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ABSTRACT
The Adjusted Winner (AW) method is a fundamental procedure for
the fair division of indivisible resources between two agents. How-
ever, its reliance on splitting resources can lead to practical compli-
cations. To address this limitation, we propose an extension of AW
that allows the sale of selected resources under a budget constraint,
with the proceeds subsequently redistributed, thereby aiming for
allocations that remain as equitable as possible. Alongside devel-
oping this extended framework, we provide an axiomatic analysis
that examines how equitability and envy-freeness are modified in
our setting. We then formally define the resulting combinatorial
problems, establish their computational complexity, and design a
fully polynomial-time approximation scheme (FPTAS) to mitigate
their inherent intractability. Finally, we complement our theoreti-
cal results with computer-based simulations.
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1 INTRODUCTION
The Adjusted Winner (AW) method [10] is a foundational protocol
for fair division between two agents. It assumes that each agent has
a confidential additive utility function 𝑢1, 𝑢2 : P(𝑅) → N0 over a
finite set of indivisible resources 𝑅, and is facilitated by a neutral
mediator. The agents’ utility functions are defined on a common
cardinal scale, i.e.,

∑
𝑟 ∈𝑅 𝑢1 (𝑟 ) =

∑
𝑟 ∈𝑅 𝑢2 (𝑟 ), so that their utilities

are directly comparable. The allocation proceeds in two phases:
Phase 1 (Initial Allocation): Each resource 𝑟 ∈ 𝑅 is allocated

to the agent who values it more: if 𝑢1 (𝑟 ) > 𝑢2 (𝑟 ), then 𝑟 is
assigned to Agent 1; otherwise, it is assigned to Agent 2.
This results in a tentative allocation (𝑆1, 𝑆2).

This work is licensed under a Creative Commons Attribution Inter-
national 4.0 License.
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Phase 2 (Adjustment): To equalize the total utilities of the
two agents, the algorithm identifies the agent who currently
has the higher total utility (the advantaged agent 𝑎) and
considers transferring resources from agent 𝑎 to the other
agent 𝑏. The resources owned by the advantaged agent are
sorted in non-decreasing order of the ratio 𝑢𝑎 (𝑟 )

𝑢𝑏 (𝑟 ) . Resources
are then transferred in this order until the agents’ total utili-
ties become equal, 𝑢1 (𝑆1) = 𝑢2 (𝑆2). If exact equality cannot
be achieved by transferring whole resources, the last trans-
ferred resource is divided fractionally between the agents;
this fractional transfer is referred to as a split.

Despite its prominence,1 some theoretical properties and com-
putational aspects of AW remain relatively under-explored [3, 9, 17,
24, 25, 27]. The method is especially notable for guaranteeing equi-
table, envy-free, and Pareto-optimal allocations under additive valu-
ations.These strong fairness properties, however, crucially depend
on the ability to divide one (arbitrary) indivisible resource. Indeed,
the possibility of splitting a contested resource is fundamental to
AW’s guarantees, which can render the method less applicable in
settings where such divisions are infeasible or undesirable.

Our study addresses the practical infeasibility of resource split-
ting by permitting the sale of selected resources, subject to a global
budget and resource-specific costs that capture the logistical or
emotional burdens involved. We deliberately retain the Adjusted
Winner (AW) framework because it is both simple and transparent,
allowing parties to clearly understand how the allocation is deter-
mined. Yet the reliance of AW on fractional division is often un-
realistic. For instance, a shared rented apartment or a sentimental
family heirloom cannot be literally divided, and even selling such
resources may involve substantial emotional or procedural costs.
Our extension preserves the intuitive and user-friendly nature of
AW while replacing fractional splits with resource sales, maintain-
ing its transparency while accommodating real-world constraints.

Optimizing Equitability under Indivisibility Constraints. Instead
of maintaining a formal guarantee of equitability at the cost of ig-
noring the indivisibility of resources, as in the classic AW method,
we explicitly model indivisibility and aim to optimize equitability
within feasible bounds. While exact equitability may still be attain-
able in special cases, we do not enforce it when it would require
impractical or infeasible splits. The framework (which can be seen
as an extension of AW) permits the sale ofmultiple resources under

1https://pages.nyu.edu/adjustedwinner/
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a mediator-defined global budget, allowing equitability to be opti-
mized subject to indivisibility, selling costs, and potential revenue
from sold resources.

Welfare from Selling. Allowing the sale of resources naturally re-
quires integrating both the agents’ utilities for allocated resources
and the revenue generated from selling resources. Accordingly, we
define each agent’s welfare as the sum of the utility they obtain
from their allocated resources and the share of the revenue they re-
ceive from sold resources. Once a plan specifying which resources
are allocated and which are sold has been determined, the total rev-
enue from the sold resources is divided between the two agents so
as to make their resulting welfares as balanced as possible.

Although agents cannot resell the resources they receive within
our setting, it is reasonable to expect that, if a resale were to oc-
cur later on the open market, the obtainable revenue would not
exceed the higher valuation among the two agents. At the same
time, in many practical settings such as urgent liquidations, pri-
vate exchanges, or emotionally constrained sales, market transac-
tions tend to under-capture value. Therefore, we assume that the
revenue obtainable from selling any resource does not exceed the
higher utility that either agent assigns to it.

Cost of Selling. In this framework, selling a resource comes with
its own cost, which might reflect the effort, time, or extra fees re-
quired to complete a sale. There is an overall limit (budget) on how
much can be spent on selling. Importantly, these selling costs are
of a completely different nature from the benefit or satisfaction the
agents receive from the resources themselves. For example, when
dividing up property during a divorce, selling a car or a house of-
ten involves a lot of paperwork, legal procedures, and sometimes
additional expenses.

A particularly relevant special case arises when costs are re-
stricted to {0,∞} or to unary values. The former allows one to
designate certain resources as unsellable (by assigning an infinite
cost) or freely sellable (with zero cost), while the latter effectively
limits the number of resources that can be sold.These special cases
make the framework flexible enough to capture both continuous
and discrete forms of selling constraints.

Positive Welfare. Since in our setting all utilities and prices are
nonnegative, it is straightforward to see that both agents obtaining
zerowelfare constitutes a trivial yet uninformative form of fairness.
To exclude such degenerate cases, we require that any feasible plan
must yield strictly positive welfare for both agents.

