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ABSTRACT

A Tree Markov Decision Problem (T-MDP) is a finite-horizon MDP
with a starting state s;, in which every state is reachable from s;
through exactly one state-action trajectory. T-MDPs arise naturally
as abstractions of decision making in sequential games with perfect
recall, against stationary opponents. We consider the problem of on-
line learning in T-MDPs, both in the PAC and the regret-minimisation
regimes. We show that well-known bandit algorithms—Lucs and
UcB—can be applied on T-MDPs by treating each policy as an
arm. The apparent technical challenge in this approach is that the
number of policies is exponential in the number of states. Our main
innovation is in the design of confidence bounds based on data
shared by the policies, so that the bandit algorithms can yet be
implemented with polynomial memory and per-step computation.
We obtain instance-dependent upper bounds on sample complexity
and regret that sum a “gap term” from every terminal state, rather than
every policy. Empirically, our algorithms consistently outperform
available alternatives on a suite of hidden-information games.
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1 INTRODUCTION

A chief contributor to the rapid advent of artificial intelligence (AI)
in the last couple of decades is the widespread adoption of data-
driven algorithms. In the realm of decision making, major practical
successes—in areas such as robotics [28], game-playing [45, 56],
large language models [14, 40], financial trading [37]—have been
achieved through reinforcement learning (RL) [49]. The theoretical
study of RL [3, 17, 27] has regularly benefitted its empirical progress.
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In this paper, we consider on-line learning on sequential decision
making problems that can be formalised as Tree Markov Decision
Problems (T-MDPs). A T-MDP is a finite-horizon MDP in which the
state-transitions form a free, rooted at a starting state s;. Thus, every
state in a T-MDP is reachable from s; through exactly one state-action
trajectory. T-MDPs arise commonly as abstractions of extensive-
form games with perfect recall [44], against fixed opponents. The
key challenge in these games is their large scale (amplified by
hidden information) and the uncertainty regarding the opponent’s
strategy. Our work is motivated by such games, where the goal is to
learn a best response against an unknown but stationary opponent,
through repeated game interactions. This setup gives rise to an on-
line learning problem in a T-MDP, in which the agent’s states are
action-observation histories.

A natural approach for designing learning algorithms for MDPs
is to view them as generalisations of multi-armed bandits, their
well-understood stateless counterparts [15]. Can on-line learning
algorithms for bandits be appropriately generalised for MDPs?
Simply put, our paper is the substantiation of an affirmative answer
for the special case of T-MDPs. We take up two well-known bandit
algorithms: (1) Lucs [24], which achieves order-optimal sample
complexity in the PAC setting, and (2) Ucs [2], whose regret is
within a constant factor of optimal. We adapt these algorithms to
T-MDPs, and denote the generalisations Lucs-T and Ucs-T.

The generalisations share a common core, in which each policy for
the T-MDP is treated as a bandit arm. The main technical challenge
is that the number of policies is exponential in the size of the T-MDP.
We propose a framework for policies to share data, tying it to a
concentration inequality that we specifically establish for certain
families of dependent random variables. We obtain instance-specific
upper bounds on the sample complexity (for Lucs-T) and regret (for
Ucs-T), both of which include a “gap term” for each terminal state
in the T-MDP (whereas a naive implementation would yield such
a term for every policy). The tree structure also facilitates efficient
computation: these algorithms need only a polynomial number of
operations to make each decision.

Our algorithms assume that the reward function of the T-MDP
is known, and that the only parameters to estimate are transition
probabilities. While restrictive in some cases, this assumption is
reasonable for our motivating domain of imperfect information games.
We implement Lucs-T and Ucg-T on three games with varying state-
space sizes: Kuhn Poker [31] (10’s of states), Leduc Poker [47]
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(100’s of states), and Reconnaissance Blind Tic-Tac-Toe (RBT) [48]
(millions of states). RBT is inspired by Reconnaissance Blind Chess
[20, 42], and is significantly larger than test problems considered in
the literature. We observe that our algorithms consistently outperform
alternatives, especially as the problem size increases. Our experiments
also throw light on gaps between theory and practice, especially in
the PAC setting. In summary, our contributions include

(1) a new analytical result (Section 3) with potentially broader
applicability to the analysis of learning in MDPs;

(2) conceptually-simple algorithms for T-MDPs (Section 4);

(3) strong theoretical guarantees in the form of instance-specific
upper bounds on sample complexity (Theorem 9) and regret
(Theorem 10); and

(4) empirical validation on large T-MDPs, arising from well-
known imperfect-information games (Section 5).

We also publish our code!, so our work can be reproduced and built
upon. We begin by formalising our problem statements.

2 PROBLEM DESCRIPTION

In this section, we define Tree MDPs, and thereafter specify the PAC
and regret-minimisation problems.

2.1 Tree Markov Decision Problems

A Tree MDP (T-MDP) M is specified by a 7-tuple (S, =, A, p, r, v, H).

Here S and X are sets of non-terminal and terminal states, respec-
tively. We assume that S contains a starting state s;. A is a set of
actions, and H > 1 is the horizon. Transition probabilities are given
by the function p, while the function r specifies rewards. y € [0, 1]
is used to discount future rewards in the definition of values.

