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ABSTRACT

Current research applying N-level Stackelberg Game to multi-agent
systems often uses the default decision order of agents provided
by the environment. However, this raises the question: Does the
order of agents necessarily affect the final equilibrium point
of the game? To address this, we formally analyze the N-level
Stackelberg Game in which changing the order where the agents
make decisions typically leads to an overdetermined system. As a
result, the equilibrium point is shifted unless special structural con-
ditions are met. Based on this, we propose the Hierarchical Priority
Adjustment (HPA) method, which adjusts and selects the agents’
decision order. For the upper level, an upper policy dynamically
selects the optimal decision order of agents based on the current
game state; for the lower level, agents execute the strategy in the
Spatio-Temporal Sequential Markov Game (STMG) based on the
selected order. To coordinate learning across time scales, we employ
a slow-fast update scheme with shared intrinsic rewards derived
from the upper policy advantage function. Experimental results on
high-precision control tasks such as multi-agent MuJoCo show that
HPA outperforms the benchmark algorithms and robustly adapts
to changing environments. These results highlight the crucial role
of optimizing the decision order of agents in N-level Stackelberg
Game.
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1 INTRODUCTION

In Multi-Agent Systems (MAS), agents independently complete
their own tasks to achieve individual optimization. In addition, they
also cooperate with each other to achieve shared global goals. Multi-
Agent Reinforcement Learning (MARL) has become a promising
approach to solve this task, nevertheless it brings challenges. In a
constantly changing environment, the rewards of agents are usu-
ally closely related to the actions of others. To achieve optimal and
stable collaborative behavior, each individual in the system needs
to form a consistent and stable collaborative strategy through con-
tinuous interaction. This requires the construction of an effective
and efficient interaction structure between agents.

Game theory provides an effective conceptual framework for
promoting the interaction among agents, which offers a promis-
ing approach to solving multi-agent collaboration. Initially, some
studies model multi-agent systems by using the concept of Nash
Equilibrium (NE) in non-cooperative games, expecting that collabo-
rative strategies can converge to NE point, such as Nash Q-Learning
[4], Mean Field Q-learning [14] and HATRPO [5]. However, these
methods lead to multiple NE points existing in the game, and in
this case, agents choose different NE strategies so that the overall
strategy can’t converge to the one NE point. For instance, as can
be observed in the left panel of Figure 1, even within relatively
simple game environments, multiple NE points may exist. When
agents make decisions simultaneously, this can lead to different
agents optimising towards divergent directions, making it difficult
for their strategies to converge.

Therefore, subsequent research turned to find the Stackelberg
Equilibrium (SE) [11], where agents adopt asynchronous execu-
tion strategy and make decisions in a leader-follower framework.
Leaders prioritize decision-making and implement their policies,
while followers respond rationally to such implementation based
on the leaders’ decisions. This approach mitigates environmental
non-stationary issues by treating the remaining followers as a part
of the environment when the leader acts. Moreover, the SE point
demonstrates superior coordination performance compared to the
NE point. In Figure 1, regardless of whether the environment is set
to a global objective or self-reward, the payoff at the SE point is
higher than that at the NE point. This arises from the continuous
accumulation of Pareto advantages through asynchronous decision-
making between characters during the Stackelberg game. Early


https://doi.org/10.65109/RNLD7242
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.65109/RNLD7242

Research Paper Track

research divided agents into leader and follower (2-level Stackel-
berg Game) to establish an asynchronous interaction structure, such
as Bi-AC [17] and ST-MADDPG [13], but this method still has the
same issues as the above method for finding NE points. Although
it achieves asynchronous execution between the two levels, the
agents within the same level are still executed synchronously.

az 2 2 2 az 2 2 2
a ap |4y | 93 a a4 a4 as
a; |[-10[ 0 | 10 a 05 |[-10,-5| -8,4
ay |0 [2]0 a; |-5,-10| -50 |-15,-5
ay | 8 ]0]-10 a; | 50 |-10,-5|-10,5

Figure 1: Matrix games. Left: (a}, a2), (a}, a%) and (a}, a?) are
NE points, and (a}, a2) is the only SE point. Right: The payoff
matrix of the Mixing game. When a; is the leader, it has only
one NE point (a}, a%) and only one SE point (a], a?). The SE is
Pareto superior to the NE.

