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ABSTRACT
We study the computational complexity of strategic behaviour in
primary elections. Unlike direct voting systems, primaries introduce
a multi-stage process in which voters first influence intra-party
nominees before a general election determines the final winner.
While previous work has evaluated primaries via welfare distortion,
we instead examine their game-theoretic properties. We formalise a
model of primaries under first-past-the-post with fixed tie-breaking
and analyse voters’ strategic behaviour. We show that determining
whether a pure Nash equilibrium exists is ΣP2 -complete, comput-
ing a best response is NP-complete, and deciding the existence
of subgame-perfect equilibria in sequential primaries is PSPACE-
complete. These results reveal that primaries fundamentally in-
crease the computational difficulty of strategic reasoning, situating
them as a rich source of complexity-theoretic challenges within
computational social choice.
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1 INTRODUCTION
Democracy is often understood at the level of electorate → gov-

ernment, yet an equally important question arises within political
parties: how should parties select their own candidates? Histori-
cally, in many systems party elites simply chose nominees, with
primaries serving, at best, as informal opinion polls. The 1968 U.S.
Democratic convention, where Hubert Humphrey obtained the
nomination without entering any primary, triggered widespread
protests and prompted the institutionalisation of primary elections
in the United States [8, 22]. Similar reforms have since spread world-
wide: in some countries (e.g. the United States, Chile, Argentina)
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primaries are regulated by the state [6, 29], while in others (e.g.
France, Italy) they remain intra-party procedures run by party orga-
nizations [3, 17, 28]. Even in the United Kingdom, where primaries
are not formally adopted, major parties increasingly allow support-
ers to participate in leadership selection [24].

Primary elections appear in several institutional variants—open,
closed, semi-open, or hybrid systems such as poll-weighted primaries,
in which opinion surveys influence results. These hybrids are espe-
cially common in newer democratic countries such as Taiwan and
South Korea, where weak party membership structures leads parties
to integrate public polling into nomination procedures [12, 16, 25].

Primaries are not only decision procedures but also communi-
cation channels between parties and their supporters. Yet, they
invite strategic behaviour. For instance, in Colorado’s 2022 Repub-
lican primary, thousands of Democrats reportedly re-registered
as unaffiliated voters to oppose Representative Lauren Boebert,
ultimately without affecting the outcome [14]. Such “crossover”
behaviour illustrates that additional choice can create incentives
for manipulation and unintended losses.

From the party’s perspective, primaries may fail to maximize
general-election performance, as polarizing candidates can prevail.
From the voter’s perspective, they offer opportunities to reshape
competition, but at non-trivial computational and informational
costs. These observations motivate a formal analysis of the strategic
structure of primaries.
Our contribution.We study primary elections through the lens of
computational social choice and algorithmic game theory. Specifi-
cally, we:

• Formalize a two-stage election model in which voters’ pri-
mary and general-election choices constitute explicit strate-
gies (Section 3.1);

• Characterize the computational complexity of computing
best responses, verifying, and deciding the existence of equi-
libria (Section 4);

• Extend the framework to sequential multi-stage primaries,
showing how temporal conditioning increases strategic com-
plexity (Section 5).

Our results show that multi-stage primaries amplify the reason-
ing burden faced by strategic agents: best-response computation is
NP-complete, equilibrium existence rises to ΣP2 -completeness, and
sequential conditioning yields PSPACE-completeness. Beyond elec-
tions, these results connect to broader questions in multi-agent rea-
soning—how decomposing a collective decision into stages expands
the logical depth of equilibrium analysis within the polynomial
hierarchy.

Complexity overview. We use the complexity classes NP, ΣP2 , and
PSPACE. NP consists of decision problems of the form ∃𝑥 𝜑 (𝑥)
with 𝜑 computable in polynomial time. The class ΣP2 consists of
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problems of the form ∃𝑥 ∀𝑦 𝜑 (𝑥,𝑦), with 𝜑 computable in poly-
nomial time. PSPACE consists of decision problems decidable in
polynomial space; equivalently, it consists of problems expressible
as 𝑄1𝑥1 · · ·𝑄𝑝 (𝑛)𝑥𝑝 (𝑛) 𝜑 (𝑥1, . . . , 𝑥𝑝 (𝑛) ) with polynomially many
alternating quantifiers, as in quantified Boolean formulas (QBF ).
Increasing the number of electoral stages corresponds to increasing
quantifier alternation depth.

2 RELATEDWORK
Most research in computational social choice has focused on direct

elections, where all candidates compete simultaneously. Borodin
et al. [4] provide the first formal analysis of primary elections in
this domain, comparing multi-stage nomination processes with
direct elections under various rules. Their results demonstrate that
primaries can diverge substantially from direct elections both in
theory and in empirical distortion analyses. Our work extends this
direction by examining the strategic and computational dimensions
of voter behaviour in primaries rather than their welfare implica-
tions.

A complementary line of work studies strategic candidacy, where
candidates decide whether to enter or withdraw. This literature,
initiated by Dutta et al. [9, 10] and later developed by Brill and
Conitzer [5] and Polukarov et al. [23], characterises equilibria over
candidate participation decisions. Related work on electoral con-

trol—for example, adding or deleting candidates—originates with
Bartholdi et al. [2]. Harrenstein et al. [11] unify strategic candidacy
and spatial competition in a Hotelling–Downs framework where
parties nominate candidates, showing complexity bounds for equi-
librium existence and links to facility-location and Voronoi games.
More recently, Schlotter and Cechlárová [27] analyse the Possible
President problem under Condorcet-consistent rules, exploring com-
putational and parameterized complexity when nominees depend
on rival parties’ choices. In contrast to these candidate-centric per-
spectives, our focus is on the strategic computation of voters within
primary systems.

Another relevant stream concerns iterative voting, where voters
repeatedly adjust their ballots in response to others. Meir et al.
[20] initiated the study of convergence to equilibrium under plu-
rality, with subsequent extensions by Reijngoud and Endriss [26],
Obraztsova et al. [21], and Lev and Rosenschein [18]. Surveys by
Meir [19] and Airiau et al. [1] synthesise this literature, which typi-
cally assumes a single-stage election and investigates behavioural
convergence. Our analysis differs in treating voters as computation-
ally bounded agents: we show that computing a best response is
NP-complete once primaries precede the general election, and that
equilibrium existence climbs to ΣP2 - or PSPACE-completeness as
sequential conditioning is introduced. This places primary elections
within a broader conversation about the complexity of equilibrium
reasoning in multi-agent systems.

Finally, beyond computational studies, the design and conse-
quences of primary elections have been widely examined in the
social sciences. Kenig [13] surveys candidate-selection methods
across parliamentary democracies, while Cohen et al. [8] and Sides
and Vavreck [30] analyse elite influence and representativeness in
U.S. primaries. These empirical insights complement the computa-
tional models developed in AI and game theory, together offering a

more complete view of how institutional design shapes strategic
reasoning in multi-agent collectives.