A T-MDP induces a tree rooted at si, which is the only state at
“level” 1. As illustrated in Figure 1, suppose s € S is a state at level
1 < h < H. When the agent takes action a from s, it goes to state
s’, which is either (1) terminal, or (2) a non-terminal state at level
h+ 1. The probability of this transition is p(s, a, s”). It is a property of
T-MDPs that each “next state” s’ has exactly one parent s from one
lower level, from which s’ is reachable through exactly one action a.

The transition from s to s’ by taking action a merits a numeric
reward r(s,a,s’). We assume that this reward is known—an as-
sumption that is reasonable for many practical applications [39, 56],
particularly those from our motivating domain of games [36, 43, 51].
This requirement is not uncommon in the on-line learning literature
[33], although many approaches can also accommodate stochastic

I Codebase: https://github.com/anvay09/On-line- Learning-in-Tree- MDPs.

Figure 1: Transition from non-terminal state s to state s’ upon
taking action a. State s’ could be non-terminal or terminal.
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and unknown rewards [53, 55]. We assume that the discounted cu-
mulative reward (that is, the refurn) along each trajectory is bounded,
and for convenient exposition taken to lie in [0, 1].

A deterministic policy 7 : S — A specifies an action 7 (s) for
every non-terminal state s. Let II be the set of all deterministic
policies for MDP M. For every non-terminal state s € S, the value
under 7 is given by the Bellman equation

Vi) = Y pls,a(s)s) (r(s, (), s) +yVT(s)), (1)
s’eSU

with the convention that for every terminal state o € 3, V7 (o) = 0.
The tree structure of M enables 7 to be conveniently evaluated
bottom-up. A policy x that maximises the RHS in (1) for each state
s € S is an optimal policy. Let Ilope € II to be the set of optimal
policies. We arbitrarily pick one optimal policy and denote it 7*. Of
particular interest to us is the value of policies at the start state s;.
For 7 € 11, we define V (i) défV”(sl).

2.2 On-line Learning Problems

Our agent faces the challenge of not knowing the transition function
p. However, the agent can interact with the MDP by playing complete
episodes starting at s;. Suppose that on episode ¢ > 1, the agent
plays a policy z¢. From each state s that is reached, an action is
taken according to 7r*. The environment generates next state s’ by
sampling p(s, 7% (s)). If s is terminal, we proceed to the next episode
t + 1, wherein the agent can select a fresh policy 7/*1. Note that the
agent does not have arbitrary access to sample any state-action pair
in the tree, as is assumed in some other work [3, 58]. Thus, if the
agent wishes to explore some particular state, it may have to try for
multiple episodes until randomness takes it down that state’s path.

For each episode ¢t > 1, a learning algorithm £ must pick a policy
7%, based on the trajectories observed in the preceding t — 1 episodes.
Recall that each trajectory is a state-action sequence beginning with
s1, and ending in a terminal state. Additionally, in the PAC setting,
the learning algorithm may stop after any number of episodes ¢ and
return 7¥ as answer.

2.2.1 PAC. In the PAC setting, a tolerance € € (0, 1) and a mistake
probability § € (0,1) are given as input to learning algorithm L.
The algorithm is required to stop with probability 1 on every input
T-MDP. Also, the policy it returns must satisfy V() > V(2*) — €
with probability at least 1—4. The main question is how many samples
(that is, episodes) are required to provide such a guarantee. The PAC
problem described above is one of “pure exploration”, in the sense
that the rewards accrued while learning are not of consequence.

2.2.2  Regret. The regret of an algorithm after T episodes is

T

def
Rr=) (V(z*) -E[V(z)]).

t=1
We desire an algorithm that minimises regret on every T-MDP
instance. Unlike the PAC setting, it is well-known that regret-
minimisation needs to balance exploring (playing less-sampled
policies) and exploiting (playing empirically-dominant policies).

From the specifications above, it is apparent that bandit algorithms
such as Lucs and Ucs can be run “as is” on T-MDPs, by treating each
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policy as an arm. However, since the number of policies is | A| 151, the
computational and memory requirements of naive implementations
would be prohibitive on all but toy tasks. Our main contribution is
an efficient, scalable implementation that exploits the structure of
T-MDPs—and performs well both in theory and in practice. These
algorithms scale polynomially in the number of possible trajectories
from the starting state, which, in T-MDPs, is the same as the number
of terminal states. In regular MDPs, the number of trajectories could,
in general, be exponential in the number of states.

3 CONFIDENCE BOUNDS ON V()

The main tool we devise is a confidence bound on V() for arbitrary
policy 7 € II. Facilitating this bound is a representation of V() as
a convex combination of terminal returns.

3.1 Bottom-up View of V()

The Bellman equations in (1) recursively define a parent node’s
value in terms of its children’s. We introduce notation to unroll this
recursion, up to the base case involving only terminal states.

