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ABSTRACT
We study an online fair division problem where a fixed, but un-

known number of goods arrive sequentially and must be allocated

immediately and irrevocably to a given set of agents. The objective

is to ensure (approximate) envy-freeness up to any good (EFX),

that is, after the allocation, no agent should prefer another agent’s

bundle once any single good is removed from it. Unfortunately, we

show that approximate EFX is impossible to guarantee, even under

restrictive valuation assumptions.

To overcome this barrier, we follow the emerging trend of algo-

rithms with predictions, assuming access to a vector of predicted

valuations. Predictions may be inaccurate, and we measure their

error using the total variation distance from the true valuations.

For additive valuations, we prove impossibility results for algo-

rithms that either ignore predictions or rely solely on them, and

we establish lower bounds on the prediction accuracy required by

any algorithm to compute approximate EFX. Finally, we provide a

positive result: for two agents with identical valuations, we design

an algorithm that uses predictions to achieve approximate EFX,

with guarantees improving smoothly in prediction accuracy.
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1 INTRODUCTION
Fair division studies how shared resources can be allocated fairly

among agents. A central fairness notion is envy-freeness (EF), re-
quiring that no agent prefers another’s allocation. For divisible

resources, EF allocations are guaranteed to exist under broad con-

ditions [25]. For indivisible goods, however, even approximate EF

may fail to exist: a single item desired by two agents can be allo-

cated to only one of them. This impossibility has motivated the

study of fairness relaxations that retain the spirit of EF.
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One of the most prominent relaxations is envy-freeness up to any
good (EFX) [10, 16]. While EFX is conjectured to always exist under

monotone valuations, existence remains open even for four agents

with additive valuations
1
and is only known for special cases [11].

Towards a proof of EFX existence, an approximation version, 𝑎-EFX,

was introduced in [23]. Formally, an allocation𝐴 = (𝐴1, 𝐴2, . . . , 𝐴𝑛)
of a set 𝑀 of goods to 𝑛 agents is a partition of 𝑀 , where bundle
𝐴𝑖 is allocated to agent 𝑖 ∈ [𝑛]. We say that 𝐴 is 𝑎-EFX for some

𝑎 ∈ [0, 1] if there are no agents 𝑖, 𝑗 and good 𝑔 ∈ 𝐴 𝑗 such that

𝑣𝑖 (𝐴𝑖 ) < 𝑎 · 𝑣𝑖 (𝐴 𝑗 \ {𝑔}), and notice that for 𝑎 = 1 we retrieve the

(exact) EFX definition. Constant-factor guarantees are known [3, 5].

Beyond the classical offline setting, many allocation problems

are inherently online: goods arrive sequentially and must be allo-

cated to the agents immediately and irrevocably. Fairness is then

evaluated only after all goods have been allocated. When future

arrivals and values are unknown, fair allocation becomes signif-

icantly harder. In fact, recent work shows that in online settings

without information about future goods, even guarantees weaker

than EFX are impossible [22]. This motivates the question: Can
meaningful approximations of EFX be achieved online if limited, and
possibly unreliable information about the future is available?

We consider an online allocation model where agents provide

predicted valuations for future goods, obtained for instance via

historical data or machine-learning forecasts. Predictions may be

inaccurate; as goods arrive, their true valuations are revealed, and

the algorithmmust allocate each good immediately. Our objective is

to design online algorithms that leverage predictions and revealed

values to guarantee 𝑎-EFX allocations, with 𝑎 depending explicitly

on the prediction accuracy.

Model and Notation. We study this question through the lens of

algorithmic design with predictions [20]. Our setting is online, and
involves discrete time-steps with a finite (true) horizon𝑇 ≥ 1. Each

agent 𝑖 first receives a prediction, that is, a vector 𝑝𝑖 = (𝑝𝑖 (𝑔 𝑗 )) 𝑗∈[𝑇 ′ ] ,
where 𝑇 ′ ≥ 1 is the predicted horizon, and 𝑝𝑖 : 𝑀 → R≥0 is

