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ABSTRACT

As intelligent agents become more generally-capable, i.e., able to
master a wide variety of tasks, the complexity and cost of properly

evaluating them rises significantly. Tasks that assess specific ca-

pabilities of the agents can be correlated and stochastic, requiring

many samples for accurate comparisons, leading to added costs. In

this paper, we propose a formal definition and a conceptual frame-

work for active evaluation of agents across multiple tasks, which

assesses the performance of ranking algorithms as a function of

number of evaluation data samples. Rather than curating, filter-

ing, or compressing existing data sets as a preprocessing step, we

propose an online framing: on every iteration, the ranking algo-

rithm chooses the task and agents to sample scores from. Then,

evaluation algorithms report a ranking of agents on each iteration

and their performance is assessed with respect to the ground truth

ranking over time. Several baselines are compared under different

experimental contexts, with synthetic generated data and simu-

lated online access to real evaluation data from Atari game-playing

agents. We find that the classical Elo rating system– while it suf-

fers from well-known failure modes, in theory– is a consistently

reliable choice for efficient reduction of ranking error in practice.

A recently-proposed method, Soft Condorcet Optimization, shows

comparable performance to Elo on synthetic data and significantly

outperforms Elo on real Atari agent evaluation.When task variation

from the ground truth is high, selecting tasks based on proportional

representation leads to higher rate of ranking error reduction.
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1 INTRODUCTION

Recent progress in AI research has led to intelligent agents which

are increasingly more generally-capable. This has led to an increase

in the number of multi-task benchmarks that assess different ca-

pabilities or axes of the agents. One classic multitask benchmark

is the Arcade Learning Environment (ALE), which drove progress

on general agent development, leading to the rise of deep rein-

forcement learning [7, 39]. The aim was not simply to assess agent

performance on a single classic Atari video game, but across a

suite of more than fifty different games, similar to general game-

playing challenges [18, 41]. In recent years, large language models

(LLMs) are being more widely adopted by the general public for

a variety of different applications. LLMs are being evaluated for

their many different capabilities: mathematical and programming

ability, question-answering, general knowledge, abstract reasoning,

etc.; however, reporting a complete evaluation of them on a public

multi-task benchmark, Holistic Evaluation of Language Models

(HELM), can cost thousands of dollars [30]. In addition, tasks are

often correlated causing redundancy in evaluation data and wasted

computational resources. Scores attributed to agents/models can

also also be noisy further increasing costs.

In addition to mounting costs, proper multi-task evaluation of

general agent abilities is inherently challenging. There are many

subtleties involved such as misconceptions in interpretation of

results, overfitting to the domain (or evaluation context), and bi-

ases [12, 35, 48], statistical uncertainty [1], trade-offs between diver-

sity and sensitivity [53], and non-transitivities as well as classical

metrics that can be misleading or not robust [6, 27, 31]. While

some of these issues are solvable with long-term commitments

to better evaluation practices, some are possible to address with

guarantees provided by evaluation methodologies rooted in social

choice theory and game theory. For example, recent principled

evaluation techniques have offer greater interpretability and ro-

bustness based on consistency and invariance properties that are

inherited from their game-theoretic and social choice theoretic

foundations [6, 27, 28, 31].

In this paper, we make the following contributions:

• We formally define the problem of active evaluation of gen-

eral agents (i.e., those evaluated on multi-task benchmarks);

the goal is not only to rank agents but to do so efficiently.
• We define metrics that naturally balance between identifying
the best agents and ranking them in the correct order.
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• We extend recent offline algorithms for multitask evaluation

(Voting-as-Evaluation [27], Nash averaging [6], and Metri-

tocracy [43]) to the (online) active evaluation setting.

• We compare our extended algorithms and several baselines

on synthetically-generated evaluation data and on an online

simulation of Atari agent game-playing data.

Unlike traditional multitask evaluation where benchmarks and

datasets are procured separately from evaluation, in active evalua-

tion, algorithms are in full control of the data they get to see and

choose the tasks and models to score online.

2 BACKGROUND AND TERMINOLOGY

In this section, we describe the basic terminology that will be used

throughout the paper.

A multi-task evaluation problem for general agents consists of:

• A set of 𝑛 tasks (or environments),𝑉 = {𝑣1, 𝑣2, · · · , 𝑣𝑛}, and
• A set of𝑚 agents (or models), 𝐴 = {𝑎1, 𝑎2, · · · , 𝑎𝑚}.
• A mechanism for assessing the performance of any agent

𝑎𝑖 ∈ 𝐴 on task 𝑣𝑘 ∈ 𝑉 .
A common example in the field of deep reinforcement learning is

the Arcade Learning Environment (ALE) [7]. In the ALE, 𝑛 = 57

and each task is one of the classic Atari 2600 games; the agents

vary across papers but are commonly deep reinforcement learning

algorithms, human agents, and/or reference agents such as ran-

dom (for example, 𝑚 = 8 in [23]); the mechanism to assess the

performance of an agent is its average in-game score on the Atari

games after thousands of episodes (game plays). Similarly, multi-

task benchmarks have been used for language models [30] and

LLMs as agents [33] (𝑛 = 8,𝑚 = 27).

The ultimate goal is to identify the “best” agent (or agents) or,

most generally, to find a full ranking of agents. This is done by

comparing their performance and aggregating them across tasks.

A ranking of agents is a total order (permutation) over 𝐴. For

example if𝑚 = 4, then one potential ranking, ≻, denoted

𝑎3 ≻ 𝑎0 ≻ 𝑎2 ≻ 𝑎1, (1)

corresponds to 𝑎3 being the top-ranked (best) agent, followed by 𝑎0

(second best), 𝑎2 (third best), and 𝑎1 (worst). To quantify distances

between rankings, such as the number of pairwise disagreements

in order of agents, we use Kendall-tau distance.

