
Imperfect-Information Games onQuantum Computers: A Case
Study in Skat

Ulrich Armbrüster
Atos Future Maker Research Community

Vienna, Austria

Stefan Edelkamp
Faculty of Mathematics and Physics, Charles University

Prague, Czech Republic

Gabriel Maresch
Faculty of Mathematics and Geoinformation, TU Wien

Vienna, Austria

Erik Schulze
Eviden Germany GmbH

Munich, Germany

ABSTRACT
We demonstrate how quantum computing can provide a promising
framework for addressing imperfect information games, using the
popular German card game Skat as a case study. Our approach
employs quantum registers to encode the game’s hidden and public
information, along with tailored quantum gates to model the game’s
progress while respecting its rules. To evaluate player decisions, we
introduce a score operator that projects the quantum state onto the
winning subspace, enabling the estimation of winning probabilities
via quantum algorithms such as quantum counting. This allows the
efficient exploration of alternative strategies and potential improve-
ments in computational speed compared to classical methods. By
maximizing the payoff function, our framework yields actionable
recommendations for optimal play. As classical computation faces
severe limitations due to the exponential complexity of the game
tree, we discuss the specific structural properties of Skat that may
give rise to a quantum advantage once the problem size surpasses
classical feasibility.
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1 INTRODUCTION
Game theory has already had major impacts and influence in many
different non game-related sectors. One of the best examples known
among games with so-called imperfect information, where the play-
ers only have partial knowledge of the current state of the game and
its variables, are economic models of labor and management nego-
tiation. Some of the predicted economic variables are only known
partially via probabilistic distributions. Therefore it is highly desir-
able, that, despite improving the models for predicting economic
variables, the uncertainty leads to an equilibrium state of decisions
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that corresponds to the formal game-theoretical solution of the sys-
tem. While it is yet to be determined, whether the concrete problem
is actually too complex for a classical solution, there are some more
general aspects among imperfect-information games that are to be
considered in advance.

More specifically speaking, it has been shown in the past that 𝑛-
player imperfect information games may turn out to be NP-hard [1],
which makes them difficult to compute classically. In order to solve
it formally, or at least get relatively close to the game-theoretical
solution, we might get some significant advantage using the com-
putational power of entangled quantum systems.

In recent years, game theory has developed in many different
ways, including the use of Artificial Intelligence andMachine Learn-
ing as well as some other emerging technologies. Back in the days,
when computers were not yet able to beat humans in the majority
of complex strategical and combinatorial games, quantum com-
puters were thought to remain just a prospect for the foreseeable
future. This has changed drastically over the last couple of years
with new theoretical concepts and hardware implementations for
real quantum computers.

Generally speaking, a gate-based quantum computer is merely
a device that can manipulate quantum states in a unitary way.
Nowadays, quantum computers are considered to be able to solve a
whole bunch of combinatorial problems that, a couple of years ago,
some people thought might never be solved [25]. Some kinds of
complex combinatorial problems are equivalent or can bemapped to
problems in mathematical game theory. With game theory, decision
processes can be modeled and this raises the question about the
individual strategies a player or a party should follow in order to
optimize the outcome of a predefined target function. Since some
games, in general, can be incredibly difficult to be fully calculated,
new methods of computation might be necessary in order to solve
them as large optimization problems.

Card game play is a recent objective of research for making
choices with imperfect information, and current card game solvers
are beginning to challenge human supremacy. Notably we find
research on Bridge [4] and Skat [6]. In this work we will show that
quantum computing is suited to deal with the large state spaces
in incomplete information games using the Skat as a case study.
The purpose of this paper is to make use of the power of quantum
computation to actually solve the classical game. Therefore, we
must clarify what constitutes a solution for a game of this kind..
Thus, let us have a look on the classical game theory first of all.
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Generally speaking, imperfect-information games are solved
nowadays using different methods. Finding Nash equilibria via
Lemke-Howson [17] algorithm, modeling it as a Bayesian game
where the uncertainty is mapped to a probabilistic distribution [14]
or the so-called Counterfactual Regret Minimization [27], where
the regret function of alternative strategies is minimized, are among
the most established to find the best strategies for games of this
category. However, deep-learning algorithms andMonte-Carlo tree-
search have become increasingly popular among more complex
games lately. Which of those methods is the most beneficial to
the problem depends on the problem itself, the resources that are
available, and the desired precision of the solution.

2 SKAT IN CLASSICAL GAME THEORY
Skat [24] as a representative card game poses many combinatorial
challenges such as cooperative and adversarial behaviors (among
the players), randomness (in the deal), and partial knowledge (due to
hidden cards). With 3 players and 32 cards it is more compact than
Bridge, but with the additional uncertainty of two cards in the Skat,
full of subtleties. At the beginning of a game, each player receives
10 cards, which are hidden to the other players. The remaining
two cards, called Skat, are placed face down on the table. After
distributing the cards, we have 4 stages of play: a) bidding, where the
players are trying to become declarer by announcing lower bounds
to the contract; b) game selection, where –after taking the Skat—
the winner of the bidding decides the game to be played; c) skat
putting, where declarer discards two cards (if taken) and announces
game to be played; and d) trick-taking, where in clockwise order
each player places a card on the table. The winner of the trick put
them onto own stack and continues with issuing the next one.

Research work in Computer Skat includes [6, 8, 10, 11, 19, 22,
23]. The double-dummy Skat solver, a fast open card Skat game
solver [16], was extended to partial-observable game play using
Monte-Carlo sampling. The lack of knowledge information ex-
change between the players, however, has led to efforts to apply
machine learning [3, 13, 15, 22, 23, 26]. Later on, knowledge-based
paranoia search [9] and a weighted sampling of the belief space
were used [5, 22]. Together with the concept of hope cards, it was
possible to once beat a top player in a(n inofficial) match [11].