3 PRELIMINARIES
For 𝑛 ∈ N, let [𝑛] = {1, 2, . . . , 𝑛}. Let 𝑉 = [𝑛] be the set of voters
and 𝐴 = [𝑚] the set of politicians.1 We write 𝑣𝑖 for voter 𝑖 ∈ 𝑉 and
𝑎 𝑗 for politician 𝑗 ∈ 𝐴.

Let Π = [𝑝] denote the set of parties. Each party 𝑘 ∈ Π has a
disjoint set of affiliated politicians 𝐴𝑘 ⊆ 𝐴, so that 𝐴𝑖 ∩ 𝐴 𝑗 = ∅
whenever 𝑖 ≠ 𝑗 . Hence every politician belongs to exactly one party.

After all primaries conclude, each party advances a single nomi-
nee to the general election (GE). The set of finalists is thus a profile

𝑐 = (𝑐1, . . . , 𝑐𝑝 ) ∈ 𝐶 := 𝐴1 ×𝐴2 × · · · ×𝐴𝑝 ,

where 𝑐𝑘 ∈ 𝐴𝑘 is party 𝑘’s nominee.
Each voter 𝑖 has a cardinal utility function 𝑢𝑖 : 𝐴 → Q, where

𝑢𝑖 (𝑎 𝑗 ) is the utility from politician 𝑎 𝑗 winning the GE. Because 𝐴
is finite, we identify 𝑢𝑖 with its vector representation

(𝑢𝑖,1, 𝑢𝑖,2, . . . , 𝑢𝑖,𝑚), 𝑢𝑖, 𝑗 = 𝑢𝑖 (𝑎 𝑗 ).
The utility profile [𝑢] collects all voters’ preferences and fully de-
termines payoffs for every possible GE winner.

3.1 Voting Framework
We model the election as a multiple-stage process: party primaries
followed by the GE. Each party 𝑘 ∈ Π holds its primary in a fixed
order (1,2,. . . ,𝑝). At each stage, voters cast their primary ballots
simultaneously, and a unique nominee is declared immediately. Un-
less otherwise stated, both primaries and the GE use the first-past-
the-post (FPTP) rule: each voter casts one ballot, and the candidate
with the most votes wins. Ties are broken according to a fixed,
predetermined ordering of candidates (a fixed-tie breaking list).

Voter strategies. A voter’s behaviour is described by a strategy
𝑠𝑖 = {𝑏𝑖 , 𝑔𝑖 },

where:
• 𝑏𝑖 = (𝑏𝑖,1, . . . , 𝑏𝑖,𝑝 ) is the primary ballot vector . Each coor-
dinate 𝑏𝑖,𝑘 ∈ 𝐴𝑘 ∪ {0} records either a vote for a politician
in 𝐴𝑘 or abstention (0).

• 𝑔𝑖 : 𝐶 → 𝐴∪ {0} is the general-election decision function.
For each finalist profile 𝑐 ∈ 𝐶 , it specifies the GE choice (or
abstention) of voter 𝑖 .

This reduced form captures only the ex-post behaviour relevant
to electoral outcomes, rather than a full extensive-form plan. A
fully extensive description would need to specify actions for every
possible primary path and finalist set—requiring Θ(𝑚𝑝𝑛) space (see
supplement material in [7]). The reduced form therefore trades
completeness for analytical tractability.

Registration. Institutions vary in whether participation requires
prior party registration. In a closed primary, each voter affiliates
with one party before the season begins; if 𝑖 registers with party 𝑘 ,
only 𝑏𝑖,𝑘 may be non-zero. In an open primary, affiliation is not
fixed in advance: at each stage 𝑘 , voter 𝑖 decides whether to cast
𝑏𝑖,𝑘 , subject to the constraint that no voter participates twice in
1In a direct election,𝐴 coincides with the candidate set.
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the same contest. Thus 𝑏𝑖 has the same domain in both regimes
but different interpretations—static commitment versus contingent
choice. Administrative details (deadlines, membership rolls, etc.)
are abstracted away.

Participation regimes. A second institutional choice concerns
how many primaries a voter may enter:

• Single-primary participation: At most one coordinate of
𝑏𝑖 is non-zero.

• Multiple-primary participation: Each coordinate may be
filled independently, 𝑏𝑖 ∈

∏𝑝
𝑘=1 (𝐴𝑘 ∪ {0}).

We adopt the multiple-participation regime as the general case; it
subsumes the single-primary setting.

Access model for 𝑔𝑖 . The general-election component 𝑔𝑖 may be
exponentially large: since |𝐶 | = ∏𝑝

𝑘=1 |𝐴𝑘 | = Θ(𝑚𝑝 ), an explicit
table for 𝑔𝑖 would require exponential space. We therefore assume
a standard RAM model in which 𝑔𝑖 is queried as an oracle with
cost 𝜏 = 𝜏 (𝑚, 𝑝). Our reductions use gadgets admitting constant-
time queries (𝜏 = 𝑂 (1)). We also allow succinct encodings, where
𝑔𝑖 (𝑐) is computed on demand. A canonical example is the listed-
preference rule 𝑔𝑖 (·;𝐿), where 𝐿 is an ordered list over𝐴∪{0}: given
𝑐 , the voter selects the first element of 𝐿 appearing in 𝑐 (or abstains
if 0 precedes all finalists). This encoding uses only 𝑂 (𝑚) space and
supports 𝑂 (1) queries under the RAM model.

Collecting all voters’ strategies yields the profile s = (𝑠1, . . . , 𝑠𝑛).
The institutional regime then determines the final winner W(s) ∈
𝐴. Throughout, voters are viewed as polynomial-time agents oper-
ating under these oracle assumptions.

3.2 Voter Cost and Utility
Casting a GE ballot incurs a participation cost 𝜅𝑖 > 0, and participa-
tion in party 𝑘’s primary incurs 𝜅𝑘𝑖 > 0. Given a strategy 𝑠𝑖 and the
strategies of others s−𝑖 = (𝑠1, . . . , 𝑠𝑖−1, 𝑠𝑖+1, . . . , 𝑠𝑛), the total utility
of voter 𝑣𝑖 equals the utility derived from the eventual GE winner
minus the participation costs incurred in the GE and any primaries.
Formally,

U𝑖 (𝑠𝑖 , s−𝑖 ) = 𝑢𝑖
(W(𝑠𝑖 , s−𝑖 )

) − 1[𝑔𝑖 ≠ 0] 𝜅𝑖 −
∑︁

𝑘∈[𝑝 ]
1[𝑏𝑖,𝑘 ≠ 0] 𝜅𝑘𝑖 ,

whereW(𝑠𝑖 , s−𝑖 ) denotes the GE winner. Voters act to maximise
their expected U𝑖 given beliefs about others’ strategies.

