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ABSTRACT

Approval voting is widely used for making multi-winner voting
decisions. The canonical rule (also called Approval Voting) used in
the setting aims to maximize social welfare by selecting candidates
with the highest number of approvals. We revisit approval-based
multi-winner voting in scenarios where the information regarding
the voters’ preferences is uncertain. We present several algorithmic
results for problems related to social welfare maximization under
uncertainty, including computing the social welfare probability
distribution of a given outcome, computing the probability that a
given outcome is social welfare maximizing, computing an outcome
that is social welfare maximizing with the highest probability, and
understanding how robust an outcome is with respect to social
welfare maximization.
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1 INTRODUCTION

Approval voting is one of the simplest and most widely used meth-
ods of making selection decisions. Due to its fundamental na-
ture, it has found applications in recommender system [14, 17, 26],
blockchains [9, 13], and Q & A platforms [21]. In approval voting,
voters are asked to identify the candidates they approve of from a
given set. The candidates with the highest number of approvals are
then selected. Therefore, “approval voting” not only specifies the
format of the ballots but also commonly points to the method for
selecting the candidates [22, 23]. Many organizations and societies
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use approval voting to select committees. For example, the Institute
of Electrical and Electronics Engineers (IEEE), one of the largest sci-
entific and technical organizations, has been using approval voting
for selection decisions.

If approvals of voters are interpreted as voters’ binary prefer-
ences over candidates, then the outcome of the approval voting
method has a clear utilitarian social welfare perspective: identify
the set of candidates that provide the highest social welfare to the
voters. We explore this utilitarian social welfare perspective when
there is uncertain information regarding voters’ preferences. Un-
certain approval preferences are useful when the central planner
only has imprecise information about the voters’ preferences. This
estimated information could be based on historical preferences,
past selections, or online clicks or views. For example, if an agent
i has selected a certain candidate ¢ 70% of the time in previous
situations, one could use this information to assume that the ap-
proval probability of agent i for candidate c is 0.7. The uncertain
information could also be based on situations where each agent
represents a group of people who may not have identical approval
preferences. For example, if 60% of the group represented by agent i
approved a certain candidate c, one could assume that the approval
probability of agent i for candidate c is 0.6. Uncertainty becomes a
prevalent factor also when employing methods such as machine
learning or recommendation techniques to forecast the unobserved
(dis)approvals of voters for candidates. (The motivating examples
are by Aziz et al. [6].)

We consider four different types of uncertain approval prefer-
ences that have been studied in recent work (see, e.g., [6]). Under
the Candidate Probability model, there is a probability for a given
voter approving a given candidate. This model captures the exam-
ples in the previous paragraph. The Three Valued Approval (3VA)
model [20] is a restricted version of the candidate probability model
and captures a natural form of uncertainty where a voter has no
or too little information on some candidates and assigns approval
probability of 0.5 to such candidates. Under the Lottery model, each
voter has an independent probability distribution over approval
sets. Under the Joint Probability model, there is a probability dis-
tribution of approval profiles. These last two models allow us to
capture richer forms of uncertainty where there could be depen-
dencies between candidates and between voters’ approval sets. The
Joint Probability model, in particular, may not seem practical; we
include it for completeness.
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In classical approval-based committee voting, the social wel-
fare of any given committee can be computed exactly, making it
straightforward to evaluate how “good" the committee is. However,
in scenarios involving uncertain preferences, the social welfare
of the given committee becomes a random variable and a natural,
fundamental question arises: What is the probability that a given
committee achieves a sufficiently high level of social welfare? More
generally, what is the distribution of the social welfare associated
with the committee? Understanding the distribution is essential, as
it captures the likelihood of the given committee achieving desir-
able social welfare. With social welfare as the objective, the optimal
committee is naturally the one that maximizes social welfare. Un-
der deterministic preferences, this problem is well-understood. For
any given plausible approval profile, the Approval Voting (AV) rule
efficiently identifies the committee that maximizes social welfare in
polynomial time. However, in scenarios under uncertain preference
models, for example, the Lottery model or Candidate Probability
model, a desirable committee in this context is not just one that
performs well in a single realization, but one that maximizes social
welfare in the largest fraction of all possible realizations, that is,
the committee with the highest probability of being social wel-
fare maximizing. When facing uncertainty, another intriguing and
practically relevant question concerns the robustness of a commit-
tee. For example, under uncertain preferences, does there exist a
committee that achieves at least half of the optimal social welfare
with high probability? This shift from deterministic to probabilistic
evaluation introduces significant computational challenges. Since
the number of plausible approval profiles grows exponentially with
the number of agents and candidates, problems related to social
welfare maximizing committees are computationally challenging.
This leads to compelling questions:

How can we compute the distribution of a given com-
mittee’s social welfare? Can we compute the probability
of a given committee being social welfare maximiz-
ing in polynomial time? Can we efficiently identify
the committee that maximizes social welfare (or well-
approximates optimal social welfare) with the highest
probability?

1.1 Our Results

Our first contribution is polynomial-time algorithms for computing
the distribution of a given committee’s social welfare (SW-D1sT).
We design algorithms both for Lottery and Candidate probabil-
ity models. These results allow us to check whether a committee
achieves high level of social welfare with high probability.