Fig. 1 provides a rough characterization of games in combinato-
rial, strategical and fortune. While chess and other purely combi-
natorial board games are mostly complex because of the de facto
unlimited amount of moves, the difficulty in certain card games de-
rives from another origin – namely the lack of perfect information.
The game is only partially observable, and reasoning has to be done
in the so-called belief space, the set of all possible worlds. In addi-
tion to sampling, one option is 𝛼𝜇 [18], some of its refinements [2],
or 𝛼𝛽-search for graphs with partially ordered values [18].

Disregarding some peculiarities as the bidding process and the
putting of the Skat (for simplicity), a game consists of 30 cards
being played in a certain order. The number of permutations of
these 30 cards gives an upper bound for the possible games that
have to be computed, but it shrinks down a lot due to the game
rules that disallow many of those permutations. The solution of
the game would be a permutation of cards that is allowed by the
rules and that leads to the highest value for the payoff function of

Combinatorial

Strategical Fortune

Roulette

Ludo

Backgammon

Chess

Skat

PokerRock-Paper-Scissors

Figure 1: Skat, classified among other games in terms of strat-
egy, combinatorics and fortune in Bewersdorff triangle.

the game (see later), while being in a stable equilibrium with all the
players being satisfied with their respective choices according to
the expectation value.

That means, the major limiting factor for the computation of
the solution is the tree search. More precisely, it is the number of
winning paths for all possible distributions that leads to a huge
combinatorial problem. According to our estimations, it would take
up to 8.7 Mio. years to compute all these paths classically and
therefore we suggest making use of new computing technologies
in order to tackle this part separately.

3 TOWARDS QUANTUM SKAT
While you see everything that is going on on a chessboard, you
are not able to look into your opponent’s cards. Thus, you have
to make educated guesses to maintain a reasonable basis for your
decisions in the game. In fact, the game can be regarded to be
in a superposition of all possible distributions at the beginning,
shrinking down to a smaller volume as the game proceeds.

While we study Skat, the results will be transferable to other
card games and games with incomplete information. Without going
too much into detail about the rules and the gameplay of Skat itself,
let us have a look on the bare numbers, giving us a hint on the
quantum feasibility.

In quantum mechanics, the general quantum state of a qubit can
be represented by a linear superposition of two orthonormal basis
states. We use the standard Dirac braket notation as in [21].

In general, 𝑛 qubits are represented by a state vector in 2𝑛 di-
mensional Hilbert space. For the initial state 𝜙ini in a card game,
we have

|Φini⟩ =
1

√
N

· (|Φ1⟩ + |Φ2⟩ + · · · + |ΦN⟩) . (1)

while each 𝜙𝑖 represents one of the possible distributions of cards
and N is the number of possibilities that is yet to be determined
and serves as a normalization constant.

We will derive a concept for description and encoding of the
problem in terms of quantum states, so that we can define a gateset
that properly expresses the progress of the game.

4 ENCODING
In principle, there are many different ways to map a given distri-
bution of cards to a state vector. In addition, the cards may serve
different purposes depending on the evolution of the game. While it
remains to be seen if the following approach is practical, it certainly
is possible, to fix a specific permutation of the 32 cards once and for
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Table 1: Encoding card state |𝑞 𝑗0𝑞 𝑗1 ⟩ |𝑞 𝑗2𝑞 𝑗3𝑞 𝑗4 ⟩, auxil. omitted.

position encoded state
𝑗0 𝑗1 player qubits: card with fore-, middle-, rearhand, skat

𝑗2 𝑗3 𝑗4 location qubits: hand, table, stack

all (e.g. in a non-increasing way according to the trick-taking par-
tial order). Thus, our state vector takes the form |Ψ⟩ =

⊗32
𝑖=1 |𝜓𝑖 ⟩,

where each |𝜓𝑖 ⟩ contains all relevant information in the game about
the card with positional index 𝑖 . To capture this information, we
construct these kets as

|𝜓𝑖 ⟩ = |𝜓 (1)
𝑖

⟩ |𝜓 (2)
𝑖

⟩ . . . |𝜓 (𝑛𝑖 )
𝑖

⟩ , (2)

where each |𝜓 ( 𝑗 )
𝑖

⟩ is a single-qubit state. We choose 𝑛𝑖 , the number
of card qubits, to be constant across all cards and denote this number
by 𝑛𝑐 . Thus, each |𝜓𝑖 ⟩ is an element of a 2𝑛𝑐 -dimensional Hilbert
space H𝑐 and the full initial state |Ψ⟩ is an element of the 232𝑛𝑐 -
dimensional Hilbert space H = (H𝑐 )⊗32.

We refer to the basis states of H𝑐 in the computational basis
as card states. Each card state can be represented as an 𝑛𝑐 -digit
binary number. This encoding of card states will prove crucial in
keeping track of the evolution of the game. In principle, one could
simply list all states in which a card could possibly be and assign
binary numbers to these states, but there are more suitable ways of
achieving this. For Skat we can decompose the card state into

|𝑞 𝑗0 . . . 𝑞 𝑗𝑛𝑐 −1 ⟩ = |player⟩ |location⟩ |auxiliary⟩ . (3)

When using this encoding, we will occasionally rename the 𝑞 𝑗2
qubits as 𝑞𝑡 and refer to them as table-qubits, and the 𝑞 𝑗3 qubits
as stack-qubits 𝑞𝑠 . The 𝑞 𝑗4 qubits state will dictate whether suit
must be followed. In our approach, however, the latter will not be
discussed nor used. All auxiliary qubits are collected in |auxiliary⟩.

The typical fate of a card will be, that it stays in the hand of a
player |𝛼⟩ |000⟩, then at some point gets played and put to the table
as part of a specific sequence |𝛼⟩ |01𝑞 𝑗4 ⟩ and finally ends up in the
stack of a - possibly different - player |𝛼 ′⟩ |11𝑞 𝑗4 ⟩.

It is important to note that the particulars of the card state encod-
ing determine how an actual implementation in a quantum circuit
will look like, but do not matter from an abstract point of view. Also,
this encoding is not optimized in any way, and its redundancies
are obvious. Nevertheless, it is easy to work with and so we will
stick with it for now. For Skat we expect 𝑛𝑐 ≤ 5 + 3 = 8, a total of
8 · 32 = 256 qubits are, needed. Clever card state encoding could
possibly reduce this to 5 · 32 = 160 qubits or even less.