To solve this issue, some research extended 2-level Stackelberg
Game to N-level Stackelberg Game. These approaches serialized the
execution of multi-agent systems, forming Stackelberg sub-games
level by level through sequential execution, and continuously accu-
mulating Pareto advantages. It can continuously enhance the level
of collaboration among multi-agent. STEP [15] proposed Spatio-
Temporal Sequential Markov Game (STMG), providing a complete
process for modeling multi-agent systems with N-level Stackel-
berg Game and achieving good performance. STEER [16] combined
Stackelberg Game (SG) with Transformer, fully leveraging the ad-
vantages of both, and achieved excellent experimental results.

The N-level Stackelberg Game essentially serializes agents in
the system, creating differences in the order of execution between
agents. The Stackelberg game originates as an economic concept,
used to describe the strategic interactions between firms of differ-
ing scale and status within a market. It enables the determination
of whether a firm acts as a leader or follower based on quantifi-
able metrics. However, when applied to multi-agent system, it is
often impractical to accurately quantify an agent’s capabilities,
thereby precluding the definitive classification of an agent’s char-
acter within the environment. In summary, determining an agent’s
identity remains challenging.

Recently, some research begun to focus on the issue of agent
execution sequence. The B&P [3] algorithm determined who plays
first through a heuristic approach, and solved the multi-agent col-
laborative navigation problem by combining real physical systems.
Combining the research content of this paper, we rethink SG and
MAS and propose the following two research questions: (a) Does
the execution sequence of agents necessarily have an impact
on the N-level Stackelberg Game? (b) If so, how should the ex-
ecution sequence of agents be determined? Although the B&P
algorithm implemented dynamic adjustment of agent sequences,
it didn’t provide theoretical guarantees that the change of agent
sequences will affect the final equilibrium point of the game. In
addition, its efficiency and performance depend on the sub-problem
solver and pruning strategy, which all need to be designed manu-
ally according to the application domain, so it lacks universality.
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Moreover, when facing high-dimensional continuous state action
spaces and nonlinear dynamic tasks in MARL, it is more likely to
learn suboptimal results compared to deep learning models. We
aim to propose a universal end-to-end method that can learn the
optimal execution sequence in complex MARL environment tasks
for different situations.

In this paper, we prove the question (a) theoretically that differ-
ent execution sequences significantly affect the equilibrium of the
N-level Stackelberg Game by analyzing the concept and mechanism
of action of Stackelberg Game. Based on this, the HPA algorithm
is proposed to learn the optimal decision sequence of multiple
agents in different situations to solve the above questions (b). The
contributions are summarized as follows:

(1) From the perspective of game theory, we use mathematical
methods to prove that in the same situation, the execution
sequence will significantly affect the equilibrium of the game,
and thereby influence the collaboration level of multiple
agents.

(2) We propose the HPA algorithm. In a complex multi-agent in-
teraction environment, as the game progresses, it can select
the best execution sequence in different situations, thereby
enhancing the overall performance. The results in more com-
plicated scenarios also illustrate its superiority over powerful
benchmarks in terms of the overall performance.

2 THE PREAMBLE AND RELATED WORK

2.1 Related Work

In some studies, Stackelberg Equilibrium (SE) is adopted as the
convergence objective for multi-agent systems, where leaders can
access followers’ reward information and maintain copies of their
value functions. Bi-AC [17] introduces a bi-level actor—critic frame-
work with a Q-learning-based leader and DDPG-based followers,
requiring both parties to retain key networks during execution.
Similarly, ST-MADDPG [13] follows the CTDE paradigm by divid-
ing agents into leader and follower levels, with followers observing
leaders’ actions. However, these approaches are limited to 2-level
structures, and extending them to multiple levels is non-trivial. Sub-
sequent work generalised two-level Stackelberg games to N-level
settings. For example, STEP [15] uses a conditional hypernetwork to
construct agent policies, reducing model complexity while enabling
parallel execution, whereas STEER [16] leverages the autoregres-
sive structure of Transformers to model sequential execution and
integrates global information through unified encoding.

