We refer to 𝐺 as the
acceptability graph and say that 𝐼 has complete preferences if 𝐺 is
isomorphic to the complete graph 𝐾𝑛 , and incomplete preferences if
not. We also assume that every agent ranks themselves last.

Definition 1.2 (SMI Instance). Let 𝐼 = (𝐴,≻) be an SRI instance
and let𝐺 be the acceptability graph of 𝐼 . If𝐺 is bipartite, i.e., there exist
disjoint sets 𝐴1 and 𝐴2 such that 𝐴 = 𝐴1 ¤∪𝐴2 and no agents within
𝐴1 or 𝐴2 are mutually acceptable, then we refer to 𝐼 as a Stable
Marriage with Incomplete lists (SMI) instance. Furthermore, we
say that SMI instance 𝐼 has complete preferences if 𝐺 is isomorphic
to 𝐾 |𝐴1 |, |𝐴2 | , and incomplete preferences if not.

We adopt the following notation and assume the following con-
cepts for matchings.

Definition 1.3 (Matchings). Let 𝐼 = (𝐴,≻) be an SRI (or SMI)
instance. A matching𝑀 of 𝐼 is a set of unordered pairs of agents such
that no agent 𝑎𝑖 is contained in more than one pair. If {𝑎𝑖 , 𝑎 𝑗 } ∈ 𝑀 ,
then we refer to 𝑎𝑖 as matched and to 𝑎 𝑗 as the partner of 𝑎𝑖 , denoted

by𝑀 (𝑎𝑖 ), and vice versa. If 𝑎𝑖 is not paired with any other agent, we
say that 𝑎𝑖 is unmatched and set𝑀 (𝑎𝑖 ) = 𝑎𝑖 .

We denote the set of all matchings of 𝐼 byM and refer to some
𝑀 ∈ M as a maximum-cardinality matching if, for any 𝑀 ′ ∈ M,
|𝑀 | ≥ |𝑀 ′ |. We denote the set of all maximum-cardinality matchings
byM+. We refer to𝑀 ∈ M+ as perfect if every 𝑎𝑖 ∈ 𝐴 is matched to
some agent in 𝐴 \ {𝑎𝑖 }, and denote the set of such matchings byM𝑝 .

We adopt the following classical stability notion.

Definition 1.4 (Stability). Let 𝐼 = (𝐴,≻) be an SRI (or SMI)
instance and let𝑀 be a matching of 𝐼 . A blocking pair admitted by
𝑀 is a pair of distinct agents 𝑎𝑖 , 𝑎 𝑗 ∈ 𝐴 such that 𝑎𝑖 ≻𝑗 𝑀 (𝑎 𝑗 ) and
𝑎 𝑗 ≻𝑖 𝑀 (𝑎𝑖 ). We denote the set of blocking pairs by 𝑏𝑝 (𝑀), and the
subset thereof that involves an agent 𝑎𝑖 by 𝑏𝑝𝑎𝑖 (𝑀). Furthermore, the
set of blocking agents 𝑏𝑎(𝑀) consists of all agents in blocking pairs.

If 𝑏𝑝 (𝑀) = ∅, then 𝑀 is referred to as stable, and as unstable
otherwise. We refer to 𝐼 as solvable if it admits at least one stable
matching and as unsolvable otherwise.

In the absence of stable matchings, we previously noted that one
might want to find an “almost-stable” matching that minimises the
number of blocking pairs [1]. We define this problem as follows.

MinBP-AlmostStable-SRI
Input: SRI instance 𝐼 .
Output: Matching𝑀 of 𝐼 s.t. |𝑏𝑝 (𝑀) | =min𝑀 ′∈M |𝑏𝑝 (𝑀 ′) |.

Even when considering only SMI instances, the set of stable
matchings might not intersect withM+. Thus, we may want to
find a maximum-cardinality matching that minimises the number
of blocking pairs [8]. This problem is defined as follows.

MinBP-AlmostStable-Max-SMI
Input: SMI instance 𝐼 .
Output: A maximum-cardinality matching 𝑀 of 𝐼 such that
|𝑏𝑝 (𝑀) | =min𝑀 ′∈M+ |𝑏𝑝 (𝑀 ′) |.

1.3 Related Work
MinBP-AlmostStable-SRI was shown to be NP-hard regardless
of whether preference lists are of length at most 3 or complete
[1, 7], NP-hard to approximate within 𝑛1/2−𝜀 (for any 𝜀 > 0, where
𝑛 is the number of agents) [1], and W[1]-hard with respect to
min𝑀∈M |𝑏𝑝 (𝑀) | even when preference lists are of length at most
5 [10]. Biró, Manlove and Mittal [8] conducted a thorough study of
the computational complexity of the trade-off between matching
size and stability in SMI, where stability is measured in terms of
the number of blocking pairs or blocking agents. They showed
that MinBP-AlmostStable-Max-SMI (and similarly for blocking
agents) is NP-hard to approximate within 𝑛1−𝜀 (for any 𝜀 > 0)
[8]. Hamada et al. [30] strengthened this result to preference lists
of length at most 3. On the positive side, the problem is solvable
efficiently for preference lists of length at most 2 [8].

Gupta et al. [27] showed thatMinBP-AlmostStable-Max-SMI is
W[1]-hard for the combined parameter (𝛽, 𝑡, 𝑑), where 𝛽 is the num-
ber of blocking pairs, 𝑡 is the increase in size to a stable matching,
and 𝑑 is the maximum length of a preference list. In a very recent
preprint, Chen, Roy and Simola [11] proved that it is W[1]-hard
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with respect to the optimal value to even approximate MinBP-
AlmostStable-SRI and MinBP-AlmostStable-Max-SMI within
any computable function depending only on this optimal value.

We will denote the decision problems “Does there exist a match-
ing𝑀 of 𝐼 such that |𝑏𝑝 (𝑀) | ≤ 𝑘?” and “Does there exist a perfect
matching 𝑀 of bipartite instance 𝐼 such that |𝑏𝑝 (𝑀) | ≤ 𝑘?” by
𝑘-BP-AlmostStable-SRI and 𝑘-BP-AlmostStable-Perfect-SMI,
respectively. Both problems are known to be NP-complete [1, 7–
9], but in XP with respect to 𝑘 [1, 8]. Minimising the number of
blocking agents is also computationally intractable [8–10].