Our contributions. We introduce the Dispute Settlement with In-
divisible Resources and Sale (DSIRS) framework, which provides a
principled foundation for resolving disputes in contexts where re-
sources cannot be divided, either for practical or emotional reasons.
Within this framework, we formalize a family of Adjusted Winner
without Splitting (AWNS) combinatorial optimization problems and
analyze both their computational complexity and fairness proper-
ties. In particular, we establish an FPTAS for the AWNS-𝜌 problem,
a parameterized variant in which 𝜌 measures the ratio between the
agents’ achieved welfare levels. Finally, we complement our theo-
retical results and modeling by computer-based simulations. In the
paper, proofs of selected results are omitted from the main text and
provided in the full version [12].

2 RELATEDWORK
We briefly survey prior work related to fairness, indivisibility, and
conflict resolution in fair division problems.

Control in Allocation and Elections. Modifying the availability
of resources to influence outcomes is conceptually related to con-
trol in voting, where agents alter the set of candidates or voters
to achieve their preferred result [5, 18, 22]. In fair division, similar
ideas arisewhen resources are pre-selected, withheld, or reweighted
to affect final allocations [5]. Our approach can be interpreted as
a constrained form of resource selling aimed at preventing splits
rather than optimizing strategic advantage.

Fair Division as Conflict Resolution. Fair division mechanisms
have long been used as tools for conflict resolution, particularly
in situations where indivisibilities lead to impasses [8, 10, 23]. In
such cases, modifying the problem instance—e.g., by deleting or
monetizing contentious resources—can facilitate compromise. Our
work formalizes this intervention-based approach within the AW
framework, providing theoretical and computational guarantees
for fairness- and efficiency-oriented resource selection strategies.

Resource Sale (Donation) and Envy-Freeness. Bilò et al. [6] con-
sider achieving envy-freeness by selling resources and redistribut-
ing proceeds.Their work focuses on general allocation frameworks
and provides a PTAS for two agents. Our model differs in that it
retains the AW structure and leverages resource sale not for reallo-
cation per se, but to satisfy constraints that preclude splits, thereby
preserving properties of the original AW method under additional
feasibility constraints. Chaudhury et al. [16] study the existence
of EFX allocations for agents with general valuations and show
that donating a small number of non-envied resources to charity,
which can be seen as a degenerate case of a sale with zero payment,
suffices to ensure the existence of such allocations.

Fairness Guarantees with Indivisible Resources. Sincewe consider
all resources to be truly indivisible—unlike in the Adjusted Win-
ner method—we cannot guarantee equitability, envy-freeness and
Pareto optimality. This limitation is not unique to our approach:
it is intrinsic to the setting. As emphasized in recent algorithmic
surveys on discrete fair division [2, 4], exact fairness guarantees
such as envy-freeness and proportionality become infeasible once
resources become indivisible, motivating relaxations such as envy-
freeness up to one resource (EF1) [1, 26]. Concurrently, empirical
studies of family property and inheritance mediation report that
disputants and neutrals prioritize enforceable whole-resource out-
comes, confidentiality, and efficiency over fractional allocations
or theoretically ideal fairness [19]. Guided by this evidence, our
model deliberately avoids unattainable guarantees and instead pro-
motes a policy of minimal inequality: it ensures that the final allo-
cation consists only of indivisible resources, and permits resource
sales under predefined constraints to reduce disparity between the
agents. Chakraborty et al. [15] propose another AW–style algo-
rithm that respects indivisibility and guarantees weighted envy-
freeness up to one item (EF1) for agents with arbitrary entitle-
ments.

Divisible Revenue. Halpern and Shah [21] proposed achieving
envy-freeness through external monetary subsidies, where a third
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party provides additional divisible resources to offset fairness viola-
tions. Relatedly, more recent work has studied conceptually equiv-
alent mechanisms under different names, such as subsidies or dol-
lars (money) [13, 14]. Our work is conceptually complementary:
instead of adding external money, we restore balance by selling
certain resources to generate divisible revenue within the system.

3 BASICS AND MODEL
In this section, we formally introduce the DSIRS framework for
allocating indivisible resources with the option of selling some
resources and examine the new challenges that arise under the
no-split constraint. These considerations motivate a family of opti-
mization problems that we study in the subsequent sections.

3.1 Framework (DSIRS)
We begin with a commonly encountered scenario and develop a
framework based on it. Two agents, Agent 1 and Agent 2, seek
to allocate their indivisible assets. We call this framework Dispute
Settlement with Indivisible Resources and Sale (DSIRS).

Definition 3.1 (DSIRS). An instance of DSIRSI = ⟨𝑅,𝑢1, 𝑢2, 𝑝, 𝑐, 𝐵⟩
consists of:
• a finite set of indivisible resources, 𝑅 = {𝑟1, 𝑟2, . . . , 𝑟𝑚},
• an additive utility function 𝑢 𝑗 : 𝑅 → N0 for each agent

𝑗 ∈ {1, 2}, s.t. ∑𝑟 ∈𝑅 𝑢1 (𝑟 ) =
∑
𝑟 ∈𝑅 𝑢2 (𝑟 ),

• an additive price (revenue) function 𝑝 : 𝑅 → N0, where 𝑝 (𝑟 )
denotes the revenue generated from selling 𝑟 , s.t. 𝑝 (𝑟 ) ≤
max{𝑢1 (𝑟 ), 𝑢2 (𝑟 )},
• an additive selling cost function 𝑐 : 𝑅 → N0,
• a budget for total cost 𝐵 ∈ N0.

Remark. By additivity, we denote𝑢 𝑗 (𝑆) =
∑
𝑟 ∈𝑆 𝑢 𝑗 (𝑟 ) for all 𝑆 ⊆ 𝑅

and 𝑗 ∈ {1, 2}; 𝑝 (𝑆) = ∑
𝑟 ∈𝑆 𝑝 (𝑟 ) for all 𝑆 ⊆ 𝑅; 𝑐 (𝑆) = ∑

𝑟 ∈𝑆 𝑐 (𝑟 )
for all 𝑆 ⊆ 𝑅. For convenience, when the indices of the resources
are fixed and clear from the context, we denote 𝑢 𝑗 (𝑟𝑖 ), 𝑝 (𝑟𝑖 ) and
𝑐 (𝑟𝑖 ) by 𝑢𝑖 𝑗 , 𝑝𝑖 and 𝑐𝑖 , respectively.