During experimentation, the ordering of agents naturally be-
comes a critical issue that prior work largely overlooks. BP [3]
addressed this by dynamically adjusting agent sequences using
heuristic rules, but this approach depends on domain knowledge
and manual pruning, which limits scalability. Therefore, effectively
resolving agent serialisation remains an important challenge in
multi-agent systems.

2.2 Spatio-Temporal Sequential Markov Game

The STMG is an evolutionary version of Markov Game (MG). It
is defined as the tuple I' = <I,S, {ﬂ’}ie] P, {r’}ie] Y {h’}i€]>,
where I represents the set of all agents with |7| =n,ands € S
represents the environmental state. a’ € A’ is the action of agent
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a 80,0 | 20,20

Figure 2: The example payoff matrix of 2-level Stackelberg
Game.

i and the joint action space is A = [[L; A. P : S x A — Q(S)
represents the state transition function of the environment, where
Q(X) denotes the set of probability distributions over X. r : S x
A — Ris the reward function of agent i and y is the discount factor.
h! denotes the decision priority of agent i and H = {hl, ces h”} is
a prioritized permutation of agents.

At time ¢ step , the agent with priority k' executes its strategy

A Sx A xox A 50 (.?lhi) based on the subgame

pi-1

hl . ey
e Ay . The environment transitions to a

hi
state s,/ = (s, a;
new state ;11 ~ P (S41 | S, @¢) after receiving the joint action ay =

(a}, .. .,a’;) and assigns private rewards r (s¢,a¢) for each agent.
The joint policy is represented by  (s;) = [, " (sfl). The
transition function and the joint strategy determine the marginal
distribution of the state at each time step, i.e., s ~ p,. Within
this framework, each agent aims to maximize its own discounted
cumulative reward R¥(7) = ZtT:o yirt (ss, as) over a trajectory 7 of
length T.

2.3 Example of 2-Level Stackelberg Game

Here we use a simple example to illustrate question (a): the influence
of the execution sequence on the equilibrium state of the game.
In the SG scenario, there are two characters a; and aj, and the
payoff matrix is shown in Table 1. When a; is the leader and a; is
the follower, a; chooses the action that maximizes its own benefit
under the condition that a; has made decision. The benefits of the
actions are (40,40) and (20,20) respectively, and a; chooses the action
that maximizes its own benefit among these actions, i.e. (a%, a;)
is the SE point. Similarly, when a5 is the leader, (a2,43) is the SE
point. It can be found that the sequence of role decisions affects the
final equilibrium result of the game. It also prompts us to consider
whether the suboptimal performance of the model proposed in
previous research in certain test environments can be attributed
to the predetermined decision sequence, rather than reflecting the
actual performance limitations of the model itself.

2.4 N-Level Stackelberg Game

SG is a well-established game-theoretic framework that models
hierarchical decision-making structures where some agents have
advantages over others. Typically, such structures consist of lead-
ers, who are superior agents capable of committing to their actions
prior to other agents; and followers, who are inferior agents that
must respond to the leaders’ decisions.In the context of multi-agent
Stackelberg games, each agent is placed in a different priority po-
sition to match the decision-making mode of STMG. This process
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is extended from the 2-level Stackelberg Game structure to the N-
level Stackelberg Game. And it gives rise to an N-level optimization
problem:

max J* (7{1:"71,71’-) ,n/ € arg max g/
i ellt i et
max g/ (ﬂljj_l,ﬂ'j)

) eI/

L -
(n,l.] 1,7'[] )

1)

where i € [1 : n] and j € [i + 1,n]. Within the hierarchical
decision-making structure of STMG, each agent assumes the role
of a follower to higher-level agents while simultaneously acting
as a leader to lower-level agents. For followers, they receive deci-
sion information from superior agents during both the execution
and training procedures. The policy gradients of the agents are
then updated in the direction of the optimal response to leaders,
yielding an approximation of the solution to the inner optimization
problem.On the other hand, for leaders, they interact with the en-
vironment and perceive the reaction of the inferior agents. When
updating their policies, leaders consider followers as part of the
surrounding environment and maximize their rewards, resulting in
an approximate solution to the outer optimization problem.