Different definitions of almost-stability have also been consid-
ered [16, 38]. Work on almost-stable matchings for other problem
models has also been conducted [12, 20, 21, 27, 37]. Other alterna-
tive solution concepts for SRI have also been explored [15, 23, 26,
28, 31, 39, 40]. An alternative perspective on minimising instability
in SMI was offered by Biermann [6], who argued that, instead of
counting blocking pairs, one should count a subset thereof that
comprises a possible and economically reasonable transformation.
Similar perspectives have also been studied for SRI [3].

1.4 Structure of the Paper
We consider the computation of minimax almost-stable match-
ings in Section 2, giving guarantees with respect to the maximum
number of blocking pairs for individual agents. Preferential almost-
stability is considered in Section 3, targeting subsets of agents that
are known in advance to be likely to deviate. We summarise the
complexity results in Table 1 and pose open questions in Section 4.

An extended version of Section 2 with all omitted and short-
ened proofs, as well as further structural and intractability results,
approximation and inapproximability results, and integer linear
programs (ILP) and experiments, is available in [24]. Similarly, an
extended version of Section 3 with all omitted and shortened proofs,
as well as further results for minimising blocking preferential agents
and generalised algorithms, is available in [25] (where we adopt
the terminology “deviator agents” instead of “preferential agents”).

2 MINIMAX ALMOST-STABLE MATCHINGS
In many real-world matching markets, agents contained in multiple
blocking pairs not only have an increased opportunity to deviate
and potentially cause unravelling, but they may also feel unfairly
treated, knowing that they are in a position in which they could
be better off after a decentralised reorganisation. To address this,
we initiate the study of minimax almost-stable matchings, which
optimise the solution for the worst-off agent by minimising the
maximum number of blocking pairs any agent is involved in. This
approach provides strong individual-level fairness guarantees and
is particularly relevant in high-stakes multi-agent settings. We
first study the following natural problem, which aims for an SRI
matching with a minimax number of blocking pairs.

Minimax-AlmostStable-SRI
Input: SRI instance 𝐼 = (𝐴,≻).
Output: A matching 𝑀 ∈ M such that max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀) | =
min𝑀 ′∈M max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀 ′) |.

Wewill also study the following related problem, in which we are
given an SMI instance and aim for a maximum-cardinality matching
with a minimax number of blocking pairs.

Minimax-AlmostStable-Max-SMI
Input: SMI instance 𝐼 = (𝐴,≻).
Output: A matching 𝑀 ∈ M+ such that max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀) | =
min𝑀 ′∈M+ max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀 ′) |.

Minimax almost-stability differs fundamentally from aggregate
stability metrics (like minimising the total number of blocking pairs)
by prioritising the worst-off agent. Furthermore, it contrasts the
minimisation of blocking agents [8, 10], which likely requires fewer
agents with a stronger incentive to deviate, therefore causing a
greater risk of unravelling.

2.1 Minimax Matchings in General Graphs
For our complexity analysis, we define a decision problem associ-
ated with Minimax-AlmostStable-SRI as follows.

𝑘-Max-AlmostStable-SRI
Input: SRI instance 𝐼 = (𝐴,≻) and non-negative integer 𝑘 .
Question: Does there exist a matching 𝑀 ∈ M such that
max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀) | ≤ 𝑘?

It is easy to see that if 𝑘-Max-AlmostStable-SRI cannot be
solved in polynomial time, then Minimax-AlmostStable-SRI can-
not be solved in polynomial time. Notice that 𝐼 is a yes-instance to
0-Max-AlmostStable-SRI if and only if 𝐼 is solvable, so this case is
tractable [34]. Notice, furthermore, that 𝑘-Max-AlmostStable-SRI
is trivial if 𝑘 exceeds the maximum preference list length.

We will now highlight, though, that 𝑘-Max-AlmostStable-SRI
is NP-complete even in the very restricted case where 𝑘 = 1, and
regardless of whether preference lists are bounded or complete.
Specifically, the result below states that it is impossible to distin-
guish in polynomial time even between instances that admit a
matching in which every agent is in at most one blocking pair, and
instances where every matching requires at least one agent to be in
more than one blocking pair (unless P=NP), even when preference
lists are of bounded length or complete.

Theorem 2.1. 𝑘-Max-AlmostStable-SRI is NP-complete, even if
𝑘 = 1 and regardless of whether all preference lists are of length at
most 10 or complete.

This strong intractability result highlights the computational lim-
itations of enforcing individual-level stability guarantees in these
multi-agent settings. Intractability of Minimax-AlmostStable-SRI
follows immediately, but we will state it again formally below. Note
that a problem is para-NP-hard with respect to a parameter 𝜅 if it
is NP-hard already for a constant value of 𝜅 , and a problem is in XP
with respect to 𝜅 if there exists an𝑂 (𝑛𝑓 (𝜅 ) ) algorithm. If a problem
is para-NP-hard with respect to a parameter 𝜅 , then it is not in XP
with respect to 𝜅 unless P=NP (we refer to [17] for an introduction
to parametrised complexity theory).

Corollary 2.2. Minimax-AlmostStable-SRI is para-NP-hardwith
respect to 𝜅 = min𝑀∈M max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀) |, regardless of whether
preference lists are of bounded length at most 10 or whether preferences
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are complete. Furthermore, the problem admits no polynomial-time
approximation algorithm with a performance guarantee better than
2, unless P=NP.

We provide further computational intractability results in [24].
On the positive side, we provide an efficient algorithm for SRI

instances with preference lists of length at most 2 that returns
an optimal solution to Minimax-AlmostStable-SRI. Although
the setting where preference lists are of length at most 2 is very
constrained, we highlight that these algorithms apply whenever
choices are very limited, or when computing a matching in a two-
stage approach, where first agents are asked to provide their top two
choices, and then the remaining agents are matched arbitrarily. The
procedure is given in Algorithm 1 and works as follows: determine
whether the instance 𝐼 admits a stable matching𝑀𝑆 using Irving’s
algorithm [34]. If yes, immediately return 𝑀𝑆 . If not, compute a
maximum-cardinality matching𝑀𝐶 as follows. Notice that because
preference lists are of length at most 2, the acceptability graph of 𝐼
has maximum degree at most 2, i.e., it consists only of paths and
cycles. Thus, to compute𝑀𝐶 , we can simply include every second
edge of every path, starting from one of the endpoints, and every
second edge of every cycle (such that no included edges have a
vertex in common). It is easy to see that this results in a maximum-
cardinality matching for graphs with maximum degree at most 2.
Next, we perform a rematching procedure on𝑀𝐶 that ensures that
no agent is contained in more than one blocking pair, and return
this modified matching.