Having defined an instance of DSIRS, we now specify what con-
stitutes a solution. Every resource is required to be in exactly one
of three mutually exclusive subsets: 𝑆0, 𝑆1, and 𝑆2, where 𝑆0 con-
tains the resources sold to generate divisible funds, and 𝑆1 and 𝑆2
contain the resources allocated to agents 1 and 2, respectively. A
tuple S(I) = ⟨𝑆0, 𝑆1, 𝑆2⟩ is called a plan (solution) of an instance of
DSIRS I = ⟨𝑅,𝑢1, 𝑢2, 𝑝, 𝑐, 𝐵⟩. When the instance is clear from con-
text, we write S. The welfare functions for a plan S = ⟨𝑆0, 𝑆1, 𝑆2⟩
in instance I are defined as

𝑊1 (S,I) = 𝑢1 (𝑆1)+𝑞·𝑝 (𝑆0), 𝑊2 (S,I) = 𝑢2 (𝑆2)+(1−𝑞)·𝑝 (𝑆0),

where the fraction 𝑞 ∈ [0, 1] specifies how the revenue from the
sold resources is divided between the two agents. For any fixed
𝑆0, 𝑆1, 𝑆2, this fraction is uniquely determined by requiring the two
agents’ welfares to be as balanced as possible. Formally,

𝑞 = max

(
0, min

(
1,

𝑝 (𝑆0) − 𝑢1 (𝑆1) + 𝑢2 (𝑆2)
2𝑝 (𝑆0)

))
.

Thus, 𝑞 is not a decision variable of the plan but a derived quantity
that ensures minimal welfare imbalance given the chosen sets.

Remark. 𝑊𝑖 (S,I) denotes the welfare that Agent 𝑖 obtains under
planS for instanceI.When the instance is clear butmultiple plans
are considered, we write𝑊𝑖 (S) for the welfare of Agent 𝑖 under
plan S. When both the instance and plan are clear from context or
when referring to the welfare of Agent 𝑖 in general, we write𝑊𝑖 for
brevity. Unless otherwise specified, the value of 𝑞 is determined by
the choice of 𝑆0, 𝑆1, 𝑆2 as described above. In certain special cases,
we write S(I) as ⟨𝑆0, 𝑆1, 𝑆2, 𝑞′⟩, where the parameter 𝑞 is fixed to
the given value 𝑞′.

A plan S is called feasible if𝑊1 (S),𝑊2 (S) > 0 and 𝑐 (𝑆0) ≤ 𝐵.
That is, both agents obtain strictly positive welfare, and the total
cost associated with selling resources does not exceed the budget 𝐵.
The quantity 𝑐 (𝑆0) is also referred to as the organizational cost. In
the following, we restrict our attention to feasible plans.

3.2 Fairness Analysis
Here, we investigate some fairness properties of the DSIRS frame-
work. We introduce two equitability thresholds: (a) welfare differ-
ence 𝑑 = |𝑊1 −𝑊2 | and (b) welfare ratio 𝜌 = max{𝑊1

𝑊2
, 𝑊2
𝑊1
}. The

following proposition shows that, for any fixed partition 𝑆0, 𝑆1, 𝑆2
of the resources, the same choice of 𝑞 simultaneously minimizes
both objectives.

PRoposition 3.2. Let I be an instance of DSIRS and let 𝑆0, 𝑆1, 𝑆2
be a partition of the resources 𝑅. Define

𝑞1 = arg min
𝑞′∈[0,1]

��𝑢1 (𝑆1) − 𝑢2 (𝑆2) + (2𝑞′ − 1) · 𝑝 (𝑆0)�� ,
𝑞2 = arg min

𝑞′∈[0,1]
max

{
𝑊 ′1
𝑊 ′2

,
𝑊 ′2
𝑊 ′1

}
,

where
𝑊 ′

1
𝑊 ′

2
= 𝑢1 (𝑆1 )+𝑞′ ·𝑝 (𝑆0 )

𝑢2 (𝑆2 )+(1−𝑞′ ) ·𝑝 (𝑆0 ) . Then 𝑞1 = 𝑞2.

CoRollaRy 3.3. For any plan S,𝑊1 (S) −𝑊2 (S) = 0 if and only
if 𝑊1 (S)

𝑊2 (S) = 1.

The proposition shows that, for any fixed partition 𝑆0, 𝑆1, 𝑆2, the
same choice of 𝑞 simultaneously minimizes both the welfare differ-
ence𝑑 and the welfare ratio 𝜌 . In contrast, when the partition itself
is part of the decision (i.e., 𝑆0, 𝑆1, 𝑆2 are not given but chosen to op-
timize the objective), the optimal partitions for minimizing 𝑑 and
minimizing 𝜌 may differ.The following proposition formalizes this
observation.

PRoposition 3.4. Given an instance of DSIRS, a plan S that min-
imizes 𝑑 may not minimize 𝜌 , and vice versa.

We also consider the widely studied concept of envy-freeness
as a fairness criterion [11], and provide a definition tailored to our
framework. However, as we will demonstrate shortly, such a plan
does not always exist in our setting. Furthermore, the pursuit of
envy-freeness may be incompatible with our earlier objective of
minimizing equitability thresholds such as 𝑑 or 𝜌 .

Definition 3.5 (Envy-freeness). For a plan S = ⟨𝑆0, 𝑆1, 𝑆2⟩, define
the (signed) envies:

envy1 (S) =𝑊1 (S′) −𝑊1 (S), envy2 (S) =𝑊2 (S′) −𝑊2 (S),
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where S′ = ⟨𝑆0, 𝑆2, 𝑆1, 1−𝑞⟩ and 𝑞 is determined by S. The plan is
envy-free if

envy1 (S) ≤ 0 and envy2 (S) ≤ 0.

That is, neither agent would like to have the other’s bundle (with
revenue share).

PRoposition 3.6. Given an instance of DSIRS, an envy-free plan
does not always exist.

PRoposition 3.7. Given an instance of DSIRS, a planS with min-
imum𝑑 may not be envy-free, whereas an envy-free planS′ may not
have minimum 𝑑 .

By Corollary 3.3 and Proposition 3.7, we immediately obtain the
following corollary.

