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ABSTRACT
Diffusion models have shown great promise for offline RL by captur-

ing complex data distributions, yet their standard formulations lack

explicit safety mechanisms. We propose Safe Diffusion Q-learning,

which extends Diffusion-QL by integrating a cost critic and a di-

rect penalty term into the diffusion policy objective to enforce

constraint satisfaction during action generation. Evaluated on the

DSRL benchmark, our method achieves near-zero constraint viola-

tion on challenging BulletSafetyGym and SafetyGym tasks while

maintaining competitive reward performance. These results demon-

strate that expressive diffusion policies can be robustly constrained,

enabling their use in safety-critical offline RL.
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1 INTRODUCTION
Safe RL incorporated safety constraints, typically formulated as a

constrained Markov decision process (CMDP) to ensure safety [1,

3, 6, 13, 23, 24, 31–33, 37, 38]. The safety constarints can be hard

constraints (zero voilation at every step) [12, 40] or soft constarints

(expected total cost below a threshold) [15, 36]. We adopt the soft-

constraint framework.

Safe offline RL faces two primary challenges: the out of distribu-

tion (OOD) problem [5, 25], and the difficulty of learning policies

that are both high reward and safe [28, 39]. Previous work on of-

fline RL generally addressed the OOD problem by regularizing how

far the policy can deviate from the behavior policy [9, 10, 22, 29,

30, 35]. Recently, diffusion models have shown great success in
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tackling the OOD problem by generating highly expressive poli-

cies [2, 4, 16, 18, 21, 34, 41] through an iterative denoising process.

Their ability to accurately model the complex distributions found

in offline datasets [7, 27] naturally helps to regularize the policy.

However, safety still remains a crucial aspect that these models do

not inherently address. In this paper, we introduce Safe Diffusion

Q-learning (Safe-DQL), which extends Diffusion-QL [34] by using

the expressive diffusion model as the policy and explicitly incor-

porating safety constraints. We introduce a dedicated cost critic to

estimate future risk and a direct penalty term in the policy objective

to discourage unsafe actions. This design cleanly separates the two

core challenges of safe offline RL: the out-of-distribution (OOD)

problem is mitigated by diffusion-based behavior regularization,

while in-distribution safety is enforced through the explicit penalty.

As shown in Table 1, Safe-DQL achieves strong performance on

the DSRL benchmark [27], attaining near-zero constraint violation

while maintaining competitive rewards.

2 SAFE DIFFUSION Q-LEARNING
Our approach builds on Diffusion-QL [34], which represents the

policy 𝜋𝜃 (𝑎 | 𝑠) as the reverse process of a conditional denoising
diffusion model [19], enabling expressive and multi-modal action

generation. The diffusion-based behavior cloning objective implic-

itly constrains the policy to the data manifold, mitigating extrapo-

lation errors from out-of-distribution (OOD) actions in offline RL.

To incorporate safety, we extend the critic architecture with two

parallel cost critics that estimate the expected cost-to-go for each

state-action pair. The critics are trained via standard Bellman error

minimization [10, 26] with a double Q-learning trick [17], where

the reward target takes the minimum over two critics [11], while

the cost critics use the maximum to enforce pessimism and avoid

underestimating safety risks. Safety is further enforced at the policy

level by augmenting the Diffusion-QL objective with an explicit

penalty term that discourages actions whose predicted cost exceeds

a predefined threshold 𝜅. The policy 𝜋𝜃 is trained by minimizing

the following objective:

L(𝜃 ) = L𝑑 (𝜃 ) − 𝜂 E𝑠∼D, 𝑎0∼𝜋𝜃 [𝑄𝑟 (𝑠, 𝑎0)]
+ 𝜆E𝑠∼D, 𝑎0∼𝜋𝜃 [ReLU(𝑄̃

𝑐
max

(𝑠, 𝑎0) − 𝜅)] . (1)

whereL𝑑 (𝜃 ) is the diffusion behavior-cloning loss,𝑄𝑟 =min𝑖=1,2𝑄
𝑟
𝜙𝑖

denotes the reward critic, and 𝑄̃𝑐
max

=max𝑖=1,2𝑄
𝑐
𝜓𝑖

is the pessimistic

cost estimate obtained from the cost-critic ensemble.
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Table 1: We evaluate Safe-DQL on Safety-Gymnasium [8, 20] and Bullet-Safety-Gym [14] tasks on DSRL benchmark [27].
Normalized reward (↑) and cost (↓) (cost threshold = 1) are averaged over 20 evaluation episodes and 3 random seeds. Bold:
Safe agents (normalized cost < 1). Gray: Unsafe agents. Blue: Safe agent with the highest reward. We compare against the
representative baselines [10, 24, 28, 36] and behavior cloning variants (BC-All and BC-Safe).