We next turn to the problem of computing the probability that a
given committee is social welfare maximizing (SWM-ProB(W, p)).
We show that under the Candidate Probability model, the problem is
solvable in polynomial time. In contrast, we prove that the problem
is NP-complete under the Lottery model. We also present a positive
result for the decision variant that asks whether a given committee
is social welfare maximizing with probability one, showing that it
is solvable in polynomial time.

Next, we explore the problem whether there exists a committee
whose probability of being social welfare maximizing exceeds a
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given threshold p (ExisTsSWM-ProB(p)). We show that this prob-
lem is NP-hard under the Lottery model. Nevertheless, we provide
a polynomial-time result for the special case where p = 1. For
the Candidate Probability model, the problem becomes intriguing
as even for the more restrictive 3-Valued Approval (3VA) setting,
there is no known characterization of committees that maximize
the probability of being social welfare maximizing. While the com-
plexity of the problem remains open, we present positive results
under certain constraints, for instance, when the committee size k
is constant, or when p = 1.

We finally consider the problem of robust welfare maximization:
does there exist a committee which guarantees a fraction of the
optimal social welfare of the realized profile with high probability?
We provide a positive result for the 3VA model and an impossibility
result for the Candidate Probability model. Our key results are
summarized in Table 1. Missing proofs are relegated to the appendix.

Problems Lottery Model Candidate Probability Model
SW-DisT in P (Thm. 3.1) in P (Thm. 3.2)
NP-h (Thm. 4.1)

SWM-Pros(W, p) in P (Thm. 4.5)

(in P (Thm. 4.4) when p = 1)

NP-h (Thm. 5.1)
(in P (Thm. 5.3) when p = 1)

Ex1sTsSWM-ProB(p)

Table 1: Summary of results.

1.2 Related Work

Approval-Based Committee (ABC) voting has received consider-
able attention in recent years (see, e.g., [3, 4, 12, 23, 25]), primarily
focusing on selecting “proportional” committees. Concurrently,
there has been growing interest in preference aggregation under
uncertainty. Konczak and Lang [24] study winner determination
problems with incomplete preferences for ranking-based single-
winner voting rules. Hazon et al. [19] explore the probability of a
particular candidate winning an election under uncertain prefer-
ences for various voting rules, such as the Plurality rule and the
Borda rule. Boutilier and Rosenschein [10] provide a survey on
uncertainty and communication in voting. Do et al. [15] investigate
the dynamic selection of candidates, where uncertainty is related
to the order in which candidates appear. Halpern et al. [18] devise
different query algorithms for scenarios where voters’ ballots are
partial and incomplete over all candidates, while Brill et al. [11]
propose an ABC voting model with possibly unavailable candidates
and examine voting rules which admit “safe” query policies to check
candidates’ availability.

Highly relevant to our paper, Barrot et al. [8] examine single and
multi-winner voting under uncertain approvals, and Terzopoulou
et al. [27] address the problem of checking whether an incomplete
approval profile admits a completion within a certain restricted
domain of approval preferences. Imber et al. [20] study several com-
putational problems, including checking whether a given committee
is possibly or necessarily Justified Representation (JR) or whether
there is a possible outcome of various rules, including Approval
Voting. Of the uncertain preference models that we consider, Imber
et al. [20] have explored the 3VA model. Most of the computational
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problems that we consider are not studied by Imber et al. [20]. They
presented a polynomial-time algorithm to check whether given a
committee is social welfare maximizing under some realization of
the uncertain preferences. This result is implied by our more gen-
eral results. Recently, Aziz et al. [6] consider several probabilistic
preference models and problems, such as maximizing the proba-
bility of satisfying JR. In our paper, we consider the fundamental
objective of maximizing social welfare under the same uncertain
preference models.

Uncertain preferences have also been studied in other domains,
such as matching and fair allocations. Aziz et al. [1] investigate
the computational complexity of Pareto optimal allocation under
uncertain preferences. Aziz et al. [5] explore the envy-free allo-
cation for the house allocation market. Aziz et al. [2] address the
problem of computing stable matchings with uncertain preferences.
Additionally, Bampis et al. [7] examine stable matchings under one-
sided uncertainty, focusing on computational issues within three
different competitive query models.

2 PRELIMINARIES

For any t € N, let [#] := {1,2,...,t}. An instance of the (determin-
istic) approval-based committee (ABC) voting is represented as a
tuple (V,C, A, k), where:
e V = [n] and C = [m] are the sets of voters and candidates,
respectively.
e Each voter approves a set of candidates A; € C. Let A =
(A1, Ay, ..., A,) denote voters’ approval profile. The set of
all possible approval profiles is denoted by A.
o k is a positive integer that represents the committee size.

A feasible winning committee W C C is of size k. In this paper, we
consider only feasible winning committees unless otherwise speci-
fied. Given a committee W, the welfare of each voter i is the number
of candidates in W of whom i approves. The Social Welfare (SW) of
W given the approval profile A is defined as the sum of the welfare
of the voters,SW (W, A) = Y ;cy |W N A;]. Given an approval pro-
file A = (A, As, ..., Ay,), for each candidate ¢ € C, we denote the
approval score of candidate ¢ by AS(c, A) = [{i € V :c € A;}|. A
committee W is Social Welfare Maximizing (SWM) under approval
profile A if W generates the maximum social welfare among all
committees of size |W| = k. Given an approval profile A, we can
compute an SWM committee in polynomial time by computing
each candidate’s approval score and selecting the k candidates with
the highest approval scores in a greedy manner. Consequently,
given a deterministic approval profile A and a committee W, we
can decide in polynomial time whether or not W is SWM.