Due to the tree property of T-MDPs, every state s € S U X
has a unique path from the root s;; suppose for s the path is
$1, a1, 52, A2, - - - Sm, Am, s for some m > 1. We denote by p(s) the
discounted cumulative reward (that is, the return) along this path,
and by ¢(s) the probability of reaching s from s; if taking action g;
from s; for 1 < i < m. Thatis:

m m
POE Y Y rGnansi); O] |plnansi), @)
i=1 i=1

where s;,+1 1S taken to be s.
A policy 7 € II is defined to be consistent with terminal state
o € ¥ if & takes the action following each state in the path to o.
Concretely, suppose o has path (s1, a1, s2,a2, - .., Sm, am, ). Then
s € I is consistent with o if and only if for 1 < i < m, n(s;) = a;.
Observe that in general, a policy x can be consistent with multiple
terminal states; on any episode one of these states will be reached.
On the other hand, also note that multiple policies can be consistent
with a given terminal state c—such policies would differ on states
that are not on the path to o. For x € II, let X () denote the subset
of terminal states with which x is consistent; similarly, for o € X, let
Y (o) denote the set of policies that are consistent with o
X () = {o € X : 7 is consistent with ¢}, 3)
C))

Repeated expansion of the RHS of (1), while invoking definitions
from (2), yields the following decomposition of V(r); a detailed
working is provided in Appendix A.2

Y (o) = {m € II : 7 is consistent with ¢}.

ProprosITION 1 (VALUE AS A CONVEX COMBINATION OF TERMINAL
RETURNS). For m €1,

Vi) = ). q(0)-p(o).

oeX ()

&)

The proposition tells us that in order to learn V (), it suffices
to estimate g(o) for all o € X (). This reduces the problem of
estimating values for all policies in IT (an exponentially-sized set)

2Appendices are included in a longer version of the paper linked from SK’s home page:
https://www.cse.iitb.ac.in/~shivaram/.
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to estimating the “g”-s for all the elements of X. Moreover, we can
get data for estimating (o) merely by playing any policy that is
consistent with c—which may or may not reach ¢ on any given
episode. On the other hand, if p(o) was also unknown and had to
be estimated, note that we would get sufficient information for it
only from episodes that do reach ¢. Thus, our assumption of known
rewards carries a non-trivial advantage.

3.2 Upper and Lower Confidence Bounds

Consider the run of any arbitrary algorithm. On the ¢-th episode,
t > 1, for each terminal state o € X, let n’ (c) denote the number of
episodes so far on which the policy played was consistent with ¢, and
let n’ (o) denote the number of times o was reached. These counts
can be maintained using ©(|X|) integer operations per episode. If
policy x is played on the t-th episode, and reaches o, the updates are

nt*l(¢’) «— nf(d’) +1, forall o’ € X(x); (6)
nf:rl(cr) —nk(o)+1, (7

while for other terminal states the counts do not change from episode
t to episode ¢ + 1. With a slight abuse of notation, we define
nt (1) £ min n' (o)
oeX ()

for 7 € II as a “play count” signifying the amount of usable data
we have for evaluating 7 after t — 1 episodes. Note that 7 need not
be played at all for n’ () to be positive—we only need policies
consistent with states in X () to have been played.

t
Notice that the ratio §* (o) £ Z;EZ;

q(o); consequently the empirical value estimate

is an unbiased estimator of

VimE > §0)plo)
oeX ()

is an unbiased estimator of V(). Due to our convention that p(-)
lies in [0, 1], and since g’ (-) must also lie in [0, 1], it follows that
V() must lie in [0, |X(7)|]. As seen shortly, we clip this estimate

o [0, 1] for “one direction” of our algorithm and analysis.
At the core of our technical contribution are the following confi-
dence bounds that we propose on V(). For § € (0,1),

uch’ (,8) £V () + f(n* (). 6),

def

®)

Iebt (7, 8) “ min {?f(n), 1} — B(nt (1), 5), )

8 1
1/—ln—formz 1.
3m 6

In (8) and (9), observe that the “confidence width” f(-, ) for x
depends on n’ (), which, in turn is determined by the least-played
terminal state of 7. When x is played, every terminal state in X ()
is played; hence the confidence width of 7 necessarily decreases.

def

where f(m,d) =

THEOREM 2 (CONFIDENCE BOUNDS ON POLICY’S VALUE). Con-
sider any policy m € II. Consider any given t > 1 and sequence
(nt(o))aex(ﬂ) with 1 < n (o) < t for all ¢ € X(r). During a run
of any algorithm, suppose t equals the number of episodes and n* (o)
equals the number of plays of o for each o € X(rx), the terminal
states, respectively. Then, for § € (0,1):

P{V () > uch’(x,8)} < & P{V(n) < Ich*(x,8)} < 6.
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The non-trivial proof of this theorem is a central contribution of our
paper, and takes up the remainder of this section. The main technical
challenge is the dependence among the data used to compute vt (7).
Applying results from the literature on concentration inequalities [19,
41], we establish that the particular nature of this dependence yet
permits the use of Chernoff bounds, which we then apply. Our
exposition below assumes that 7, t, and (n*(0)) X () Are given.