Under the RL training paradigm, all agents possess the capabil-
ity to maximize their utility in accordance with current conditions.
Through continuous interaction with the environment, agents even-
tually arrive at a consensus wherein inferior agents execute optimal
responses to the decisions of superior agents, and superior agents
optimize their policies based on this premise, promoting the attain-
ment of SE policies by all agents.

3 PRIORITY IS IMPORTANT

This section aims to solve the question (a): Does the execution
sequence of agents necessarily have a impact on the N-level
Stackelberg Game? The question centers on whether a change in
the order of execution of the N-level Stackelberg Game changes the
final game payoff, i.e., the SE point changes. From the perspective
of Stackelberg game, each character is inherently unequal in ability
and status. Intuitively, characters with high ability and status should
have high priority to achieve a better global SE, and vice versa.

The proof is given below: first, the game system is setup as fol-
lows. There are n players in the game with corresponding strategies
7; € II;. The strategy space is also the action space, and here we
specify the action space as continuous variables, such as the move-
ment and rotational angles of a robot’s joints. For discrete variables,
we can derive them using the tabular method. Theoretically, results
can be obtained even for highly complex game settings. For dis-
crete variables, we can derive solutions using the tabular method,;
theoretically, results can be obtained even for highly complex en-
vironments. The payoff function is defined as Q;(y, ..., 7). The
payoff function represents the correspondence between the actions
taken by the players during the game and the payoffs they receive.
Based on the properties of the Stackelberg game, the strategy ;
can be written as 7; = (7, ..., Ti—1).

Subsequently, the first-order conditions characterizing the opti-
mal strategy of character i in the general case are derived through
backward induction [2]. These conditions serve as necessary crite-
ria for optimality in sequential decision-making:
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o Character n maximizes its own return Q,, given the decisions
of 1,...,n—1 characters (17, ..., 7[;71). The objective function
can be formalized as:

argmax, . On (m} s g5 ) (2)
The condition obtained is:
dQn

dn, ®3)

e Similarly, when character i is given the strategies of the
former i—1 characters (n7, ..., 7;_; ), it chooses 7; to maximize
Q. To make sure, the strategies of the latter characters are
taken into consideration. The object function is formalized

as:
arg maxmeniQi(m* ST} q3 7035 e TTn) (4)
The condition obtained is:
dQ; 90; <o 9Q; drm;j
dQi _ 9Q: + Z Qi anj _ (5)
dﬂ'i azr,- s aﬂ'j dﬂ,’i
J=i+l
where Z—’Z can be expanded by the chain rule as
dﬂ.’j ! aﬂ'j d]'[k
oy H. ©)
mo ory  dm;

e Character 1 maximizes its own return Q;. The objective
function can be formalized as:

argmax,; Q1 (7r1; 712 2 7)) 7)
The condition obtained is:
dQ1 901  x\~9Q: dm;
= == 4 — . — =0 8
dﬂ.’l 87[1 ]Z:,; aﬂ:j dﬂl ( )
where % can be expanded by the chain rule as
1
dﬂj _ = aﬁj d”k
Doy ©)
mo om  dm

e Summarize: for any character i, the necessary condition to
be satisfied for a strategy s; that maximizes Q;:

sz ~ an Zn: (a_Qi.jl

dﬂ, " om; = on; = Iy

orj  dmy

dm):o (10)

Noted that the mathematical computation of the maximum value
usually requires the second-order derivative condition to distin-
guish the category of extreme values, but here we decide not to
compute the second-order derivative condition. The reason is that
the premise of our derivation is the necessary conditions that need
to be satisfied by the SE point, which means that the second-order
derivative condition naturally holds.

It can be found in Equation 9 that the characters other than 1
and n act as both the leader and the followers in the game, which
means that their decisions are obtained by the simultaneous action
of both parts. Corresponding to the two terms: for the first term
‘;% , the character i acts as a follower and chooses the strategy that
maximizes Q; when given the strategy (], .., 7;_,); For the second

9Qi Jj-1 371']
termZ] i1 (a”] >

d
e . ”k ) it acts as a leader, which needs
i ank
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to forecast the decisions of subsequent characters to make decisions
that are in one’s self-interest, as reflected in the chain of derivatives.