4.1 Game Progress and Quantum Gates
To manipulate quantum states we use quantum gates. There are
different types of quantum gates, like single-qubit gates, which can
e.g. flip the state of a qubit, as well as allowing superposition states
to be created. Then, there are also 2-qubit gates. These allow the
qubits to interact with each other and can be used to create quantum
entanglement: a state of two or more qubits that are correlated in
a way that can not be obtained using classical bits. In contrast
to classical gates, all quantum gates are unitary, which means in
particular, that they are reversible.

It is a non-trivial task, to single out all state vectors |𝜙𝑖 ⟩ ∈ H
which correspond to a valid initial distribution of cards in the game

of Skat. In particular, |Φini⟩ will not be a superposition of all basis
states, but only on a relatively small subset. We follow the approach
presented in [20] and construct a (deterministic) Boolean function
𝑓valid: 2dim H → {0, 1} to prepare the initial state (1). 𝑓valid maps
a distribution to 1 if it corresponds to a valid card distribution,
otherwise to 0. Let us denote a corresponding unitary operator,
which maps |0 . . . 0⟩ to |Φini⟩ by𝑈ini.

On the qubit level, each step in the evolution of the game is
effected by a unitary operator acting on the state vector. The rules
of the game dictate how these unitaries look.

4.2 Playing one card
A basis operation in any card game is playing a card, i.e. transferring
a card from a player’s hand to the table. There is a caveat: A card
can only be placed on the table if it currently belongs to the hand of
a player. This means that we have to condition the transformation
of the card state on the fact that we deal with a card that is in the
hand of a player.

With an encoding as proposed in Table 1, this amounts to chang-
ing the card state (omitting the inactive suit-following qubit),
|location⟩ = |00⟩ to |location⟩ = |01⟩, which amounts to the ap-
plication of a single Pauli-X, subject to the condition of the table
qubit being in state |0⟩. Here a problem arises: a qubit cannot be
both control and target of a controlled operation. Thus, we have
to make use of one auxiliary qubit per card. The corresponding
unitary has to transform |00⟩ |0⟩ to |01⟩ |0⟩. The basic quantum
circuit 𝐶 for this unitary involves only the 𝑞𝑡 and 𝑞𝑎 qubits:

𝐶 = 𝐼 ⊗ 𝑋 · CNOT · 𝐼 ⊗ 𝑋, (4)

where 𝑞𝑡 is the target and the auxiliary 𝑞𝑎 is the control.

4.3 Playing all cards simultaneously
At each player’s turn we want to make use of the quantum capa-
bilities and have them play all their cards at once, i.e. we want to
prepare a superposition

|Φ⟩ = 1
√
N

(
|Φ𝑖1 ⟩ + |Φ𝑖2 ⟩ + . . . + |Φ𝑖N ⟩

)
, (5)

where each |Φ𝑖 𝑗 ⟩ corresponds to the situation where the 𝑗-th card
that according to the rules of the games can be played, has been
played. Our first approach to implement this would be to construct
for each 𝑁 -card subset S of the 32-card deck a unitary operator𝑈S
that is controlled by the 𝑁 auxiliary qubits 𝑞𝑎 and targets the 𝑞𝑡
qubits of each card (using the notation from the paragraph above).
While this may be feasible if there are only a few cards left to play,
it certainly is not when there are more cards to play. Since these
are serious difficulties regarding the implementation of the full
game, we will consider a more modest settings, which nevertheless
already exhibit some of the characteristics of the 32-card case.

Construction of the controlled𝐶𝑃𝑛
𝑘
gate. We introduce the controlled

card-play gate, which facilitates playing one of 𝑘 cards from the
hand out of a deck of 𝑛 cards. Its uncontrolled version is a 𝑘-qubit
gate which maps |0 . . . 0⟩ to the equally weighted superposition

1
√
𝑘
( |10 . . . 0⟩ + |01 . . . 0⟩ + |0 . . . 01⟩) . (6)
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In the following, we construct the gate for the action of fore-hand
’player A’, whose ID we assume to be encoded in the player-qubit
state |player⟩ = |00⟩. This is only to simplify notation as versions of
this gate for other players are constructed completely analogously.
Note, that this construction does not yet take suit-following into
account and we will therefore not rely on the corresponding qubit
from Table 1. For 𝑘 = 2, the unitary gate which facilitates Equation 6
can be expressed via the well-known Hadamard gate: CNOT ·𝐻 ⊗ 𝐼 .
For 𝑘 > 2 the gate can be constructed using the algorithm proposed
in [20] via the Boolean function

𝑓 : {0, 1}𝑘 → {0, 1} 𝑠 .𝑡 .𝑓 ( ®𝑥) = 1, if 𝑥𝑖 = 1 for exactly one 𝑖 . (7)

We will denote this gate by 𝑆𝑃𝑖1,...,𝑖𝑘 . Note that this gate is supposed
to act on the table-qubits |𝑞 (𝑖 )𝑡 ⟩ of the 𝑘 involved cards. We extend
𝑆𝑃𝑖1,...,𝑖𝑘 to a unitary operator on H in the usual way. For each
card index 𝑖 let 𝑋𝑖 be the Pauli-X operator, which flips the 𝑞𝑡 qubits
of card 𝑖 . In the next step we fix a 𝑘-tuple 𝑖1 < . . . < 𝑖𝑘 ≤ 𝑛,
abbreviated by ®𝑖 , and put conditions on the operator