321 Vi(n)asa weighted sum of Bernoullis. For each ¢ € X ()
and 1 < i < n*(0), let the Bernoulli random variable B(c, i) denote
the outcome of the i-th time that a policy consistent with ¢ was played.
B(o, i) is 1 if this play reaches o, otherwise it is 0. We informally
refer to these random variables as “B-variables”, and denote their
collection B. Note that |B| = Ysex(x) n’(c). We observe that
vt () is a weighted combination of B-variables, with non-negative
weights.

n' (o)

Z B(a, i).
i=1

Since B(o, i) has mean g(o); we observe from Proposition 1 that
E[Vi(m)] = 2oex(r) P(0) - q(0) = V(). For proving the theorem,

p(o)
nt (o)

Vim= ),

oeX ()

(10)

we need to upper-bound the probability that vt () deviates from its
expectation V() by more than some amount in each direction.

3.2.2  Negative cylinder dependence of B. Notice that for o € X ()
and 1 < i < j < n*(0), B(o,i) and B(o, j) are independent, since
they must necessarily come from different episodes. However, For
0,6/ € X(r)and 1 < i < j < n'(0), B(o,i) and B(o’, j) need not
be independent, since the i-th play of ¢ and the j-th play of ¢’ may
be on the same episode. At an intuitive level, it appears that this
dependence between B(o, i) and B(¢”, j) should only help, since
when one of them is 1 (or 0), the other has a higher probability of being
0 (respectively 1), thereby keeping the average more concentrated.
Formally, these random variables are “negative cylinder dependent”
(NCD).

DEeriNiTION 3 (NEGATIVE CYLINDER DEPENDENCE [19]). Bernoulli
random variables Z1, 72, . . ., Zm, where m > 2, are negative cylinder
dependent (NCD) if and only if for each S € {1,2,...,m},

P{Nies(Zi =)} < | | P(Zi = 1}; and
ieS
B{nies(Zi=0)} < [ [B(Zi =0},
ieS
LeMMA 4 (B-vARIABLES ARE NCD). The set of random variables
B are Negative Cylinder Dependent.

The intuition behind this claim is as follows. A subset of B-
variables cannot all be 1, when conditioned on the event that any
two of them occur on the same episode. Nor can they all be 0, when
conditioned on the event that even one of the episodes generating them
results in 0 as the outcome for every terminal state in the complement
of this subset. Our formal proof involves such conditioning of the
LHS probabilities, removing terms from 0-probability events, and
re-aggregating the surviving terms. This working involves lengthy
mathematical expansions, and for reasons of space is deferred to
Appendix B.
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The standard recipe for analysing NCD variables is to introduce
“twins”, which are amenable to the application of Chernoff bounds.

3.2.3 Twin variables. For each B-variable in B, we define a cor-
responding “twin-variable” (called a “Bj-variable”) that is also a
Bernoulli with the same mean, but which is generated independently
(of all the other variables). Thus, for each ¢ € X(7), 1 < i < n*(0),
the Bernoulli random variable By (o, i) is generated independently,
and satisfies E[By(0,i)] = E[B(0,i)] = q(0). We also define ﬁot to
be the same linear combination of the By-variables as V1 is of the
B-variables. Thus, similar to (10), we get

n' (o)
Vit (r) = Z Z Bo(o, i).
oeX ()

i=1

p(o)
n(o)
The twin variables are convenient since they are all independent.
However, before making use of their independence, we establish the

key relationship between the deviation tendencies of V! (which is
the estimator used by our algorithm) and Vot (its hypothetical twin).

an

LeEmMA 5 (\7t CONCENTRATES NO SLOWER THAN X70t). Fore > 0,
PV > V(n)+e} <PV} 2 V(n)+e};
P{V! < V(r)-e} <P{V} <V(n)—e}.

The proof of this lemma proceeds through an expansion of the
moment generating functions of V() and VOt (), in the manner
demonstrated by Panconesi and Srinivasan [41, see Theorem 3.2].

3.24 Deviation of X70t . Since Vot is a linear combination of indepen-
dent random variables, we use a standard inequality to upper-bound
the probability of its deviation from its expectation. Bernstein’s
Inequality [5, see Section 2.7] is as follows.

LEMMA 6 (BERNSTEIN’S INEQUALITY [5]). Let X1,Xo, ..., Xy be
independent random variables with finite variance such that |X;| < b
for some b > 0 almost surelyfor1 < i < m.LetS = Y70 (Xi—E[X;])
ando = 3", E[(X;)?]. Then, for a > 0,

a2
ba
U+T

P{S > a} < exp (—

~———

Suitable application of this lemma, detailed below, yields the
following result on the deviation of Vot .

LeMMA 7 (DEVIATION OF \70'). Fore € (0,1],

P{V! >V(r)+e} < exp (—gnt(n)ez) ;

IP’{VOt <V(r)—€} <exp (—gnf(;[)ez) .