2.1 Uncertain Preference Models

Our main focus is on ABC voting under uncertain approval ballots,
where there is an underlying probability distribution over approval
profiles. We adopt the following uncertainty models considered by
Aziz et al. [6].
(1) Joint Probability model: A probability distribution A(A) =
{(Ar, Ar) }refs) is given over s possible approval profiles with
2refs] A = 1, where for each r € [s], the approval profile A,
is associated with a positive probability A, > 0. We write
A(A;) = A,
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(2) Lottery model: For each voter i € V, we are given a proba-
bility distribution A; := {(A;, S;)}re[s;] Over s; approval sets
with 3,¢[5,;) A = 1. For each r € [s;], voter i approves (ex-
actly) candidate set S, C C with probability A, > 0. We write
A;i(S;) = Ar. We assume that the probability distributions of
voters are independent.

Candidate Probability model: Each voter i approves each
candidate c independently with probability p; ., i.e.,foreachi €
Vandeachc € C, p;. € [0,1]. The Three Valued Approval
(3VA) model, is a special case where each agent specifies
a subset of candidates that are approved and a subset of
candidates that are disapproved, and the remaining candi-
dates could be approved or disapproved independently with
equal probability. Specifically, Vi € V,c € C, p; . € {0, %, 1},
wherein 0 denotes disapproval, 1 indicates approval, and %
represents unknown.

We use the notation A := (A1, Ay, ..., A,) to represent the input
of the uncertain approval model, which may follow either the Lot-
tery model or the Candidate Probability model, depending on the
context of the problem or algorithm under consideration. Under
the Lottery model, each A; = (4, S;),¢[s,] specifies a probabil-
ity distribution over s; approval sets for agent i. For the Candidate
Probability model, each element A; = (p; 1, pi2, - - -, Pi,m) represents
agent i’s independent approval probabilities over the m candidates.

The Joint Probability and Lottery models have been studied in
other contexts including two-sided stable matching problems and
assignment problems [1, 2]. The 3VA model has been studied in ABC
voting [20]. We refer to an approval profile that occurs with positive
probability, under any of the uncertainty models, as a plausible
profile. The following facts about these uncertainty models were
recently pointed out by Aziz et al. [6].

PROPOSITION 2.1 (Az1z ET AL. [6]). There is a unique Joint Prob-
ability model representation for preferences given under the Lottery
model; There is a unique Lottery model representation for preferences
given in Candidate-Probability model.

2.2 Computational Problems

We begin by considering the most natural MAXExpSW problem,
which computes a committee that maximizes the expected social
welfare (E[SW(W)]). Formally, E[SW(W)] of a committee W is
defined as E[SW(W)] = X qea A(A) -SW(W, A) = 3 g4 A(A) -
Yiev [W N A;|. We show that it is polynomial-time solvable! under
any of the four studied uncertain models and defer the proofs to
the appendix. After this, we study a fundamental computational
problem: given a committee W, how can we compute the distribu-
tion of its social welfare under an uncertain approval model? We
term this problem SW-DisT. Notice that for any fixed committee
W, its social welfare is a discrete random variable that takes integer
values in the range [0, kn]. Formally, the SW-DisT problem entails
computing the probability Pr[SW(W) = 7] for each 7 € [0, kn].
We next consider the problem of computing the exact probabil-
ity that a given committee W is social welfare maximizing (SWM)
under uncertain preferences. We formalize this as a decision prob-
lem termed SWM-ProB(W, p), which is defined as follows: given a

!Here and throughout, “polynomial-time solvable” means polynomial in the size of
the input.
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committee W and a threshold p € [0, 1], determine whether W has
at least probability p of being social welfare maximizing.

[ SWM-ProB(W, p)

Input: Voters V, Uncertain Approval Model A, Committee
W, threshold p;
Question: Decide whether Pr[W is SWM] > p.

Beyond computing the probability for a fixed committee being
social welfare maximizing, a more challenging problem we investi-
gate in this paper is how to identify a committee that has the highest
probability of being social welfare maximizing. We formally formu-
late this as a decision problem, denoted by ExisTsSWM-PROB(p):
given an uncertain approval model and a threshold p € [0, 1], de-
cide whether there exists a committee W such that the probability
of W being social welfare maximizing is at least p.

Ex1sTsSSWM-PRrOB(p)

Input: Voters V, Uncertain Approval Model A, threshold
p;

Question: Decide whether there exists a committee W
such that Pr[W is SWM] > p.

The rest of the paper is organized as follows. In Section 3 we
study the SW-D1sT problem under the Lottery and Candidate Prob-
ability models and propose two distinct dynamic programming
algorithms. With this fundamental tool in hand, we examine the
SWM-ProB(W, p) problem in Section 4 and provide hardness re-
sults under the Lottery model and polynomial-time results un-
der the Candidate Probability model. In Section 5, we study the
Ex1sTsSSWM-ProB(p) problem. Finally, we define robust commit-
tees and discuss the existence and computation of a robust commit-
tee under the Candidate Probability model in Section 6.