𝐶®𝑖 := 𝑋𝑖1 · · ·𝑋𝑖𝑘 · 𝑆𝑃𝑖1,...,𝑖𝑘 (8)

which acts on the |𝑞𝑡 ⟩ qubits of each of the 𝑘 card states.
Tomake sure, that we only apply the operator𝐶®𝑖 to cards allowed

to play, we use the tuple 𝑞 ®𝑝 = (𝑞 (1)0 , 𝑞
(1)
1 ; . . . ;𝑞 (𝑛)0 , 𝑞

(𝑛)
1 ) of player-

qubits and the tuple 𝑞 ®𝑎 of auxiliary qubits to control this gate: we
condition the operator in Equation 8 on those tuples where exactly
𝑘 of the 𝑛 kets |𝑞 (𝑙 )0 𝑞

(𝑙 )
1 ⟩ |𝑞 (𝑙 )𝑎 ⟩ are in state |00⟩ |0⟩, corresponding

to 𝑘 cards in the hand of player A. Denoting the set of all ordered
𝑘-element subsets of the index set by C𝑘 , we can write the resulting
unitary as

𝐶𝑃𝑛
𝑘
=

∏
®𝑖∈C𝑘

𝐶 ®𝑖
��( ®𝛼 = ®𝑖) (9)

where ®𝛼 denotes the vector of those card indices for which |𝑞𝑝𝑞𝑎⟩
is in state |000⟩ and the | symbol indicates the control-condition:

𝐶 ®𝑖
��( ®𝛼 = ®𝑖) =

{
𝐶 ®𝑖 , if ®𝛼 = ®𝑖
𝐼 , else.

(10)

Note that ®𝛼 is defined for basis states in the computational basis
and Equation 10 extends by linearity.

If we want to emphasize that this operator encodes player A
playing her cards, we will use the notation 𝐶𝑃𝑛

𝑘
= 𝑈𝐴

𝑘
.

Uncomputing. After the cards have been played, their auxiliaries
have to be updated as well. The easiest approach is to apply a
Pauli-X gate on each 𝑞𝑎 , conditioned on |𝑞𝑡𝑞𝑠 ⟩ being in state |10⟩.

4.4 Trick taking
After the cards are played, the trick-taking partial order will deter-
mine which player takes the trick. Whenever the subset of played
cards has a uniquemaximal element, the corresponding player takes
the trick. Only in the case when there is more than one maximal
element, the order in which the cards were played takes precedence.

Construction of the 𝑇𝑇𝑘 gate. In the following, we will construct
a quantum gate, that simulates the trick taking in the case of a
totally ordered 𝑘-element subset of cards in the trick. We introduce
a gate, which implements moving cards from the table onto the

round-winner’s stack. Again, we will later facilitate the controlled
version of this gate. Here we make use of the fact that we can
arrange the card order in our encoding in such a way that for a
totally ordered subset, a higher card is always left of the lower
cards, i.e. the leftmost cards will win the trick.

The uncontrolled version of the𝑇𝑇𝑘 gate is a (2 + 1)𝑘-qubit gate
which acts on those parts of the card state that are associated with
the location of the card, i.e. |𝑞𝑠𝑞𝑡 ⟩. Trick taking consists of two
distinct steps: First, we have to transfer the cards from the table
to the stack, i.e., evolve the card state |𝑞𝑠𝑞𝑡 ⟩ = |01⟩ to the card
state |𝑞𝑠𝑞𝑡 ⟩ = |11⟩ for each of the 𝑘 cards. For a single card this is
achieved simply by a Pauli-X gate on the stack qubit 𝑞𝑠 .

Secondly, we have to identify the winner of the trick and assure
that all player-qubits of the associated cards are set to the state of
the winner’s player-qubit. Suppose that the trick consists of cards
with indices 𝑖1 < 𝑖2 < . . . < 𝑖𝑘 . Due to the total order in trick taking,
all player qubits |𝑞 (𝑖𝑙 )0 𝑞

(𝑖𝑙 )
1 ⟩ for 𝑙 ≥ 2 have to be set to the same

state as |𝑞 (𝑖1 )0 𝑞
(𝑖1 )
1 ⟩. We work around the No-Cloning Theorem by

using knowledge of the particular states of the player qubits:
𝑘 = 2 In the case of two players, only one qubit |𝑞𝑝 ⟩ is necessary

in the encoding of the players. It suffices to apply a Pauli-𝑋
gate to |𝑞 (𝑖2 )𝑝 ⟩ because we know that |𝑞 (𝑖1 )𝑝 ⟩ and |𝑞 (𝑖2 )𝑝 ⟩ are
initially in orthogonal states.

𝑘 > 2 In the case of three (or more) players we necessarily
need auxiliary qubits, since 𝑘 − 1 orthogonal states (cor-
responding to the losing players) are all mapped to the
same state (the player-state of the winner). The 3-qubit
CC-NOT(𝑞𝑐1 , 𝑞𝑐2 ;𝑞𝑡 ) gate conditioned on |𝑞𝑐1𝑞𝑐2 ⟩ being ei-
ther in state |10⟩ or |10⟩ maps states of the form |𝑞1⟩ |𝑞2⟩ |𝑞1⟩
to |𝑞1⟩ |𝑞2⟩ |𝑞2⟩ and thusmay be used to rewrite player qubits
of a lower valued card. In this case, for each player-qubit we
need an auxiliary qubit, that up to this part of the circuit is
identical to the player-qubit.

For 𝑖1 < 𝑖2, denote by 𝐷𝑖1,𝑖2 the unitary gate acting on the player
qubits of the 𝑖1 ⊗ 𝑖2 card states and transforming the vectors as

|player⟩𝑖1 |player⟩𝑖2 → |player⟩𝑖1 |player⟩𝑖1 .

Similarly, to the 𝐶𝑃𝑛
𝑘
-gate in Equation 9, we have to control all the

possible unitaries 𝐷𝑖1,𝑖2 for a given 𝑘-card configuration and then
take the product over all these configurations, i.e. we condition
on states where exactly 𝑘 of the kets |𝑞 (𝑙 )𝑠 𝑞

(𝑙 )
𝑡 ⟩ are in state |01⟩.