Toy Example: Two Parties with Single-Primary Participation. Con-
sider Π = {1, 2} with 𝐴1 = {𝑎, 𝑏} and 𝐴2 = {𝑐, 𝑑}, and assume
alphabetical tie-breaking. Politicians are positioned at [10, 6, 4, 0]
on a line, with four voters located at [0, 4, 6, 10] and no participation
costs. Utilities follow𝑢𝑖 (𝑎 𝑗 ) = −|𝑥𝑖 −𝑦 𝑗 | with 𝑥𝑖 and𝑦 𝑗 the location
of voter 𝑖 and candidate 𝑗2. Figure 1 illustrates the setting.

Each voter’s strategy is 𝑠𝑖 = {𝑏𝑖 , 𝑔𝑖 }, where 𝑔𝑖 is expressed as a
ranked list:

𝑠1 = {[0, 𝑑], [𝑑, 𝑐, 𝑏, 𝑎]}, 𝑠2 = {[0, 𝑐], [𝑐, 𝑏, 𝑑, 𝑎]},
𝑠3 = {[𝑏, 0], [𝑏, 𝑐, 𝑎, 𝑑]}, 𝑠4 = {[𝑎, 0], [𝑎, 𝑏, 𝑐, 𝑑]}.

The finalists are 𝐶 = (𝑎, 𝑐), and the GE winner is 𝑐 , supported by
𝑣1, 𝑣2, 𝑣3. Hence [𝑢1 (𝑐), 𝑢2 (𝑐), 𝑢3 (𝑐), 𝑢4 (𝑐)] = [−4, 0,−2,−6].
2Utilities may be shifted by an additive constant without affecting comparisons

Position

0

d

𝑣1
4

c

𝑣2
6

b

𝑣3
10

a

𝑣∗4

Candidate:

Position:
Voter:

Party 2 Party 1

Figure 1: Politician and voter positions in the toy example.

Two strategic votings improve 𝑣4’s utility:
• Hostile crossover. 𝑣4 changes 𝑏4 in 𝑠4 = (𝑏4, 𝑔4) to [0, 𝑑].
Then 𝑑 defeats 𝑐 in Party 2’s primary (2:1) and 𝑏 defeats
𝑎 in Party 1’s (1:0), giving 𝐶∗ = (𝑏, 𝑑). In the GE, 𝑏 beats 𝑑
(3:1), yielding U4 (𝑠∗4, 𝑠−4) = 𝑢4 (𝑏) = −4 > −6.

• Honest coordination. 𝑣4 instead votes 𝑏4 = [𝑏, 0], giving
𝐶∗ = (𝑏, 𝑐). The GE is a 2:2 tie resolved in favour of 𝑏, again
improving 𝑣4’s utility to −4.

These examples show that sincere primary voting need not
maximise individual utility. Other manipulations, such as honest
crossover, where a voter supports their favourite politician in a ri-
val party’s primary—may also shift the finalist set toward a more
desirable overall outcome.

4 COMPUTATIONAL QUESTIONS OVER
PRIMARIES

The framework above gives rise to two central decision problems.
Question 1 (Best Response).
Instance: Voter set𝑉 , utility profile [𝑢], politician sets
𝐴1, . . . , 𝐴𝑝 , tie-breaking list L, and strategy profile s.
Task: For a given voter 𝑖 , compute a strategy 𝑠∗𝑖 that
maximizes U𝑖 (𝑠∗𝑖 , s−𝑖 ).
Question 2 (Equilibrium).
Instance: 𝑉 , [𝑢], and politician sets 𝐴1, . . . , 𝐴𝑝 .
Task: Decide whether there exists a strategy profile
s∗ such that, for every voter 𝑖 and every alternative
strategy 𝑠′𝑖 ,

U𝑖 (s∗) ≥ U𝑖 (𝑠′𝑖 , s∗−𝑖 ).
For clarity, we begin with the simplest timing structure in which

all parties hold their primaries simultaneously. This reduces the
election to two stages: primaries followed by the GE, while re-
taining the essential strategic components. In Section 5, we relax
this assumption and consider the sequential case, where primaries
unfold in turn across parties.

4.1 Best-Response Search Space and Running
Time

A naïve way to compute the best response of voter 𝑖 is to enumerate
all possible strategies. Each strategy consists of (i) a primary ballot
for every party and (ii) a general-election (GE) decision rule 𝑔𝑖 :
𝐶→𝐴∪{0} that selects among finalists. This yields the upper bound( 𝑝∏

𝑘=1
(1 + |𝐴𝑘 |)

)
· ( |𝐴| + 1) |𝐶 | ,
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since each party ballot offers |𝐴𝑘 |+1 options (including abstention),
and a GE rule must specify an action for each finalist profile, where
|𝐶 | = ∏

𝑘𝑚𝑘 = 𝑂 (𝑚𝑝 ).
However, when computing a best response, we never need to

enumerate the entire 𝑔𝑖 . Once the finalists 𝑐 ∈𝐶 are known, voter 𝑖
simply chooses greedily among {𝑐1, . . . , 𝑐𝑝 , 0}—the available final-
ists and abstention—thereby reducing the GE decision to𝑚+1 eval-
uations. Hence the dominant factor in the search space comes from
enumerating primary ballots 3.

To analyse the running time, we decompose the computation
into two components.

Baseline procedure.

(1) Pre-computation. For each party 𝑘 , compute primary tallies
from s−𝑖 , requiring 𝑂 (𝑛𝑝) time by scanning all other voters
once.

(2) Enumeration of 𝑖’s primary actions. For every combination
𝑏𝑖 ∈

∏
𝑘 (𝐴𝑘 ∪ {0}):

(a) Update tallies locally to reflect 𝑏𝑖 , determine each party’s
nominee under FPTP (with fixed tie-breaking), and obtain
the finalist tuple 𝑐𝑥 ∈𝐶 . This takes 𝑂 (𝑚𝑝) per 𝑏𝑖 , using
running arg-maxes for each party.

(b) Evaluate the GE outcome. For each 𝑖′ ≠ 𝑖 , query 𝑔𝑖′ (𝑐𝑥 )
(time 𝜏 per query) and increment that choice’s tally. This
step costs 𝑂 (𝑛𝜏 + 𝑝) per 𝑏𝑖 (𝑝 accounts for the final arg-
max over GE tallies). Voter 𝑖 then greedily picks her GE
action from {𝑐𝑥,1, . . . , 𝑐𝑥,𝑝 , 0} and computes U𝑖 .

Aggregating these terms yields the following bound.

Proposition 1 (Best-response running time). Let 𝜏 be the

time to evaluate a single voter’s GE decision 𝑔𝑖 (𝑐) for a given finalist

profile 𝑐 . For a fixed voter 𝑖 , the enumeration algorithm over 𝑏𝑖 ∈∏𝑝
𝑘=1 (𝐴𝑘 ∪ {0}) runs in

𝑂
(
𝑛𝑝 + (𝑚+1)𝑝 (𝑚𝑝 + 𝑛𝜏))

For fixed 𝑝 and constant 𝜏 ,

𝑇BR = 𝑂
(
𝑛 +𝑚𝑝 (𝑚𝑝 + 𝑛)) = 𝑂

(
𝑚𝑝+1 + 𝑛𝑚𝑝 ),

so best response is computable in time polynomial in 𝑛 and𝑚.

