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ABSTRACT
In this paper, we introduce directional feedback in the ordinal re-

gression setting, in which the learner receives feedback on whether

the predicted label lies to the left or right of the actual label. We

propose an online algorithm for ordinal regression, DFORD, that

uses directional feedback. It preserves threshold ordering in the

expected sense and achieves the expected regret of O(log𝑇 ). We

present experimental results to show the efficiency of DFORD.
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1 INTRODUCTION
Ordinal Regression (OR) predicts labels of data points that belong

to ordered categories [2–8, 10, 11, 15, 18]. Label availability and

reliability are major challenges in OR, especially where many labels

result from human feedback and preferences. In such situations,

using directional feedback can reduce ambiguity in human feedback:

instead of an exact label, the feedback is at or below a certain ordinal

level. For example, consider the hospital anxiety and depression

scale [19] where the scores (ranging between 0 to 21) obtained from

a questionnaire are divided into an ordinal scale: Normal ’(< 7)’;
‘Borderline (8 − 10)’ and ‘Clinical depression (or anxiety) (11+).

This paper proposes a new learning approach for OR using di-

rectional feedback. The main contributions are as follows.

• We propose a new weak supervision setting for OR called

directional feedback. We propose an online learning al-

gorithm for OR using directional feedback, which we call

DFORD. We use an exploration-exploitation scheme [1] to

handle the label uncertainty in this paper.

• DFORD maintains the ordering of thresholds in the expected

sense. It achieves expected regret of O(ln𝑇 ).
• Experimental results to show the effectiveness of DFORD.

This work is licensed under a Creative Commons Attribution Inter-

national 4.0 License.
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2 PRELIMINARIES
Let X ⊆ R𝑑 be the instance space and Y = [𝐾] be the label space.
Modeling OR requires a function 𝑓 : X → R and thresholds 𝜽 =

[𝜃1 · · · 𝜃𝐾−1]⊤. To maintain the class order, we must ensure 𝜃1 ≤
. . . ≤ 𝜃𝐾 . We assume 𝜃𝐾 = ∞. OR predicts the class label ℎ : X →
Y as ℎ(x) = 1 +∑𝐾

𝑘=1
I[𝑓 (x) > 𝜃𝑘 ] = min𝑖∈[𝐾 ] {𝑖 : 𝑓 (x) − 𝜃𝑖 ≤ 0},

where I[𝐴] is an indicator function which take value 1 if the event

𝐴 is true and 0 otherwise. A linear OR model assumes 𝑓 (x) = w · x,
(w ∈ R𝑑 ). In Kernel OR, 𝑓 is represented as 𝑓 =

∑
x𝑖 ∈X 𝛼𝑖𝑘 (x, .)

where 𝑘 : X × X → R is a positive definite kernel [16]. 𝑘 (., .)
has reproducing property (i.e., ⟨𝑓 , 𝑘 (x, .)⟩ = 𝑓 (x) [16]. The mean

absolute loss (MAE) used in OR is described below.

𝐿𝐴 (𝑓 , 𝜽 , x, 𝑦) =
𝑦−1∑︁
𝑖=1

I[𝑓 (x) < 𝜃𝑖 ] +
𝐾∑︁
𝑖=𝑦

I[𝑓 (x) ≥ 𝜃𝑖 ] (1)

A convex surrogate of this loss is 𝐿𝐻 (𝑓 , 𝜽 , x, 𝑦) = ∑𝐾
𝑖=1 [−𝑧𝑖 (𝑓 (x) −

𝜃𝑖 )]+, where [𝑎]+ = max(0, 𝑎), 𝐻 stands for the hinge and 𝑧𝑖 , 𝑖 ∈
[𝐾] are defined as 𝑧𝑖 = I[𝑖 ∈ {1, . . . , 𝑦 − 1}] − I[𝑖 ∈ {𝑦, . . . , 𝐾}]. The
regularized loss for an example x is defined as follows.

𝐿𝐻𝑟𝑒𝑔 (𝑓 , 𝜽 , x, 𝑦) =
𝜆(∥ 𝑓 ∥2 + ∥𝜽 ∥2)

2

+
𝐾∑︁
𝑖=1

𝐿𝐻 (𝑓 , 𝜽 , x𝑖 , 𝑦𝑖 ) (2)

Here, the objective is to minimize 𝐿𝐻𝑟𝑒𝑔 using an online algorithm.