Algorithm 1 Exact algorithm for Minimax-AlmostStable-SRI
with lists of length at most 2
Input: 𝐼 : an SRI instance
Output: 𝑀 : a matching
1: 𝑀𝑆 ← Irving(𝐼 ) ⊲ Compute a stable matching if one exists
2: if 𝑀𝑆 exists then
3: return𝑀𝑆

4: end if
5: 𝑀𝐶 ←MaxCard(𝐼 ) ⊲ Compute a maximum-cardinality

matching
6: while ∃ 𝑎𝑖 such that |𝑏𝑝𝑎𝑖 (𝑀𝐶 ) | = 2 do ⊲ Rematching

procedure
7: pick one agent 𝑎𝑟 that is in a blocking pair with 𝑎𝑖
8: 𝑎𝑘 ← 𝑀𝐶 (𝑎𝑟 )
9: 𝑀𝐶 (𝑎𝑖 ) ← 𝑎𝑟 ; 𝑀𝐶 (𝑎𝑟 ) ← 𝑎𝑖 ; 𝑀𝐶 (𝑎𝑘 ) ← 𝑎𝑘
10: end while
11: return𝑀𝐶

Theorem 2.3. Let 𝐼 be an SRI instance with 𝑛 agents. If preference
lists are of length at most 2, then min𝑀∈M max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀) | ≤ 1
and Algorithm 1 solvesMinimax-AlmostStable-SRI in 𝑂 (𝑛) time.

Proof. Clearly, if 𝑀𝑆 exists, then max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀𝑆 ) | ≤ 0, so
𝑀𝑆 is optimal. Furthermore, if 𝑀𝑆 does not exist, then it must be
the case that min𝑀∈M max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀) | > 0.

Now suppose that max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀𝐶 ) | > 1, then, because all
preference lists are of length at most 2, there exists an agent 𝑎𝑖
who is unmatched in 𝑀𝐶 and who is contained in exactly two
blocking pairs, say 𝑏𝑝𝑎𝑖 (𝑀𝐶 ) = {{𝑎𝑖 , 𝑎𝑟 }, {𝑎𝑖 , 𝑎𝑠 }} (and suppose

that 𝑎𝑟 ≻𝑖 𝑎𝑠 ). Clearly, both 𝑎𝑟 and 𝑎𝑠 must be matched in 𝑀𝐶 ,
otherwise 𝑀𝐶 would not be a maximum-cardinality matching as
𝑀𝐶 ∪ {{𝑎𝑖 , 𝑎𝑟 }} or 𝑀𝐶 ∪ {{𝑎𝑖 , 𝑎𝑠 }} would be a matching of larger
size. Also, without loss of generality, let 𝑎𝑘 denote the current
partner of 𝑎𝑟 in𝑀𝐶 , then 𝑎𝑖 ≻𝑟 𝑎𝑘 , otherwise 𝑎𝑖 , 𝑎𝑟 would not block.
Now we update𝑀𝐶 such that 𝑎𝑖 and 𝑎𝑟 are matched to each other
(instead of 𝑎𝑟 to 𝑎𝑘 ). Due to the bound on the preference list lengths,
𝑎𝑘 ’s preference list either contains just 𝑎𝑟 , or two agents 𝑎𝑟 and 𝑎𝑙
(for some agent 𝑎𝑙 ). Note, though, that 𝑎𝑙 must be matched in𝑀𝐶 ,
otherwise𝑀 ′

𝐶
= (𝑀𝐶\{{𝑎𝑟 , 𝑎𝑘 }})∪{{𝑎𝑖 , 𝑎𝑟 }, {𝑎𝑘 , 𝑎𝑙 }}would exceed

𝑀𝐶 in size and thus𝑀𝐶 would not be of maximum-cardinality.
After this rematching procedure terminates, the size of 𝑀𝐶 re-

mains the same as previously, but |𝑏𝑝𝑎𝑖 (𝑀𝐶 ) | ≤ 1. Furthermore,
because 𝑎𝑖 ≻𝑟 𝑎𝑘 , |𝑏𝑝𝑎𝑟 (𝑀𝐶 ) | = 0. Finally, |𝑏𝑝𝑘 (𝑀𝐶 ) | ≤ 1 because
while 𝑎𝑘 can generally block with at most two agents due to its
preference list of length at most two, it cannot block with 𝑎𝑟 be-
cause 𝑎𝑖 ≻𝑟 𝑎𝑘 . Thus, this rematching procedure strictly decreases
the number of agents who are contained in more than one blocking
pair at each iteration of the main while loop. While at least one
such agent remains, we repeat this rematching procedure with this
agent taking the role of 𝑎𝑖 in the argument above.

Asymptotically, Irving’s algorithm requires at most linear time
in the sum of the preference list lengths of 𝐼 [34], which, due to
bounded preference list lengths, is linear in the number of agents
of 𝐼 . The maximum-cardinality matching algorithm we described
simply walks over paths and cycles, so it requires 𝑂 (𝑚) time for a
graph with𝑚 edges. We execute this on the acceptability graph of
𝐼 , which has 𝑛 vertices and, again due to bounded preference list
lengths,𝑚 =𝑂 (𝑛) edges. Hence, computing𝑀𝐶 requires𝑂 (𝑛) time.
The rematching procedure, if invoked, is executed at most 𝑂 (𝑛)
times because the number of agents in more than one blocking
pair strictly decreases with each iteration (as argued above), and
each execution requires constant time. We can implement the while
loop efficiently by building a stack of unmatched agents (every
agent involved in two blocking pairs must clearly be unmatched)
and, at every iteration of the loop, popping an agent from this
stack and verifying (in constant time) whether this agent is indeed
blocking with both agents on its preference list. Because we do the
computation of the initial𝑀𝐶 and the rematching sequentially, and
assuming that matching size comparisons can be implemented in
constant time, we arrive at an overall time complexity of 𝑂 (𝑛). □

This result identifies a complexity frontier. Even though min-
imax almost-stability is generally intractable (for instances with
preference lists of length at most 10), instances with very short
preference lists (of length at most 2) allow an efficient computation.