To do so, we need one auxiliary for each stack qubit 𝑞𝑠 . For ®𝑖 =
(𝑖1, . . . , 𝑖𝑘 ) ∈ C𝑘 let

𝐷®𝑖 =
𝑘∏
𝑟=2

𝐷𝑖1,𝑖𝑟 (𝑞 ®𝑝𝑖1 , 𝑞 ®𝑎𝑖𝑟 ;𝑞 ®𝑝𝑖𝑟 ) ·
𝑘∏
𝑙=1

𝑋 (𝑞 (𝑖𝑙 )𝑠 ) (11)

where the first factor acts on the trick-losing players qubits and the
right factor on all players stack qubits. Finally we define

𝑇𝑇𝑘 =
∏
®𝑖∈C𝑘

𝐷 ®𝑖
��( ®𝛼 = ®𝑖). (12)

where, analogously to the definition of CPnk , ®𝛼 denotes those card
indices, for which |𝑞𝑠𝑞𝑡 ⟩ is in in state |01⟩. We will describe the
implementation for 𝑇𝑇2 in detail in a later section. When we want
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to emphasize the unitary nature of Equation 12 and 𝑘 is fixed, we
will write𝑈𝑇𝑇 instead of 𝑇𝑇𝑘 .

4.5 Full and partial game
A game of Skat with a 32-card deck and three players consists of
ten rounds of trick-taking. We model each round by the unitary
round operator

𝑅𝑖 = 𝑇𝑇3 ·𝑈𝐶
11−𝑖 ·𝑈

𝐵
11−𝑖 ·𝑈

𝐴
11−𝑖 , (13)

where for the sake of simplicity we have omitted the updating of
the auxiliaries. The game evolves by consecutively applying the
round operators 𝑅10 · . . . · 𝑅1. Adaptations for less cards, players
and rounds are obvious.

Often, one is given additional information about a particular
game, e.g. we could know the starting hand of player 𝐴. In this
case, one has to prepare a different initial state |Φini⟩ = 𝑈ini |0 . . . 0⟩.
Slightly abusing notation, let us denote by 𝐶𝑖 𝑗 the operator that
plays the 𝑗 th card from player A’s hand. In this fashion we come
up with a different final state for each 𝑗 :

|Φ𝑗

fin⟩ = 𝑅10 · . . . · 𝑅2 · 𝑅̃
𝑗

1 (14)

where, ceteris paribus, 𝑅̃ 𝑗1 = 𝑇𝑇3 ·𝑈𝐶
10 ·𝑈

𝐵
10 ·𝐶𝑖 𝑗 models the game, in

which player A plays the 𝑗 th card from her hand. Again, adaptations,
for knowledge in different rounds etc. should be easy to implement.

4.6 Evaluation Measurement
The following table shows the value function V for each of the
cards. Note that the suit does not affect the value.

Table 2: Value of the cards. There are 30 points available for
each suit what leads to a grand total of 120 points in the game.
The declarer needs more than half of it (61) in order to win.

Card 7 8 9 10 J Q K A
V 0 0 0 10 2 3 4 11

For the sake of demonstration, we treat every game as a spades
game. We can map other trump-suit choices by the declarer to this
problem by introducing simple swap gates. This might increase the
circuit depth by a small margin, but will not affect the principle
feasibility of the approach.

Score Operator. To check who has finally won the game, we define
an observable S𝐴 (the score operator) which returns the point
values of the cards in player A’s stack. For each card, let us denote
by 𝑃𝑖

𝐴
the projector onto the states where the player-qubit(s) of the

𝑖th card are in a state that decodes to the fact, that this card is the
stack of player A. Then

S𝐴 =

32∑︁
𝑖=1

V(𝑖) · 𝑃 (𝑖 )
𝐴
, (15)

where 𝑣𝑖 is the value of card 𝑖 . The expectation value ⟨Φfin | S𝐴 |Φfin⟩
corresponds to the expectation value of player A’s score.

Slightly different and probably more practical would be to ask
not for the final score’s expectation value, but for the percentage

Table 3: Basic value of the suits, wrt. choice of the declarer.

Suit ♦ ♥ ♠ ♣ G
V 9 10 11 12 24

𝑝win of favorable outcomes. This amounts to describing the sub-
space of states that are considered "favorable" in a feasible way.
Once the projection 𝑃fav onto this subspace is available, the overlap
⟨Φfin | 𝑃fav |Φfin⟩ equals the probability of a favorable outcome, that
is, the probability of player A winning the game.

Quantum Counting. The quantity ⟨Φfin | 𝑃fav |Φfin⟩ can be obtained
by the following observation: If

|Φfin⟩ =
∑︁
𝑖∈𝐼fav

𝑐𝑖 |𝜙𝑖 ⟩ +
∑︁
𝑗∈ 𝐽

𝑐 𝑗 |𝜙 𝑗 ⟩

is the orthogonal decomposition of |Φfin⟩ according toH = Hfav ⊕
H⊥

fav, the expectation value can be obtained by looking up how
many indices 𝑖 ∈ 𝐼fav lead to non-vanishing amplitudes 𝑐𝑖 .

This is the setup for quantum counting, a combination of Grover’s
algorithm and quantum phase estimation (QPE), cf. [21, pp. 261-
263]., which can be used to gain quantum advantage over the classi-
cal algorithms. The number of paths 𝑁 inside the subset of winning
paths can then be counted viacc𝑁 = 𝑁 tot · sin2 𝜙

2 , where 𝜙 is the
result of the QPE.

Quantum counting is used to sum up the winning paths and
therefore get a reasonable value for the winning probability. In
order to receive a reasonable recommendation for a player to act in
the game, it would be necessary to fix the first card and evaluate the
score of the game to get a proper winning probability and repeat
the process for each card that is allowed according to the rules, in
order to compare the card qualities and maximize your expectation
value of outcome. Since this value serves as a proper target function
to define the payoff function, that is yet to be maximized, we dive a
bit deeper into its definition accordingly.