3 COMPUTATION OF SOCIAL WELFARE
DISTRIBUTION

We begin by examining the fundamental SW-Di1sT problem: Given
a committee W, what is the distribution of its social welfare under
uncertain preference models? As previously discussed, the social
welfare SW(W) is a discrete random variable that takes integer
values in the range [0, kn]. Hence, we can focus on the key compu-
tational problem: given a committee W and an integer 7 € [0, kn],
compute the probability Pr[SW(W) = r]. By solving this for all
values of 7 in the range [0, kn], we can fully characterize the dis-
tribution of SW(W). Under the Lottery and Candidate Probability
models, we propose two distinct dynamic programming algorithms,
each solving the SW-DI1sT problem in polynomial time.

THEOREM 3.1. Under the Lottery model, SW-DIsT is solvable in
polynomial time.

ProoF. Given a committee W and a deterministic approval pro-
file A, SW(W) is the sum of |[W N A;| for each voter i. Under the
Lottery model, each voter’s approval set is random and hence the
value of |[W N A;| is a random variable, denoted by f;(W). Then,
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we have Pr [SW(W) = 1] = Pr[X;c[,) fi(W) = 7]. Conditioning
on fp(W), it can be reformulated as }.7_o Pr| X;e(n—1) fi(W) =7 |

fu(W) = (T—r)] -Pr[f,(W) = (r—r)]. Note that for any two voters

iand j, fi(W) is independent of f;(W) as each voter’s approval set
is sampled independently. Therefore

Pr[SW(W) =7] =Pr| Y fi(W) =1

i€[n]

T

=3 Pr| > fi(W)=r| Prlf(W) = (r - ).

r=0 ie[n-1]
(1)

We design Algorithm 1 by leveraging Equation (1). In Algorithm 1,

Algorithm 1 SW-Dist algorithm for the Lottery model

Input: W, k, 7, A
Output: dp[n][7]
1: Initialize an n - (k + 1) matrix f with elements 0;
2: for each voter i € V do

3. for integer j = (0,...,k) do

4 FOIGY < Zreps) A - LW N Se| = 15

5. end for
6
7
8
9

: end for

: Initialize an n - (nk + 1) matrix dp with elements 0;
: fort =(0,...,k),dp[1][¢t] « f[1][¢];

: fori« (2,...,n) do

100 fort « (0,...,nk) do

11 dp[il[t] = X dpli — 1][r] - fLi [t —r];
122 end for

13: end for

—_

4: Return dp[n][r].

we denote f[i][j] as the probability of the event f;(W) = j (line
2-6). Specifically, f[i][j] represents the sum of the realization prob-
abilities A, of the deterministic approval sets S, where the size of the
intersection with W is exactly j. After pre-processing, we initialize
the dynamic programming matrix dp, where dp[i][j] is the prob-
ability of 3,c[;) fe(W) = j. Note that, computing Pr[SW (W) = 7]
is equivalent to determining the value of dp[n][z]. The recursive
relation in Equation (1) corresponds to dp[n][7r] = X.7_ dp[n —
1][r] - f[n][z — r]. Starting from dp[1] [0], we compute each value
in the dp matrix recursively (line 8-13). Since the algorithm runs
in O(nk - max(k, max;en |s;|)) time, it implies that SW-Dist under
the Lottery model is solvable in polynomial time. O

THEOREM 3.2. Under the Candidate Probability model, SW-DisT
is solvable in polynomial time.

Proor. Under the candidate probability model, given a commit-
tee W, for each voter i and each candidate ¢ € W, p; . falls into
three different cases:

® p;. =0, voter i certainly disapproves candidate c;

® pi. =1, voter i certainly approves candidate c;

e pic € (0,1), voter i approves candidate ¢ with a uncertain
probability p; .
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We first denote n! = |{(i,¢) : i € V,c € W, p; . = 1} as the num-
ber of certain approvals while n* = [{(i,c) : i € V,c € W,p; €
(0,1)}| as the number of uncertain approvals. Because of the exis-
tence of the uncertain approvals, the social welfare SW(W) of the
given committee W is a random variable ranging from n! to n! +n*.
Furthermore, SW (W) is distributed according to shifted Poisson bi-
nomial distribution with n* independent Bernoulli trials. We first re-
label these uncertain approval pairs as (i1, ¢1), (iz, ¢2), - - ., (inu, Cpu)
and the corresponding success probabilities as (p1, pa, - - ., pru). In-
tuitively, we represent all the realization of these uncertain approval
pairs as a tree as follows.

(i1, c1)
1*AF/’L/ 1
(i3, c2) (iz, c2)

ey N
(is,c3)  (i3,¢63) (i3, 03) (i3, ¢3) 3

7\ I\ Y I\
/A /AN AN I !
/ \ / \ / \ Y v
LA S A T A n*

Every path in the tree represents a specific realization of un-
certain approvals (trials) transforming into approvals (success) or
disapprovals (failure). For SW-DisT problem Pr[SW(W) = ], if
r<nlort>n!+n% Pr[SW(W) = 7] = 0. So we mainly focus on
7 € [n!, n! + n*]. Denote t = 7 — n!. Then Pr[SW(W) = 7] can be
represented as follows.

Pr[SW(W) =] =Pr[SW(W) —n! =]

= Pr[t out of n* trials succeed]
= (Pr[(t — 1) succeed in (n* — 1) trials] - Pr[n%-th trial succeeds])

+ (Pr[t out of (n* — 1) trials succeed] - Pr[n*-th trial fails]).