2.2 Minimax MaximumMatchings in Bipartite
Graphs

We will now turn to Minimax-AlmostStable-Max-SMI. For our
complexity analysis, we will consider a restricted decision version
of this problem, which we define as follows.
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𝑘-Max-AlmostStable-Perfect-SMI
Input: SMI instance 𝐼 = (𝐴,≻) and non-negative integer 𝑘 .
Question: Does there exist a matching 𝑀 ∈ M𝑝 such that
max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀) | ≤ 𝑘?

It is easy to see that if 𝑘-Max-AlmostStable-Perfect-SMI can-
not be solved in polynomial time, then Minimax-AlmostStable-
Max-SMI cannot be solved in polynomial time. Note that 𝐼 is a
yes-instance to 0-Max-AlmostStable-Perfect-SMI if and only
if there exists a perfect stable matching of 𝐼 . This can be decided
in polynomial time by computing an arbitrary stable matching𝑀
of 𝐼 using the classical Gale-Shapley algorithm [18], and checking
whether𝑀 is a perfect matching. All stable matchings are known
to match the same number of agents [19], so if 𝑀 is not perfect,
then 𝐼 does not admit any perfect stable matching.

We now highlight, though, that 𝑘-Max-AlmostStable-Perfect-
SMI is NP-complete even in the very restricted case where 𝑘 = 1
and preference lists are very short. The result below states that
it is impossible to distinguish in polynomial time even between
instances that admit a perfect matching in which every agent is in at
most one blocking pair and instances where every perfect matching
requires at least one agent to be in more than one blocking pair
(unless P=NP).

Theorem2.4. 𝑘-Max-AlmostStable-Perfect-SMI isNP-complete,
even if 𝑘 = 1 and all preference lists are of length at most 3.

Corollary 2.5. Minimax-AlmostStable-Max-SMI is para-NP-
hard with respect to 𝜅 = min𝑀∈M+ max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀) | even if all
preference lists are of length at most 3. Furthermore, there exists no
approximation algorithm for Minimax-AlmostStable-Max-SMI
with a performance guarantee strictly better than 2 and a polynomial
runtime, unless P=NP.

Notice that this result cannot be extended to SMI instances with
complete preference lists, as all stable matchings of such instances
are maximum-cardinality matchings. However, we provide further
negative complexity results in [24].

Interestingly, the high-level technique of Algorithm 1 for low-
degree acceptability graphs in SRI carries over to this problem.
Specifically, the procedure we give in Algorithm 2 solves Minimax-
AlmostStable-Max-SMI to optimality when preference lists are of
length at most 2. It works as follows: compute a stable matching𝑀𝑆

using the Gale-Shapley algorithm [18] and a maximum-cardinality
matching𝑀𝐶 using the same procedure as the one that we described
for Algorithm 1 (as the acceptability graph still only consists of
paths and cycles). If |𝑀𝑆 | = |𝑀𝐶 | then return𝑀𝑆 , otherwise perform
the same rematching procedure on𝑀𝐶 as in Algorithm 1 and return
this modified matching.

Theorem 2.6. Let 𝐼 be an SMI instance with𝑛 agents. If all preference
lists are of length at most 2, then min𝑀∈M+ max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀) | ≤ 1
and Algorithm 2 solves Minimax-AlmostStable-Max-SMI in 𝑂 (𝑛)
time.

Proof sketch. The approach remains the same as in the proof
of Theorem 2.3. We highlight some differences below and refer to
[24] for further details. First, recall that all stablematchings of 𝐼 have
the same size [19]. Clearly, |𝑀𝐶 | ≥ |𝑀𝑆 | and max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀𝑆 ) | =

Algorithm 2 Exact algorithm for Minimax-AlmostStable-Max-
SMI with lists of length at most 2
Input: 𝐼 : an SMI instance
Output: 𝑀 : a matching
1: 𝑀𝑆 ← GaleShapley(𝐼 ) ⊲ Compute a stable matching
2: 𝑀𝐶 ←MaxCard(𝐼 ) ⊲ Compute a maximum-cardinality

matching
3: if |𝑀𝑆 | = |𝑀𝐶 | then
4: return𝑀𝑆

5: end if
6: while ∃ 𝑎𝑖 such that |𝑏𝑝𝑎𝑖 (𝑀𝐶 ) | = 2 do ⊲ Rematching

procedure
7: pick one agent 𝑎𝑟 that is in a blocking pair with 𝑎𝑖
8: 𝑎𝑘 ← 𝑀𝐶 (𝑎𝑟 )
9: 𝑀𝐶 (𝑎𝑖 ) ← 𝑎𝑟 ; 𝑀𝐶 (𝑎𝑟 ) ← 𝑎𝑖 ; 𝑀𝐶 (𝑎𝑘 ) ← 𝑎𝑘
10: end while
11: return𝑀𝐶

0, so if |𝑀𝑆 | = |𝑀𝐶 |, then𝑀𝑆 is also a maximum-cardinality match-
ing and a stable matching of 𝐼 , so it is also a solution to Minimax-
AlmostStable-Max-SMI. However, if |𝑀𝑆 | ≠ |𝑀𝐶 |, then necessar-
ily |𝑀𝑆 | < |𝑀𝐶 |, so no solution to Minimax-AlmostStable-Max-
SMI is stable, i.e., for all𝑀 ′ ∈ M+, max𝑎𝑖 ∈𝐴 |𝑏𝑝𝑎𝑖 (𝑀 ′) | > 0.