CoRollaRy 3.8. Given an instance of DSIRS, a plan that has min-
imum 𝜌 may not be envy-free, whereas an envy-free plan may not
have minimum 𝜌 .

3.3 Adjusted Winner without Splitting (AWNS)
The DSIRS framework closely parallels the Adjusted Winner (AW)
algorithm. However, directly applying AW in this context may re-
sult in resource splits, violating the indivisibility constraint. Ac-
cordingly, for any subset 𝑆0 ⊆ 𝑅 selected for sale, we consider
only the partial execution of AW on the residual instance 𝑅 \ 𝑆0,
halting the procedure immediately before a split would occur. This
ensures that all resources in 𝑅 \ 𝑆0 are allocated integrally to one
agent or the other. We refer to the result as the AW-derived plan.

Definition 3.9 (AW-derived plan). Given an instance I and a sub-
set 𝑆0 ⊆ 𝑅 of resources to be sold, the AW sub-plan 𝑆𝑃 (𝑆0,I) is
the allocation (𝐺1,𝐺2) produced by running the Adjusted Winner
(AW) algorithm on 𝑅 \ 𝑆0, halting immediately in Phase 2 (a) be-
fore any split would occur or (b) when |𝑢1 (𝑆1) − 𝑢2 (𝑆2) | ≤ 𝑝 (𝑆0)
holds, since in that case the welfare gap between the agents can
already be balanced by redistributing the sale revenue. The AW-
derived plan 𝑃AW (𝑆0,I) is the triple ⟨𝑆0, 𝑆1, 𝑆2⟩.

The following example demonstrates how selling resources can
eliminate the need for splitting.

Example 3.10. Consider a couple, Alex and Belle, who decide to
divide their joint possessions: a vintage Rolex watch 𝑟1, four local
art pieces 𝑟2—𝑟5, and a designer bag 𝑟6. Their valuations and po-
tential sale revenues are listed below. Under the classical Adjusted
Winner (AW) procedure, the watch 𝑟1 would need to be split to
achieve equity, even after transferring all local art pieces fromAlex
to Belle (Alex 56, Belle 50).

𝑟1 𝑟2 𝑟3 𝑟4 𝑟5 𝑟6

Alex 56 11 11 11 11 0
Belle 50 10 10 10 10 10
Revenue 50 5 5 5 5 5

Considering selling the watch 𝑟1, Alex receives {𝑟2, 𝑟3, 𝑟4, 𝑟5}
and Belle receives {𝑟6}. Dividing the revenue proportionally (Alex 8,
Belle 42) makes both agents’ welfares equal at 52.

This illustrates how replacing splitting with selling can restore
fairness without compromising indivisibility, leading to our Ad-
justed Winner without Splitting (AWNS) framework.

3.4 Problem Formulations
We introduce the family of AWNS problems, each of which seeks to
prevent the splitting of resources between agents when applying
the Adjusted Winner (AW) algorithm.

Definition 3.11 (AWNS-d). Given an instance of DSIRS I, find
𝑆0 ⊆ 𝑅 such that the AW-derived plan S = 𝑃AW (𝑆0,I) minimizes

𝑑 = |𝑊1 (S,I) −𝑊2 (S,I)| .

Definition 3.12 (AWNS-d-c). Given an instance of DSIRS I and
a fixed 𝑑 ≥ 0, find 𝑆0 ⊆ 𝑅 such that the AW-derived plan S =
𝑃AW (𝑆0,I) satisfies |𝑊1 (S,I) −𝑊2 (S,I)| ≤ 𝑑 and minimizes

𝑐 (𝑆0) =
∑
𝑟 ∈𝑆0

𝑐 (𝑟 ) .

Definition 3.13 (AWNS-𝜌). Given an instance of DSIRS I, find
𝑆0 ⊆ 𝑅 such that the AW-derived plan S = 𝑃AW (𝑆0,I) minimizes

𝜌 =
max{𝑊1 (S,I),𝑊2 (S,I)}
min{𝑊1 (S,I),𝑊2 (S,I)}

.

Definition 3.14 (AWNS-𝜌-c). Given an instance of DSIRS I and
a fixed 𝜌 ≥ 1, find 𝑆0 ⊆ 𝑅 such that the AW-derived plan S =

𝑃AW (𝑆0,I) satisfies max{𝑊1 (S,I),𝑊2 (S,I) }
min{𝑊1 (S,I),𝑊2 (S,I) } ≤ 𝜌 and minimizes

𝑐 (𝑆0) =
∑
𝑟 ∈𝑆0

𝑐 (𝑟 ) .

The next two sections address the algorithmic and complexity
aspects of the AWNS problem family. Section 4 establishes the com-
putational complexity and inapproximability of these problems,
while Section 5 presents an FPTAS for AWNS-𝜌 .

4 COMPUTATIONAL COMPLEXITY AND
INAPPROXIMABILITY

In this section, we show that all above problems except for AWNS-𝜌
are weakly NP-hard and inapproximable. To make these hardness
results precise, we first recall the formal notion of multiplicative
approximation [29].

Definition 4.1 (Multiplicative Approximation). Let 𝑄 be a mini-
mization problem whose feasible solutions yield objective values
𝑓 (·). For any instance, let

OPT = min
sol∈𝔖ALL

𝑓 (sol), ALG = 𝑓 (solalg),

where solalg is the solution returned by a polynomial-time algo-
rithm,𝔖ALL is the set for all feasible solutions. Then the algorithm
is called a multiplicative 𝛽-approximation if

ALG ≤ 𝛽 · OPT,
for all instances, where 𝛽 ≥ 1 is the approximation ratio. If no
constant 𝛽 satisfies this, we say the inapproximability holds for 𝑄 .

This section centers onTheorem 4.2, which establishes the inap-
proximability of AWNS-d-c. Before the proof begins, we state the
following remarks.

Remark. Theorem 4.2 relies on the 1
𝑘 -Balanced Partition problem:

Given a set of integers 𝐻∗ = {𝑎1, 𝑎2, . . . , 𝑎𝑚}, the goal is to find a
subset 𝐴 ⊆ 𝐻∗ with |𝐴| = 1

𝑘 |𝐻
∗ | and ∑

𝐴 = 1
2
∑
𝐻∗. This problem

is proven to be NP-hard in the detailed version.
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Remark. When 𝑐 (𝑟 ) = 1 and 𝑝 (𝑟 ) = 0 for all 𝑟 ∈ 𝑅, choosing
resources to sell is exactly choosing them to ”delete” and at most
𝐵 resources can be deleted.