@
Based on the above Equation (2), we provide the following dy-
namic programming Algorithm 2 to solve SW-D1sT problem. As we

Algorithm 2 SW-Dist algorithm for the Candidate Probability
model
Input: W, n"% t, A.
Output: dp[n*][t].
1: Initialize an n* - (t + 1) matrix dp with elements 0;
2 dp[11[0] — (1= p1), dp[1][1] = pi;
3 fori« (2,...,n*%) do
4 forj« (1,...,t)do
s dplilljl — (pi-dpli=11[j=11)+((1—p)-dpli—11[1);
6
7
8

end for
: end for
: Return dp[n*][¢].

re-labeled the n* uncertain approval pairs (independent Bernoulli
trials), in Algorithm 2, dp[i][ ] represents the probability that there
are j trials which succeed among the first i trials. Then, computing
Pr[SW(W) = 7] is equivalent to computing dp[n*][¢]. According
to Equation (2), dp[n*][t] = ppu-dp[n*—1][t—1]+(1—ppu) dp[n*—
1][¢], corresponding to line 5 in Algorithm 2. For the computation,
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we first initialize dp[1][1] and dp[1][0], which represent the proba-
bility of success or failure of the first trial (i, 1), respectively. This
is equal to the probability that voter i; approves (disapproves) can-
didate ¢y, respectively (line 2). From lines 3 to 7, Algorithm 2 recur-
sively computes dp[i][j]. Finally, Algorithm 2 returns dp[n*][¢],
which is equal to Pr[SW(W) = r]. We conclude that SW-D1sT prob-
lem is solvable in polynomial time under the Candidate Probability
model as Algorithm 2 runs in O(mn - kn) = O(kmn?) time. O

4 PROBABILITY OF A COMMITTEE BEING
WELFARE MAXIMIZING

With the fundamental tools for computing the social welfare distri-
bution in place, we now turn to the significant problem of SWM-
ProB(W, p), which is to decide, given a committee W and a thresh-
old p, whether Pr[W is SWM] > p. While we have shown that SW-
DisT can be computed in polynomial time under both Lottery and
Candidate Probability models, the complexity landscape changes
significantly when it comes to SWM-ProB(W, p). In particular, un-
der the Lottery model, we establish the computational intractability
of the problem in general, and present intriguing differences be-
tween certain special cases. Specifically, for some parameter ¢ > 0,
SWM-ProB(W, ¢) is NP-hard, whereas SWM-ProB(W, 1) can be
solved in polynomial time. In contrast, we are able to utilize the
SW-DisT solution tool to show that SWM-Pros(W, p) is solvable
in polynomial time under the Candidate Probability model.

THEOREM 4.1. Under the Lottery model, SWM-ProB(W, p) is NP-
hard.

Proor SkETcH. Consider the problem of checking whether it is
possible for a given committee W to be SWM, i.e., deciding whether
Pr[W is SWM] > 0. We first show that there is a polynomial-
time reduction from this problem to SWM-ProB(W, ¢) where ¢ <
[1ic[n) min,e[s;) {Ar}. We next prove that for any committee W,
deciding whether Pr[W is SWM] > 0 is NP-hard even when k =1
by reducing from the Exact Cover by 3-Sets (X3C) problem [16]. O

Moreover, there exists a one-to-one correspondence in the reduc-
tion construction between each realization under which the given
committee W is SWM and each solution associated with the X3C
instance. The next corollary thus follows.

COROLLARY 4.2. Under the Lottery model, given a committee W,
computing Pr[W is SWM] is #P-complete.

If we set the parameter p = 1, that is, the SWM-ProB(W, 1)
problem, we obtain a polynomial-time result. The key idea is to
carefully construct a deterministic approval profile and prove that
any committee W is necessarily SWM if and only if W is SWM
under the constructed deterministic approval profile. Before the
formal proof, we introduce the following lemma.

LEMMA 4.3. Under the Lottery model, given a committee W, it is a
YES instance for SWM-ProB(W, 1) if and only if, for every candidate
pair (c,c’) wherec € W and ¢’ € C\ W, and for every plausible
approval profile A, the approval score of c is at least as large as the
approval score of ¢/, that is, AS(c, A) = AS(c’, A).

With Lemma 4.3 in hand, to prove that SWM-ProB(W, 1) is in
P under the Lottery model, it is sufficient to show that it can be
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checked in polynomial time whether, for all candidate pairs (c, ¢")
where ¢ € W and ¢’ € C\ W, the condition AS(c, A) > AS(c’, A)
holds for every plausible approval profile A.

THEOREM 4.4. Under the Lottery model, SWM-ProB(W, 1) is solv-
able in polynomial time.

Proor SKETCH. For each candidate pair (c, ¢’), we construct a
deterministic approval profile A and demonstrate that if (c,c’)
satisfies AS(c, A) > AS(c’, A) for the constructed profile A, then
(c,c’) satisfies AS(c, A) > AS(c’, A) for all plausible approval
profiles A. The construction is as follows. Given a committee W,
for each pair (c,¢’) where c € W and ¢’ € C\ W and each voter’s
approval set A;, there are four possible cases: (1) ¢’ € A; and ¢ ¢ A;;
(2)c"€eAjandce A;;(3)c’ ¢ Ajandc ¢ Aj;(4) ¢’ ¢ Ajand ¢ € A;.
We construct the deterministic profile A as follows: for each voter i,
set A; by selecting a plausible approval set in the following priority
order: (1) > (2) > (3) > (4). That is, we first check whether there
exists a plausible approval set such that ¢’ is in the approval set
while c is not. If such an approval set exists, we set it as A; in the
deterministic approval profile A; otherwise, we consider cases (2),
(3), and (4) in sequence.