Task BC-All BC-Safe CDT BCQ-Lag CPQ COptiDICE Safe-DQL (ours)

reward ↑ cost ↓ reward ↑ cost ↓ reward ↑ cost ↓ reward ↑ cost ↓ reward ↑ cost ↓ reward ↑ cost ↓ reward ↑ cost ↓
PointCircle1 0.23 0.79 0.33 0.12 0.49 0.06 0.19 1.06 0.42 0.09 0.71 7.18 0.46 0.00
PointCircle2 0.64 7.02 0.23 0.00 0.54 0.40 0.51 3.12 -0.02 0.40 0.80 13.04 0.42 0.17
CarGoal1 0.36 0.80 0.23 0.43 0.57 1.83 0.51 1.85 -0.71 0.27 0.44 0.72 0.29 0.45
PointGoal1 0.59 1.58 0.23 0.56 0.48 1.49 0.72 1.87 -0.41 0.06 0.36 1.80 0.75 0.23
PointPush1 0.18 1.83 0.21 0.96 0.20 1.68 0.17 1.74 -0.02 0.30 0.12 0.95 0.23 0.05
PointPush2 0.21 0.86 0.10 1.42 0.15 0.82 0.08 0.81 -0.01 0.55 0.04 1.33 0.22 0.24
AntCircle 0.60 3.37 0.41 0.65 0.49 2.07 0.54 2.10 0.01 0.87 0.09 3.91 0.56 0.34
CarCircle 0.65 11.16 0.33 0.53 0.71 2.19 0.68 8.84 0.49 4.48 0.44 7.73 0.72 0.00
BallCircle 0.72 31.31 0.37 2.35 0.62 11.23 0.67 24.05 0.66 0.00 0.61 32.60 0.73 0.06
AntRun 0.66 3.38 0.61 0.35 0.63 4.90 0.46 0.74 0.06 0.00 0.41 0.68 0.54 0.30
CarRun 0.96 1.88 0.96 0.01 0.99 1.10 0.84 2.51 1.06 10.49 0.92 0.00 0.73 0.20
BallRun 0.67 11.38 0.04 0.00 0.32 0.45 0.43 6.25 0.85 13.67 0.55 11.32 0.25 0.00

3 THEORETICAL RESULTS
3.1 Assumptions (Max-aggregator)
Our theoretical results rely on the following assumptions, which for-

malize boundedness, coverage, and critic approximation conditions

under which the safety guarantees of Safe-DQL hold.

Assumption 1 (Bounded signals and critics). Rewards and
costs are bounded: |𝑟 (𝑠, 𝑎) | ≤ 𝑅max and 0 ≤ 𝑐 (𝑠, 𝑎) ≤ 𝐶max for all
(𝑠, 𝑎). Consequently, for any policy 𝜋 ,

|𝑄𝜋
𝑟 (𝑠, 𝑎) | ≤ 𝐵𝑟 :=

𝑅max

1 − 𝛾
, 0 ≤ 𝑄𝜋

𝑐 (𝑠, 𝑎) ≤ 𝐵𝑐 :=
𝐶max

1 − 𝛾
.

We assume the learned reward and cost critics are uniformly bounded
(e.g., via clipping) by the same constants, i.e., |𝑄𝑟 (𝑠, 𝑎) | ≤ 𝐵𝑟 and
|𝑄𝑐

𝜓𝑖
(𝑠, 𝑎) | ≤ 𝐵𝑐 for 𝑖 ∈ {1, 2}.

Assumption 2 (Coverage / concentrability). There exists a
constant 𝐶∞ ≥ 1 such that for any non-negative measurable function
𝑓 and any policy 𝜋 in the class,

E𝑑𝜋 [𝑓 ] ≤ 𝐶∞ E𝑑𝜇 [𝑓 ],
where 𝑑𝜇 and 𝑑𝜋 denote the discounted occupancy measures of the
behavior policy and 𝜋 , respectively.