Definition 2.1. Let 𝐴1, 𝐴2 be finite sets of elements such that

𝐴1 ⊆ 𝐴2. Let ≻1, ≻2 be rankings of agents in𝐴1 and𝐴2, respectively.

The Kendall-tau distance between two rankings is defined as

𝐾𝑑 (≻1, ≻2) =
∑︁

{𝑎𝑖 ,𝑎 𝑗 }∈𝐴1,𝑖< 𝑗

PairwiseOrder𝑖, 𝑗 (≻1, ≻2), (2)

where PairwiseOrder𝑖, 𝑗 (≻1, ≻2) = 0 if the relative order of 𝑎𝑖 and

𝑎 𝑗 agree across the rankings, i.e., either (𝑎𝑖 ≻1 𝑎 𝑗 and 𝑎𝑖 ≻2 𝑎 𝑗 ) or

(𝑎 𝑗 ≻1 𝑎𝑖 and 𝑎 𝑗 ≻2 𝑎𝑖 ), or 1 otherwise (i.e., they disagree).

Note that we use a slightly more general definition than the

standard Kendall-tau distance (where𝐴2 can be a larger set) to allow

computing distances between partial rankings (over 𝐴1 ⊂ 𝐴2) from

the full ranking of agents 𝐴2 = 𝐴. Since the maximum distance is( |𝐴1 |
2

)
=
|𝐴1 | ( |𝐴1 |−1)

2
, 𝐾𝑑 can normalized to be in [0, 1]:

Definition 2.2. Let 𝐴1, 𝐴2 be finite sets of elements such that

𝐴1 ⊆ 𝐴2. Let ≻1, ≻2 be permutations over elements in 𝐴1 and 𝐴2,

respectively. The normalized Kendall-tau distance ≻1 and ≻2 is

defined as

𝐾𝑛 (𝜋1, 𝜋2) =
2𝐾𝑑 (≻1, ≻2)
|𝐴1 | ( |𝐴1 | − 1) . (3)

We will use 𝐾𝑑 and 𝐾𝑛 ranking distances to the ground truth

ranking as a measure of error.

2.1 Evaluation Systems for General Agents

Elo is a classic rating system that uses a simple logistic model

learned from win/loss/draw outcomes [16]. A rating, 𝜃𝑖 , is assigned

to each player 𝑖 such that the probability of player 𝑖 beating player

𝑗 is predicted as

𝑝𝑖 𝑗 =
1

1 + 10
(𝜃 𝑗−𝜃𝑖 )/400

.

While Elo was designed specifically to rate players in the two-player

zero-sum, perfect information game of Chess. Elo does not inher-

ently model task information and its ratings are computed directly

from head-to-head game outcomes. It is widely used including for

the evaluation of LLMs in LMSYS Chatbot Arena [54].

Anotherway to evaluate general agents is to use social choice the-

ory; two previous works are Vote N’Rank or Voting-as-Evaluation

(VasE) [27, 44]. In VasE, the tasks are votes and there are no scores

(necessarily); the main benefits are axiomatic properties and robust-

ness via various forms of consistency based on the particular voting

rule used. For example, when applying VasE to Atari game-playing,

each task is an Atari game (57 tasks in total) and the average score

of each agent in the game is sorted to get a complete vote (ranking

over agents). Most recently, there have also been online mecha-

nisms to compute rankings with various properties, such as Soft

Condorcet Optimization (SCO) [28] and KemenyEl [19]. For ex-

ample, SCO is based on gradient descent of a smooth Kendall-tau

distance and the optimum of the SCO’s loss function is guaranteed

to top-rank a Condorcet winner, if it exists.

Finally, there are game-theoretic methods that can also be used

for general agent evaluation, such as Nash Averaging [6, 32, 38].

These methods derive ratings from equilibria of agents played in an

evaluation meta-game; they offer interpretability and robusteness

via being invariant to clones: informally, a cloned agent is one that

mimics the preferences of another agent, not changing any of the

relative rankings between any other agents, across all tasks.

2.2 Active Learning

Active learning is a subfield of machine learning (also sometimes

called experimental design) that addresses the challenge of expen-
sive or time-consuming data labeling [40, Section 19.4]. Unlike

traditional supervised learning, where a model passively trains on a

large, fully labeled dataset, an active learning algorithm is “curious”:

it starts by training on a small number of labeled examples and

then intelligently queries a domain expert (or "oracle") to label new

data points that it identifies as being the most informative.

One approach to active learning is based on the information-

theoretic principle of information gain that compares the entropy

of the classifier on select data points to the expected entropy. This

leads to the classical method maximum entropy sampling [47].
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Maximum entropy sampling is part of a wider class of uncertainty

sampling [46, 50] methods that sample preferentially on data points

where the classifier is least certain. It was shown to be a good

baseline approach for active logistic regression [51] which could

be used as a basis for an active version of Elo.

2.3 Multi-armed Bandits

In the stochastic multi-armed bandit problem, an agent must

choose one of several “arms” (or options) in each round, with the

goal of maximizing the total reward over time. The core assumption

is that the reward for pulling any given arm is drawn from a fixed,

but unknown, probability distribution. The main challenge becomes

the exploration-exploitation tradeoff: the agent must explore by try-

ing different arms to learn their reward distributions, while also

exploiting the arm that currently estimated best to maximize im-

mediate gains. Performance is measured by regret: the cumulative

difference between the agent’s reward and the reward it would

have gotten by always picking the single best arm. A widely-used

stochastic bandit algorithm is Upper Confidence Bounds (UCB) [3].

In the adversarial bandit (also called non-stochastic) setting [11],

the problem becomes much harder as all statistical assumptions are

dropped. Instead of rewards coming from a fixed distribution, they

are chosen by an “adversary” in each round. This adversary can set

the rewards for every arm arbitrarily, and in the strongest model,

can even do so after observing the algorithm’s strategy. Regret

is accumulated similarly, but comparing to the best single arm in

hindsight. Two commonly used algorithms for adversarial bandits

are Exp3 [4] and regret-matching [21].