Next, we prove that if a pair (c, ¢’) satisfies AS(c, A) = AS(c’, A)
in the constructed profile A, then the pair (c, ¢’) satisfies AS(c, A) >
AS(c’, A) for all plausible approval profiles A.

Since the construction and verification can be computed in poly-
nomial time, SWM-ProB(W, 1) under the Lottery model is solvable
in polynomial time. O

We now turn into the Candidate Probability model and show
that, under this model, the SWM-ProB(W, p) problem is solvable
in polynomial time by showing Pr[W is SWM] is polynomial-time
computable.

THEOREM 4.5. Under the Candidate Probability model, the problem
SWM-ProB(W, p) is solvable in polynomial time.

ProoF. Given a committee W, we may re-label the candidates,
without loss of generality, so that W = {cy,- -, cx}. We denote
AS(c) as a random variable corresponding to the approval score of
candidate ¢ € C. Under the Candidate Probability model, the proba-
bility that a committee W is SWM is equivalent to the probability
of sampling an approval profile where the approval scores of the
candidates in W = {cy, - - - , ¢t } rank among the top-k.

Pr [Wis SWM] = ZA(ﬂ)-H[IsSWM(W,ﬂ)]
AcA

= ZA(ﬂ)-H[AS(cl, A), - -+, AS(cy, A) rank top-k]
AecA

=Pr ng)év{AS(c)} < 1I£liiélk{AS(Ci)}] .

Conditioning on the value of min; <;<x AS(c;), we rewrite the prob-

ability Pr [ max {AS(¢)} < minlSiSk{AS(ci)}] as
ceC\W

;Pr [1I£ii2k{AS(ci)} = t] -Pr ng}év{AS(c)} <t]| 1I£iiélk{AS(Ci)} = t] .
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For any two candidates c;, c; € C, AS(c;) is independent of AS(c;)
because for each voter v € V, the event that v approves c; is inde-
pendent of the event where v approves c;. Notably, for the condi-
tional probability Pr[min;<;<x{AS(c;)}] = t, the random variable
min; <;<x{AS(c;)} only depends on {AS(c1),---,AS(ck)} and is
independent of {AS(ck41), -+, AS(cm) }. It follows that

Pr[ max {AS(c)} < min {AS(ci)}]
ceC\W 1<i<k

n
= Z Pr
=0

Now it boils down to compute Pr [min;<;<x{AS(c;)} = t], which
can be reformulated as

Pr [ min {AS(¢;)} = t}
1<i<k

: ]_[ Pr[AS(c) <t]|.

ceC\W

1rg,igk{AS(ci)} = t]

Pr [ min {AS(c;)} > (t — 1)] -Pr [ min {AS(¢c;)} >t
1<i<k 1<i<k

[ ] priase) > ¢-01- [ ] Prias) > ¢

1<i<k 1<i<k
= H (Zn:Pr [AS(c:) =r]) - H (Zn: Pr [AS(c;) :r]).
ci€W Ar=t cieW \r=t+1

Since the SW-DisT problem under the Candidate Probability
model can be solved in polynomial time (see Theorem 3.2), com-
puting Pr [AS(c;) = r] can be done in polynomial time, implying
that SWM-ProB(W, p) under the Candidate Probability model is
solvable in polynomial time. O

5 COMMITTEES THAT MAXIMIZE SWM
PROBABILITY

We now turn our attention to the problem of ExistsSSWM-Pros(p),
which asks whether there exists a committee W such that W is SWM
with probability at least p. Our first result is that under the Lottery
model, ExisTsSSWM-ProB(p) is NP-hard, even in the instance with
single voter.

THEOREM 5.1. Under the Lottery model, ExisTsSSWM-PROB(p) is
NP-hard, even whenn = 1.

Proor SKETCH. We prove that the problem is NP-hard via a re-
duction from the MiN-r-Un1oN (MrU) problem [28]. In MrU, we
are given a universe U of m elements, a collection S C 2V of q sets,
and two integers r < g and ¢. The goal is to decide whether there
exists a sub-collection I C [g] with size r such that | ;¢; Si| < .
In the reduction, our construction maps a YES MrU instance to the
existence of a committee W of size £ with Pr[W is SWM] > é, and
vice versa. O

Theorem 5.1 implies that ExisTsSSWM-Pros(p) is NP-hard also
for the Joint Probability model, as both uncertainty models coincide
in single-voter instances. In view of this computational intractabil-
ity, we consider the special case when p = 1, i.e., the ExisTsSSWM-
PrOB(1) problem, which involves determining whether there exists
a committee W that is SWM with probability 1. For ease of clarity,
we say a committee W* is necessarily SWM if W* is SWM with
probability 1.
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We present Algorithm 3 to show that ExisTsSSWM-Pros(1) is
solvable in polynomial time. The algorithm is built upon the “domi-
nance graph". Specifically, for any candidate pair (c;, c;) € C, we
say that ¢; “dominates” c; if for every plausible approval profile
A, AS(c;, A) = AS(cj, A), denoted by ¢; =4S ¢;. The dominance
relation between any candidate pair (c;, ¢;) can be verified in poly-
nomial time by constructing the deterministic approval profile A
established in Theorem 4.4.