Explicit vs. succinct GE behaviour. The size of the finalist set
is |𝐶 | = ∏

𝑘 |𝐴𝑘 | = 𝑂 (𝑚𝑝 ). Under an explicit representation, each
𝑔𝑖 : 𝐶→𝐴∪{0} is stored as a table ofΘ(𝑚𝑝 ) entries with𝑂 (1) query
time, implying that the input already encodes Θ(𝑛𝑚𝑝 ) information.
Since 𝑇BR = 𝑂 ((𝑛𝑚𝑝 )2), the best response remains polynomial in
input length even if 𝑝 grows with𝑚.

By contrast, if 𝑔 𝑗 is given succinctly (e.g., the listed-preference
presentation), the input size drops to𝑂 (𝑛𝑚). The exponential factor
(𝑚 + 1)𝑝 in the action space then re-emerges, making complexity
sensitive to the representation gap.

Remark 1 (Polynomial time versus input size). For fixed 𝑝
and succinctly evaluable GE rules, best response is polynomial in 𝑛,𝑚.

With explicit 𝑔, the input size is already exponential in 𝑝 , so best

response remains polynomial in input length. Only when 𝑔 is succinct

do we encounter a genuine complexity increase.

3When the number of candidates, parties, or primary rounds is small, the question of
optimal strategy may be encoded as Presburger arithmetic formulas and thus, may
not need enumeration [15]

Special regimes. Two simplified variants are worth noting:
(1) Single-Participation primaries. If each voter can participate

in at most one primary, the action space reduces to 𝑂 (𝑚),
and best response runs in 𝑂 (𝑚2 +𝑚𝑛).

(2) Fixed GE behaviour. If a voter’s GE choice is predetermined
(e.g., always supporting a fixed party’s nominee), the GE
stage adds no computational burden, and the runtime re-
mains as stated in the proposition.

Towards NP-completeness. When GE behaviours are given suc-
cinctly, a natural question arises: does a polynomial-time algorithm
for best response exist? We show that the corresponding decision
version is NP-complete.

Definition 1 (Best-Response-at-Least-𝑈 (BR-≥ 𝑈 )). Under
FPTP rule, fix𝑚 = |𝐴|, 𝑝 = |Π |, and a profile s−𝑖 of all voters except
𝑖★. The decision problem BR-≥ 𝑈 is defined as follows:

Instance: An election with parties Π = {1, . . . , 𝑝} and
politician sets 𝐴𝑘 , a fixed tie-breaking list L, other vot-

ers’ strategies s−𝑖★ , and succinct GE functions 𝑔 𝑗 : 𝐶 →
𝐴∪{0} (query-able in𝑂 (1)). A utility threshold𝑈 ∈ Q.

Question: Does there exist a strategy 𝑠𝑖★ such that

U𝑖★ (𝑠𝑖★, s−𝑖★) ≥ 𝑈 ?

Theorem 2 (NP-completeness of BR-≥ 𝑈 ). When the number

of parties 𝑝 is part of the input and GE behaviours are given suc-

cinctly, BR-≥ 𝑈 is NP-complete with fixed tie-breaking, even with

zero participation costs.

Proof. Membership. A certificate consists of 𝑖★’s strategy. Verifi-
cation simulates the primaries, evaluates the finalists, queries each
𝑔 𝑗 (𝑐), tallies GE votes, and computes U𝑖★—all in polynomial time
under the RAM model.

Hardness (from 3-SAT). Given a Boolean formula Φ(𝑥1, . . . , 𝑥𝑝 ),
we construct an election instance where the primary stage encodes
variable assignments and the GE tallies evaluate clauses.

Politicians (anchors as a fixed party). For each variable 𝑥𝑘 create
a party with politicians {𝑥𝑘 ,¬𝑥𝑘 }. Add two dummy parties 𝐴⊤ =
{𝑥⊤} and 𝐴⊥ = {𝑥⊥} that skip meaningful primaries and always
advance their unique nominees to the GE (they contribute only a
constant factor to |𝐶 | and do not affect the analysis). Thus each
finalist profile has the form 𝑐 = (𝑥⊤, 𝑥⊥, 𝑐1, . . . , 𝑐𝑝 ).

Primaries. Only 𝑖★ votes in the variable parties’ primaries. Deter-
ministic tie-breaking makes her ballot pivotal, so she freely selects
nominees {𝑐1, . . . , 𝑐𝑝 } encoding an assignment 𝜎 .

GE voters. Two fixed blocs of size 𝑄 = 𝑞 + 1 vote for 𝑥⊤ and 𝑥⊥,
respectively. For each clause 𝐶𝑡 = (ℓ𝑡1 ∨ ℓ𝑡2 ∨ ℓ𝑡3), add one clause
voter with list-form GE rule

𝑔𝑡 (𝑐;𝐿𝑡 ), 𝐿𝑡 = [ℓ𝑡1, ℓ𝑡2, ℓ𝑡3, 𝑥⊥, 0],
which selects the first finalist in 𝐿𝑡 (succinct, 𝑂 (1) query). The
distinguished voter 𝑖★ votes for 𝑥⊤.

Correctness and size. If Φ is satisfiable, 𝑖★ picks nominees accord-
ing to a satisfying assignment, every clause voter supports some
literal finalist, and 𝑥⊤ beats 𝑥⊥ by one vote (𝑞+2 vs. 𝑞+1). If Φ is un-
satisfiable, some clause is falsified and its voter supports 𝑥⊥, which
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then ties or beats 𝑥⊤; fixed tie-breaking favours 𝑥⊥. The construc-
tion uses 𝑂 (𝑝) politicians and 𝑂 (𝑞) voters, hence is polynomial.

Thus BR-≥ 𝑈 is NP-hard; combined with membership, it is NP-
complete. □

With 𝑄 = 𝑞 + 1 fixed supporters each for 𝑥⊤ and 𝑥⊥, and only 𝑞
clause voters in total, any non-anchor finalist can obtain at most 𝑞
votes—strictly fewer than 𝑞 + 2. Hence the final winner is always
either 𝑥⊤ or 𝑥⊥.

The reduction can be further simplified by removing the fixed
blocs. Define each clause voter 𝑣𝑡 so that if at least one literal ℓ𝑡𝑖 of
clause𝐶𝑡 appears among the finalists, 𝑣𝑡 abstains; otherwise 𝑣𝑡 votes
for 𝑥⊥. This version still uses 𝑂 (1)-query rules and needs only one
fixed supporter for 𝑥⊤, but it is less behaviourally natural (a kind
of “protest abstention”), so we retain the bloc-based construction.