There arewell-known connections between two-player zero-sum

games and adversarial bandits [8, 14, 55]: the average strategies of

two adversarial bandits in self-play converge to a Nash equilibrium

with high probability. This fact will be used to introduce online

variants of one VasE algorithm and Nash averaging in Section 4.2.2.

3 ACTIVE EVALUATION

Active evaluation aims to minimize a metric of ranking efficiency.

This section discusses several quality metrics for online ranking al-

gorithms, and proposes Average Generalized Ranking Error (AGRE,

definition 3.3) as the objective that measures efficiency.

At first the designer must choose an experimental context: a

data generator and arguments for its parameters. The experimen-

tal context is the main component that ultimately determines the

shape of the data. In this paper, we propose twomodels for synthetic

data generation (see Section 3.2) and incremental access to exist-

ing data sets. A task, which may be stochastic, generates scores

𝑠 (𝑣, 𝑎) ∼ 𝑆𝑣,𝑎 , where 𝑆𝑣,𝑎 is a random variable that depends on the

task and the agent. Data takes the form of pairwise evaluations

(𝑠 (𝑣, 𝑎𝑖 ), 𝑠 (𝑣, 𝑎 𝑗 )) between agents 𝑎𝑖 , 𝑎 𝑗 ∈ 𝐴 on a task 𝑣 ∈ 𝑉 .
The main experiment loop is summarized in Algorithm 1. There

are𝑇 iterations. In each round 𝑡 ∈ {1, · · · ,𝑇 }, an algorithm chooses

a task 𝑣𝑡 and two agents 𝑎𝑡
𝑖
, 𝑎𝑡
𝑗
and receives data point 𝑠𝑡 . The

algorithm then uses 𝑠𝑡 and outputs a new ranking ≻𝑡 . A metric of

performance 𝑓 is used to assess the performance of the ranking ≻𝑡 ;
we describe several in the next subsection.

Algorithm 1: Active Evaluation main loop

Input: A data generator D
Input: A performance metric 𝑓

Input: An active evaluation algorithm A
1 for round 𝑡 ∈ {1, 2, · · · ,𝑇 } do
2 (𝑣𝑡 , 𝑎𝑡

𝑖
, 𝑎𝑡
𝑗
) ∼ ChooseTaskAndAgents(A, 𝐴,𝑉 , 𝑡)

3 Sample scores 𝑠𝑡 = (𝑠 (𝑣𝑡 , 𝑎𝑡
𝑖
), 𝑠 (𝑣𝑡 , 𝑎 𝑗 )) ∼ D

4 Update ranking of agents: ≻𝑡= A(𝑠𝑡 , 𝑡)
5 Report performance 𝑓 (≻𝑡 ) at round 𝑡
6 return final performance 𝑓 (≻𝑇 )

3.1 Metrics

Manymetrics can be used to assess the performance of an algorithm

for active evaluation. Let us first assume the existence of a correct

underlying ground truth ranking, ≻∗ (which is available when

generating data synthetically). In this case, the simplest metric

might be to track the Kendall-tau distance to the ground truth over

time, 𝐾𝑑 (≻𝑡 , ≻∗). To make the value less dependent on the number

of agents, we could use normalized Kendall-tau distance, 𝐾𝑛 .

However, it is common that the evaluator may only be interested

in the top 𝑘 agents (maybe first, second, and third, e.g., 𝑘 = 3) or

even more extremely only the top-performing agent (𝑘 = 1). In

these cases, the error metric should only take into account the

performance of agents within these top ranks.

Denote by ≻[𝑘 ] the sub-ranking of ≻ including only the top 𝑘

agents, and 𝐴≻[𝑘 ] the set of agents among the top-𝑘 ranked agents.

For example, in the ranking depicted in equation (1), ≻[2]= 𝑎3 ≻ 𝑎0

and 𝐴≻[2] = {𝑎0, 𝑎3}.

Definition 3.1 (Top-𝑘 Identification Error). Let𝐴 be a set of agents,

≻∗ be a ground truth ranking of agents in 𝐴 with |𝐴| = 𝑚, and

𝑘 ∈ {1, · · · ,𝑚}. The top-𝒌 identification error is the proportion

of incorrectly identified top-𝑘 agents:

IDE(𝐴, ≻, ≻∗, 𝑘) = 1 −
|𝐴≻[𝑘 ] ∩𝐴≻∗[𝑘 ] |

𝑘
.

Since the cardinality of the intersection varies from 0 to 𝑘 , 0 ≤
IDE(𝐴, ≻, ≻∗, 𝑘) ≤ 1. Denote the sub-ranking ≻𝑘∗ as the relative
order of the top-𝑘 agents in ≻∗ within ≻. Now we generalize the

ranking error to include both ranking error and top-𝑘 identification

error:

Definition 3.2 (Generalized Top-𝑘 Ranking Error). Let 𝐴 be a set

of agents and ≻∗ be a ground truth ranking of agents in 𝐴, and 𝑘 ∈
{1, 2, · · · ,𝑚}. The generalized top-𝑘 ranking error is a combination

of an error for identifying the set of top-𝑘 agents and determining

their correct rank GRE(𝐴, ≻, ≻∗, 𝑘) =
𝛼 (𝑘) · IDE(𝐴, ≻, ≻∗, 𝑘) + (1 − 𝛼 (𝑘)) · 𝐾𝑛 (≻𝑘∗ , ≻∗),

where

𝛼 (𝑘) = 𝑚 − 𝑘
𝑚 − 1

∈ [0, 1]
is the weight placed on the top-𝑘 identification error.