The Gale-Shapley algorithm requires at most linear time in the
preference list lengths [18], which, here, is linear in the number
of agents. The maximum-cardinality matching procedure we de-
scribed also requires 𝑂 (𝑛) time. The rematching procedure, if in-
voked, is executed at most𝑂 (𝑛) times because the number of agents
in more than one blocking pair strictly decreases, and each execu-
tion requires constant time. □

This positive result implies a tight complexity frontier: Minimax-
AlmostStable-Max-SMI can be solved very efficiently when pref-
erence lists are of length at most 2. However, the problem is NP-
hard when preference lists are of length at most 3, as previously
established in Corollary 2.5.

In [24], we also study the approximability and exact ILP formu-
lations for these minimax problems.

3 PREFERENTIAL ALMOST-STABLE
MATCHINGS

It is clear from previous work and our new results that minimising
either the aggregate or the individual instability among the agents
is generally intractable. However, not every agent might be able
to deviate, even when a beneficial opportunity to do so presents
itself. For example, some agents might be prevented from initiating
deviations by external constraints. Hence, in this section, we study
optimisation and decision problems that aim for matchings that
give preferential treatment to the remaining agents, or generally,
any designated subset of agents. Specifically, we seek matchings
that minimise the blocking pairs involving these agents, or ideally,
exclude them from any blocking pairs altogether.

We first propose the following natural optimisation problem,
which seeks a matching that minimises the number of blocking
pairs involving agents from a designated subset 𝐴′. Intuitively, the
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problem asks: how stable can a matching be made for a privileged
subset of agents?

Preferential-AlmostStable-SRI
Input: SRI instance 𝐼 = (𝐴,≻) and a subset 𝐴′ ⊆ 𝐴.
Output: A matching 𝑀 ∈ M such that |⋃𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀) | =
min𝑀 ′∈M |

⋃
𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀 ′) |.

We will also study the maximum-cardinality bipartite matching
analogue, which we define formally below.

Preferential-AlmostStable-Max-SMI
Input: SMI instance 𝐼 = (𝐴,≻) and a subset 𝐴′ ⊆ 𝐴.
Output: A matching 𝑀 ∈ M+ such that |⋃𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀) | =
min𝑀 ′∈M+ |

⋃
𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀 ′) |.

Of course, both of these problems are NP-hard in general, be-
cause they are equivalent toMinBP-AlmostStable-SRI andMinBP-
AlmostStable-Max-SMI when 𝐴′ = 𝐴. However, we will investi-
gate restrictions and algorithms for the case when 𝐴′ is small.

Rather than beginningwith the general SRI case, we first examine
maximum-cardinality matchings with these properties in bipartite
acceptability graphs, before extending our techniques to SRI.

3.1 Preferential Maximum Matchings in
Bipartite Graphs

We start with the following parametrised version of Preferential-
AlmostStable-Max-SMI.

𝑘-Preferential-AlmostStable-Max-SMI
Input: SMI instance 𝐼 = (𝐴,≻) and a subset 𝐴′ ⊆ 𝐴.
Output: A matching𝑀 ∈ M+ such that |⋃𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀) | ≤ 𝑘 ,
if one exists

We will denote the problem of deciding whether there exists a
solution to 𝑘-Preferential-AlmostStable-Max-SMI whenM+ =
M𝑝 by 𝑘-Preferential-AlmostStable-Perfect-SMI-Dec.

Notice that when𝐴′ = 𝐴 and 𝑘 = 0, then (𝐼 , 𝐴′) is a yes-instance
to 0-Preferential-AlmostStable-Max-SMI if and only if there ex-
ists a stablemaximum-cardinalitymatching of 𝐼 . This can be decided
efficiently by computing a stable matching𝑀 of 𝐼 using the Gale-
Shapley algorithm [18] and checking whether 𝑀 is a maximum-
cardinality matching. If it is not, then no solution exists.

Somewhat surprisingly, though, when 𝐴′ ⊂ 𝐴, then even 0-
Preferential-AlmostStable-Perfect-SMI-Dec is intractable, i.e.,
even when we merely ask whether a perfect matching exists such
that no 𝐴′ agent is in a blocking pair.
Theorem 3.1. 0-Preferential-AlmostStable-Perfect-SMI-Dec
is NP-complete, even if all preference lists are of length at most 3.

Corollary 3.2. 𝑘-Preferential-AlmostStable-Max-SMI is NP-
hard, even when 𝑘 = 0 and all preference lists are of length at most
3. Preferential-AlmostStable-Max-SMI is para-NP-hard with
respect to 𝜅 =min𝑀∈M+ |

⋃
𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀) |.

Note that, as in our discussion of Minimax-AlmostStable-Max-
SMI, these hardness results no longer apply when preference lists
are complete, since then every stable matching is a maximum-
cardinality matching.

On the positive side, we show that the problem 𝑘-Preferential-
AlmostStable-Max-SMI is fixed-parameter tractable (in the com-
plexity class FPT [17]) with respect to the combined parameter
( |𝐴′ |, 𝑑max), as well as in XP with respect to just |𝐴′ |, where 𝑑max
is the maximum preference list length of the instance. We show
this by giving an algorithm in the following proof, which is effi-
cient for small |𝐴′ |, 𝑘 , and/or 𝑑max. Note that 𝑑max is often natu-
rally small: as preference lists usually need to be elicited manually,
there is often a limit on how many choices a participant ranks.
Furthermore, when maximising the matching size as a primary
objective, it is often beneficial for agents to submit short preference
lists. Of course, |𝐴′ | need not be small in general. However, one
possible strategy is to fix 𝑘 = 0, in which case the algorithm ter-
minates in 𝑂 (𝑑𝑂 ( |𝐴

′ | )
max 𝑛3/2 log(𝑛)) time, and rank agents based on

their likelihood to deviate. Then, one could start by including only
the strongest deviators in 𝐴′, and then increasing the size of 𝐴′ up
until either no more solution exists, or the computation takes too
long.

Intuitively, our algorithm enumerates possible configurations of
partners and blocking pairs for the preferential agents, and tries to
extend each (feasible) configuration to a desirable matching using
a maximum-weight matching subroutine.

Theorem3.3. Let (𝐼 = (𝐴,≻), 𝐴′) be an instance of𝑘-Preferential-
AlmostStable-Max-SMI with 𝑛 agents and maximum preference
list length 𝑑max. Then 𝑘-Preferential-AlmostStable-Max-SMI is
solvable in 𝑂 ( |𝐴′ |𝑘𝑑 |𝐴

′ |+𝑘+1
max 𝑛3/2 log(𝑛)) time.