Thus, in our formulation, best-response computation remains
tractable only when numbers of primaries or explicit GE rules are
fixed.

4.2 Pure Equilibrium: Verification, Existence,
and Running Time

As in § 4.1, we assume GE behaviour is given succinctly, so each
voter’s strategy is 𝑠𝑖 = (𝑏𝑖,1, . . . , 𝑏𝑖,𝑝 , 𝑔𝑖 ) with 𝑏𝑖,𝑘 ∈ 𝐴𝑘 ∪ {0} and
𝑔𝑖 : 𝐶 → 𝐴 ∪ {0} queryable in 𝑂 (1) time.

We study two problems: NE-VERIFY—checking whether a given
profile is a pure Nash equilibrium — and NE-EXIST — deciding
whether one exists.

Definition 2 (Eqilibrium Verification (NE-VERIFY)). Under
FPTP, given parties Π = {1, . . . , 𝑝} with politician sets 𝐴𝑘 (|𝐴𝑘 | ≥ 1),
a fixed tie-breaking list L, utilities [𝑢], succinct GE rules (𝑔 𝑗 ) 𝑗 , and
a strategy profile s = (𝑠𝑖 )𝑖∈𝑉 , decide whether for all voters 𝑖 and all
alternative strategies 𝑠′𝑖 ,

U𝑖 (s) ≥ U𝑖 (𝑠′𝑖 , s−𝑖 ) .
Trivial equilibria. Before analysing equilibrium existence, we

exclude outcome-constant profiles where everyone unanimously
supports the same politician across stages; the winner is fixed and
no unilateral deviation can change it. We therefore focus on a small
subset of strategic voters:

𝑉 = 𝑉env ∪𝑉strat,

where𝑉env are fixed environment voters and𝑉strat are those whose
decisions affect the GE outcome.

Definition 3 (Eqilibrium Existence (NE-EXIST)). Given the

same model, decide whether there exists a profile s∗ = (𝑠∗𝑖 )𝑖∈𝑉 such

that, for every 𝑖 ∈ 𝑉strat and every unilateral deviation 𝑠′𝑖 ,

U𝑖 (s∗) ≥ U𝑖 (𝑠′𝑖 , s∗−𝑖 ).
4.2.1 Verification. The link between NE-VERIFY and BR-≥ 𝑈 is
direct: BR-≥ 𝑈 asks whether there exists a profitable deviation,
whereas NE-VERIFY asks whether no such deviation exists for
any voter. A certificate for “not NE” is a pair (𝑖, 𝑠′𝑖 ); verifying it
recomputes the finalists under (𝑠′𝑖 , s−𝑖 ), evaluates 𝑖’s new GE action
𝑦 = 𝑔′𝑖 (𝑐) (a constant choice suffices), queries all 𝑔 𝑗 (𝑐) for 𝑗 ≠ 𝑖 ,
tallies, and compares U𝑖 . All these operations are polynomial, so
“not NE” lies in NP and hence NE-VERIFY is in coNP.

Theorem 3 (coNP-completeness of NE-VERIFY). Given a strat-
egy profile s, deciding whether s is a pure Nash equilibrium is coNP-
complete under FPTP with fixed tie-breaking, even with zero partici-

pation costs and succinct GE evaluation.

Proof. Membership. A witness for “not NE” is (𝑖, 𝑠′𝑖 ); verifying
it takes polynomial time, so NE-VERIFY ∈ coNP.

Hardness. Reduce from UNSAT using the same construction as in
Theorem 2. Fix s to select all “false” nominees. If Φ is satisfiable, a
pivotal voter can deviate to a satisfying assignment and improve—so
s is not an NE. IfΦ is unsatisfiable, no unilateral deviation can yield a
satisfying assignment, so no voter can improve and s is an NE. Thus
Φ ∈ UNSAT ⇐⇒ s ∈ NE-VERIFY, giving coNP-hardness. □

4.2.2 Existence. NE-EXIST has the quantifier form

∃s ∀𝑖 ¬(∃𝑠′𝑖 profitable),
where the inner predicate (“is there a profitable deviation?”) is in
NP; hence NE-EXIST ∈ ΣP2 . A standard gadget-based reduction from
2-QBF (i.e., deciding ∃𝑋 ∀𝑌 𝜑 (𝑋,𝑌 ))—using closed primaries so that
𝑣odd controls 𝑋 and 𝑣even controls 𝑌 , and the same clause/rescue
voter gadgets with succinct GE functions—yields ΣP2 -hardness. Be-
fore the formal proof, we show why pure equilibria may fail to
exist.

Example 4.1. No pure NEwith closed primaries.Consider FPTP
with two parties,𝐴odd = {𝑎1, 𝑎3} and𝐴even = {𝑎2, 𝑎4}. Four environ-
ment voters 𝑣1, . . . , 𝑣4 have cyclic GE lists (𝑎1, 𝑎2, 𝑎3, 𝑎4), (𝑎2, 𝑎3, 𝑎4, 𝑎1),
(𝑎3, 𝑎4, 𝑎1, 𝑎2), (𝑎4, 𝑎1, 𝑎2, 𝑎3), and two primary voters:

𝑣odd : 𝑎1 ∼ 𝑎3 ≻ 𝑎2 ∼ 𝑎4, 𝑣even : 𝑎2 ∼ 𝑎4 ≻ 𝑎1 ∼ 𝑎3 .

Say no cross-party participation (𝜅oddeven = 𝜅evenodd = ∞), so each primary

has a single strategic voter. The induced 2 × 2 game of nominees is

𝑎2 𝑎4
𝑎1 odd wins even wins

𝑎3 even wins odd wins

which is the matching-pennies payoff structure: no pure Nash equi-

librium exists (the unique mixed equilibrium is uniform).

Even without participation costs, pure equilibria may fail to exist:
cyclic tie-breaking across primaries ensures that some voter can
always deviate profitably (see supplement material in [7] for the
full construction).

Proposition 4. Under FPTP with fixed tie-breaking, primary elec-

tions may admit no pure-strategy Nash equilibrium.

Proof. Example 4.1 forms a deviation cycle, so at least one voter
can always improve unilaterally; hence no pure NE exists. We also
show an example in the supplement material [7] forms a deviation
cycle without participation cost. □

Theorem 5 (ΣP2 -completeness of NE existence). Under FPTP,
deciding whether a pure Nash equilibrium exists is ΣP2 -complete with

fixed tie-breaking, even when GE behaviour is finalist-based (list

actions).

Proof. Membership. The problem has the form ∃s ∀𝑖 ¬(∃𝑠′𝑖 prof-
itable). Given s and (𝑖, 𝑠′𝑖 ) we can recompute finalists, evaluate
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list-based GE actions in 𝑂 (1) per voter, tally, and compare utilities
in polynomial time, hence NE-EXIST∈ ΣP2 .