Since 𝛼 (𝑘) + (1 − 𝛼 (𝑘)) = 1, and both IDE(𝐴, ≻, ≻∗, 𝑘) and 𝐾𝑛
are in [0, 1], it follows that GRE(𝐴, ≻, ≻∗, 𝑘) ∈ [0, 1]. When 𝑘 = 1,

all of the weight is placed on identification whereas when 𝑘 =𝑚
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Figure 1: Example of synthetic data generation process with

𝑚 = 4 and 𝑛 = 5. The task rankings (≻∗𝑣1

, ≻∗𝑣2

, · · · , ≻∗𝑣5

) have
Kendall-tau distances 4, 1, 4, 1, and 5, respectively, from ≻∗.

all of the weight is placed on Kendall-tau distance, with linear

weighting between the two error sources for other values of 𝑘 . This

linear weighting naturally places weight proportionally to favor

identification error when 𝑘 is small and Kendall-tau ranking error

when 𝑘 is large. Finally, we can also think of the average ranking
error similarly to regret analysis of online learning [8, 14, 22]:

Definition 3.3 (Average Generalized Top-𝑘 Ranking Error). Let 𝐴
be a set of agents, ≻∗ be a ground truth ranking of agents in 𝐴, and

𝑘 ∈ {1, 2, · · · ,𝑚}. The average generalized ranking error (AGRE) of
an algorithm that outputs rankings ≻𝑡 on round 𝑡 is:

AGRE(≻1:𝑇 , ≻∗,𝑇 ) =
∑𝑇
𝑡=1

GRE(𝐴, ≻𝑡 , ≻∗, 𝑘)
𝑇

.

At any horizon𝑇 , the AGRE provides a metric of how efficiently

the ranking algorithm identifies good rankings, as it cumulates all

errors at horizons 𝑡 < 𝑇 .

3.2 Models for Synthetic Data

We now describe models for synthetic data generation. A key fea-

ture of using synthetic data is that the ground truth is known, hence

the metrics described in Section 3.1 can be used directly.

3.2.1 Mallows. The Mallows model is a common way to model

a number of noisy rankings from a central ranking, ≻∗ over 𝑚
alternatives [10, 36]. Given a dispersion parameter 𝜙 ∈ [0, 1], when
𝜙 = 0 only the central ranking is sampled; when 𝜙 = 1 all rankings

are equally likely. The probability of sampling a ranking ≻ is

1

𝑍 (𝜙,𝑚)𝜙
𝐾𝑑 (≻∗,≻) , (4)

where 𝑍 (𝜙,𝑚) is a normalization constant.

A random permutation of 𝐴 is generated to serve as to ground

truth ranking ≻∗. We then use Equation 4 to generate task rank-

ings over models, ≻∗𝑣 , where each task ranks models. Intuitively,

if 𝜙 is close to 0, then we are more likely to draw task rankings

which are close to ≻∗ as measured by Kendall-tau distance. As 𝜙

approaches 1, we are more likely to draw a more diverse set of

task rankings since the effect of the Kendall-tau distance on the

probability of any ranking being generated is smaller.

For each task ranking ≻∗𝑣 ,𝑚 distributions of scores, 𝑆𝑣,𝑎 for 𝑎 ∈ 𝐴
mentioned in Section 3, are generated by sampling uniform random

numbers in a bounded score internal and assigning the values as

the means of 𝑆𝑣,𝑎 (𝜇𝑣,𝑎), such that they are sorted according to ≻∗𝑣 .
Each 𝑆𝑣,𝑎 is then normally-distributed according to N(𝜇𝑠,𝑎, 𝜎). A
summary of the process is depicted in Figure 1.

3.2.2 Plackett-Luce. Wealso try an alternative synthetic datamodel:

Plackett-Luce. Results are consistent with those on Mallows; the

description is similar, and is presented in Appendix C.3.

4 ALGORITHMS FOR ACTIVE EVALUATION

We now describe several algorithms which we will compare ex-

perimentally in the following section (summarized in Table 1). Al-

gorithms for active evaluation are naturally decompose into three

steps (with line references to Algorithm 1):

(1) the task selection chooses a task 𝑣𝑡 ∈ 𝑉 (line 2),

(2) the agent selection chooses two agents (𝑎𝑡
𝑖
, 𝑎𝑡
𝑗
) (line 2), and

(3) the process that updates tracked information based on the

score sample 𝑠𝑡 (line 4).

4.1 Baselines and Bandit Approaches

The most basic procedure for steps (1) and (2) is UniformRan-

dom which samples 𝑣 ∼ Uniform(𝑉 ) uniformly at random and

(𝑎𝑖 , 𝑎 𝑗 ) ∼ Uniform(𝐴) without replacement. The simplest update

rule tracks the cumulative average score 𝑆𝑎 aggregated across all

tasks and outputs a ranking ≻𝑡 by sorting 𝑆𝑎 for 𝑎 ∈ 𝐴. Denote this
simplest baseline algorithm UniformAveraging.

A second baseline, BatchElo is based on the Elo rating system:

it also samples tasks and agents uniformly randomly, and maintains

a historical record of win/loss outcomes where 𝑠 (𝑣𝑡 , 𝑎𝑡
𝑖
) > 𝑠 (𝑣𝑡 , 𝑎𝑡

𝑗
)

counts as a win for 𝑎𝑖 and loss for 𝑎 𝑗 . Then an efficient batch

implementation of Elo [24] computes the best fit for ratings 𝜽 and

≻𝑡 is obtained by sorting the ratings in descending order. We also

use OnlineElo, the standard update typically used on competitive

gaming platforms from single-game outcomes.

4.1.1 Stochastic Bandit-based Approaches. We suggest bandit-based

approaches based on Upper Confidence Bounds (UCB) algorithm [3]

as often used in Monte Carlo tree search [26].

BasicUCB is a single multi-armed bandit with one arm assigned

to each agent (scores aggregated across tasks. Each agent 𝑎 ∈ 𝐴 is

assigned a UCB score:

UCBScore(𝑎,𝑇 ) = 𝑠𝑎 +𝐶
√︁

log(2𝑇 )/𝑇𝑎,

where 𝑠𝑎 is the average score of agent 𝑎 , 𝐶 is a constant set to√
2Δ𝑆 , 2𝑇 is the total number of updates and, 𝑇𝑎 is the number of

updates to agent 𝑎. Tasks are selected uniformly at random. The

final ranking is a sorting of visit counts per arm.