an additive, normalized valuation function, i.e., 𝑝𝑖 (𝑔𝑡 ) ≥ 0 for all

𝑡 ∈ [𝑇 ′], and ∑
𝑡 ∈[𝑇 ′ ] 𝑝𝑖 (𝑔𝑡 ) = 1. Then, at each time 𝑡 = 1, 2, . . . ,𝑇 ,

a single good 𝑔𝑡 arrives and has to be allocated irrevocably to some

agent. Each agent 𝑖 ∈ [𝑛] at time 𝑡 evaluates good 𝑔𝑡 according

to his additive, normalized true valuation 𝑣𝑖 : 𝑀 → R≥0, in other

words, 𝑣𝑖 = (𝑣𝑖 (𝑔 𝑗 )) 𝑗∈[𝑇 ] , where 𝑣𝑖 (𝑔𝑡 ) ≥ 0 for all 𝑡 ∈ [𝑇 ], and∑
𝑡 ∈[𝑇 ] 𝑣𝑖 (𝑔𝑡 ) = 1. In the special case of identical valuations we drop

the subscripts.

As a metric to quantify the prediction error, we use the Total
Variation distance (TV distance) between the true and the predicted

values: TV (𝑝𝑖 , 𝑣𝑖 ) = ∥𝑝𝑖 − 𝑣𝑖 ∥TV := 1

2

∑
𝑡 ∈[𝑇max ] |𝑝𝑖 (𝑔𝑡 ) − 𝑣𝑖 (𝑔𝑡 ) |,

1
Agent 𝑖 ∈ [𝑛] has additive valuation 𝑣𝑖 : 𝑀 → R≥0 if for any 𝑆 ⊆ 𝑀 , it holds that

𝑣𝑖 (𝑆 ) =
∑

𝑔∈𝑆 𝑣𝑖 (𝑔) .
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where𝑇max :=max{𝑇,𝑇 ′}.2 We denote 𝑖’s error by 𝑑𝑖 := TV (𝑝𝑖 , 𝑣𝑖 ),
and define 𝐷 := max𝑖∈[𝑛] 𝑑𝑖 . Alternatively, accuracy 𝜂𝑖 := 1 − 𝑑𝑖 ,

measures the fraction of the total value that is guaranteed to be

predicted correctly by agent 𝑖 .

1.1 Further Related Work
A body of related work studies alternative fairness notions [12, 24,

26, 27] with or without predictions, and considers settings where

agents, rather than goods, arrive online [18, 19]; it also examines the

online allocation of divisible resources [6, 7, 15]. A complementary

line of work relaxes the information constraints of online models by

allowing algorithms to peek into future arrivals [4, 17, 22], including

the framework of temporal fair division [13, 14], where fairness

must hold at every prefix—an especially restrictive requirement for

EFX [14]. Overall, work on online fair division has studied similar

core problems from different perspectives and under varying input

assumptions [1, 2, 8, 9].

2 OUR RESULTS
We pose the question: How does the quality (approximation factor
𝑎) of 𝑎-EFX allocations depend on the prediction accuracy of the
agents? We consider additive valuations and provide bounds on

the prediction accuracy (or equivalently, on the allowed prediction

error) as a function of 𝑎 ∈ [0, 1]. Missing proofs and more results

can be found in the full version of the paper [21].

We start by exploring the limitations of algorithms that do not

have per-item predictions (but know the value of the whole set of

goods for each agent, i.e., valuations are normalized). Our results

show that for two agents with identical valuations, one can achieve

(𝜑 − 1)-EFX (where 𝜑 :=
√
5+1
2

) using a simple threshold-based

algorithm, while no 𝑎-EFX algorithm without predictions exists for

any 𝑎 ∈ (𝜑 − 1, 1]. When the valuations are not restricted to be

identical, the latter impossibility result holds for any 𝑎 ∈ (0, 1].

Theorem 2.1. Suppose we have 2 agents with additive, identical,
normalized valuations, and without predictions. Consider the follow-
ing algorithm: allocate each arriving good to agent 1, as long as the
good will not make her exceed value 𝜑 − 1, otherwise allocate it to
agent 2. This algorithm guarantees an allocation which is (𝜑−1)-EFX.
This bound is tight.