Proor. We set up S, v, and b for the application of Lemma 6. For
o €X(r),1<i<n!(0),define

Bl(O'i & p(O')

E iy Bo(e )~ q(0)).
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There are | 8| such bounded and mutually-independent “B;” variables,
where each is a linear combination of a corresponding By variable.
Since |p(0)| < 1and |By(o,i)—q(o)| < 1,itfollows that |B; (0, i)| <
1 1
nT(@) = wim)

Bj-variables is SE V! — V (). Finally, we have

ey Also, we observe from (11) that the sum of the

n[(ﬂ')
o Z Z ]E[(B1(O',i))2]= Z

q(0)(1-q(0))

oceX(m) 1=1 oceX () n'(o)
q(o) q(o) 1
< < —_— = .
GE;”) nt(o) Ue;ﬂ) nf(m)  nt(r)

Invoking Lemma 6 with these values or bounds for S, v, and b, we
observe that
€?/2

1 e
nt(0) T 3t (n)

= 3
]P’{Vot >V(r)+e} < exp( ) < exp (—gnt(ﬁ)ez),
where we have used the fact that € < 1. Repeating the proof with

the negations of the B;-variables yields the same upper bound for
P{V{ < V(r) —e}. O

3.25  Final step. Our proof thus far has established the legitimacy
of substituting the (possibly dependent) B-variables used in our
algorithm with their independent, twin By-variables for the purpose
of upper-bounding the deviation of V. We have applied Bernstein’s
inequality to the corresponding twin V!, but notice that Lemma 7 only
holds for deviations € € (0, 1]. We show below that this constraint
does not disrupt the claim of Theorem 2.

The first part of the theorem considers the event E; = V(i) >
ucb? (7, §), which is equivalently V() < V() —B(n* (), 5). Since
V() is at most 1, and Vt(n') is non-negative, E; is logically im-
possible if f(n?(x),5) > 1. The second part of the theorem con-
siders the event E; = V() < lcb?(x,8), which is equivalently
min{vt(n), 1} > V() + B(n* (), 5). Notice our explicit inclusion
of the “min” operator in the lower confidence bound. Once again,
E, cannot possibly occur if (n?(r),5) > 1. In summary, then, it
suffices to show (1) P{V!(x) < V(x) - B(nt(r),5)} < & and (2)
P{V!(x) > V(x) + f(n'(),8)} < &, both under the condition that
B(nt (1), 8) < 1. This is the precise statement of Lemma 7, when
applied with € = B(n*(7), §).

4 ALGORITHMS AND ANALYSIS

Having established confidence bounds for policies, we apply them in
algorithms for the PAC and regret-minimisation settings. Well-known
algorithms Lucs [24] and Ucs [2] are suffixed with “-T” to denote
their application on T-MDPs.

4.1 Lucs-T for PAC Setting

Lucs-T, specified as Algorithm 1, is identical to the original Lucs
algorithm [24], with each policy akin to a bandit arm. After initialising
counts, for each batch t, two policies are identified: one with the
highest value estimate, and one with the highest upper confidence
bound (UCB) among the other policies. Confidence bounds are
m% for each t > 1.
If the two identified policies are already separated to within € (line

computed for mistake probability &y (f) £
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8), the first is returned; otherwise both policies are played. By this
convention, there are at most 2(¢ — 1) episodes up to batch ¢.

Algorithm 1 Lucs-T

1: Initialise n’ (0), nt.(0) to 0 for o € 2.
2: fort=1,2,...do
3. if there exists o € 3 such that n, = 0 then

4: Play an arbitrary policy « € Y (o).
5:  else
6: ! argmax, . VL.
7 T ¢ Argmax e () UChy.
8: if lcbt(nf, 81.(t)) = ucb? (xt, 8;,(t)) — € then
9: return 7;.
10: Play policies 7} and .
11:  Setn?(-), nt(-) based on policies played, outcome.
4.1.1 Efficient Implementation. For any given policy r, it is clear

that X (), V! (), and ucb? () can be computed using ©(|S||A| +
|2|) operations. However, notice that lines 6 and 7 in Algorithm 1
require identifying policies that maximise the value estimate or
the upper confidence bound (UCB). We illustrate below that al-
though |I1| = |A|!S!, policies 7! and 7 can be computed using
poly(|S|, |Al) steps.

Counts for the visits of each (s,a,s") € S X A X (SUZX) are
updated after each episode, and the empirical transition probabilities
p(s,a,s") are obtained by normalising. If p is used in the RHS of
(1), then the optimising policy nf and its value V* (nlt ) are obtained
bottom-up by setting as action for each state any one that maximises
the corresponding RHS in (1).

It gets more involved to compute 7[5. In Appendix H, we specify
a procedure PU to compute a policy with the highest UCB; denote
this policy 7}, = argmax,, .y ucb? (7, 8y (1)). In practice, ;s
usually be different from ¢, in which case it will itself be 715. PU
incurs O(|S||A||kmax|+|Z|) operations, where kmay is the maximum
branching factor (upper-bounded by |S|; in practice much smaller).
Now, if it happens that nlt] = nf, then another bottom-up pass is
performed to recursively compute a maximum-UCB policy that
is different from Jrlt. The basis of the recursion is that the policy
following a state-action pair must be identical to nlt at all but one
child, and different from nf for exactly one child. This process incurs
essentially the same computation as PU. Our submission includes
full code for all our algorithms (Appendix G), along with the test
environments described in Section 5.

will

4.1.2 Correctness. The correctness of Lucs-T follows from a union
bound over mistake probabilities.

ProvposiTioN 8. The probability that Lucs-T returns a policy
7 € 11 such that V() < V(x*) — € is at most §.