Proof sketch. We sketch the algorithm here; full details are
given in [25]. We start with a maximum-cardinality matching𝑀𝑆 ,
which can be computed using the classical Hopcroft-Karp algorithm
[32], to determine the target size of our matching. Recall that we
aim to find a maximum-cardinality matching𝑀𝑃 of 𝐼 such that the
agents in 𝐴′ are collectively involved in at most 𝑘 blocking pairs
in 𝑀𝑃 . We will denote such blocking pairs by 𝑏𝑝 (𝑀𝑃 ) |𝐴′ . Clearly,
every agent in 𝑎𝑖 ∈ 𝐴′ is either matched to one of the at most
𝑑max many agents on their preference list or remains unmatched.
Thus, there are (𝑑max + 1) |𝐴

′ | =𝑂 (𝑑 |𝐴
′ |

max) possible combinations of
choices of partner, including the possibility of being unmatched, for
the agents in 𝐴′. We can discard any combinations of choices that
are not matchings, and we denote the remaining set of candidate
matchings byM𝐶 .

Next, we consider each candidate matching sequentially and aim
to extend it to a solution. Let us fix a candidate matching𝑀𝐶 ∈ M𝐶 .
Now, we consider each possible set of blocking pairs involving some
agent in𝐴′ of size at most𝑘 . There are at most𝑂 (( |𝐴′ |𝑑max)𝑘 ) many
such sets. Let us fix a candidate set of blocking pairs 𝐵. Clearly, no
pair of agents can be simultaneously matched and blocking, so if
𝑀𝐶 ∩ 𝐵 ≠ ∅, then we reject this configuration (𝑀𝐶 , 𝐵).

Then, for every agent 𝑎𝑖 ∈ 𝐴′ and every 𝑎𝑟 ∈ 𝐴 such that
𝑎𝑟 ≻𝑖 𝑀𝐶 (𝑎𝑖 ) and {𝑎𝑖 , 𝑎𝑟 } ∉ 𝐵, 𝑎𝑟 must end up with a partner better
than 𝑎𝑖 (according to ≻𝑟 ). Thus, we truncate ≻𝑟 , discarding every
agent worse than and including 𝑎𝑖 (if multiple agents in 𝐴′ satisfy
this criterion with respect to 𝑎𝑟 , we truncate at the best-ranked
such agent on ≻𝑟 ). We must keep track of these agents 𝑎𝑟 to later
verify that they are matched, so we denote the set of such agents
by 𝑄 . If, after carrying out these truncations, some agent 𝑎𝑖 ∈ 𝐴′
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has a partner in 𝑀𝐶 that is no longer in their preference list (or
vice versa), we can reject this configuration (𝑀𝐶 , 𝐵). Otherwise, we
look for a maximum matching among the agents not yet matched
in𝑀𝐶 such that every agent in 𝑄 is matched.

We do this as follows: we construct a maximum-weight matching
instance (𝐺,𝑤) (where𝐺 is a graph and𝑤 is a weight function from
the set of edges to the positive integers) consisting of all agents
𝐴 \𝐴(𝑀𝐶 ) (where𝐴(𝑀𝐶 ) denotes the set of agents matched in𝑀𝐶 )
as vertices, and all acceptable matches among these agents as edges.
Furthermore, we construct𝑤 as follows: for every acceptable pair of
agents 𝑎𝑟 , 𝑎𝑠 in the instance, we let𝑤 ({𝑎𝑟 , 𝑎𝑠 }) = 𝑛 + |{𝑎𝑟 , 𝑎𝑠 } ∩𝑄 |,
i.e., we assign a weight of at least 𝑛 to every edge, plus one extra
point for each endpoint in 𝑄 . We can construct (𝐺,𝑤) in linear
time in the size of 𝐼 , so in𝑂 (𝑑max𝑛) time. Now we find a maximum-
weight matching 𝑀𝑚𝑤 for (bipartite) instance (𝐺,𝑤) using the
algorithm by Duan and Su [13], which runs in 𝑂 (𝑑max𝑛

3/2 log(𝑛))
time.𝑀𝑚𝑤 is a maximum-cardinality matching of (𝐺,𝑤) in which
every agent in 𝑄 is matched if and only if such a matching exists.
Thus, if there exists an agent 𝑎𝑟 ∈ 𝑄 that is not matched in 𝑀𝑚𝑤 ,
we can reject (𝑀𝐶 , 𝐵). Otherwise, by construction, 𝑀𝐶 and 𝑀𝑚𝑤

are disjoint, so if |𝑀𝐶 ∪𝑀𝑚𝑤 | = |𝑀𝑆 |, we accept 𝑀 = 𝑀𝐶 ∪𝑀𝑚𝑤

as our solution. Otherwise,𝑀𝐶 does not extend to a solution with
respect to 𝐵, and we reject (𝑀𝐶 , 𝐵).

Putting the complexity analysis together, we consider 𝑂 (𝑑 |𝐴
′ |

max)
candidatematchings and, for every candidatematching, we consider
𝑂 (( |𝐴′ |𝑑max)𝑘 ) sets of blocking pairs, leading to 𝑂 ( |𝐴′ |𝑘𝑑 |𝐴

′ |+𝑘
max )

candidate configurations. For each configuration, we construct a
maximum-weightmatching instance in𝑂 (𝑑max𝑛) time and compute
a maximum-weight matching in 𝑂 (𝑑max𝑛

3/2 log(𝑛)) time. □

Corollary 3.4. 𝑘-Preferential-AlmostStable-Max-SMI is in
FPT with respect to ( |𝐴′ |, 𝑑max) and in XP with respect to |𝐴′ |. Fur-
thermore, Preferential-AlmostStable-Max-SMI is in FPT with
respect to ( |𝐴′ |, 𝑑max) and in XP with respect to ( |𝐴′ |,OPT), where
OPT is the optimal value min𝑀∈M+ |

⋃
𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀) |.

Proof. From Theorem 3.3, we know that the problem is solv-
able in𝑂 ( |𝐴′ |𝑘𝑑 |𝐴

′ |+𝑘+1
max 𝑛3/2 log(𝑛)) time. Given that 𝑘 is part of the

problem definition, not part of the input, we consider 𝑘 = 𝑂 (1).
Alternatively, we can justify this as follows: the optimal param-
eter value |∑𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀) | is bounded from above by |𝐴′ |𝑑max.
Therefore, for any 𝑘 ≥ |𝐴′ |𝑑max, the problem becomes trivial. Thus,
we may assume without loss of generality that 𝑘 < |𝐴′ |𝑑max, in
which case 𝑘 does not need to be treated as a parameter when
|𝐴′ |, 𝑑max are fixed. Hence, the first FPT result follows directly
from 𝑂 ( |𝐴′ |𝑂 (1)𝑑 |𝐴

′ |+𝑂 (1)
max 𝑛𝑂 (1) ). For the first XP result, notice that

𝑑max ≤ 𝑛 − 1 < 𝑛, so we can crudely upper-bound the complexity
by 𝑂 ( |𝐴′ |𝑂 (1)𝑛𝑂 ( |𝐴′ | ) ) as required. Finally, to solve Preferential-
Max-SMI, we can simply solve 𝑘-Preferential-Max-SMI with
increasing values of 𝑘 up until a solution is found, i.e., for instance
(𝐼 , 𝐴′), we iterate 0 ≤ 𝑘 ≤ min𝑀∈M+ |

⋃
𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀) | ≤ |𝐴′ |𝑑max

and find a solution in𝑂 ( |𝐴′ |𝑑max |𝐴′ | |𝐴
′ |𝑑max𝑑

|𝐴′ |+|𝐴′ |𝑑max+1
max 𝑛𝑂 (1) ) =

𝑂 ( |𝐴′ |𝑂 ( |𝐴′ |𝑑max )𝑑𝑂 ( |𝐴
′ |𝑑max )

max 𝑛𝑂 (1) ) time. Furthermore, it holds that
𝑂 (𝑘 |𝐴′ |𝑘𝑑 |𝐴

′ |+𝑘+1
max 𝑛𝑂 (1) ) =𝑂 (𝑘 |𝐴′ |𝑂 (𝑘 )𝑛𝑂 ( |𝐴′ |+𝑘 ) ). □

In [25], these results are generalised to Max-SRI problem vari-
ants and the minimisation of blocking 𝐴′ agents. We also provide

efficient algorithms for instances with preference lists of length at
most 2.

3.2 Preferential Matchings in General Graphs
We now turn to the general case, where matchings may have arbi-
trary size and the acceptability graph need not be bipartite. We start
by defining a restricted version of Preferential-AlmostStable-
SRI as follows.

𝑘-Preferential-AlmostStable-SRI
Input: SRI instance 𝐼 = (𝐴,≻) and a subset 𝐴′ ⊆ 𝐴.
Output: A matching 𝑀 ∈ M such that |⋃𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀) | ≤ 𝑘 ,
if one exists.

Again, we will focus on the very restricted case of 𝑘 = 0, where
we require a matching in which no 𝐴′ agent is in a blocking pair,
and denote the problem of deciding whether there exists a solu-
tion to 0-Preferential-AlmostStable-SRI by 0-Preferential-
AlmostStable-SRI-Dec.

We start with the following observation about a special class of
instances to 0-Preferential-AlmostStable-SRI.

Theorem 3.5. Let (𝐼 = (𝐴,≻), 𝐴′) be an instance with 𝑛 agents of
0-Preferential-AlmostStable-SRI. If 𝐺 ′ = (𝐴, 𝐸 \ 𝐸 [𝐴 \𝐴′]) is
bipartite, then we can solve 0-Preferential-AlmostStable-SRI in
𝑂 (𝑛2) time.

Proof. Suppose that𝐺 ′ = (𝐴, 𝐸\𝐸 [𝐴\𝐴′]) is bipartite. Then the
instance 𝐼 ′ = (𝐴,≻′) induced by the restricted acceptability graph
𝐺 ′ is an SMI instance. Any SMI instance admits a stable matching𝑀 ,
and we can find one in𝑂 (𝑛2) time [18]. Now suppose that𝑀 admits
a blocking pair {𝑎𝑟 , 𝑎𝑠 } ∈ 𝑏𝑝 (𝑀) with respect to instance 𝐼 . Then,
by construction of 𝐼 ′, it must be the case that {𝑎𝑟 , 𝑎𝑠 } ∈ 𝐸 [𝐴 \𝐴′],
in which case

⋃
𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀) = ∅ as required. □

A′ A \A′

Figure 1: Illustration of restricted acceptability graph
(colours indicate a possible bipartition)

An example of a restricted preference graph can be seen in
Figure 1. Unfortunately, this structural insight does not generalise
to an efficiently verifiable necessary and sufficient condition for
0-Preferential-AlmostStable-SRI-Dec, as there may be complex
interactions among agents between and outside 𝐴′. The following
result leaves little hope for such a condition.

Theorem 3.6. 0-Preferential-AlmostStable-SRI-Dec is NP-
complete, regardless of whether all preference lists are of length at
most 5 or all preference lists are complete.
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Table 1: Overview of key complexity results. Here, 𝑑 denotes the maximum preference list length (also denoted by 𝑑max in other
parts of the paper), and CL indicates complete preference lists. Our contributions are coloured in blue. We use ⊤ to indicate
that the result holds trivially, and ∗ to indicate that we introduced these problems in this paper.