TheoRem 4.2. Unless P = NP, the inapproximability holds for
AWNS-d-c.

PRoof. To show inapproximability, we reduce the 1
𝑘 -Balanced

Partition problem to AWNS-d-c. Given an instance of 1
𝑘 -Balanced

Partition 𝐻∗ = {𝑎1, 𝑎2, . . . , 𝑎𝑛}, we construct an instance A of
AWNS-d-c as follows: (a) welfare equality is required, i.e., 𝑑 = 0
or 𝜌 = 1; (b) selling yields no return, i.e., 𝑝 (𝑟 ) = 0 for all 𝑟 ∈ 𝑅; and
(c) each resource has unit cost, 𝑐 (𝑟 ) = 1 for all 𝑟 ∈ 𝑅, and (d) selling
all the resources is not allowed, 𝐵 = 𝑛+1. In the following, the first
and second row refer to the utilities of resources of Agent 1 and
Agent 2 respectively.[

𝑎1+𝑚 ... 𝑎𝑜+𝑚 ... 𝑎𝑙+𝑚 ... 𝑎𝑛+𝑚 𝑚∗ 𝑚∗

0 ... 0 ... 0 ... 0 𝑠half+𝑙𝑚+𝑚∗ 𝑠half+𝑜𝑚+𝑚∗
]

with 𝑙 = 𝑛 − ⌊𝑛𝑘 ⌋, 𝑜 = ⌊𝑛𝑘 ⌋,𝑚 is a large enough number,𝑚∗ = 𝑚𝑛,
𝑠 =

∑𝑛
𝑖=1 𝑎𝑖 , and 𝑠half =

1
2𝑠 . Here, w.l.o.g., we assume 𝑛

𝑘 and 𝑠half
are integers, s.t. 𝑙 = (𝑘 − 1)𝑜 and 𝑠 is even. The reduction can be
performed in polynomial time. Now we have further observations.
• Exactly one of the last two resources should be kept for

Agent 2. Otherwise, Agent 2 gets either 0 or a too large num-
ber. The chosen one is kept for Agent 2, and the unchosen
one cannot be deleted.
• Instead, the unchosen one should be transferred to Agent 1.

This can ensure that Agent 1 gets at least𝑚∗.
• If the last but one is transferred, then exactly 𝑙 resources

have to be deleted; if the last one is transferred, then exactly
𝑜 resources have to be deleted. The latter is optimal.

𝐻∗ is a YES-instance if and only if A is a YES-instance.
(=⇒) Since 𝐻∗ is a YES-instance, there is a subset 𝐴 with∑
𝑒∈𝐴 𝑒 = 1

2
∑
𝑒∈𝐻 ∗ 𝑒 = 𝑠half and |𝐴| = ⌊ 1𝑘 |𝐻

∗ |⌋ = 𝑜 . Then, we get
two solutions forA: (1) Transferring the last resource and deleting
exactly 𝑜 other resources corresponding to the resources in 𝐴. In
this case, either of the two agents gets 𝑠half + 𝑙𝑚 +𝑚∗. (2) Transfer-
ring the last but one resource and deleting exactly 𝑙 other resources
corresponding to the resources in 𝐻∗\𝐴. In this case, either of the
two agents gets 𝑠half + 𝑜𝑚 +𝑚∗.
(⇐=) SinceA is a YES-instance, two solutions exist: (a) transfer

the last resource and delete 𝑜 others; (b) transfer the penultimate
resource and delete 𝑙 others. Solution (a) is optimal for 𝐻∗.

Assume, for contradiction, that there exists a polynomial-time
approximation algorithm for AWNS-d-c with approximation ratio
𝛽 . For any instance of 1

𝑘 -Balanced Partition with 𝑘 − 1 ≤ 𝛽 , the
constructed AWNS-d-c instance has 𝑙

𝑜 = 𝑘 − 1 ≤ 𝛽 , where 𝑜 is the
number of resources deleted in the optimal solution and 𝑙 in the
only alternative.Thus, the algorithmwould return a solutionwith 𝑙
resources to delete, thereby indirectly distinguishing between YES-
and NO-instances of the 1

𝑘 -Partition problem in polynomial time,
contradicting its NP-hardness unless P = NP.

In summary, to achieve 𝑑 = 0 in the constructed instance of
AWNS-d-c, there are at most two feasible solutions: the one deletes
𝑜 resources (the optimal) and the other deletes 𝑙 resources; ifA is a
YES-instance, such two solutions exist, and otherwise no solution

exists. The construction guarantees that only these two solutions
are possible, with 𝑙

𝑜 = 𝑘 − 1 (which is not constant). Therefore, no
polynomial-time algorithm can achieve a constant approximation
ratio 𝛽 for AWNS-d-c unless P = NP. □

Combining Theorem 4.2 and Corollary 3.3 yields the following
corollary.

CoRollaRy 4.3. Unless P = NP, the inapproximability holds for
AWNS-d-c, AWNS-𝜌-c, even when 𝑑 = 0, 𝜌 = 1.

In the proof of Theorem 4.2, we observe that the instance of the
1
𝑘 -Balanced Partition problem is a YES-instance if and only if there
exists an allocation for which 𝑑 = 0 and 𝜌 = 1—that is, exactly 𝑜
resources are sold. Evidently, the same reduction applies to show
that AWNS-d, and AWNS-d-c are both weakly NP-hard.

CoRollaRy 4.4. AWNS-d, AWNS-𝜌 are bothweakly NP-hard, and
even when 𝑑 = 0, 𝜌 = 1 is given, AWNS-d-c, AWNS-𝜌-c, are also
weakly NP-hard.

TheoRem 4.5. Unless P = NP, the inapproximability holds for
AWNS-d.

5 AN FPTAS FOR AWNS-𝜌
We continue to show an FPTAS for AWNS-𝜌 . A fully polynomial-
time approximation scheme (FPTAS) is widely considered a desir-
able form of approximation algorithm, as it offers a flexible trade-
off between computational efficiency and solution accuracy for
many optimization problems that are typically regarded as hard.[29]

Definition 5.1 (FPTAS). A fully polynomial-time approximation
scheme (FPTAS) for an optimization problem is an algorithm that,
given any instance and any 𝜀 > 0, produces a solutionwith value at
most (1+𝜀) times the optimal value (forminimization problems), or
at least (1−𝜀) times the optimal value (for maximization problems),
and runs in time polynomial in both the input size and 1/𝜀.