ProoF. A non-e-optimal policy can be returned only on the bad
event that (1) on some batch ¢t > 1, (2) for some sequence of play
counts (n’(c))yes, and (3) for some policy 7 € II, the interval
[lcb? (7, 81.(t)), ucb? (, 81.(t))] does not contain V (rr). On batch ¢,
each play count must be between 1 and t. Applying Theorem 2, the
probability of the bad event is at most }.;2, t1=l [I|26.(¢t) <8. O
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4.1.3  Sample Complexity. Sample-complexity analysis proceeds in
the same manner as of Lucs [24], beginning with the definition of
instance-specific “gaps”. Define

def

Vo= max V(m),
ﬂenop{\{”*}
wr | V(2*) =V if 7 = 7%,
T = . and
V(r*) -V(n) ifr#nx*,

Ade:efmax{Aﬂ, e} fore > 0.

For analysing Lucs-T, we additionally define for o € X,

We upper-bound the sample complexity of Lucs-T as follows.

THEOREM 9. For €,6 € (0, 1), the expected number of episodes
taken by Lucs-T before termination is

1 1
O(Z (log(—s+log(%@+|8|10g|ﬂl)).

gEX

2]
(45)?

Proor. The proof follows the same template as that of Lucs [24].
A policy 7 is called needy on episode t if its play count is smaller
than a constant times @ In #(t) A terminal state o € X is called
needy if it is the least-played state of some needy policy = € Y (o).
Notice that non-needy policies have sufficiently small width f. It is
shown that if neither of the policies played on episode ¢ are needy,
then some policy must have violated its upper or lower confidence
bound. By a union bound similar to that used in Proposition 8, the
probability of such an event is at most a constant times %

On the other hand, if indeed some needy policy is played on episode
t, it means that some needy terminal state o € ¥ is played on episode
t. Since there is a cap on the number of episodes in which ¢ can both
be needy and get played, the total number of “good” episodes (which

play needy o’s) is in the order of )’ ;5 W In &#(t) for sufficiently
large ¢ > t*. For an appropriate choice of t*, the probability of not

stopping at or before t* is at most S and this property implies

(t*)?
the claimed upper bound. O

4.1.4 Tighter Upper Bound. Notice that |X| factor in the sample-
complexity upper bound from Theorem 9. This is an artefact of the
union bound over variable play counts, which necessitated a ﬁ
factor in 87 (t). An algorithmic change to Lucs-T can remove the |3|
factor. Rather than use all the available samples for each o € X (),
we can use only the first n’ (r) samples for each (possibly ignoring a
lot of data for some terminal states). Since n’ () has to be between
1 and ¢, the union is only over ¢ (rather than t|2|) events. In view of
the same amount of data being used for each terminal state, we refer
to this algorithmic variant as LucB-T-UNIFORM.

Whereas Lucs-T only needs to store the counts n’ (o) and n’ (o)
for o € %, Luc-T-UNn1rorM needs to store the entire sequence of
outcomes (0’s and 1’s) from the plays of each ¢ € X. Consequently,
while Lucs-T uses polylog(¢) memory, LucB-T-UN1rorM needs O(t)
memory. Thus, while the latter algorithm yields a superior upper
bound, it is less convenient in practice, and in fact even performs
worse on larger problem instances (coming up in Section 5).

1972
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4.2 Ucs-T for Regret-minimisation Setting

The same idea of viewing policies as bandit arms gives rise to Ucs-T
(Algorithm 2), which implements the Ucs algorithm [1] for bandits.
In this case, after initialising plays, a policy with the highest upper
confidence bound is played on each episode. For episode ¢t > 1,

confidence bounds are for mistake probability dys () “ W

Algorithm 2 Ucs-T

1: Initialise n’ (o), n’(c) to 0 foro € 3
2. fort=1,2,...do
3:  if there exists o € ¥ such that nl, = 0 then

4 Play an arbitrary policy 7 € Y (o).

5 else

6: n! — argmax, .y uch! (1, 5y (1)).

7 Play policy 7*.

8  Setn’(-), n’(-) based on policy played, outcome.

The computation of the policy maximising the UCB (line 6) is
done by the PU procedure described in Appendix H.

4.2.1 Regret. The structure put forth by Auer et al. [2] to upper-
bound the regret of Uc also extends to Ucs-T. The same can
also be interpreted through the terminology of “needy” policies
and terminal states, presented in the proof of Theorem 9, but with
two differences. First, only the plays of non-optimal policies—the
elements of IT \ ITopr—contribute to the regret. Second, for o € %,
we conservatively upper-bound the number of needy plays of ¢ by
assuming it is played by the policy in Y (o) \ Ilopt with the smallest
gap. Conservatively, each such play still contributes regret according
to the policy in Y (o) \ Ilopy with the largest gap. Formally, for o € X,

def

max
o

in def .
min = min

Ar; A
reY (o) \Hupt ”

max Ay,
meY (o) \Iop

We obtain the following upper bound on regret.