Having obtained the first-order derivative condition satisfied by
the optimal strategy of character i, next we need to prove whether
the formed game structure when the order of the characters changes
still satisfies the conditions required before the order change. Next
we will prove whether there exists an overall strategy that satisfies
both sets of equations before and after the change of the characters
order:

o Original game structure I': the order of charactersis 1,2, .., n
The best strategy under this order is 7* = (x}, ..., ;;), 7 € IL.
The payoff functions are Q; = (7, ..., 7r,), respectively. The
equilibrium condition for character i is as follows:

Fi(m) =

£+Za—Q"-@=o (11)

T j=i1 or j dr, i

e Order-shuffled game structure I': based on the order of char-
acters in the original game, there are at least two roles that
switch places with each other. The best strategy under this
order is 7 = (ﬂfl, 7r,*1/), s’ € II'. The equilibrium condi-
tion for character i is as follows:

an N 9Qi d”J,'
Fi(m) =25 + S ) 12
() g%a¢ dr] a2

Although the condition formulas for character i before and after
the change in order remain the same, the hierarchical relationship
between its preceding and following characters changes. We com-
bine the two sets of equations by rows to form the set of equations
J:
F(r) = (Fi(m);...; Fa(mn)) =0
F'(n) = (F{(m);...; Fy(ma)) = 0
J(m) = (F(m); F'(m)) =0 (14)
We express the set of equations J(7) = 0 in the form of Ax = b,
where A € R?™" s the coefficient matrix with respect to 7 =
(my, .y mp), m € NI, b is a vector composed of the opposite
numbers of the constant terms in the set of equations, which is a
non-zero vector. It is noted that matrix A is overdetermined and
heterogeneous, so there is no strategies  that can simultaneously
satisfy all constraints. A solution exists when the following condi-
tions are met:

(13)

(1) Ifit is a set of linear equations, there will only be a solution
when r(A) = r(Alb) [8].

(2) Ifit is a set of nonlinear equations, in mathematics, iterative
methods such as LM [6] or Gauss-Newton [7] are usually
used to solve them. The specific approach is as follows:

2n

) € R () = ()1 (15)
i=1

n* = argmin | ()| (16)

Given an error coefficient €, when the error ||J(7)||? < e, it is
considered that a solution exists. Finally, it can be concluded that,
under normal circumstances, no single strategy exists that can si-
multaneously satisfy the constraints both before and after a change
in order.
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4 PRIORITY SCHEDULING FOR SG

The intuition behind the model: for instance, in a basketball game,
during offensive plays, the actions of forwards are relatively more
important than those of midfielders and defenders, whereas the
opposite holds true during defensive plays. In the previous sec-
tion, we prove that the adjustment of the order of the characters
affects the final gain of the game in the same state. Based on this,
from the perspective of multi-agent system, with the game process
keep going, the state of the system keeps changing, and the opti-
mal execution order of the agents will also change. We propose
Hierarchical Priority Adjustment to solve the question (b): how
should the execution sequence of agents be determined?

Our proposed method centers on choosing the optimal order of
execution of the agents in the different states of the system. It can
be naturally associated with hierarchical reinforcement learning
(HRL), whose core idea lies in the decomposition of a complex task
into more manageable sub-tasks. It’s optimization and decision-
making can be carried out separately between levels, which is a
natural fit with our problem.

Algorithm 1 Hierarchical Priority Adjustment (HPA)

1: Initialize environment state sy, pretrain lower-level policies
1, ..., Tp, time interval k

2: Initialize upper policy 7q, termination function f,, 4, critic Vo

3§ S

4: Sampling order w from distributions generated by the strategy
model g (s)

s: for episode = 0 to episodes do

6: fort =0 to episode — length do

7: For each agent i (according to order w), observe
(S, A5 eees {11;1)

8: Choose action a; ~ 7;(s, ag, ..., di—1)

9: Execute joint action a = (ay, ..., a,)

10: Get observe s’, external reward r¢

11: Store (s, a,r¢,s") into buffer D;

12: if t%k == 0 then

13: Compute upper-level reward Ry = Y.¥ ! r¢

14: Store (s7, w, Rr) into buffer D,,

15: end if

16:  end for

17. Compute intrinsic reward r! = + Aq (s7, )

18:  Insertr, = rf + r{ into D to replace r°

19:  Upper-policy improvement:

200 8 «—r—Qu(s,w,a)

21:  if s’ is non-terminal then

22: 8 —5+y(1—Puy(s))Qals’ w)

23: +YPog(s") maxg Qals’, @)

2¢:  endif

25 Qu(s,w,a) « Qu(s,w,a) +ad

26 00— 0;VyPuu(s")(Qals’, w) —max Qq(s’))

27 Lower-policy improvement:

28:  Compute the advantage function A, for all (s,a) to get
Leiip = min(rgAx, clip(rg, 1 + €)Ay)

29:  Compute the policy entropy S(mp(s))

30: 0« 0+ agVglogm,e(als)[Lep +1S(me(s))]

31: end for
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Figure 3: The overall architecture of HPA.

Figure 3 illustrates our proposed method structure in detail. In
our method, we add the option variable to the original STMG,
e T'= (1,8, {41}, P {1}y 1. (1) () e} For upper
policy we draw on the framework of option-critic [1], consisting
of termination function and upper policy network. Based on the
current state of the system, the upper policy 7,4 (s) will choose
the optimal execution order w for the state s. Termination function
Pr,p(s) determines whether to halt the currently executing option
based on the present state s. Assuming that the number of agents in
the system is n, we abstract all the orders of the n agents as lower
options, each order corresponding to an option. The option value
function can be formalized as:

Qals,w) = > Twala | 5)Qu(s,w,a) (17)

where Qp : S X Q X A — §’is the augmented action value function:

Qu(s,w,a) =r(s,a) + )/ZP (" Is,a) U (w,s") (18)
7

where U (s, w’) is the objective function of the termination function.

It’s to maximize the weighted sum expectation of the option value

function and the termination state value function:

U(w,s") = (1= Buo (s) Qa (s", w)
+ P (s) Va (s)

where f,,,,(s") is the probability value of terminating the current
w given by the termination function based on s, and Vg (s’) is the
state value function of terminating the current w obtained by the
critic network. ¢ and ¢ are the parameters of the critic network
and termination function respectively.

For the lower policy, any algorithm with the Stackelberg game
structure can be selected. We choose HAPPO and modify the input
of its actor from the original s; to (s;, ai, ..., a;—1) and use it as the
lower policy of HPA.

(19)

4.1 Hierarchical Priority Adjustment

In the implementation of HPA: we disassemble the original option-
critic framework, where the training between the upper policy and
the lower policy is independent, which leads to the fact that there
is no strong connection between the levels, and no communication
is established between them. To address this problem we drew
inspiration from HAVEN’s [12] approach and divided HPA into



Research Paper Track

two time scales, with the lower strategy being faster and the upper
strategy being k times slower, and we denote the time scales of the
upper and lower strategies by T and t, respectively. Every k steps
on the slow time scale r,, chooses w, after selecting a particular
lower strategy w, the lower strategy n; then selects an action a;
based on the local observation s; of the k steps. All agents share
a reward function given by the environment, which we denote r¢
as external reward , and we also set the upper reward function to
be shared, defined as Ry = 37! r¢. We also denote the experience
pools of different strategies by D; and D,, to store <s,, ay, rf) and
(st, wr, RT), respectively.

For the concurrent optimization of two-level strategies, the ad-
vantage function of r,, is used as the intrinsic reward i, and the
advantage function of the upper strategies can give the lower strate-
gies a time abstraction of the next k steps to guide them to train.
When 1, executing an action wr in state sy, we set the advantage
function of the upper policy as Ay (st, wr), and then for 7, the
advantage function is distributed over the k steps to obtain the
intrinsic reward function of each underlying strategy, which can
be expressed as :

i Ap (s7,wr)
T
ri and r® as a joint reward function between all lower strategies, rep-

resenting the coordination of strategies between levels and between
agents respectively.