Therefore, to achieve any improvement on 𝑎 we turn our focus

to algorithms with predictions. We seek algorithms that are consis-

tent (i.e., guarantee high 𝑎 when the predictions are perfect) and

robust (i.e., guarantee high 𝑎 when the predictions have unbounded

error). Our result here leans on the negative: any algorithm that

can guarantee 𝑎 > 𝜑 − 1 ≈ 0.618 with perfect predictions, cannot

have robustness better than (𝜑 − 1)/2 ≈ 0.309. This means that,

if our algorithms considered unbounded-error predictions, their

guaranteed quality would be very low. Thus, we shift our focus to

algorithms with known bounds on the prediction error.
We start by exploring the limitations of the extreme case, where

the 𝑎-EFX algorithms rely entirely on predictions, disregarding the

true values. The error (as a function of 𝑎) that these algorithms

2
If 𝑇 ′ < 𝑇 , then 𝑝𝑖 (𝑔𝑡 ) = 0 for 𝑡 ∈ {𝑇 ′ + 1,𝑇 ′ + 2, . . . ,𝑇 }, while if 𝑇 ′ > 0, then

𝑣𝑖 (𝑔𝑡 ) = 0 for 𝑡 ∈ {𝑇 + 1,𝑇 + 2, . . . ,𝑇 ′ }.
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Figure 1: Maximum prediction error 𝐷 as a function of
𝑎 ∈ [0, 1] for two agents with identical valuations. Dash-dot
plot: Theorem 2.2, dashed plot: Theorem 2.3, solid plot: The-
orem 2.1 and Theorem 2.4.

can withstand is a baseline for the error of general algorithms with

predictions: the latter should tolerate at least that baseline error.

Theorem 2.2. Suppose we have 𝑛 ≥ 2 agents with additive, nor-
malized valuations. The agents have accuracy 𝜂 ≥ 1 − 𝑎̃−𝑎

(2𝑛−2+𝑎̃) (1+𝑎)
for some given 𝑎, 𝑎 ∈ [0, 1] with 𝑎 ≤ 𝑎. Given an 𝑎-EFX allocation
𝐴𝑜 according to (𝑝𝑖 (𝑔𝑡 ))𝑖∈[𝑛],𝑡 ∈[𝑇 ′ ] , we can compute in polynomial
time an allocation 𝐵 which is 𝑎-EFX according to the true valuations
(𝑣𝑖 (𝑔𝑡 ))𝑖∈[𝑛],𝑡 ∈[𝑇 ] . When 𝑎 = 1, this accuracy is also necessary among
algorithms oblivious to the true values.

Next, we study the limitations of algorithms that use both pre-

dictions and true valuations, and show lower bounds on the level of

accuracy as a function of the desired 𝑎. In particular, we show that

for two agents, accuracy of 1 − 1−𝑎
min{6𝑎,4} is needed by any 𝑎-EFX

algorithm for 𝑎 ∈
(
1

2
, 1
]
. This bound slightly improves when the

agents have identical valuations.

Theorem 2.3. Suppose we have 2 agents with additive, identical,
normalized valuations, with a provided prediction of accuracy 𝜂 <

1 − 1−𝑎
min{2𝑎 (2+𝑎),4} for some given 𝑎 ∈ (𝜑 − 1, 1]. Then, there is no

algorithm that guarantees an 𝑎-EFX allocation, even when𝑇 ′ =𝑇 = 4.

We show similarly strong bounds for 𝑛 ≥ 3 agents with iden-

tical valuations, even for 𝑎 ∈ (0, 1]. Finally, we provide an algo-

rithm in an attempt to bridge the gap between the lower bound(
1 − 1−𝑎

min{2𝑎 (2+𝑎),4}

)
and the upper bound

(
1 − 1−𝑎

3(1+𝑎)

)
on the accu-

racy for two agents with identical valuations.

Theorem 2.4. Suppose we have 2 agents with additive, identical,
normalized valuations, with a provided prediction of accuracy 𝜂 ≥
1 − (4+𝑎−𝑎2 ) (1−𝑎)

(2+𝑎) (5−𝑎) (1+𝑎) for some given 𝑎 ∈ (𝜑 − 1, 1]. Then, there is an
algorithm that outputs an 𝑎-EFX allocation, and performs a constant
number of basic operations per time-step.

Furthermore, this algorithm derives an improved upper bound

of 1 − 2

5
· 1−𝑎
1+𝑎 when predictions are 2-value functions, which we

complement with a lower bound of 1− 1−𝑎
2
. See Fig. 1 for a summary

of our main results.
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