TueoreM 10. There exists ¢ > 0 such that for T > 2, the regret
Rt of the Ucs-T algorithm satisfies
[z]Ag=

Rr<c- -
(amin)2

( InT +In|I]|.
o€X,Y (o)L yp

The detailed proof is given in Appendix C. As discussed in
Section 4.1.4, the |X| factor can be removed, at the expense of
additional memory and compute. In view of its limited practical
value, we skip this variant for regret-minimisation.

S EXPERIMENTAL EVALUATION

We evaluate our algorithms on two standard benchmark games,
Kuhn Poker [31] and Leduc Poker [47], as well as a third game,
Reconnaissance Blind Tic Tac Toe (RBT) [48]. Full descriptions are
given in Appendix D. All three games are 2-player, zero-sum, with
hidden information. We refer to the first and second players as x and
o. Each “state” in these games is an action-observation history. Kuhn
Poker and Leduc Poker, common benchmarks for Nash-equilibrium
computation, have 6 and 144 states, respectively. RBT, designed as
a smaller version of Reconnaissance Blind Chess, has roughly 107
states for x and 2 x 107 for o. To the best of our knowledge, our
results are the first to demonstrate the feasibility of learning on RBT.
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5.1 Benefit of Sharing Data

On the smaller Kuhn Poker game, we compare Lucs-T and Lucs-
T-UnirorM with vanilla Lucs [24], which treats each deterministic
policy as a separate bandit arm, with no data being shared across
arms. Table 1 shows the average stopping times when player x learns
to play agains o’s equilibrium strategy (complementary results are in
appendix E). Notice that indeed Lucs is the most economical. The
slack in the analysis of LucB-T explains this observation; Kuhn Poker
is a small game: with 3 cards there are only 64 policies. We devise a
5-card generalisation of Kuhn Poker (refer to appendix D) which has
1024 deterministic policies. On this variant, it becomes apparent that
Lucs (whose sample complexity scales exponentially in the number
of states) falls behind the “tree” variants. This shortcoming precludes
the use of Lucs in larger games. Interestingly, we also notice that
Lucs-T-Unirorm, which outperforms Lucs-T on the 3-card version,
performs worse on the 5-card version. Ignoring a lot of informative
data hurts Lucs-T-UNIFoRM in practice as problem sizes get larger.

5.2 Comparisons with Baselines on Larger Games

Much of the literature on exploration in MDPs has not empirically
evaluated or provided code for algorithms, which, even if imple-
mented, do not perform well with default hyperparameter settings. We
were able to implement and fine-tune working versions of Bpri-UcrL
[53] and Mppr-GaPE [22], which we use as baselines for comparison
with our PAC algorithm, Lucs-T. For regret minimisation, the algo-
rithms with the best instance-dependent theoretical bounds are Mvp
[59], AmB [57] and STrRONGEULER [13], for which we were unable to
source working implementations. However, algorithms in the games
literature have been implemented and tested on a number of different
applications. We compare Ucs-T with Mccrr [32], On-path flipping
(OpF) [16], and Uct [29]. Most of these baselines have hyperpa-
rameters to balance between exploration and exploitation. We use
simplified confidence bounds in our implementations of Lucs-T,
Ucs-T, Bri-UcrL and Mpp-GAPE. We have tuned these hyperparam-
eters and bounds to the best of our ability for optimising performance.
Implementation-related details are given in Appendix G.

Figure 2 shows performance plots for the larger games of Leduc
Poker and RBT. In all the games we fix an e-Nash policy for the oppo-
nent player, computed using Crr+ [50]. For the PAC setting, we follow
the standard practice of showing the “value gap” E[V (7*) — V(ﬂlt )]
as learning proceeds [25], since stopping times are prohibitively
large. For Luc-T we use the same § value for all our experiments.
We observe consistently competitive performance for our algorithms
across all three games for both players, for both the PAC and regret
paradigms. Our algorithms scale well with game size, widening
the gap between other algorithms on large problem instances, with
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RBT player o (Figure 2d) especially notable. For RBT, since the
PAC algorithms Bpi-UcrL and Mpp-GapE did not perform well,
we have instead plotted a comparison with the regret minimising
algorithms (figures 2c and 2d). Although our algorithms dominate
all others that have provable performance guarantees, we notice that
the popular Ucr algorithm incurs lower regret on smaller problems.
By publishing our code, we hope to attract more attention to the
empirical evaluation of on-line learning algorithms for games, with
the aim of reconciling gaps between theory and practice.

6 RELATED WORK AND DISCUSSION

While we are not aware of previous work specifically tailored to T-
MDPs, there is indeed a vast literature on on-line learning in MDPs, as
well as (imperfect-information) games. Unlike our contribution that
benefits algorithms both for the PAC and the regret-minimisation set-
tings, most previous work is tailored to one or the other. Specific goals
have included minimax PAC bounds [12, 35], instance-dependent
PAC bounds [22, 53, 54], PAC RL with a generative model [3, 23, 58],
reward-free exploration [21, 26], minimax regret bounds [12, 59],
and instance-dependent regret bounds [11, 13, 46].