Payoff Function. In order to understand the outcome of this calcula-
tion and how it defines the game-theoretical solution of the game,
we have to introduce a proper payoff function that is maximized by
the approach. The payoff function P of player 𝑥 after 𝑛 games is

P𝑛 (𝑥) =
𝑛∑︁
𝑖=1

(
𝑝win (𝑥, 𝑖) · Val(𝑥, 𝑖)won (16)

−2 · [1 − 𝑝win (𝑥, 𝑖)] · Val(𝑥, 𝑖)lost
)
.

Depending on the choice of the declarer, each suit chosen as the
trump by the player 𝑥 leads to a different value Val(𝑥, 𝑖) of the 𝑖th
game. It is given by the length of the sustained number of present
or missing trumps beginning with the highest, added by one, and
multiplied by a certain multiplier V(𝑖) that is defined purely by
the choice of the declarer for the 𝑖th game (see Table 3).

It is also important to mention that the value for a lost game is
negative and doubled. So in order to outperform your opponents
and maximize your expectation value you need a lot more than
50% chance for winning a single game. Those percentages shift
drastically as you use the so-called Seeger-Fabian-System, which is
widely used in all (semi-)professional tournaments. It adds another
50 points for winning and -50 points for losing a game. It usually
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Table 4: Encoding the card state | 𝑗0 𝑗1 𝑗2 𝑗3⟩ in the four-card
toy-example with 𝑛𝑐 = 3 + 1.

pos. encoded state
𝑗0 player A/player B

𝑗1 𝑗2 card location
𝑗3 auxiliary

𝑗1 𝑗2 loc.
00 hand
10 table
11 stack

does not play a role whether you win a game by a high margin or
not. It is only important to win it at all. Therefore our goal is to
maximize the percentage of games won by player 𝑥 by finding the
best order to play his cards. This order is the one that beats the
highest number of possible distributions, no matter what margin.

To check if we found an equilibrium state of the game, the payoff
function had to be investigated in terms of stability. There should be
at least one allowed permutation of cards being played that leads to
a situation where every player is satisfied with all of their respective
choices according to the information given at the point of the game.

5 FOUR-CARD TOY-EXAMPLE
In this section we explicitly construct the quantum circuit corre-
sponding to Example 1, a card game with four cards and two players
and the deck ♣𝐴, ♣10, ♣𝐾, ♣𝑄 .

While the particular selection of cards does not matter much in
this setting, it is important to notice the selected cards are a totally
ordered subset with respect to the trick-taking relation. This first
example will already be helpful for representing the superposition
of all possible distributions, playing a card, taking the trick, and
counting the points at the end of the game.

Encoding. We choose the card-state encoding of Table 4.We arrange
the cards according to the trick-taking order, the corresponding
values for the scoring are V(1) = 11,V(2) = 10,V(3) = 4 and
V(4) = 3. The state vector is an element of a 24·4-dimensional
Hilbert-space and takes the form of the ket

|Φ⟩ = |𝜙card 1⟩ |𝜙card 2⟩ |𝜙card 3⟩ |𝜙card 4⟩ . (17)

and swap the 4 auxiliary bits to the end of the state vector

|𝜙⟩ = |

card 1︷ ︸︸ ︷
𝑞0𝑞1𝑞2 . . . . . . . . . 𝑞9𝑞10𝑞11

auxiliaries︷          ︸︸          ︷
𝑞13𝑞14𝑞15𝑞16⟩ (18)

= |card 1⟩ |card 2⟩ |card 3⟩ |card 4⟩ |auxiliaries⟩ .

The qubit𝑞12 is used as an external auxiliary for the implementation
of the 𝑆𝑃1,2 gate and thus omitted. Let us review an example: The
state for a card on the table is |010⟩ (played by player A) or |110⟩
(played by player B). The four card states are encoded using a
total twelve qubits. As an example, the qubit state (omitting the
auxiliaries) |000000100100⟩ decodes to card 1 and 2 being on the
hand of player A while card 3 and 4 are on the hand of player B.

Evolution of the game. The game consists of different phases, sum-
marized in Table 5. In each phase the state vector evolves by apply-
ing the corresponding unitary operator, finally ending up with

|Φfin⟩ =
2∏

𝑖=1

(
𝑈TT𝑈

𝐵
𝑖 𝑈

𝐴
𝑖

)
𝑈ini |0 . . . 0⟩ . (19)

Measurement of the score-operator S𝐴 equals the expectation of
player A’s final score ⟨Φfin | S𝐴 |Φfin⟩ and Player A’s probability

Table 5: Game phases and corresp. unitary transformations.
phase content unitary
Round 0 initial superposition 𝑈ini
Round 1 Player A plays a card 𝑈𝐴

2
Player B plays a card 𝑈 𝐵

2
1st trick taking TT2

Round 2 Player A plays a card 𝑈𝐴
1

Player B plays a card 𝑈 𝐵
1

2nd trick taking TT2
Round 3 Measurement -

of winning is given by ⟨Φfin | 𝑃fav |Φfin⟩. In this example, 𝑃fav (H)
turns out to be three-dimensional. We will now review each factor
of Equation 19 in detail.

𝑈ini: Construction of the initial superposition. First, we have to con-
struct all initial distributions. Here, one player gets two out of the
four-card deck, and his opponent receives the remaining two cards.
There are

(4
2
)
= 6 ways to do this. We construct the superposi-

tion of these six basis states iteratively according to the algorithm
proposed in [20]:

|Φ(0) ⟩ = 1
√
6

6∑︁
𝑖=1

|𝜙𝑖 ⟩ = 𝑈ini |0 . . . 0⟩ . (20)

This results in a superposition with equally weighted probabilities
of 1

6 ≈ 0.167 as shown in Figure 2.