Hardness (from 2−QBF). Let Φ(𝑋,𝑌 ) = ∃𝑋 ∀𝑌 : 𝜑 (𝑋,𝑌 ) be a
quantified 3-CNF. We build a primary-election game 𝐺Φ (FPTP,
fixed tie-breaking) that admits a pure NE iff Φ is true.

Parties and players. Each variable 𝑧 ∈ 𝑋 ∪ 𝑌 corresponds to a
party with nominees {𝑧,¬𝑧}. Add two top-level parties 𝐴odd =
{𝑎1, 𝑎3} and 𝐴even = {𝑎2, 𝑎4} with tie-breaking 𝑎1 ≻ 𝑎2 ≻ 𝑎3 ≻ 𝑎4.
Two strategic voters act: 𝑣odd controls all 𝑋 -parties and chooses
𝑎𝑜 ∈ {𝑎1, 𝑎3}, 𝑣even controls all 𝑌 -parties and 𝑎𝑒 ∈ {𝑎2, 𝑎4}. Both
care only about whether their top-level party wins the GE.

Background and clauses. Give𝐴odd a baselinemargin+1 (e.g., 𝑟+1
fixed odd supporters vs. 𝑟 even). For each clause𝐶𝑡 = (ℓ𝑡1∨ℓ𝑡2∨ℓ𝑡3)
add four clause voters 𝑣𝑡1, . . . , 𝑣𝑡4 with lists

𝐿𝑡𝑖 = (ℓ𝑡1, ℓ𝑡2, ℓ𝑡3, 𝑎𝑖 , 𝑎𝑖+1, 𝑎𝑖+2, 𝑎𝑖+3) (mod 4).
Each votes for the first finalist in 𝐿𝑡𝑖 . If 𝐶𝑡 is satisfied, all four vote
for literals; if falsified, they fallback cyclically to {𝑎1, 𝑎2, 𝑎3, 𝑎4},
producing a 3:1 split that favours one top-level party depending on
(𝑎𝑜 , 𝑎𝑒 ) (as in Example 4.1).

The construction uses 𝑂 ( |𝑋 |+|𝑌 |+𝑟 ) politicians and voters, all
with succinct GE rules, so its size is polynomial.
(⇒ ) If Φ is true, let 𝑥★ satisfy ∀𝑌 : 𝜑 (𝑥★, 𝑌 ). In profile 𝑆★ =
(𝑥★, 𝑎1; 𝑦, 𝑎𝑒 ) for any (𝑦, 𝑎𝑒 ), every clause is satisfied, so all clause
voters support literals and the baseline +1 margin lets 𝐴odd win.
Neither 𝑣even (who always loses) nor 𝑣odd (already winning) can
improve, so 𝑆★ is a pure NE.
(⇐ ) If Φ is false, then for every 𝑥 there exists 𝑦 falsifying at least
one clause. Each falsified clause triggers a 3:1 fallback favouring
one party; switching the top-level nominee (𝑎𝑜 or 𝑎𝑒 ) reverses
that advantage. Hence, after any (𝑥, 𝑎𝑜 ;𝑦, 𝑎𝑒 ) the loser can deviate
profitably, and deviations alternate indefinitely—no pure NE exists.

Thus 𝐺Φ has a pure NE iff Φ is true, establishing ΣP2 -hardness.
Combined with membership, NE-EXIST is ΣP2 -complete. □

Takeaway. Equilibrium analysis in primary elections spans the
second level of the polynomial hierarchy. Verification of a proposed
profile lies in coNP, as disproving stability only requires exhibiting
a profitable deviation; deciding existence introduces an additional
existential quantifier over profiles, yielding ΣP2 -completeness.While
best responses are tractable in isolation, the search for mutually
stable outcomes is theoretically intractable.

5 COMPLEXITY UNDER SEQUENTIAL
PRIMARIES: COMMITMENT VS.
CONDITIONING

Our ΣP2 result already assumes that voters’ full strategies are eval-
uated ex post: each voter commits in advance to a complete plan
across all stages, and equilibrium verification checks whether any
unilateral deviation is profitable.

The picture changes once primaries hold sequentially, and later-
stage voters may condition their actions on earlier outcomes, as in
subgame-perfect play. In Theorem 5, we used ∃ for the designer-
controlled variables (𝑣odd) and ∀ for the adversarial ones (𝑣even) to
obtain the ΣP2 -complete result. Extending this reasoning, each se-
quential stage introduces an additional quantifier block of the same

type. Thus a process with 𝑝 stages behaves like a ΣP
𝑂 (𝑝 ) problem,

and when 𝑝 is unbounded, the alternation depth is unbounded, sug-
gesting PSPACE-completeness by analogy with quantified Boolean
formulas (QBF). We formalize this correspondence below.

Sequential primaries (model recap). There are 𝑝 parties indexed
by𝑘 ∈ [𝑝], eachwith a nonempty politician set𝐴𝑘 , and let𝐶 := 𝐴1×
· · ·×𝐴𝑝 denote the set of nominee tuples. Primaries occur in a fixed
order 1, 2, . . . , 𝑝 . At stage 𝑡 ∈ [𝑝], a designated subset of strategic
voters 𝑉strat ⊆ 𝑉 acts, while all others follow fixed behaviours.
Within each stage, moves are simultaneous. After resolving the
party-𝑘 primary (under FPTP with fixed tie-breaking), its nominee
𝑐𝑘 ∈ 𝐴𝑘 is fixed, and the process proceeds to stage 𝑘+1. After all
stages, the general-election (GE) outcome is computed from 𝑐 =
(𝑐1, . . . , 𝑐𝑝 ) ∈ 𝐶 via a polynomial-time evaluable ruleW : 𝐶 → 𝐴
(e.g., FPTP with fixed tie-breaking).

Information and histories. Let 𝐶<𝑘 := 𝐴1 × · · · × 𝐴𝑘−1 denote
the space of nominee prefixes. Before acting at stage 𝑘 , all players
observe the realized prefix ℎ𝑘 ∈ 𝐶<𝑘 , i.e., the sequence of winners
(𝑐1, . . . , 𝑐𝑘−1).4 A ballot for party 𝑘 is an element of 𝐴𝑘 ∪ {0}. For
voter 𝑖 , a (behavioural) strategy at party 𝑘 is a function

𝑓
𝑝
𝑖,𝑘

: 𝐶<𝑘 −→ 𝐴𝑘 ∪ {0}.
Hence a history-dependent strategy for voter 𝑖 is the tuple

𝑠𝑖 =
(
𝑓
𝑝
𝑖,1, . . . , 𝑓

𝑝
𝑖,𝑝 , 𝑔𝑖

)
,

where 𝑔𝑖 represents the GE behaviour (e.g., a map 𝑔𝑖 : 𝐶 → 𝐴∪ {0}
or a ranked-list policy, depending on the GE model). A full strategy
profile is s = (𝑠𝑖 )𝑖∈𝑉 .