In the PAC setting, the theoretical results most relevant to ours have
focused on furnishing sample-complexity upper bounds [22, 53, 55].
For these algorithms, the sample complexity upper bound typically
takes the form of(j(C(M, €) log(1/8)), where C(M, €) is an instance-
dependent quantity capturing the hardness of learning. These bounds
invariably have an inverse dependence on the probability that a
state will be visited (q(o) in our work)—which can be arbitrarily
small. Whereas our assumption of known rewards lets us avoid
this dependence, available lower bounds suggest that it cannot be
avoided in general MDPs [34]. It is also to be mentioned that upper
bounds across different analyses remain incomparable to due varying
definitions of the value gaps (A4 in our work). We compile a brief
technical survey of this line of results in Appendix F.

A related topic in this context pertains to “optimistic” algorithms,
in which the sampling rule selects actions at each state greedily with
respect to some UCB quantity. Wagenmaker et al. [S5] show that
optimistic algorithms fail to achieve the instance-optimal sample
complexity bound, and that in general more aggressive exploration
is necessary. As yet, we are unaware of a sample-complexity lower
bound specific to T-MDPs.

Formal bounds on the regret of on-line learning algorithms for
MDPs are of the form C(M) log T, where C(M) is a quantity that
typically depends on sub-optimality gaps as well as variance-related
terms [13, 46]. An important result of Simchowitz and Jamieson
[46] is that optimistic algorithms must incur an additional regret
term that depends inversely on Ap;j, —the minimum gap among all

Table 1: PAC stopping times for player x in 3-card and 5-card Kuhn Poker. Results average 10 runs, and show one standard error.

Experiment Parameters

Algorithm
3-card Kuhn Poker 5-card Kuhn Poker
player x, € = 0.05,8 = 0.05 player x, e =0.1,6 = 0.1 player x, € = 0.05,§ = 0.05 player x, € = 0.1,5 = 0.1
Lucs 0.473 X 10% + 5.8% 0.114 X 10% + 7.3% 7.947 x 10° + 2.3% 2.138 X 10° + 2.2%
Luce-T 2.170 x 100 + 5.4% 0.531 X 10° + 4.8% 3.637 X 10% + 3.7% 0.942 x 10® + 3.5%

Lucs-T-UNIFORM 2.117 X 106 + 4.5%

0.508 X 10° + 6.0%

4.880 X 10° + 8.7% 1.194 X 10° + 5.5%
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Figure 2: Performance for Leduc Poker and RBT. The top row (a-d) corresponds to the PAC setting, and the bottom row (e-h) to regret
minimisation results. All plots are averaged over 50 experiments for Leduc Poker and 25 experiments for RBT, showing outcomes for
both players x and o. Error bars correspond to one standard error.

state-action pairs. Xu et al. [S7] show that non-optimistic algorithms
can reduce the unfavourable dependency on Apin by introducing the
AwmB algorithm, which eliminates this dependency in MDPs with
a single optimal action at each state. Neither Lucs-T nor Ucs-T is
an optimistic algorithm. Although the latter is greedy with respect
to a UCB, the UCB itself is for an entire policy (rather than a local
state-action pair), computed using the PU procedure (Section 4.1,
Appendix H).

The literature on imperfect-information extensive form games
(IIEFGs) [30, 44] has predominantly focused on the two-player zero-
sum setting. The most common solution concept for IIEFGs is the
Nash equilibrium, which is an assignment of strategies to the players
such that neither player can gain by unilaterally deviating. Since
the exact computation of Nash equilibria is expensive, the preferred
alternative is iterative approaches to compute e-Nash equilibria.
The most popular class of algorithms in this regard are from the
regret minimisation paradigm. In particular, counterfactual regret
minimisation (Cer) [60] and its variants [7, 8, 16, 32, 50] are state-
of-the-art algorithms that have led to the development of superhuman
agents for large IIEFGs such as Heads-Up Limit Texas Hold’em
Poker and Heads-Up No Limit Texas Hold’em Poker [6, 9, 10, 38].
The problem we address in this paper is a degenerate type of game,
in which one player is fixed, and so algorithms such as Mccrr [32]
and OPr [16] are guaranteed to converge to the best response. This
behaviour of theirs is indeed apparent from figures 2(e)-(h), but
the rates of convergence are much slower than Ucs-T, which has

1974

specifically been designed for T-MDPs. A theoretical counterpart to
this empirical observation is that the regret and sample-complexity
bounds from the games literature [4] are worst-case (in terms of €)
rather than instance-specific (in terms of value gaps Ay).

7 CONCLUSION AND FUTURE WORK

In this paper, we have generalised well-known bandit algorithms Lucs
and Ucs to T-MDPs. Our main tool is a concentration inequality (the
basis for Theorem 2) that facilitates the values of multiple policies
(an exponentially-sized set) to be estimated simultaneously from a
common pool of (polynomially-sized) data. The resulting confidence
bound fits naturally into both Lucs and Ucs, and enables polynomial
(in time and memory) computation at each decision making step. Our
confidence bound may be of independent interest for other analyses
involving learning in sequential tasks.

We present theoretical support for our algorithms through upper
bounds on sample complexity and regret. We also present supporting
empirical results from three IIEFGs, on the task of learning a best
response against a fixed opponent. RBT is an especially promis-
ing benchmark due to its much larger scale (10-20 million states)
compared to current alternatives.
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