𝑈 𝐵
2 𝑈

𝐴
2 : Playing the first card. In the first round 1, player 𝐴 has two

cards on his hand, the card index set is {1, 2, 3, 4}, so the index set
in Equation 6 is C2 = {(𝑖, 𝑗) : 1 ≤ 𝑖 < 𝑗 ≤ 4}. With the chosen
encoding, playing a card transforms the state |𝑞000⟩ → |𝑞010⟩,
which amounts to flipping the middle qubit, i.e. 𝑞1, 𝑞4, 𝑞7 or 𝑞10
depending on the card. Each factor 𝐶𝑃42 in Equation 9 thus acts
on two qubits via 𝑋𝑙𝑋𝑚𝑆𝑃𝑙,𝑚 for 𝑖, 𝑗 ∈ {1, 4, 7, 10}. Note, that we
have to apply a version of the circuit, that is controlled by the
condition that exactly two of the player qubits {𝑞0, 𝑞3, 𝑞6, 𝑞9} are
in state |0⟩. We do not have to condition on the table-qubits resp.
their auxiliaries, because in the first round they all are in state |0⟩.
After applying all factors of the corresponding unitary𝑈𝐴

2 the state
is now an equally weighted superposition of twelve basis states
with probabilities of 1

12 ≈ 0.083 as shown in Figure 3a. The same
circuit, with the only change that the condition is now on two
player-qubits being in state |1⟩, implements the unitary 𝑈 𝐵

2 for
player B. The result is now an equally weighted superposition of 24
basis states with probabilities of 1

24 ≈ 0.042 as shown in Figure 3b.

5.1 Preparing the auxiliaries
In this toy example we only need one auxiliary per card, which
keeps track if a card is still in play, i.e. the stack qubits. For simplicity,
these auxiliaries are updated only now.We condition on stack qubits
𝑞2, 𝑞5, 𝑞8, 𝑞11 being in state |1⟩ and apply a series of CNOT-gates:∏4

𝑖=1 CNOT3𝑖−1,12+𝑖 .

TT2: First trick taking. The two cards on the table can have card
indices 1 ≤ 𝑖 < 𝑗 ≤ 4. The operator 𝐷𝑖, 𝑗 = 𝑋3( 𝑗−1) flips the player
qubit of the card with index 𝑗 . We will apply this operator only
on states, where the cards with index 𝑖 and 𝑗 belong to different
players and hence end upwith a state where both cards belong to the
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Figure 2: Measurement of Φ(0) with 1 000 shots.

same player. The unconditioned unitary from Equation 11 is given
byv 𝑋3𝑗−3 · 𝑋3𝑗−1 · 𝑋3𝑖−1, e.g. the unitary 𝐷1,2 = 𝑋3𝑋5𝑋2 would
take the state |card 1⟩ |card 2⟩ = |010⟩ |110⟩ to the state |011⟩ |011⟩
where both card 1 and 2 end up in the stack of player A. The fully
conditioned version iterates the six index configurations 𝑖 < 𝑗 in
general where the qubits |𝑞3𝑖−2𝑞12+𝑖 ⟩ and |𝑞3𝑗−2𝑞12+𝑗 ⟩ are exactly
in state |10⟩. The resulting state is again an equal superposition of
24 basis states, albeit different from before the application of 𝑈𝑇𝑇 ,
cf. Figure 3c.

𝑈 𝐵
1 𝑈

𝐴
1 : Playing the second card. For playing the last remaining card,

there is no choice left for the players. Thus the unitaries 𝑈𝐴/𝐵
1

simply flip the qubits 𝑞1, 𝑞4, 𝑞7 or 𝑞10 subject to the condition that
the corresponding auxiliary is in state |0⟩.

TT2: 2nd trick taking. We apply the same unitary as in the 1st trick
taking. All card states are now of the form |𝑞𝑝11⟩. The following
outcomes are possible:

• all cards on the stack of player A (probability 1
4 )

• all cards on the stack of player B (probability 1
4 )

• two cards on each of the two stacks (probability 1
12 for each

of the six possible combinations)
This results in a superposition of 8 states, as shown in Figure 3d.

Measurement: Scoring. Finally, we can apply the score operator S𝐴
from Equation 15, which returns the expected point values of the
cards in player A’s stack. In this particular example, we can easily
also construct the subspace of favorable outcomes: player A wins
if either {♣𝐴, ♣10, ♣𝐾, ♣𝑄}, {♣𝐴, ♣10} or {♣𝐴, ♣𝐾} are in her stack.
Each situation corresponds to a particular basis state. Here the
subspace is 3-dimensional and thus 𝑝win = 5

12 .

6 QUANTUM FEASIBILITY OF FULL GAME
The quantum nature of the state leads to a probabilistic distribution.
Thus, each state is measured by a certain probability. To reduce
statistical error, the quantum circuit is performed several times in
the same state. As described above, the three players get ten cards
plus two more cards that are accessible during a bidding process.
Talking about the bare numbers, we obtain

N =

(
32
10

) (
22
10

) (
12
10

)
≈ 2.753 · 1015

different deals. So, there are roughly 2.75 quadrillion possibilities for
the cards to be distributed among the three players (neglecting the

(a) 12 distr., player A 1st card. (b) 24 distr., player B 1st card.

(c) 24 distr., 1st trick. (d) 8 distr., 2nd trick.

Figure 3: Superposition of possible card distributions after
certain time steps, using 1 000 shots.

three possible positions of the issuer). Following the well-known
birthday paradox, the probability 𝑝 that at least one deal is repeated
in 𝑘 deals is 𝑝 = 1 − (∏𝑘−1

𝑖=0 (𝑛 − 𝑖)/𝑛𝑘 ); and fixing 𝑝 ≥ 50% yields
𝑘 ≥ 40 million games, and, thus, highly unlikely.