By enumerating all candidate pairs, we construct a dominance
digraph G = (C, E) where C is the set of candidates and E contains
directed edge representing dominance relations. Specifically, each
edge (c;,c;) € E indicates c; =4S cj.In case AS(c;, A) = AS(cj, A),
we break ties by lexicographic order, treating c; as dominating c;. No
edge is added between c; and c; if neither dominates the other. Note
that the dominance relation is transitive, and thus the digraph G is
acyclic. With the dominance graph constructed, we now present

an auxiliary lemma that underpins the design of Algorithm 3.

LEMMA 5.2. Given a dominance graph G = (C, E), for any c;,cj €
C with no edge between c; and c;, any necessarily SWM committee
W* satisfies either {c;,cj} € W* or {c;,c;} "N W* =0.

Lemma 5.2 establishes that, for each candidate pair c;, c; without
dominance relation, if a necessarily SWM committee exists, then c;
and ¢; must either both be included or both be excluded. Leveraging
this property, we now present Algorithm 3 to solve the ExisTsSWM-
ProB(1) problem.

Algorithm 3 ExisTsSSWM-Pros(1) algorithm for the Lottery model

Input: G = (C,E), k.
Output: YES or NO.
1: Initialize W « @ and G « (C =C,E = E);
2: while [W| < k do
3. Select a candidate c* with zero indegree in G (breaking ties
arbitrarily);
4:  Add c¢* into W;
5. Update G by deleting all the edges in {(c*,¢’),c’ € C\ {c*}:
(c¢*,¢’) € E};
6: end while
7: Return YESif V¢ € W, ¢’ € C\ W : (¢,¢’) € E otherwise NO;

Algorithm 3 takes the dominance graph G as input. First, it
initializes an empty candidate set W and creates a duplicate of G,
denoted as G. The algorithm then iteratively selects a candidate
c* with zero indegree, adds it to W, and updates G by removing
the outgoing edges from c* in each round (lines 2-6). Since G is
acyclic, a node with zero indegree is guaranteed to exist in the first
iteration of the while loop. In each subsequent iteration, G remains
acyclic as it is a subgraph of G, ensuring that there is always a node
with zero indegree, which implies that the algorithm terminates.

THEOREM 5.3. Under the Lottery model, ExisTsSSWM-ProB(1) is
solvable in polynomial time.

For Candidate Probability model, identifying the complexity of
Ex1sTsSWM-PRrRoB(p) problem becomes substantially more chal-
lenging, even under the restrictive 3VA setting. A natural initial
hypothesis is that the expected SWM committee also maximizes the
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probability of being SWM. Unfortunately, this intuition does not
hold in general. We provide a counterexample involving 3 voters
and 4 candidates to illustrate the inherent difficulty.

1 2 3 4

1 (05 1.0 1.0 1.0
2 105 05 1.0 05
3 \05 00 0.0 0.0

Each element p;. is the probability that voter i approves can-
didate c¢. We first compute that committees W; = {1,3}, W, =
{2,3} and W5 = {3,4} all achieve the highest expected social
welfare, with a value of 2.5. However, their probability of being
SWM differ: Pr [W; is SWM] = 3, Pr[W, is SWM] = 13, and
Pr [W; is SWM] = %. This example highlights the inherent com-
plexity and subtlety of the ExisTsSWM-ProB(p) problem, even
under the 3VA model. Despite these challenges, we prove that
it is polynomial-time solvable when n = 1 or k is constant (See
details in the appendix). Beyond these aforementioned results un-
der restrictive assumptions, we also establish a positive result for
Ex1sTsSSWM-ProB(1) problem.

THEOREM 5.4. Under the Candidate Probability model, ExiSTSSWM-
ProB(1) is solvable in polynomial time.

The core idea is an poly-time algorithm which constructs a profile
consisting solely of certain approval ballots and computes the SWM
committee for this deterministic approval profile?. The algorithm
returns YES if the committee is a certificate for YES instance for
SWM-ProB(W, 1), otherwise returns NO. It is worth mentioning
that for both Lottery and Candidate Probability model, not only can
we determine the ExisTsSWM-PRroB(1) problem in polynomial time,
but we can also compute the committee maximizing the probability
of being SWM by our proposed polynomial-time algorithms.

6 ROBUST COMMITTEES

In many settings, not only deciding the ExisTsSWM-ProB problem
is intractable, but it can also be highly sensitive to the realizations of
the approval profiles. In particular, it might be the case that a com-
mittee that maximizes probability of being SWM may only be social
welfare maximizing for only a small fraction of the plausible profiles
while performing poorly in the remaining plausible profiles. As a
result, this motivates us to study robust committees. Intuitively, a
committee is considered robust if it achieves approximately optimal
social welfare with high probability.

Definition 6.1 ((a, p)-Robust Committee). Given any uncertain
preference model, denote by W* the random committee that max-
imizes social welfare under any plausible approval profile and a
random variable Z representing its social welfare. A committee
W is (a, f)-robust if it satisfies

Pr[SW(W) > a-Z] > B, where @, § € (0, 1].