Assumption 3 (Critic approximation). There exist 𝜀𝑐,1, 𝜀𝑐,2, 𝜀𝑟 ≥
0, such that sup𝑠,𝑎

��𝑄𝑐
𝜓𝑖
(𝑠, 𝑎) −𝑄

𝜋𝜃
𝑐 (𝑠, 𝑎)

�� ≤ 𝜀𝑐,𝑖 for 𝑖 ∈ {1, 2}, and for
all policies 𝜋 appearing in the reward analysis (i.e., 𝜋 ∈ {𝜋𝜃 , 𝜋†}),
sup𝑠,𝑎

��𝑄𝑟 (𝑠, 𝑎) −𝑄𝜋
𝑟 (𝑠, 𝑎)

�� ≤ 𝜀𝑟 .

Assumption 4 (Conservatism for safety, a weak version).

At least one cost critic is uniformly conservative at 𝜋𝜃 : there exists
𝑖★ ∈ {1, 2} such that 𝑄𝑐,𝜓𝑖★

(𝑠, 𝑎) ≥ 𝑄
𝜋𝜃
𝑐 (𝑠, 𝑎) − 𝜀𝑐,𝑖★ for all (𝑠, 𝑎).

Assumption 5 (BC controls divergence). There exists a con-
stant 𝑐𝑑 > 0 such that E𝑠∼𝐷 [KL(𝜋𝜃 (· | 𝑠) ∥ 𝜇 (· | 𝑠))] ≤ 𝑐𝑑 𝐿𝑑 (𝜃 ) .

Assumption 6 (Feasible reference policy). There exists a ref-
erence policy 𝜋0 such that 𝐽𝑐 (𝜋0) ≤ 𝜅 and

E𝐷,𝜋0

[
ReLU

(
𝑄̃max

𝑐 (𝑠, 𝑎) − 𝜅

)]
= 0, 𝑄̃max

𝑐 (𝑠, 𝑎) := max

𝑖∈{1,2}
𝑄𝑐
𝜓𝑖
(𝑠, 𝑎) .

3.2 Safety via the Max-aggregated Hinge
Penalty

Since we use RELU function to enforce our constraints on the cost

critic, following simple bound will be useful.

Lemma 7 (Hinge upper-bounds predicted cost). For any real-
valued random variable 𝑋 and any threshold 𝜅 ∈ R,

𝑋 ≤ 𝜅 + ReLU(𝑋 − 𝜅) .
Consequently, for any integrable 𝑄̃max

𝑐 ,

E𝐷,𝜋

[
𝑄̃max

𝑐

]
≤ 𝜅 + E𝐷,𝜋

[
ReLU(𝑄̃max

𝑐 − 𝜅)
]
.

Lemma 8 (Predicted⇒ true cost underweak conservatism).

Under Assumptions 3 and 4,

E𝐷,𝜋𝜃

[
𝑄

𝜋𝜃
𝑐

]
≤ E𝐷,𝜋𝜃

[
𝑄̃max

𝑐

]
+ 𝜀𝑐,𝑖★,

where 𝑖★ is the conservative critic in Assumption 4.

Theorem 9 guarantees that the learned policy is nearly feasible:

its true discounted cost exceeds the threshold 𝜅 by at most an

explicit slack consisting of the conservative cost-critic error 𝜀𝑐,𝑖★ ,

a penalty-controlled term (L𝑑 (𝜋0) + 2𝜂𝐵𝑟 )/𝜆, and an initial-state

mismatch term Δocc, which vanishes when D𝑆 = 𝜇0. Consequently,

increasing 𝜆 and improving the conservative cost critic directly

tighten the safety guarantee.

Theorem 9 (Safety with explicit slack: max-aggregator).

Under Assumptions 1–6, any global minimizer 𝜋 ˆ𝜃
of (1) satisfies

𝐽𝑐 (𝜋 ˆ𝜃
) ≤ 𝜅 + 𝜀𝑐,𝑖★ + 𝐿𝑑 (𝜋0)

𝜆
+ 2𝜂𝐵𝑟

𝜆
+ Δocc,

where Δocc := 2𝐵𝑐 TV(𝜇0, 𝐷𝑆 ) converts E𝐷,𝜋
ˆ𝜃
[𝑄𝜋

ˆ𝜃
𝑐 ] to 𝐽𝑐 (𝜋 ˆ𝜃

) (𝐷𝑆 is
the state marginal of 𝐷); thus Δocc = 0 when 𝐷𝑆 = 𝜇0.

4 CONCLUSION
Safe Diffusion Q-learning integrates pessimistic cost estimation

and explicit penalization into diffusion-based offline RL to address

both OOD errors and constraint violations. The empirical results

in Table 1, together with our theoretical guarantees, establish Safe-

DQL as a practical and principled approach to safe offline RL.
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