Given s, the induced nominee tuple 𝑐 (s) ∈ 𝐶 is generated by
sequentially applying FPTP with fixed tie-breaking at each stage
using ballots {𝑓 𝑝

𝑖,𝑘
(ℎ𝑘 )}𝑖∈𝑉𝑘 , where ℎ𝑘 is the realized prefix. The

GE winner is W (
𝑐 (s)) .

1’s
2’s | 𝑎1

2’s | 𝑎2
.
.
.

.

.

.

𝑐 = {𝑎1, 𝑎3 }(0, 𝑎3 )

𝑐 = {𝑎1, 𝑎4 }(0, 𝑎4 )

(𝑎1, 0)

(𝑎2, 0)

Figure 2: A partial game tree of two voters in a sequential
primary. Nodes labelled “1’s” and “2’s | 𝑎 𝑗 ” represent party 1’s
primary and party 2’s primary conditional on candidate 𝑎 𝑗
winning party 1’s primary, respectively. At each node, both
voters simultaneously cast ballots (𝑎𝑖 , 𝑎𝑖′ ). Leaf nodes 𝑐 =
{𝑐1, 𝑐2} denote the general-election finalists.

The tree in Figure 2 illustrates the extensive form of a two-voter
sequential primary. Stage 1 (1’s) and stage 2 (2’s) correspond to the
primaries of party 1 and party 2, respectively, where nodes labelled
"2’s | 𝑎 𝑗 " indicate that candidate 𝑎 𝑗 won party 1’s primary. At each
4If only partial or noisy information is available (e.g., observing only 𝑐𝑘−1), replace
𝐶<𝑘 by the corresponding information set H𝑘 .
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node, both voters simultaneously cast ballots (𝑎𝑖 , 𝑎𝑖′ ), and each
branch represents a possible nominee outcome leading to the GE.

Note that the branching factor at each node of party 𝑘’s pri-
mary is (𝑚𝑘 + 1)𝑛 , reflecting all possible combinations of 𝑛 voters’
simultaneous ballots over 𝑚𝑘 politicians (including abstention).
Each node can thus be indexed by an 𝑛-tuple (𝑎𝑘1, 𝑎𝑘2, . . . , 𝑎𝑘𝑛)
representing the voters’ ballots. Although the number of nodes
grows exponentially in 𝑛, the full tree can still be traversed using
polynomial space.

Strategic scope and representation. We assume that only a small
subset of voters are strategic, while all others are environmental

voters whose behaviour remains fixed as (𝑏𝑖 , 𝑔𝑖 ) defined in § 3.1. If
each function 𝑓

𝑝
𝑖,𝑘

were represented explicitly, its table size would
grow asΘ(∏ℓ<𝑘 |𝐴ℓ |), i.e.,𝑂 (𝑚𝑝 ) per voter, making even the input
exponentially large in the number of parties. To avoid this blow-up,
we retain environmental voters in their simple form and restrict
sequential reasoning to the designated strategic subset.

Instead of the best responses for a single voter,5 we focus on
dominant strategies and equilibria among the strategic voters to
ensure that the input size remains polynomially bounded.

Equilibrium notion. We study pure subgame-perfect equilibria
(SPNE) in the induced extensive-form game with observed prefixes;
that is, strategy profiles 𝑠 that form a Nash equilibrium in every
subgame rooted at any history ℎ𝑘 ∈ 𝐶<𝑘 .

Definition 4 (Seqential Dominant Strategy at Least 𝑈
(SeqDS-≥ 𝑈 )). Given an instance as above, a designated player 𝑖★,
and a threshold𝑈 ∈ Q, decide whether 𝑖★ has a strategy 𝑠𝑖★ that guar-

antees U𝑖★ (𝑠𝑖★, 𝑠−𝑖★) ≥ 𝑈 for all admissible multi-stage strategies

𝑠−𝑖★ of her opponents.

Theorem 6 (SeqDS-≥ 𝑈 is PSPACE-complete). Under FPTP
with fixed tie-breaking and polynomial-time GE evaluation, if the

number of stages 𝑝 is part of the input (polynomially bounded horizon),

then SeqDS-≥ 𝑈 is PSPACE-complete. For constant 𝑝 , the problem
lies in ΣP

𝑂 (𝑝 ) .

Proof. Membership. The extensive form has depth 𝑝 . At a stage
𝑘 , the joint action set has size (𝑚𝑘 )𝑛 (cf. Fig. 2 and the discussion:
each node can be indexed by the 𝑛-tuple of ballots (𝑎𝑘1, . . . , 𝑎𝑘𝑛)),
so the branching factor may be exponential in𝑛, but depth-first eval-
uation needs only polynomial space: we store one path of length 𝑝
plus polynomial-time computable summaries at each node. Utilities
at leaves are obtained by computing the GE outcome and checking
U𝑖★ ≥𝑈 , both in polynomial time by assumption. Hence the alter-
nating (max–min) evaluation of the game tree for the dominance
predicate (“does 𝑖★ guarantee utility ≥ 𝑈 against all opponents?”)
is decidable in PSPACE via standard DFS with backtracking.

Hardness (from QBF). Let Φ = 𝑄1𝑋1𝑄2𝑋2 · · ·𝑄𝑝𝑋𝑝 : 𝜑 (𝑋 ) be
a quantified 3-CNF formula. We construct a sequential-primaries
game with 𝑝 stages encoding Φ.

Politicians. For each variable 𝑋𝑘 , create party 𝑘 with nominees
{𝑥𝑘 ,¬𝑥𝑘 }, and add two dummy parties 𝐴⊤ = {𝑥⊤} and 𝐴⊥ = {𝑥⊥}.
5If all voters followed the simpler (𝑏𝑖 , 𝑔𝑖 ) form, the game effectively collapses to
the simultaneous case. Otherwise, one would need to impose additional succinctness
restrictions on 𝑓

𝑝

𝑖,𝑘
, which would be ad hoc and fall outside our present scope.

Control. If 𝑄𝑘 = ∃, stage 𝑘 is controlled by 𝑖★ (tie-breaking
ensures her ballot decides); if 𝑄𝑘 = ∀, by an adversary 𝑣𝑎 . Thus the
nominee tuple 𝑐 = (𝑐1, . . . , 𝑐𝑝 ) encodes a full assignment to 𝑋 .

GE voters. Two fixed blocs 𝐵⊤, 𝐵⊥ (each of size 𝑞+1) always
vote 𝑥⊤ and 𝑥⊥, respectively. For each clause 𝐶𝑡 = (ℓ𝑡1 ∨ ℓ𝑡2 ∨ ℓ𝑡3),
add a clause voter with policy

𝑔𝑡 (𝑐) = first of [ℓ𝑡1, ℓ𝑡2, ℓ𝑡3, 𝑥⊥, 0] appearing among finalists.
If𝐶𝑡 is falsified under 𝑐 , this voter supports 𝑥⊥; otherwise, a satisfied
literal gains her vote.