4.1.2 Dueling Bandit Approaches. When using a dueling bandit [52]

approach feedback comes in the form of a preference between the

two arms pulled. Dueling bandits have been used for ranking, for

example Copeland dueling bandits [57]. We use a recent dueling

bandit based on Kemeny ranking called KemenyEl [19, Algorithm 1].

Like UCB, KemenyEl uses statistics to estimate the noise between

pairwise preferences, factoring it into its decision rule. Unlike UCB,

the Kemeny rule is used for ranking.

We adapt KemenyEl to the online evaluation setting in the fol-

lowing way. The approximation accuracy of KemenyEl holds with
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Name Task Selection Agent Selection Update

UniformAveraging Uniform Random Uniform Random Track cumulative average 𝑆𝑎 per agent (aggregated across tasks)

BasicUCB Uniform Random Agent-level UCB Update means and visit counts for agent-level bandit

KemenyEl Uniform Random Uniform Random Update 𝑄 matrix and statistics for pair of agents selected

BatchElo Uniform Random Uniform Random Track cumulative wins, losses and draws; rank by Elo ratings

BatchCopeland Uniform Random Uniform Random Growing-batch Copeland voting [15]

BatchRankedPairs Uniform Random Uniform Random Growing-batch Ranked Pairs voting [49]

BatchMaximalLotteries Uniform Random Agent Strategy Growing-batch Iterative Maximal Lotteries voting [27]

BatchSCO Uniform Random Uniform Random Growing-batch version of SCO [28]

BatchNashAveraging Task Strategy Agent Strategy Growing-batch version of Nash Averaging [6]

MeanModelCopeland Uniform Random Uniform Random Estimate task rankings via 𝑠𝑣,𝑎 and return VasE(Copeland)

MeanModelRankedPairs Uniform Random Uniform Random Estimate task rankings via 𝑠𝑣,𝑎 and return VasE(Ranked Pairs)

MeanModelMaxLot Uniform Random Uniform Random Estimate task rankings via 𝑠𝑣,𝑎 and return VasE(Iterative Max Lot)

PropRepresentation Greedy Prop. Rep. Uniform Random Online version of Greedy Metritocracy algorithm [43]

OnlineElo Uniform Random Uniform Random Track ratings only; update ratings from each game outcome

OnlineSCO Uniform Random Uniform Random Track and update ratings only (analogously to online Elo) [28]

OnlineMaximalLotteries Uniform Random Agent Strategy Fully-online Maximal Lotteries (based on adersarial bandits) [17]

OnlineNashAveraging Task Strategy Agent Strategy Fully-online Nash Averaging (based on adversarial bandits) [6]

Table 1: A summary of algorithms for active evaluation. For methods based on zero-sum games, the Task Strategy and Agent

Strategy are sampling distributions in the underlying game, i.e., with uniform exploration mixed in: e.g., 𝜎′ (𝑎) = 𝜖
|𝐴 | + (1 − 𝜖)𝜎 .

probability 1 − 𝛿 , where 𝛿 is chosen by the user and determines

the number of samples per pairwise matchup. In the online setting,

we first choose an initial 𝛿0 = 0.1; once the number of samples per

matchup is reached (i.e., one matchup per round of Alg. 1), a new

epoch is started (𝑘 ← 𝑘 + 1) and we set 𝛿𝑘 =
𝛿𝑘−1

2
. Similarly, we set

the acceptable Kendall-tau distance error, 𝜌0, to be half of the total

Kendall-tau distance and then halve it every epoch.

4.2 Growing Batch and Online Algorithms

Any algorithm that is normally run offline can be run online by

simply collecting evaluation data over time and running the algo-

rithm on the data set on iteration 𝑡 . We call this the growing-batch

version of an offline algorithm. VasE methods interpret evaluations

as data sets similarly to how Elo does: for example, given two score

samples for task 𝑣 if, 𝑠 (𝑣𝑡 , 𝑎𝑡
𝑖
) > 𝑠 (𝑣𝑡 , 𝑎𝑡

𝑗
), this counts as a vote

𝑎𝑖 ≻ 𝑎 𝑗 . Given the pairwise preference collection, we examine sev-

eral Condorcet methods: BatchCopeland, BatchRankedPairs,

and BatchMaximalLotteries corresponding to growing-batch

versions of the Copeland, Ranked Pairs, and Maximal Lotteries vot-

ing schemes [15, 17, 27, 49]. We use an iterative variant of Maximal

Lotteries [27] which provides a ranking over agents.

We also use a batch version of Soft Condorcet Optimization [28],

which is a gradient descent algorithm run on a smooth Kendall-

tau loss and its fully-online version which is analogous to Elo’s

standard online update. We introduce a new fully-online version of

Maximal Lotteries that we describe separately in Section 4.2.2.

A different way to apply VasE algorithms online is to use amean

model. Mean-model VasE algorithms maintain 𝑛𝑚 emprical av-

erages of each score 𝑠𝑣,𝑎 . Estimated per-task agent rankings ≻̂𝑣
are obtained by sorting 𝑠𝑣,𝑎 for 𝑎 ∈ 𝐴; then, a voting rule returns

a ranking from the 𝑛 ranked-ballot votes. ProportionalRepre-

sentation is a mean-model adaptation of the recently-proposed

Greedy Metritocracy algorithm [43, Algorithm 1]. In particular, it

uses estimated task rankings ≻̂𝑣 as votes to determine an reduced
task set based on proportional representation, recomputing this

subset on each iteration based on updated estimates. The group

size parameter (𝑔 = ⌈𝑔𝑓 · 𝑛⌉) captures the trade-off between the

granularity of representation and the size of subset needed to satisfy

positional representation. Tasks are selected uniformly at random

from this reduced task set, with a small probability (0.05) of choos-

ing uniformly form the entire set of tasks to ensure exploration.