3 DIRECTIONAL FEEDBACK AND LABEL
UNCERTAINTY

Let 𝑦 be the label predicted. In this setting, we only get to know

𝑦 < 𝑦. If 𝑦 < 𝑦, then 𝑦 ∈ {𝑦 + 1, . . . , 𝐾}. Similarly, if 𝑦 ≥ 𝑦, then
𝑦 ∈ {1, . . . , 𝑦}. Thus, label uncertainty remains even after feedback.

Efficient Exploration of Labels Under Directional Feedback:
Let the model output the label 𝑦, then asking directional feedback

for𝑦 seems the best choice. However, in this way, we do not explore

other labels different from 𝑦. Thus, we assign nonzero probabilities

for exploring all labels. At each round 𝑡 , we use a mixture of two

probability distributions 𝑃𝑡
1
and 𝑃𝑡

2
as the label distribution. Thus,

𝑃𝑡 = (1 − 𝛾)𝑃𝑡
1
+ 𝛾𝑃𝑡

2
, (3)

where 𝑃𝑡
1
(𝑖) = I[𝑖 = 𝑦𝑡 ], 𝑖 ∈ [𝐾]. Distribution 𝑃𝑡

2
should assign max-

imum probability to 𝑦𝑡 and symmetrically decreases on both sides

of 𝑦𝑡 . We use 𝑃𝑡
2
(𝑖) = (𝑍 𝑡 )−1

(
1 + 𝑑𝑡

max
− |𝑖 − 𝑦𝑡 |

)
, 𝑖 ∈ [𝐾], where

𝑑𝑡
max
B max{𝑦𝑡 , 𝐾 − 𝑦𝑡 }. 𝑍 𝑡 = (2𝐾 + 1)𝑦𝑡 − (𝑦𝑡 )2 − 0.5𝐾 (𝐾 − 1)

if 2𝑦𝑡 ≥ 𝐾 and 𝑍 𝑡 = 0.5𝐾 (𝐾 + 1) − 𝑦𝑡 (𝑦𝑡 − 1) if 2𝑦𝑡 < 𝐾 .
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Algorithm 1 DFORD-Linear

1: Input: Training Dataset S, 𝜆
2: Initialize Set 𝑡 = 2, w2 = 0, 𝜃2

1
= . . . = 𝜃2

𝐾−1 = 0, 𝜃2
𝐾
= ∞

3: for 𝑖 ← 2 to 𝑇 do
4: Get example x𝑡

5: Find 𝑦𝑡 as 𝑦𝑡 = min𝑖∈[𝐾 ] {𝑖 : w𝑡 · x𝑡 − 𝜃𝑡𝑖 ≤ 0}
6: Define 𝑃𝑡 (𝑟 ), 𝑟 = 1 . . . 𝐾 using eq.(3)

7: Sample 𝑦𝑡 from distribution 𝑃𝑡 . Predict 𝑦𝑡

8: Observe the directional feedback I[𝑦𝑡 < 𝑦𝑡 ].
9: Define 𝑧𝑡

𝑖
= 1

𝑃 (𝑖 ) (2𝑑
𝑡 − 1)I[𝑖 = 𝑦𝑡 ], 𝑖 ∈ [𝐾]

10: Initialize 𝜏𝑡
𝑖
= 0, 𝑖 ∈ [𝐾]

11: Define 𝜏𝑡
𝑖
= 𝑧𝑡

𝑖
I[𝑧𝑡

𝑖
(𝑓 𝑡 (x𝑡 ) − 𝜃𝑡

𝑖
) ≤ 0], 𝑖 ∈ [𝐾]

12: w𝑡+1 = (1 − 1

𝑡 )w
𝑡 + 𝜂𝑡𝜏𝑡𝑦̃𝑡 x

𝑡

13: 𝜃𝑡+1
𝑖

= (1 − 1

𝑡 )𝜃
𝑡
𝑖
− I[𝑖 = 𝑦𝑡 ]𝜂𝑡𝜏𝑡𝑦̃𝑡 , 𝑖 = 1 . . . 𝐾

14: end for
15: Output: ℎ(x) = min𝑖∈[𝐾 ]