T k<t<(T+1)-k (20)

4.2 Implementation

We use the option-critic framework as our upper policy. At the
same time, we chose the Proximal Policy Optimization (PPO) [9]
algorithm for our implementation of option-critic. To ensure the
balance between exploration and exploitation in the training phase,
the upper options are selected by sampling actions from a Gaussian
distribution generated by the strategy model. The loss function of
the upper policy is:

L(e) = Es~P,w~Q [Lclip + ’75 (7'[9(3))] (21)

Leip =min (rgAyz, clip (rg, 1 £ ¢) Ay) (22)

where S(-) is Shannon entropy used for strengthening exploration,
— _mo(wls)
0= Tgyq (W19)

vious policies, € is the clipping ratio, 1 is the coefficient of entropy.
Critic network is used to fit the value function, and its loss function
is expressed as:

is the likelihood ratio between the current and pre-

L(9) = max | (Vs(sr) = Rr)".

) (23)
(clip (V¢(ST), Vaa (5ST) £ €) —Rr) ]

where Ry is the cumulative value of the reward for the lower strat-
egy executing k steps, and e is the clip coefficient. The loss function
of the termination function is:

L(¢) = nq(wr Ist)[ Qu(sr, wr)

_ mﬁix Qu(st,w) + 1//] (24)

where i is the regularity coefficient.
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For the training of the lower strategy, we modify the reward of
its loss function, replacing r¢ with r = r + r¢. The pseudo-code of
the algorithm is shown in Algorithm 1.

5 EXPERIMENTS

We evaluate the performance of our proposed algorithm, HPA. The
main objectives of these experiments are: (a) verify that different
orders of execution of the agents can affect the performance of the
model; (b) evaluate our proposed method’s performance in more
challenging cooperative tasks; and (c) visualize that the model
obtained from training selects the optimal order of the game in
different situations. In the benchmark environment : the Multi-
Agent MuJoCo [10]. Based on the reward settings (shared rewards)
and the type of action control (continuous action space) in the
environment, we compare HPA with various state-of-the-art MARL
algorithms including algorithms based on the Stackelberg Game
for facilitating multi-agent collaboration.

5.1 MuJoCo

To measure the collaboration level of the agents, we choose repre-
sentative cooperation scenarios such as Walker2d and HalfCheetah.
We groupe the agents to reduce the exponential growth of the order
of agents. For example, the agent is divided into 3 groups, each
group contains two agents, which is denoted as 3 x 2. We denote
the positions of the default order given by the environment as 0,
1 and 2, respectively, and all the orders are then denoted as full
permutation of 0,1 and 2.

5.2 Effect of the method on different execution
order

In order to validate the theoretical proof process of question (a),
we use the advanced STEP algorithm and the HPA’s lower policy
algorithm to train all execution sequences of agents to compare
the effect of different agents’ execution sequences on the experi-
mental results. We conducte the experiment using control tasks
HalfCheetah and Walker2d provided by MuJoCo.

The results were shown in Figure 4. It can be found that the exper-
imental results obtained by different orders of agents differ greatly,
whether the current mature STEP algorithm or our proposed HPA’s
lower policy algorithm with the structure of the Stackelberg game.
At the same time, this also triggers our thinking that when we
use the Stackelberg game to conduct experiments, if we follow the
environment’s default order of agents for action input, there is a sit-
uation in which the order leads to suboptimal performance, rather
than the upper limit of the model’s performance. For example, in
Fig. 4c, if the default order given by the environment is changed to
120, the performance of the STEP algorithm will be around 1200
rewards. But in fact, the effects of other orders are far higher than
this result.

5.3 Comparison Results

The proposed HPA method is compared with four state-of-the-art
MARL algorithm: (1) MAPPO which is an extension of PPO based
on a single agent to multi-agent system. (2) HAPPO and (3) HA-
TRPO which are representative examples of heterogeneous agent
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Figure 5: The mean episode rewards obtained by the proposed HPA and benchmarks.

‘ Rewards | HalfCheetah 2x3 | HalfCheetah 3x2 | Walker2d 2x3 | Walker2d 3x2

HPA mean 5176 5345 4532 4232
max 5432 5674 5021 4467
mean 4502 5100 3461 3785

HAPP!
© max 5002 5419 3957 4001
mean 3853 2727 3089 3142
HATRPO max 4238 3800 3090 3285
mean 2980 1903 2971 2673
MAPPO max 3002 2654 3499 3000
STEP mean 4394 3898 2845 3451
max 4899 3902 3291 3788

Figure 6: Data characteristics. Mean denotes the mean episode rewards and max denotes the max episode rewards.

algorithms, with strong theoretical support and performance guar-
antees. (4) STEP which is currently the most advanced algorithm
for modelling multi-agent systems using Stackelberg games.