SRI Max-SMI
MinBP

(𝜅 =min |𝑏𝑝 (𝑀) |)
P (𝑑 ≤ 2) [7], XP (𝜅) [1]

NP-h (𝑑 ≤ 3 and CL) [1, 7],W[1]-h (𝜅) [10]
P (𝑑 ≤ 2 and CL) [8], XP (𝜅) [8]

NP-h (𝑑 ≤ 3) [8]
MinBA

(𝜅 =min |𝑏𝑎(𝑀) |)
P (𝑑 ≤ 2) [25], XP (𝜅) [10]

NP-h (𝑑 ≤ 5 and CL [25]) [10],W[1]-h (𝜅) [10]
P (𝑑 ≤ 2 and 𝑑 =𝐶) [8], XP (𝜅) [8]

NP-h (𝑑 ≤ 3) [8]
Minimax∗

(𝜅 =minmax |𝑏𝑝𝑖 (𝑀) |)
P (𝑑 ≤ 2) [T2.3]

NP-h (𝜅 = 1, 𝑑 ≤ 10 and CL) [T2.1-2.1]
P (𝑑 ≤ 2 and CL) [T2.6,×]
NP-h (𝜅 = 1, 𝑑 ≤ 3) [T2.4]

Preferential∗
(𝜅1 = |𝐴′ |,

𝜅2 =min |⋃𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑖 (𝑀) |)

P (𝑑 ≤ 2) [25]
FPT ((𝑑, 𝜅1)) [C3.9] XP ((𝜅1, 𝜅2)) [C3.9]
NP-h (𝜅2 = 0, 𝑑 ≤ 5 and CL) [T3.6]

P (𝑑 ≤ 2 and CL) [[25],⊤]
FPT ((𝑑, 𝜅1)) [C3.4] XP ((𝜅1, 𝜅2)) [C3.4]

NP-h (𝜅2 = 0, 𝑑 ≤ 3) [T3.1]

Corollary 3.7. 𝑘-Preferential-AlmostStable-SRI is NP-hard,
even when 𝑘 = 0 and regardless of whether preference lists are of
length at most 5 or complete. Thus, Preferential-AlmostStable-
SRI is para-NP-hard with respect to 𝜅 =min𝑀∈M |

⋃
𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀) |.

Having established intractability even under strong restrictions,
we next identify a class of tractable special cases by adapting the
FPT algorithm from the bipartite case. Notice that, although we
consider more general preference systems, the fact that we do not
require a maximum-cardinality matching allows us to arrive at a
complexity independent of the total number of agents 𝑛. This is
because any agent not in 𝐴′ may be left unmatched, unless they
block with an agent in 𝐴′. We performed the analysis assuming
that 𝑑max ≪ 𝑛, which leads to a larger exponent for 𝑑max, but it is
easy to refine the analysis to a smaller exponent in exchange for a
sub-quadratic dependency on 𝑛 when this is not the case.

Theorem 3.8. Let (𝐼 = (𝐴,≻), 𝐴′) be an instance of problem 𝑘-
Preferential-AlmostStable-SRI with maximum preference list
length 𝑑max. Then 𝑘-Preferential-AlmostStable-SRI is solvable
in 𝑂 ( |𝐴′ |𝑘+3/2𝑑 |𝐴

′ |+𝑘+4
max ) time.

Proof sketch. The high-level approach is the same as in the
proof of Theorem 3.3. We highlight critical differences below and
refer to [25] for full details. When searching for a matching of
agents in 𝑄 , we can drop the maximum-cardinality requirement.
This simplifies the construction of (𝐺,𝑤): 𝐺 now consists of all
agents that are distance at most 2 away from some agent in 𝐴′ (and
not yet matched in𝑀𝐶 ), and all acceptable matches among these
agents as edges. We construct 𝑤 such that, for every acceptable
𝑎𝑟 , 𝑎𝑠 ,𝑤 ({𝑎𝑟 , 𝑎𝑠 }) = |{𝑎𝑟 , 𝑎𝑠 } ∩𝑄 |, i.e., we assign a weight of 1 for
every endpoint in 𝑄 . We can construct (𝐺,𝑤) in linear time in the
graph. By the preference list lengths, there are at most |𝐴′ |𝑑2max
many agents with distance at most 2 away from some agent in
𝐴′, and 𝐺 has at most |𝐴′ |𝑑3max edges. Thus, we can create (𝐺,𝑤)
in 𝑂 ( |𝐴′ |𝑑3max) time. Now we find a maximum-weight matching
𝑀𝑚𝑤 using the algorithm by Huang and Kavitha [33], which runs
in 𝑂 ( |𝐴′ |3/2𝑑4max) time.

If there exists an agent 𝑎𝑟 ∈ 𝑄 that is not matched in𝑀𝑚𝑤 , we
can reject this configuration (𝑀𝐶 , 𝐵). Otherwise, by construction,

𝑀𝐶 and𝑀𝑚𝑤 are disjoint, so we can accept𝑀 =𝑀𝐶 ∪𝑀𝑚𝑤 as our
solution. □

Again, due to a similar argument as in Corollary 3.4, we can
immediately note the following complexity classification.

Corollary 3.9. 𝑘-Preferential-AlmostStable-SRI is in FPT with
respect to ( |𝐴′ |, 𝑑max) and in XP with respect to |𝐴′ |. Furthermore, the
problem Preferential-AlmostStable-SRI is in FPT with respect
to ( |𝐴′ |, 𝑑max) and in XP with respect to ( |𝐴′ |,OPT), where OPT =

min𝑀∈M |
⋃

𝑎𝑖 ∈𝐴′ 𝑏𝑝𝑎𝑖 (𝑀) |.

In [25], we extend these results to the minimisation of blocking
𝐴′ agents too. We also provide efficient algorithms for instances
with preference lists of length at most 2.

4 CONCLUSION
We studied two natural classes of optimisation problems arising
from stable matching theory, initiating the study of both minimax
and preferential notions of almost-stability. Across bipartite and
general settings, our results, summarised in Table 1, reveal a sharp
contrast between strong intractability and tractable special cases,
such as when preference lists are very short or there are few prefer-
ential agents. Beyond their algorithmic significance, these findings
also carry implications for multi-agent systems. In many appli-
cations where centralised coordination mechanisms are sought,
solutions need to be robust to agent incentives to deviate. We pre-
sented two new approaches and characterised the computational
possibilities and limits of achieving such robustness.

Many interesting directions remain open. For instance, are there
efficient approximation algorithms for Minimax-AlmostStable-
Max-SMI? Furthermore, are Preferential-AlmostStable-Max-
SMI and Preferential-AlmostStable-SRI in FPT with respect
to just |𝐴′ |? We also conjecture that Minimax-AlmostStable-SRI
cannot be solved in polynomial time even when 𝑑max ≤ 8 (under
standard complexity-theoretic assumptions), but that the optimal
value of the problem under this restriction is at most 1. This would
suggest a total-search type problem. What is the complexity of this
problem under these restrictions?
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