{
𝑖 : w𝑇+1 .x − 𝜃𝑇+1

𝑖
< 0

}
Unbiased Estimators of Labels 𝑧𝑡

𝑖
: At round 𝑡 , let the al-

gorithm samples a label 𝑦𝑡 using 𝑃𝑡 (𝑖). Algorithm predicts 𝑦𝑡

and receives feedback 𝑑𝑡 = I[𝑦𝑡 < 𝑦𝑡 ]. For all 𝑖 ∈ [𝐾], we define
unbiased estimator 𝑧𝑡

𝑖
of 𝑧𝑡

𝑖
as follows.

𝑧𝑡𝑖 =
(2𝑑𝑡 − 1)I[𝑖 = 𝑦𝑡 ]

𝑃𝑡 (𝑖) =

{
1

𝑃𝑡 (𝑦̃𝑡 ) (2𝑑𝑡 − 1), 𝑖 = 𝑦𝑡

0, 𝑖 ≠ 𝑦𝑡
(4)

We can show that E𝑃𝑡 [𝑧𝑡𝑖 ] = 𝑧
𝑡
𝑖
, i.e., 𝑧𝑡

𝑖
an unbiased estimator of 𝑧𝑡

𝑖
.

We are also interested in quantity 𝜏𝑡
𝑖
= 𝑧𝑡

𝑖
I[𝑧𝑡

𝑖
(w𝑡 .x𝑡 −𝜃𝑡

𝑖
) < 0]. We

use 𝜏𝑡
𝑖
= 𝑧𝑡

𝑖
I[𝑧𝑡

𝑖
(𝑓 𝑡 (x𝑡 ) − 𝜃𝑡

𝑖
) ≤ 0] as an unbiased estimator of 𝜏𝑡

𝑖
.

4 DFORD
DFORD-Linear: We initialize with w2 = 0 and 𝜽 2 = 0. Let

w𝑡 , 𝜽 𝑡 be the estimates of the parameters at the beginning of trial

𝑡 . At 𝑡 , let x𝑡 be the example observed. We find 𝑦𝑡 = min𝑖∈[𝐾 ] {𝑖 :
w𝑡 .x𝑡 −𝜃𝑡

𝑖
≤ 0}. We sample𝑦𝑡 using 𝑃𝑡 and receive 𝑑𝑡 = I[𝑦𝑡 < 𝑦𝑡 ].

Using 𝑑𝑡 , we define (𝑧𝑡𝑖 , 𝜏
𝑡
𝑖
), 𝑖 ∈ [𝐾]. We update the parameters as:

w𝑡+1 = (1 − 𝜂𝑡𝜆)w𝑡 + 𝜂𝑡x𝑡𝜏𝑡𝑦̃𝑡
𝜃𝑡+1𝑖 = (1 − 𝜂𝑡𝜆)𝜃𝑡𝑖 − I[𝑖 = 𝑦

𝑡 ]𝜂𝑡𝜏𝑡𝑦̃𝑡 ; 𝑖 = 1 . . . 𝐾 − 1.

where 𝜂𝑡 = 1

𝜆𝑡
. We repeat this process for 𝑇 rounds. Complete

details of DFORD-Linear are given in Algorithm 1. We now show

that DFORD-Linear preserves the threshold orderings.

Lemma 4.1 (Order Preservation). For 𝑡 ≥ 2, if E[𝜃𝑡
𝑖+1 − 𝜃

𝑡
𝑖
] ≥

𝐾𝜂𝑡
1−𝜂𝑡𝜆 , ∀𝑖 ∈ [𝐾 − 1], then DFORD-Linear Algorithm ensures that

E[𝜃𝑡+1
𝑖+1 − 𝜃

𝑡+1
𝑖
] ≥ 0, ∀𝑖 ∈ [𝐾 − 1].