Before proceeding with the proof, we offer the following re-
marks to help clarify the subsequent argument.

Remark. Here, we rename the set 𝑅 so that the elements 𝑟𝑖 are
ordered in descending order according to the ratio 𝑢𝑖1

𝑢𝑖2
. In addition,

we introduce two indices, denoted 𝑖◀ and 𝑖▶ (with 𝑖◀ ≤ 𝑖▶), which
indicate the positions where transfers or sales must occur.

Remark. Since the AW algorithm does not specify how to choose
the transfer sequencewhenmultiple resources share the same value
of 𝑢𝑖1

𝑢𝑖2
, we assume that the ratio-sorted list of resources follows a

fixed tie-breaking rule: ties are resolved from left to right accord-
ing to a predefined order (ties are resolved by resource index in
increasing order).

TheoRem 5.2. There is an FPTAS for AWNS-𝜌 .

PRoof. Here is a short version. See the full paper for details.
(A) Firstly, we define a table𝑇 [𝔦,𝔬, 𝔲1, 𝔲2,𝔭] for the dynamic pro-

gramming, where each entry corresponds to a tuple representing
different aspects of the problem.
• 𝔦: Consider the first 𝔦 resources.
• 𝔬: The number of resources to be sold.
• 𝔲1: The current utility for Agent 1 with respect to allocation.
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• 𝔲2: The current utility for Agent 2 with respect to allocation.
• 𝔭: The current revenue obtained from selling the resources.

This table allows us to explore the different combinations and
transitions of resources being allocated and sold, taking into con-
sideration the utilities and costs for both agents, as well as the rev-
enue obtained from sales. 𝑇 [𝔦,𝔬, 𝔲1, 𝔲2,𝔭] =⊥ (undefined) means
that the combination is impossible. If it equals a tuple consisting
of three sets 𝑆0, 𝑆1, 𝑆2, and a number for the cost 𝔠, i.e. [𝑆0, 𝑆1, 𝑆2, 𝔠],
then the combination is possible, and these three sets are the solu-
tion and 𝔠 is the cost: 𝑐 (𝑆0). Here is the base:

• 𝑇 [𝔦,𝔬, 𝔲1, 𝔲2,𝔭] =⊥ if any index is negative or 𝔦 < 𝔬,
• 𝑇 [0, 0, 0, 0, 0] = [∅, ∅, ∅, 0],
• 𝑇 [0,𝔬, 𝔲1, 𝔲2,𝔭] =⊥ if any of 𝔬, 𝔲1, 𝔲2,𝔭 ≠ 0.

We assume that 𝑇 [𝔦,𝔬, 𝔲1, 𝔲2,𝔭] = [𝑆0, 𝑆1, 𝑆2, 𝔠], and it will be
updated to [𝑆 ′0, 𝑆

′
1, 𝑆
′
2, 𝔠
′] only if 𝔠′ < 𝔠. It ensures that the entry

𝑇 [𝔦,𝔬, 𝔲1, 𝔲2,𝔭] only records the solution with the lowest cost. If
𝑇 [𝔦,𝔬, 𝔲1, 𝔲2,𝔭] =⊥, we treat its cost as a very large number and
an update takes place only when the candidate cost is strictly less
than the current stored cost.

Note that we divide 𝑅 into 𝑅[1] , 𝑅[2] , and 𝑅[0] : 𝑟 ∈ 𝑅[0] if
𝑢1 (𝑟 ) = 𝑢2 (𝑟 ), and 𝑟 ∈ 𝑅[ 𝑗 ] if 𝑢 𝑗 (𝑟 ) > 𝑢 (3− 𝑗 ) (𝑟 ) for 𝑗 ∈ {1, 2}.
We further define 𝐴1 = 𝑅[1] , 𝐴2 = 𝑅[2] ∪ 𝑅[0] .

The induction rules are given in the following. Additionally, we
define two indices, 𝑖◀ and 𝑖▶ , such that resource transfer is re-
stricted to the interval between them, within which every resource
is either transferred or sold - none are retained. During computa-
tion, DP algorithm tries out all the possible choices of positions of
𝑖◀ and 𝑖▶ as well as the direction of transfer - whether it is from
𝐴1 to 𝐴2 or from 𝐴2 to 𝐴1. Whenever a transition leads to a cost
greater than 𝐵, the corresponding table entry remains undefined.

(B) We define𝑚max as the ceiling of half of the maximum value
that occurs in the optimal solution. Here, S = ⟨𝑆0, 𝑆1, 𝑆2⟩ is the
solutionminimizing the ratio 𝜌♡ = 𝑊1 (S)

𝑊2 (S) of the instanceI. In this
proof, we assume𝑊1 (S) ≥𝑊2 (S). (If this is not possible, swap the
roles of Agent 1 and Agent 2 and consider both Phase 1 variants
in which all utilities are initially assigned to Agent 1 or to Agent 2
(yielding four cases in total).) There must be a resource with index
𝑗1 for 𝑆1 such that 𝑢 𝑗11 = max{𝑢𝑖1 ∈ 𝑆1} = 𝑢max,1 and a resource
with index 𝑗2 for 𝑆2 such that𝑢 𝑗22 = max{𝑢𝑖2 ∈ 𝑆2} = 𝑢max,2, and a
resource with index 𝑗0 for 𝑆0 such that 𝑝 𝑗0 = max{𝑝𝑖 ∈ 𝑆0} = 𝑝max.
Finally, we have𝑚max = ⌈ 12 max{𝑝max, 𝑢max,1, 𝑢max,2}⌉.