The reported ranking is then obtained by running Ranked Pairs

votes over the votes from estimated task rankings.

All of the mean-model and growing-batch algorithm use a burn-

in phase: for the first𝑛𝑚 iterations, the task and agent sampling one

cycle through a uniform shuffling of the unique (𝑣, 𝑎) ∈ 𝑉 ×𝐴 pairs.

This burn-in phase has been shown to benefit stochastic gradient

descent algorithms [45]. Data is still collected and rankings reported

in the same way during the burn-in period.

4.2.1 Growing Batch Nash Averaging. One way to define ratings

of players is to analyze the one-shot meta-game played between

agents and tasks [6]. This matrix game is a two-player zero-sum

game where the row player chooses an agent 𝑎 ∈ 𝐴 and the column

player chooses a task 𝑣 ∈ 𝑉 . The utility to the row player for the

joint choice (𝑎, 𝑣) is the score 𝑠𝑣,𝑎 and the utility to the column

player is −𝑠𝑣,𝑎 . In the original paper, these utilities where averaged

over many samples, so utilities took the form e.g., (𝑠𝑣,𝑎,−𝑠𝑣,𝑎). The
rating of agent 𝑎, 𝜃𝑎 , is defined as the expected utility of strategy

𝑎 versus the task player’s Nash equilibrium strategy, which can

be computed efficiently (polynomial time) since the game is two-

player zero-sum. A growing-batch version employs Nash averaging

on the batch of data collected so far: utilities are averages, and it

computes ratings as in the original Nash averaging. A ranking is

then obtained by sorting the ratings.

Nash averaging can be also run fully online by using adversarial

bandits. We elaborate on this in the next section.
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4.2.2 Online Max. Lotteries and Nash Averaging. Similarly to Nash

averaging, the Maximal Lotteries voting method also involves solv-

ing a two-player zero-sum “margin game” and using its solution

to define the set of winners. The game is an two-player zero-

sum agent-vs-agent game: the utility to the row player for strat-

egy 𝑎𝑖 versus the column player’s choice 𝑎 𝑗 is the voter margin

𝛿 (𝑎𝑖 , 𝑎 𝑗 ) = 𝑁 (𝑎𝑖 , 𝑎 𝑗 ) − 𝑁 (𝑎 𝑗 , 𝑎𝑖 ), where 𝑁 (𝑎𝑖 , 𝑎 𝑗 ) is the number

of votes where 𝑎𝑖 ≻ 𝑎 𝑗 . As above, the growing-batch version of

Maximal Lotteries derives this game from the growing data set; like

Nash averaging, it can also be run fully online.

We defer the details of solving two-player zero-sum games using

adversarial bandits to Appendix A. We base our implementations

on regret-matching [21]. In Nash averaging, when agent 𝑖 is sam-

pled against task 𝑣𝑡 the utility is 𝑠 (𝑣𝑡 , 𝑎𝑖 ) (obtained in Line 3 of

Algorithm 1). The solution to the game (approximate Nash equi-

librium) is extracted as a pair of distributions (stochastic strate-

gies) 𝜎 = (𝜎1, 𝜎2) for players 1 and 2. In the case of Nash averag-

ing, 𝜎1 ∈ Δ(𝐴) and 𝜎2 ∈ Δ(𝑉 ). In the case of Maximal Lotteries,

𝜎1, 𝜎2 ∈ Δ(𝐴) where Δ(𝐴) represents a simplex over elements in

𝐴. The utility for the row player choosing 𝑎𝑖 playing against col-

umn player choosing 𝑎 𝑗 when task 𝑣𝑡 was sampled (uniformly) is:

𝑢𝑖 (𝑣𝑡 , 𝑎𝑖 , 𝑎 𝑗 ) = 2 · I[𝑠 (𝑣𝑡 , 𝑎𝑖 ) > 𝑠 (𝑣𝑡 , 𝑎 𝑗 )] −1, where I is the indicator
function. In both cases (Nash averaging and Maximal Lotteries), to

extract a ranking, we define the ratings as expected values against

the equilibrium strategy; e.g., for 𝑎 ∈ 𝐴: Rating(𝑎) = E𝑏∼𝜎2
𝑢1 (𝑎, 𝑏),

where 𝑢1 (𝑎, 𝑏) is the average utility to player 1 given choices 𝑎 and

𝑏 as described in the games above. The rankings are then extracted

by sorting the ratings. This naturally extends Maximal Lotteries’

distribution over winner agents to a ranking among agents [37].

4.3 Summary of Known Convergence Results

Since the game online Nash Averaging plays is a sample-based

version of the true underlying game, the average strategy used by

adversarial bandits is guaranteed to converge to an approximate

equilibrium with high probability, and the error decreases as 𝜖𝑡 =

𝑂 (1/
√
𝑡) where 𝑡 is the number of iterations [4], and ratings will

differ from the true ratings by at most 𝜖𝑡 . Similarly, the solution

computed by Batch Maximal Lotteries is obtained by solving a two-

player zero-sum margin game derived directly from a preference

profile. The error of the estimated expected utility of a cell in the

margin game (defined in Section 4.2.2) decreases as 𝑂 (1/
√
𝑡) and

hence the Maximal Lottery solution we derive from it will be a

𝑂 (1/
√
𝑡)-approximate solution.

Asymptotic guarantees on GRE requires knowing the ground

truth and, possibly, also the shape of the data both of which are

generally not known. When data is shaped as described in Sec 3.2.1,

the mean model variants’ estimated means converge to the true

means of the underlying score distributions at a rate of 1/
√
𝑛 by

the Monte Carlo square root law; consequently, the estimated task

rankings will converge to the true task rankings and the overall

ranking to a VasE-aggregated one from the task rankings.