Theorem 4.2 (Regret Bound). Let x1, . . . , x𝑇 be the sequence of
examples presented to DFORD-Linear. Let (u1), . . . , (u𝑇+1) be the pa-
rameter vectors generated by the DFORD-Linear, where u𝑡 = (w𝑡 , 𝜽 𝑡 ).
Let ∥x𝑡 ∥ ≤ 𝑅, ∀𝑡 ∈ [𝑇 ]. Then, for any (w, 𝜽 ), we have,

E

[
𝑇∑︁
𝑡=1

𝐿𝐻𝑅𝑒𝑔 (u
𝑡 , x𝑡 , 𝑦𝑡 ) −

𝑇∑︁
𝑡=1

𝐿𝐻𝑅𝑒𝑔 (u, x
𝑡 , 𝑦𝑡 )

]
≤ 16𝐾2 (𝑅2 + 1) ln𝐾 ln𝑇

𝜆𝛾
.

See [13] for the proofs of Lemma 4.1 and Theorem 4.2.

Figure 1: Average Mean Absolute Error (MAE) results.

DFORD-Kernel: In DFORD-kernel, threshold parameters 𝜽 are

updated similarly to the DFORD- Linear. 𝑓 is updated as follows.

𝑓 𝑡+1 = 𝑓 𝑡 − 𝜂𝑡 [𝜆𝑓 𝑡 − 𝜏𝑡𝑦̃𝑡𝑘 (x
𝑡 , .)] = (1 − 𝜂𝑡𝜆) 𝑓 𝑡 + 𝜂𝑡𝜏𝑡𝑦̃𝑡𝑘 (x

𝑡 , .)

Lemma 4.3. Let 𝜂𝑡 = 1

𝜆𝑡
, 𝑓 1 = 0. Then, the update rule for 𝑓 𝑡

given in Algorithm 3 reduces to 𝑓 𝑡+1 (.) = 1

𝜆𝑡

∑𝑡
𝑖=1 𝜏

𝑖
𝑦̃𝑖
𝑘 (x𝑖 , .).

See the proof in the full version [13]. To compute 𝑓 𝑡+1 (x), we will
need all x𝑖 , 𝑖 ∈ [𝑡]. We also have to do a linearly increasing number

of kernel computations in each iteration. Thismakes DFORD-Kernel

memory and compute-intensive. To tackle these issues, we use

truncation [9], where we omit the sum from 𝑖 = 1 up to a certain

𝑖 = 𝑡 −𝛿 only (𝛿 is the truncation parameter) while computing 𝑓 𝑡+1.

𝑓 𝑡+1 (.) = 1

𝜆𝑡

𝑡∑︁
𝑖=max(1,𝑡−𝛿 )

𝜏𝑖
𝑦̃𝑖
𝑘 (x𝑖 , .)

Complete details of DFORD-Kernel are given in the full version

[13]. DFORD-Kernel also maintains the orders of thresholds and

achieves a regret bound of O(log𝑇 ). See [13] for more details.

5 EXPERIMENTS
Datasets Used: We used Abalone [14] and California Housing

(CH) [17] datasets. For Abalone, we used DFORD-Kernel with

(𝑘 (x1, x2) = (1 + x⊤
1
x2)3). For CH, we used DFORD-Linear. Target

values for the Abalone dataset are discretized by mapping interval

[1, 7] to 1, (7, 9] to 2, (9, 12] to 3 and 12 onwards to 4. Target values
in the CH dataset were divided into 10 equi-frequent categories [4].

Baselines: We compare DFORD with two baselines. (a) PRank [5],

which is a full information based online OR approach, (b) PRIL [12]

which is an interval label based online OR approach.

Experimental Results: We use average MAE loss (eq. (1)) over

𝑇 iterations. We do average over 10 independent runs. Figure 1

shows that DFORD outperforms PRIL (partial label based approach).

We see that DFORD performs comparably to PRank (a full infor-

mation approach). These observations support the argument that

directional feedback can lead to efficient ordinal regression models.

Please refer [13] for detailed experimental results.

6 CONCLUSION
In this paper, we motivate the importance of directional feedback in

OR tasks. We proposed an algorithm for online OR with directional

feedback. We provide regret bounds for DFORD. DFORD performed

comparably to the full information baseline and outperformed the

weakly supervised baseline. Our findings suggest that directional

feedback based learning is equally efficient for OR models.
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