We apply scaling to the parameters and carefully choosewhether
to round them up or down, ensuring that the size of the dynamic
programming table remains within polynomial bounds. Here, the
selection of upper and lower bounds for scaling is rigorous to en-
sure the validity of the subsequent inequalities.The numericalmag-
nitude of the scaled values must be just right; if too large, they may
not be polynomially bounded, and if too small, the inequalities in
Lemma 5.3 may become difficult or impossible to prove. For the
given instance I, we rescale it to get a new instance Î:

(1) For each 𝑖 ∈ {1, . . . , 𝑛}: if𝑢𝑖1 ≤ 𝑢max,1, then ˆ𝑢𝑖1 ← ⌈ 𝑢𝑖1 ·𝑛
𝜖 ′ ·𝑚max

⌉;
otherwise, then ˆ𝑢𝑖1 ←∞;

(2) For each 𝑖 ∈ {1, . . . , 𝑛}: if𝑢𝑖2 ≤ 𝑢max,2, then ˆ𝑢𝑖2 ← ⌊ 𝑢𝑖2 ·𝑛
𝜖 ′ ·𝑚max

⌋;
otherwise, then ˆ𝑢𝑖2 ← −∞;

(3) For each 𝑖 ∈ {1, . . . , 𝑛}: if 𝑝𝑖 ≤ 𝑝max, then 𝑝𝑖 ← ⌊ 𝑝𝑖 ·𝑛
𝜖 ′ ·𝑚max

⌋;
otherwise, then 𝑝𝑖 ← −∞.

(4) For each 𝑖 ∈ {1, . . . , 𝑛}: if 𝑝𝑖 ≤ 𝑝max, then ˆ𝑝𝑖+ ← ⌈ 𝑝𝑖 ·𝑛
𝜖 ′ ·𝑚max

⌉;
otherwise, then ˆ𝑝𝑖+ ←∞.

(C) Among all the solutions ⟨𝑆+0 , 𝑆
+
1 , 𝑆
+
2 ⟩ satisfying the constraint:

⌈1
2
max{max

𝑟1∈𝑆+1
{𝑢𝑖1}, max

𝑟𝑖 ∈𝑆+2
{𝑢𝑖2}, max

𝑟𝑖 ∈𝑆+0
{𝑝𝑖 }}⌉ =𝑚max (⋆)

(𝑚max is still the ceiling of half of the maximum value that occurs
in the optimal solution S = ⟨𝑆0, 𝑆1, 𝑆2⟩), let S′ = ⟨𝑆 ′0, 𝑆

′
1, 𝑆
′
2⟩ be the

optimal one for the scaled instance Î.
Let 𝜌♡ be the ratio of S wrt. I, 𝜌♢ be the ratio of S wrt. Î, Let

𝜌♣ be the ratio of S′ wrt. I and 𝜌♠ be the ratio of S′ wrt. Î. The
following lemma is central to our analysis.

Lemma 5.3. 𝜌♣ ≤ (1 + 𝜖)𝜌♡.

The proof of Lemma 5.3 is intricate. In essence, we show that:

𝜌♣ ≤ 𝜌♠ ≤ 𝜌♢ ≤ 𝜌♡ (1 + 𝜖) .
(D) There is a special case mentioned in Lemma 5.3 (Case 3.2 in

the detailed version). This special case and the knapsack problem
can be mutually reduced via a polynomial-time many-one reduc-
tion. Consequently, this special case also admits an FPTAS, inher-
ently included in the dynamic programming.

(E) At the end, we show the time complexity of this dynamic
programming algorithm is polynomial in the input size and in 1

𝜖 .
From the dynamic programming table, it is possible to findmultiple
solutions that minimize 𝜌 . Among all these optimal solutions, the
algorithm chooses to return those that are not Pareto dominated
by any other optimal solution—that is, no other solution gives both
agents at least as much welfare and one of them strictly more. □

6 SIMULATIONS
This section presents a simulation study designed to evaluate the
DSIRS framework on real-world data from the Spliddit platform [20],
where each instance specifies the allocation of 1,000 tokens by 𝑛
agents across 𝑚 resources. The first 5,000 Spliddit instances con-
taining between 4 and 15 resources and at least two agents were
selected for analysis. For each instance, two agents were sampled
at random in order to generate a two-player subproblem. Utilities
were restricted to the sampled agents for solving theAWNS-𝜌 prob-
lem. In contrast, resource prices (representing revenues from sales)
were computed using the full population of agents from the origi-
nal utility matrix, whereas resource-specific selling costs were de-
rived solely from the sampled pair. This reflects a setting in which
market prices are determined by population-level valuations, while
the cost of selling corresponds to the private emotional or logistical
burden borne by the specific agents involved.

Each resource’s selling cost and price were instantiated item-
wise via one of six mode pairs (avg, avg), (max, max), (avg,
max), (max, avg), (max, min), and (avg, min). For each resource
𝑗 ∈ [𝑚], we set 𝑐 𝑗 = op𝑐 (𝑢1 ( 𝑗), 𝑢2 ( 𝑗)) from the sampled pair and
𝑝raw𝑗 = op𝑝 ({𝑢𝑖 ( 𝑗)}𝑖∈𝑁 ) from the full population, where op𝑐 , op𝑝 ∈
{avg,max,min} follow the chosen mode. Population-level prices
may exceed disputants’ valuations, i.e., 𝑝raw𝑗 > max{𝑢1 ( 𝑗), 𝑢2 ( 𝑗)};
we retain this to model external market pricing and stress-test

Research Paper Track AAMAS 2026, May 25–29, 2026, Paphos, Cyprus

1018



𝑇 [𝔦,𝔬, 𝔲1, 𝔲2,𝔭] =


[
𝑆0 ∪ {𝑟𝑖 }, 𝑆1, 𝑆2, 𝔠 + 𝑐𝑖

]
, if 𝑇 [𝔦 − 1,𝔬 − 1, 𝔲1, 𝔲2,𝔭 − 𝑝𝑖 ] = [𝑆0, 𝑆1, 𝑆2, 𝔠] ∧ 𝔠 + 𝑐𝑖 ≤ 𝐵,[

𝑆0, 𝑆1 ∪ {𝑟𝑖 }, 𝑆2, 𝔠
]
, if 𝑇 [𝔦 − 1,𝔬, 𝔲1 − 𝑢𝑖1, 𝔲2,𝔭] = [𝑆0, 𝑆1, 𝑆2, 𝔠] ∧ 𝔠 ≤ 𝐵 and (𝑟𝑖 ∈ 𝐴1 and 𝑖 ≤ 𝑖◀),[

𝑆0, 𝑆1, 𝑆2 ∪ {𝑟𝑖 }, 𝔠
]
, if 𝑇 [𝔦 − 1,𝔬, 𝔲1, 𝔲2 − 𝑢𝑖2,𝔭] = [𝑆0, 𝑆1, 𝑆2, 𝔠] ∧ 𝔠 ≤ 𝐵 and (𝑟𝑖 ∈ 𝐴2 or 𝑖 ≥ 𝑖◀) .