In an empirical analysis, we played hundreds of millions of Skat
games with three AIs, with an average CPU time of approx. 3 s per
game (on a one-core contemporary PC), which roughly is 1s analy-
sis time per player per game. Even if we reduce this computation
time to 0.1 s for less analysis and more computation power, the
scaling of the problem will still cause an incalculable tree search.
Computing the card proposals for a selected player for all 2.753·1015
deals and dividing this number by (3600× 24× 365) would result to
about 8 730 639 years. Search mechanisms for the players employ,
e.g., mini-max search to find the value of an open game, which
assumes full card knowledge and both opponent players to collab-
orate, followed by a voting on different samples [12], search on
the partition of the cards to suit factors [7], or a so-called paranoia
search, where opposing cards were sampled in the search tree with,
e.g., the knowledge on non-obeying is being propagated [9]. These
tree search algorithms do not count the exact number of winning
branches in the search tree, but propagate the game value bottom-
up. Moreover, in search practice is pruning in transposition tables,
and via 𝛼𝛽 search or the equivalent of a moving target search. Our
estimation suggests that it would take up to 8.7 million years to
compute all game paths for all possible distributions, assuming a
tenth of a second of computation time per game. Note that these
values are very rough estimates of the classical computation time,
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as with smaller numbers of cards in the deal the time per game will
decrease as well. However, note that in a real AI player implemen-
tation, the fewer the cards, the more analysis, e.g., earlier search to
find forced wins, or drawing more samples for counterbalancing
the uncertainty in the unknown cards are in the voting.

Partial Knowledge. As mentioned above, the basic idea of a game
with imperfect information is not to find the one and only way to
win this particular game, but to maximize the expectation value of
your payoff function. In order to be successful, it is necessary to
maintain a high level of concentration among long tournaments to
make the right decisions more often than your opponents. Inter-
estingly, you can make correct decisions that turn out to be totally
wrong and misleading in a particular situation. After all, the solu-
tion to a certain situation inside the game is to find the card that
gives you the win (and, therefore, the points) in most of the remain-
ing scenarios. Accordingly, since each player knows ten cards, it
is only necessary to have a closer look at the remaining cards. If
the Ace of Spades is on your side and as every card is unique, the
superposition, and, therefore, the Hilbert Space dimension reduces.

|𝜓 ⟩ = |𝜙1⟩ + ��HH|𝜙2⟩︸︷︷︸
♠A on opponent’s hand

+ |𝜙3⟩ + · · · + |𝜙N⟩ . (21)

For a given hand on player A, the problem size for the suggestion
of a strategy shrinks a lot, since the number of possibilities reduces.
For the total number of remaining states Ñ one gets

Ñ =

(
22
10

) (
12
10

)
= 42 678 636. (22)

Note that solvers for given situations and distributions already exist.
But that does not necessarily mean, that this reflects the way you
should play in order to maximize the expected payoff.

Upper Bound. Let us consider three players playing the game, every-
one equipped with their belonging Quantum Computer. If everyone
plays 100% rational, they should all tend towards a Nash equilibrium,
with consecutively getting better results as the game proceeds, since
the information the game provides to you is growing alongside.
The state, where everything about the distribution is known, might
occur at some point earlier than step ten as well, depending on
the present distribution. In that case, the superposition of possible
states enters the classical limit and can be solved using the existing
devices. In earlier stages, where distributions that differ heavily
from the present one are still possible, it might lead to different
conclusions, giving you suggestions that are not valuable in that
particular case, rather giving you the lead in the long run.

It has to be mentioned, that, with this approach we solely con-
sider cards to be played perfectly by both players. This might be
an unrealistic scenario for a real-game approach, since the part-
ner might always misinterpret the card. One has to take into ac-
count, that for a real game not all the possible distributions left are
equally likely, because the opponents do always seek for an attack.
Therefore, the probabilities will change and the paths have to be
"weighted" according to the cards that appear on the table.

Since the internal rules of the game do not allow for all the cards
to be played at all times, it has to be mentioned that this is an upper
boundary for the possibilities and the computational resources to
be needed. In fact, for an actual game prediction, the computational

effort that has to be put in is much less, since you have to follow
rules that significantly reduce your options.

The upper bound for this scenario is quite easy to find. If everyone
was allowed to play every single card at all times, they would all end
up with a total of𝑁i = 10! options. That gives a total sum of possible
paths in the decision tree for a given distribution of 𝑁tot = (10!)3.
As already seen in Equation 22 the total number of distributions
once you see your own cards is 42 678 636. That leads to a grand total
of 𝑁tot = 2 039 386 920 479 691 374 592 000 000 ≈ 2 · 1027 possible
games to be played with 22 of 32 cards unknown. This number is
the upper bound, since the game rules highly restrict the paths that
a game can technically take. It can go from an unrestricted choice
of card to a forced card you have to play without any other options.
Taking all these considerations into account, this huge solution
space shrinks drastically, depending on the present distribution.

7 CONCLUSION
We have shown on a conceptual level that we can encode the game
information of an imperfect-information game, such as Skat, into
quantum states, prepare the game’s initial state in a superposi-
tion using unitary gates. The uncertainty of the random deal is
represented by this initial quantum register. We can also model
trick-taking, measure scoring and map it to the subspace of win-
ning distributions. Hence, calculations to evaluate the belief space
for incomplete-information card game play can be efficiently exe-
cuted on a quantum computer. Evaluation of states is possible by a
model-counting procedure through the comparison of the winning
subspace after the measurement of the scoring. We have discussed
computational aspects in terms of reducing the number of paths in
the quantum computation as well.

It turns out, that, according to rough estimations, there might
be a quantum advantage in the tree search as the complexity of the
game size increases at around ∼ seven cards in each player’s hand.
Since the full game itself is played with ten cards per player, we
expect quantum advantage certainly to occur up to this point in
the future. Generally speaking, the iteration over different initial
states and game rules for the various type of games, the exploration
results may influence the bidding and Skat putting and game se-
lection strategies. The quantum computation can be invoked as a
recommendation at any card to be played in the game.

Our aims with this paper were more general. We chose Skat as a
prototype of one selected partially-observable planning-problem
to show its applicability. There will be a wider range of other prob-
lems where our derivations to exploit quantum computational gains
will prove helpful. This work is, therefore, best interpreted as an
inspiring, pioneering theoretical and pedagogical accessible work-
out to discuss quantum feasibility for solving partially observable
problems. So far, the exposition comes without the implementation
on a real quantum computer, but we are certain that in the visi-
ble future, we can expect applications for quantum computing in
incomplete-information games.
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