Although we know that the a committee maximizing the ex-
pected social welfare may not be the committee with highest proba-
bility of being SWM, the following result shows that it is guaranteed
to be (% %)—robust.

2Tie-breaking by selecting the committee with the highest number of approvals with
positive probabilities.
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THEOREM 6.2. Under the 3VA model, any committee W maximiz-

ing the expected social welfare is (%, LY-robust.

2

ProOF. Let W be a committee that maximizes the expected so-
cial welfare. To prove W is (% %)—robust, we aim to show that
Pr[SW(W) > % -Z] = % where Z is the random variable represent-
ing the social welfare of the social welfare maximizing committee
W*. We next introduce the committee W, denoting the committee
that has the maximum number of non-zero approval entries (that
is, the number of pairs (i, c¢) for i € N and ¢ € C such that p; . # 0).

For any plausible approval profile A under the 3VA model, we
first observe that the social welfare achieved by W* is at most the
number of non-zero approval entries for any k candidates in C.
Moreover, recall the definition of W and we know that the number
of non-zero approval entries for any k candidates in C is upper-
bounded by 2 - E[SW(W)] since W has the highest number of
non-zero approval entries and E[SW(W)] is equal to the sum value
of all approval entries for W and the equality holds for the upper
bound when all the non-zero approval entries for committee W
are % That is,V ¢ € W,V i € N such that p;. # 0, then p;. = %
Consequently, we have SW(W*) < 2-E[SW(W)] for any plausible
approval profile A. On the other hand, by the definition of W, we
have E[SW(W)] > E[SW(W)]. Hence, we bound the probability
of SW(W) > 1 - Z by

Pr[SW(W) > % - Z] =Pr[SW(W) > % SSW(W™)]
> Pr[SW(W) > B[SW(W)]]

> Pr[SW(W) > E[SW(W)]] = %

The last step holds as SW(W) follows a shifted binomial distribu-
tion, i.e., SW(W) ~ Bin(y, %) + x, thus the probability that SW(W)
is larger than its expectation is % Therefore, for any expected social
welfare maximization committee W under the 3VA model, we have
Pr[SW(W) > 1-Z] > 1.ie, Wis (4, })-robust. O

Since a committee maximizing the expected social welfare can
be computed in polynomial time, Theorem 6.2 shows that (% % -
robust committees can be efficiently computed under the 3VA model.
However, our next result shows that a similar result does not hold
in the more general setting of the Candidate Probability model.

THEOREM 6.3. Under the Candidate Probability model, for a, €
(0, 1], no committee is (a, f§)-robust.

Proor. Given any «, § € (0, 1], we construct an instance under
which no committee is (a, f)-robust. Consider an instance with
single voter. The sole voter independently approves each candidate
with identical probability p = g Consider the candidate number m

log(p)
such that m > Tog(i=p)

Since all candidates have the same approval probability and the
committee size is 1, any committee will have the same performance
in terms of the probability of being SWM. Without loss of gen-
erality, let W = {c;}. Recall the definition of random variable Z
which represents the social welfare of the SWM committee. In the
constructed instance, we express Z as Z = maxc;ec{AS(c;)}. For

and set the committee size to be k = 1.
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committee W, we have

Pr[SW(W)>a-Z] =Pr [AS(cl) >a- rge{x }{AS(ci)} . (3)

Cci€

Now consider Pr [maxciec\{cl}{AS(ci)} = 1], we obtain
Pr [ max {AS(c¢;)} = 1] =1-Pr[Vc¢; € C\{c1},AS(c;) =0]
ci€C\{c1}

—1-(-pm, @

Let Y be max,ec\ (¢} {AS(c;) }. Conditioning on Y, we have

PrSW(W)>a-Z] =Pr [AS(¢;) = a - Y] (Equation (3))
- (Pr[AS(cl) >0|Y =0] -Pr[Y:O])

+ (Pr[AS(cl) >alY=1] -Pr[Y:l])
=Pr[Y =0] +Pr[AS(c;) > a] -Pr[Y =1]
(Independence)
= (1=p)" ' +Pr[AS(cr) 2 a]- (1~ (1= p)"7)
(Equation (4))

=(1=p)" " Hp-(1-(1=p)"7)
(With probability p approving c;)

1
=p+(1-p)" <p. (m > ogs)
This implies that there is no committee satisfying («, )-robust in
this instance. o

Since every candidate probability instance admits a unique rep-
resentation as a lottery model (Proposition 2.1). Hence, the impos-
sibility result applies for the lottery and joint probability model.

7 CONCLUSIONS

This paper initiates the study of social welfare maximization un-
der uncertainty in approval-based committee voting. Given the
relevance of such voting rules in applications like recommender
systems and block-chain governance, our framework provides a
foundation for incorporating uncertainty into these domains. Many
of our results include explicit polynomial-time algorithms, offer-
ing a general toolkit for addressing a broader class of set selection
problems under uncertainty. Our analysis focuses on social welfare
defined by the size of the intersection between the selected commit-
tee and voters’ approval sets. It would be interesting to investigate
whether some of our techniques extend to more general satisfaction
functions. A particularly compelling open question is the compu-
tational complexity of ExisTsSSWM-ProB(p) under the candidate
probability model, even in the restricted 3-Valued Approval (3VA)
setting. Since Ex1sTsSSWM-ProB(p) is NP-hard in other models, a
promising direction for future work is the development of approxi-
mation algorithms for this problem.
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