5 EXPERIMENTAL RESULTS

We now compare the performance of each active evaluation algo-

rithm, first on synthetic data then on real Atari agent data.
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Figure 2: Exp Condition 1: Generalized top-𝑘 ranking error

(GRE) over iterations for several algorithms. Each line is a

mean over the same 100 seeds with 95% confidence intervals

in shaded area. Each data point is a sliding-window average of

themost recent 250 values ofGRE for the reported ranking ≻𝑡
at iteration 𝑡 . The top two graphs use dispersion 𝜙 = 0.3, with

𝑘 ∈ {3, 8}, where 𝑘 = 8 corresponds to normalized Kendall-tau

distance. The bottom two use 𝜙 = 0.6 and vary 𝑘 similarly.
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5.1 Experiments with Synthetic Data

For experiments using synthetic data using models described in

Section 3.2. For score distributions, means are drawn from the

interval 𝜇𝑣,𝑎 ∈ [0, 100] and use standard deviation of 𝜎 = 20.

5.1.1 Experimental Condition 1: Ranking Error Reduction Rate. A
primary motivation of research on active evaluation is designing

algorithms that use/sample data efficiently, so a main research ques-

tion is how well algorithms can report a ranking that is close to

the ground truth as a function of number of samples. We use a

moderately sized problem with𝑚 = 8 agents and 𝑛 = 50 tasks; each

seed determines a new ground truth ranking, task rankings, and

score distributions. Since the fully-online variants of algorithms are

approximating the growing-batch versions, we restrict this first ex-

periment to the growing batch algorithms with basic baselines and

bandit approaches. Figure 2 shows the generalized top-𝑘 ranking

error (GRE, definition 3.2) as a function if iterations of Algorithm 1.

Our first observation is that, when 𝑘 = 3, it is possible to drive

the error to 0 within 2000 iterations and several algorithms achieve

this. Our second observation, UniformAveraging– the most basic

of baselines– performs particularly well in all settings, and in three

of four cases is reduces the error fastest in the first 1000 iterations,

though BasicUCB has comparable performance when 𝜙 = 0.6. In

general, UniformAveraging, BasicUCB, BatchElo, BatchSCO,

and ProportionalRepresentation reduce the error most quickly

at the beginning. In Nash averaging, we observe a phenomenon

similar to “adversarial task selection” reported in [27]: since it is

a zero-sum game of agents versus tasks, the task player prefers

to choose tasks where the agents’ utilities are minimized, result-

ing in an equilibrium distribution skewed towards task rankings

that may be arbitrarily far from the ground truth. Hence, the rank-

ing overfits to these adversarially-chosen tasks. When 𝜙 = 0.6,

ProportionalRepresentation is a clear winner, deviating sig-

nificantly from the other methods. We try group size proportions

𝑔𝑓 ∈ {0.1, 0.2, 0.25, 0.3, 0.35, 0.5, 0.6, 0.75}, finding that 𝑔𝑓 = 0.1 to

be the best value and use it by default. We show trade-offs between

group sizes, reductions in task sets, and GRE in Appendix C.1.

In Table 2, we report on the longer-term performance in the form

of average GRE at 𝑡 = 10000 for𝜙 = 0.3 and 𝑘 ∈ {3, 8}, which can be
interpreted as an approximate average area-under-the-GRE-curve.

We observe that BasicUCB and UniformAveraging peform best

when 𝑘 = 3 and UniformAveraging performs best when 𝑘 = 8. In

both cases, BatchElo also reduces the rank error at a fast rate.

5.1.2 Experimental Condition 2: Batch versus Online. Firstly, we see
that there are several methods that reach 0 error in less than 10000

iterations: BatchSCO, BatchElo, OnlineElo, ProportionalRep-

resentation, and all of the mean-model variants. Second, while

the batch version of Maximal Lotteries reduces rank error faster

than its online variant, in Nash averaging this is reversed, possibly

due to the average strategy in the adversarial bandit changing more

smoothly. Third, mean-model variants and ProportionalRepre-

sentation reduce error rate faster than the batch versions of these

algorithms, several reaching 0 error in less than 6000 iterations

(MeanModelMaximalLotteries and MeanModelRankedPairs).

Algorithm

AGRE(𝑘, 𝜙)
(3, 0.3) (8, 0.3) (3, 0.6)

BasicUCB 0.003 0.007 0.046

UniformAveraging 0.003 0.002 0.049

ProportionalRepresentation 0.009 0.005 0.037

BatchElo 0.009 0.006 0.050

BatchSCO 0.012 0.007 0.063

KemenyEl 0.017 0.010 0.072

BatchCopeland 0.018 0.010 0.072

BatchMaxLot 0.019 0.013 0.079

BatchRankedPairs 0.020 0.012 0.063

BatchNashAvg 0.124 0.088 0.285

Table 2: Exp. Condition 1: Average Generalized Top-𝑘 ranking

error, AGRE(≻1:𝑡 , ≻∗, 𝑡, 𝑘 = ·), at 𝑡 = 10
4
and various values of

𝑘 and 𝜙 . All values have 95% confidence intervals < 10
−3
.
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Figure 3: Exp Condition 2: Generalized top-𝑘 ranking error

(GRE) over iterations for several algorithms. Each data point

is a sliding-window average of the most recent 250 values of

GRE for the reported ranking ≻𝑡 at iteration 𝑡 . Both graphs

use 𝑘 = 3. Please note the log scale for both axes.

5.2 Experiments with Real Data

In this section, we simulate the online sampling of evaluation data

by presenting theses data sets as data generators.

5.2.1 Atari. We use previos results of agents playing all 57 classic

Atari games via the Arcade Learning Environment (ALE) [7]. In par-

ticular, we use the data from the “Agent57 paper” table in [5, Section

H.4] which comprises𝑚 = 8 agents and 𝑛 = 57 tasks (Atari games).