Induction rule for AWNS-𝜌 (transfer from Agent 1 to Agent 2). Updates 𝑇 [𝔦,𝔬, 𝔲1, 𝔲2,𝔭] only when 𝔠 decreases.

𝑇 [𝔦,𝔬, 𝔲1, 𝔲2,𝔭] =


[
𝑆0 ∪ {𝑟𝑖 }, 𝑆1, 𝑆2, 𝔠 + 𝑐𝑖

]
, if 𝑇 [𝔦 − 1,𝔬 − 1, 𝔲1, 𝔲2,𝔭 − 𝑝𝑖 ] = [𝑆0, 𝑆1, 𝑆2, 𝔠] ∧ 𝔠 + 𝑐𝑖 ≤ 𝐵,[

𝑆0, 𝑆1 ∪ {𝑟𝑖 }, 𝑆2, 𝔠
]
, if 𝑇 [𝔦 − 1,𝔬, 𝔲1 − 𝑢𝑖1, 𝔲2,𝔭] = [𝑆0, 𝑆1, 𝑆2, 𝔠] ∧ 𝔠 ≤ 𝐵 and (𝑟𝑖 ∈ 𝐴1 or 𝑖 ≤ 𝑖▶),[

𝑆0, 𝑆1, 𝑆2 ∪ {𝑟𝑖 }, 𝔠
]
, if 𝑇 [𝔦 − 1,𝔬, 𝔲1, 𝔲2 − 𝑢𝑖2,𝔭] = [𝑆0, 𝑆1, 𝑆2, 𝔠] ∧ 𝔠 ≤ 𝐵 and (𝑟𝑖 ∈ 𝐴2 and 𝑖 ≥ 𝑖▶) .

Induction rule for AWNS-𝜌 (transfer from Agent 2 to Agent 1). Updates 𝑇 [𝔦,𝔬, 𝔲1, 𝔲2,𝔭] only when 𝔠 decreases.

AWNS-𝜌 . For each instance and mode combination, we solved the
AWNS-𝜌 problem using our FPTAS, where 𝜀 was fixed at 0.1, ensur-
ing that solutions remain close to the optimal while maintaining
computational scalability. To mitigate order effects, the algorithm
was executed once under each agent ordering, and the better out-
come was retained. For resources that were heavily dominated by
one agent in terms of utility, explicit forced-allocation and forced-
sale variants were also evaluated, with the best outcome selected
among all considered alternatives. The random seed was fixed at
42 to ensure reproducibility of the sampling procedure. This sim-
ulation empirically evaluates the performance of our FPTAS for
AWNS-𝜌 and examines how effectively it achieves near-equitable
outcomes under different cost/price assumptions and budget lim-
its. The simulation evaluates the equitability of the resulting allo-
cations, measured by the welfare ratio 𝜌 and the difference 𝑑 be-
tween the two allocations. These measures reflect the proximity
of the computed allocation to an equitable outcome under each
cost/price mode and budget.

Figure 1 reports the mean welfare ratio 𝜌 for each mode as a
function of the budget and Figure 2 reports the mean absolute dif-
ference between agent utilities 𝑑 for each mode as a function of the
budget. The results reveal a pronounced difference in equitability
across the modes. All modes exhibit sharp improvements in equi-
tability as budget increases, particularly moving from no selling
budget to any non-zero budget, where even modest budgets en-
able the algorithm to sell resources strategically and mitigate large
imbalances. The most equitable outcomes are obtained under the
average cost and average price modes. In contrast, the two modes
involving minimum price (average cost, minimum price and maxi-
mum cost and minimum price) yield significantly worse equitable
outcomes. This effect is attributable to the limited redistribution
power when prices are pessimistically estimated.

7 OUTLOOK
In this paper, we addressed the fair allocation of indivisible re-
sources between two agents within the DSIRS (Dispute Settlement
with Indivisible Resources and Sale) framework. To avoid splitting,
we proposed selling certain resources and redistributing the result-
ing revenue. We observed that the optimal fairness under different
criteria may not be simultaneously achievable.

Building on the simplicity and transparency of the Adjusted
Winner method, we formally defined a family of combinatorial
problems that prohibit resource splitting. We showed that these
problems are computationally intractable, with some variants even
provably inapproximable. Nevertheless, we developed an FPTAS
for the AWNS-𝜌 problem and supported it with simulations, illus-
trating the impact of designing selling costs and revenue schemes.

Our findings offer both theoretical insights and practical tools
for fair division through resource selling. We are particularly inter-
ested in exploring Pareto optimality in future work, that is, ensur-
ing plans that are not Pareto-dominated—no agent’s welfare can
be improved without making another worse off. Here, we point to
several directions for future research:

(1) Analyzing structural properties of DSIRS instances, using
theoretical tools and simulations (synthetically generated
instances) of artificial data, inspired by the “map of elec-
tions” and “putting fair division on the map” [7, 28].

(2) Investigating whether selling “problematic” resources using
each agent’s conversion rate betweenmoney and utility, rep-
resenting how each agent internally values monetary com-
pensation, followed by fair revenue redistribution, can re-
duce utility gaps while ensuring envy-freeness and Pareto
optimality. While this variant is intractable, it is worth ex-
ploring whether our FPTAS can approximate utility ratios
while preserving bounded EF.

(3) Studying a new fairness objective:maximizing theNash prod-
uct𝑊 =𝑊1 ·𝑊2, which encourages balance and guarantees
Pareto optimality. This leads to the following variant:

Definition 7.1 (AWNS-NW). Given an instance of DSIRS I, find
𝑆0 ⊆ 𝑅 such that the AW-derived plan S = 𝑃AW (𝑆0,I) maximizes

𝑁𝑊 =𝑊1 (S,I) ·𝑊2 (S,I) .
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Figure 1: Mean ratio 𝜌 = max(𝑊1
𝑊2

, 𝑊2
𝑊1
) as a function of the available budget, across six cost/price instantiations.

Figure 2: Mean utility difference 𝑑 = |𝑊1 −𝑊2 | as a function of the available budget, across six cost/price instantiations.
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