The comparison results are shown in Figure 5 and Figure 6. HPA
performed better than other algorithms in four experiments. Specifi-
cally, in the environment of HalfCheetah 2% 3, the proposed method
performed the best among all methods and gained nearly 5200 re-
wards, while the second-best method was HAPPO method that
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gained nearly 4500 rewards. In the environment of HalfCheetah
3 X 2, the proposed method and HAPPO performed the best among
all methods and gained nearly 5500 rewards, which may be because
the agent partitioning method is insensitive to the priority of execu-
tion. Compared to the HalfCheetah environment, the Walker2d en-
vironment places higher demands on collaboration between agents:
the goal of HalfCheetah is for agents to move as quickly as possi-
ble by coordinating their joints, while Walker2d not only requires
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Figure 7: Visualisation experiments. (a) is the comparison experimental results of HPA and lower strategy. (b) is the experimental
results showing different execution sequences of lower strategies. (c) and (d) are the visualisation experiments of sequential

selection under random seeds of 1 and 10 after training,.

movement, but also requires agents to maintain balance. In the
environment of Walker2d, the performance improvement of our
proposed method is much higher than that of HalfCheetah. This is
because when it is necessary to maintain the balance of the agent
body, the HPA algorithm can select the optimal execution sequence
based on the current posture of the intelligent body to adjust its
posture and achieve balance. The comparison results show that the
proposed method achieves the best performance in four complex
cooperative environments.

5.4 Ablation Studies

This section aims to verify question (b) whether the upper-level
sequence adjustment strategy of HPA is truly effective. We selecte
the HalfCheetah 2 X 3 experimental environment, and the experi-
mental results are shown in Figure 7. Fig. 7a shows the experimental
results comparing the HPA algorithm with the default sequence of
the lower strategy. It can be seen that HPA is significantly better
than the lower strategy. By observing Fig. 7c and Fig. 7d, we can see
that during execution, the upper policy selects different execution
sequences based on the changes of the system state. Execution se-
quences 01 and 10 each account for approximately 50%. As shown
in Fig. 7b, even though sequence 10 is less effective than 01, the up-
per strategy still chooses 10 under certain state. This indicates that
during movement, different agent’s postures need to be adjusted by
different execution sequences in order to achieve long-term goals.
This also confirms that the necessity of sequence adjustment in
N-level Stackelberg Game.

We demonstrate the impact of hyperparameter k settings on HAP
performance in the HalfCheetah 2 x 3 in Figure 8. We discuss how
the k influences the performance. First, when k equals 1, the fast-
slow update strategy degenerates into a scenario where only the
upper-level strategy provides intrinsic rewards to the lower-level
strategy, with no multi-step guidance. Consequently, its perfor-
mance deteriorates relative to that observed when k equals 2. In
addition, the results show a trend that HAP performs worse as the
k increases. This is because when k becomes large, if the agent’s
posture requires adjustment during execution, it cannot promptly
make adjustments. The value of the hyperparameter k should not
be excessively large.
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6 CONCLUSION

In this paper, we solve question (a) via a game-theoretic formula-
tion and optimality conditions. It has been proven that, in general,
changes in the execution order of agents will lead to shifts in SE
points. To solve the question (b), we propose the HPA framework,
which employs a HRL scheme: an upper policy dynamically se-
lects the optimal agent ordering based on the current state, while
lower-level agents execute actions in STMG according to the cho-
sen order. Finally, the experiments on multi-agent MuJoCo control
tasks demonstrate that HPA outperforms state-of-the-art baselines,
validating both the theoretical proof and the practical effectiveness
of dynamic priority scheduling method. The shortcoming of our
model lies in the fact that while multi-agent grouping mitigates
the exponential growth of sequential permutations, it simultane-
ously constrains the potential performance of certain sequences.
Moreover, the partitioning method for multi-agent components
also influences game outcomes. Future work will address the limi-
tations of sequence quantities by exploring more adaptive dynamic
adjustment mechanisms for the execution order of agents, thereby
enhancing the overall system efficiency and robustness in diverse
scenarios.
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