The agents are varied among uniform random, human expert, and
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Algoirthm AGRE(𝑘 = 3) AGRE(𝑘 = 8)
BatchSCO 0.019031 0.008095

OnlineSCO 0.025931 0.009034

KemenyEl 0.027322 0.011631

BatchRankedPairs 0.027873 0.012952

BatchElo 0.032967 0.010907

BatchCopeland 0.037158 0.013470

OnlineElo 0.037259 0.012504

MeanModelCopeland 0.042865 0.013617

BatchMaximalLotteries 0.043418 0.021718

MeanModelMaxLot 0.045105 0.013727

ProportionalRepresentation 0.045472 0.013558

MeanModelRankedPairs 0.048279 0.014740

OnlineMaxLot 0.135168 0.057263

OnlineNashAvg 0.240771 0.105709

BasicUCB 0.241976 0.074383

UniformAveraging 0.242354 0.259529

Table 3: Atari: Average Generalized Top-𝑘 ranking error,

AGRE(≻1:𝑡 , ≻∗, 𝑡, 𝑘 = ·) at 𝑡 = 10
4
on simulated Atari data gen-

erator. 95% confidence intervals for each entry was < 10
−3
.

several deep reinforcement learning algorithms. In particular, un-

like much of the previous work on deep reinforcement learning in

ALE, this table reports both mean scores 𝜇𝑣,𝑎 and standard devia-
tions 𝜎𝑣,𝑎 . Hence, we simulate a data generator by setting the score

distributions 𝑆𝑣,𝑎 = N(𝜇𝑣,𝑎, 𝜎𝑣,𝑎) whereN is a normal distribution,

and otherwise identically to the synthetic data generators. Since

the scale of rewards is different in each game, we also linearly nor-

malize the scores per game from range [min𝑎∈𝐴 𝜇𝑣,𝑎,max𝑎∈𝐴 𝜇𝑣,𝑎]
to within range [0, 100]. This score normalization does not affect

the task rankings, is required by Nash averaging [6] and averaging

methods, and helps maintain a consistent interval for exploration

constant in bandit methods. In the absence of a proper ground truth

we compute the ranking that minimizes the average Kendall-tau

distance to the data: ≻∗= min≻′ 1

57

∑
𝑣∈𝑉 𝐾𝑑 (≻′, ≻𝑣); this ranking

is a maximum likelihood estimator of the ground truth under a

Mallows model [10, Chapter 8]. We also show in Appendix B.1 that

it also recovers the ground truth ranking on synthetic data.

The average generalized top-𝑘 ranking error is summarized in

Table 3 (for full graphs of GRE over iterations, see Figure 9 in

Appendix C). In this setting, BatchSCO performed best followed

by OnlineSCO and five of the top six were VasE methods. The

order of the simple baselines BasicUCB and UniformAveraging is

completely reversed from the synthetic data setting: they perform

worst in Atari; this indicates that in some domains one may need

to be careful when aggregating scores across tasks. Nash averaging

also performs poorly, which could also be due to the adversarially-

chosen task distribution. We do note that there are
15

57
tasks whose

rankings different significantly from the ground truth, i.e., where
𝐾𝑑 (≻∗𝑣, ≻∗) ≥ 8; skewing a task distribution toward any of these

high-distance tasks could significantly hinder the ability to find

the ground truth ranking. We compare the task variation from the

ground truth to samples from the synthetic data in Appendix B.

6 RELATEDWORK

Most of the related previous work discussed in this paper (such

as VasE and game-theoretic evaluation) are based on the standard

offline case, i.e., run on a batch of data. However, given the immense

costs of evaluating language models, there are some recent works

studying active evaluation for language models.

Li et al. [29] explicitly models dependencies in the test examples

allowing predictions for remaining examples, and uses reinforce-

ment learning to learn a policy to select subsets. Their method

adaptively selects different subsets of prompts per model based on

each model’s strengths and weaknesses. Angelopoulos et al. [2] pro-

pose a cost-optimal framework for how to balance obtaining eval-

uation data from strong-but-costly raters versus weak-but-cheap

raters based on prediction-powered inference. Costs per evaluation

are explicitly assumed and a main result is an optimal policy to

actively sample prompts. In contrast, our conceptual framing is

not specifically intended for (however, compatible with) language

model evaluation and focuses on task and model selection rather

than LM prompt subselection and trade-offs in rater quality.

There is work in computational social choice that examines the

sample complexity required for noisy votes to reveal the truth,

under what conditions, and algorithms which are guaranteed to

find the ground truth in the limit of infinite samples [13].

7 CONCLUSION AND FUTUREWORK

In this paper, we formally described the problem of active evalua-

tion for general (multi-task) agents and proposed data generation

techniques. We found that across synthetic data and real data ex-

periments, BatchElo is a consistently reliable choice for obtaining

low ranking error across samples, performing especially well in

the low task variation (𝜙 = 0.3) regime. However, BatchSCO and

OnlineSCO are comparable and come in as a close second in syn-

thetic data, while outperforming BatchElo two-fold in Atari agent

evaluation. In the synthetic data experiments, BatchElo was out-

performed by UniformAveraging and BasicUCB but they both

performed poorly on the Atari experiment, and Nash averaging

also performing poorly; evaluators may need to exercise caution

when aggregating or comparing score values across tasks. Batch-

Elo was significantly outperformed by BatchSCO, OnlineSCO,

and BatchRankedPairs, with SCO being the clearly best method

on the Atari experiment. In Atari (unlike in the synthetic data),

batch variants seemed to outperform their fully-online versions;

however, online and mean-model variants are still viable choices

that offer lower computational complexity.

Future work could derive formal properties and statistical ap-

proximation guarantees as a function of the number of rounds. Also,

only a few of the algorithms we compared adaptively modified the

task selection. We hope that future work investigates the benefit

of adaptive sampling strategies for data collection that use con-

fidence intervals, uncertainty sampling, expected model change,

error reduction, or task/agent score correlations [19, 46, 51].
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