Utilities. Let𝑈 := 𝑢𝑖★ (𝑥⊤), with 𝑢𝑖★ (𝑥⊤) > 𝑢𝑖★ (𝑥⊥) >
𝑢𝑖★ (others), so U𝑖★ ≥ 𝑈 iff 𝑥⊤ wins the GE.

Tally. 𝑥⊤ has baseline 𝑞+2 votes (𝐵⊤ plus 𝑖★); 𝑥⊥ starts with 𝑞+1
(𝐵⊥) and gains one per falsified clause. With tie-breaking in favour
of 𝑥⊥, 𝑥⊤ wins iff all clauses are satisfied.

Correctness. At each stage: - if 𝑄𝑘 = ∃, 𝑖★ chooses 𝑐𝑘 ∈
{𝑥𝑘 ,¬𝑥𝑘 } (OR-node); - if 𝑄𝑘 = ∀, the adversary chooses (AND-
node). At the leaf, 𝑥⊤ wins iff 𝜑 is satisfied by the induced assign-
ment. Thus 𝑖★ can guarantee U𝑖★ ≥𝑈 iff Φ is true.

The construction uses𝑂 (𝑝 +𝑞) voters and politicians and is poly-
nomial in |Φ|. Hence SeqDS-≥ 𝑈 is PSPACE-hard. Combined with
membership, it is PSPACE-complete. For fixed 𝑝 , the alternation
depth is 𝑂 (𝑝), yielding the stated ΣP

𝑂 (𝑝 ) bound. □

The sequential dominance framework already captures the es-
sential source of hardness: each stage introduces one quantifier
alternation, mirroring the structure of a quantified Boolean for-
mula. Equilibrium reasoning, however, does not fundamentally
simplify this picture. In a turn-based extensive form, verifying
subgame-perfection simply requires backward induction over the
same alternating stages, while hardness stems from the same quan-
tifier nesting. Hence the complexity of equilibrium existence grows
in exactly the same way as dominance verification, culminating in
the following theorem.

We reuse the environment/clause voters with cyclic fallback lists

and the two top-level parties 𝐴odd = {𝑎1, 𝑎3}, 𝐴even = {𝑎2, 𝑎4}
with fixed tie-breaking 𝑎1 ≻ 𝑎2 ≻ 𝑎3 ≻ 𝑎4 exactly as in Theo-
rem 5. No new voter types are introduced; we only stage the same
construction.

Theorem 7 (SPNE existence reusing the NE gadget). Under
FPTP with fixed tie-breaking and list-based GE behaviour, deciding

whether a pure subgame-perfect equilibrium (SPNE) exists is ΣP
𝑂 (𝑝 ) -

complete for fixed number of stages 𝑝 , and PSPACE-complete when 𝑝
is part of the input.

Proof. Membership. The same depth-first evaluation argument
(cf. Fig. 2 and Theorem 6) applies. Given a polynomially bounded
horizon and polynomial-time evaluable GE outcomes, verifying
subgame-perfect optimality along the sequential tree requires only
polynomial space. Hence SPNE-Exist is in PSPACE, and for con-
stant 𝑝 the induced alternation yields membership in ΣP

𝑂 (𝑝 ) .
Hardness (from QBF). Let Ψ = ∃𝑋1 ∀𝑌1 · · · ∃𝑋𝑘 ∀𝑌𝑘 : 𝜑 (𝑋,𝑌 ).

Create 𝑝 = 2𝑘 stages in order 𝑋1, 𝑌1, . . . , 𝑋𝑘 , 𝑌𝑘 . For each variable
𝑧 ∈ 𝑋 ∪ 𝑌 , make a party with nominees {𝑧,¬𝑧}. At stage 𝑋𝑖 , 𝑣odd
chooses 𝑥𝑖 or ¬𝑥𝑖 ; at stage 𝑌𝑖 , 𝑣even chooses 𝑦𝑖 or ¬𝑦𝑖 . Keep the
same background as in Theorem 5: (i)𝐴odd has baseline GE margin
+1; (ii) for each clause 𝐶𝑡 = (ℓ𝑡1 ∨ ℓ𝑡2 ∨ ℓ𝑡3), include clause voters
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𝑣𝑡1, . . . , 𝑣𝑡4 with lists 𝐿𝑡𝑖 = (ℓ𝑡1, ℓ𝑡2, ℓ𝑡3, 𝑎𝑖 , 𝑎𝑖+1, 𝑎𝑖+2, 𝑎𝑖+3) (indices
mod 4), who select the first finalist on their list.

Correctness. (⇒) If Ψ is true, there exists a history-contingent
plan for the 𝑋 -stages: for each 𝑖 , a rule that maps the previously
chosen (𝑌1, . . . , 𝑌𝑖−1) to a choice of 𝑥𝑖 or ¬𝑥𝑖 such that 𝜑 holds for
all 𝑌 -choices. Let 𝑣odd follow this plan. Then along any sequence of
𝑌 -moves, every clause is satisfied, clause voters never fall back, and
the baseline +1 elects 𝐴odd at the GE. Hence neither 𝑣odd (already
winning) nor 𝑣even (cannot induce a fallback) can profitably deviate
in any subgame; backward induction yields a pure SPNE.

(⇐) If Ψ is false, then against any 𝑋 -stage choices there exists
a first 𝑌𝑖 whose choice falsifies some clause. At that subgame, the
corresponding clause voters fall back cyclically, yielding the 3:1
split that—together with the baseline—flips the GE winner to𝐴even
(as in Thm. 5). Thus 𝑣even has a profitable deviation, contradicting
subgame-perfection. Therefore no pure SPNE exists.

Hence a pure SPNE exists iffΨ is true. The instance size is polyno-
mial. For fixed 𝑝 = 2𝑘 this gives ΣP

𝑂 (𝑝 ) -hardness; with unbounded
𝑝 , PSPACE-hardness. Combined with membership, the theorem
follows. □

Summary. The sequential model generalizes the simultaneous set-
ting by introducing stagewise conditioning. When all primaries
are resolved simultaneously—or sequentially but with ex-ante com-
mitment to complete strategies, before any primary outcomes are
observed—dominance and equilibrium verification involve only
a single existential–universal alternation and thus remain within
ΣP2 . Allowing voters to condition on earlier outcomes adds one
quantifier block per stage, giving ΣP

𝑂 (𝑝 ) complexity for fixed 𝑝 , and
PSPACE-completeness once 𝑝 is part of the input. Together with
Theorem 5 and Theorem 6, this yields a unified view: sequential
conditioning acts as a quantifier-expanding mechanism linking the
polynomial hierarchy and PSPACE.

6 CONCLUSION
We presented the first formal characterization of the computational
complexity of primary elections under both simultaneous and se-
quential settings. In the ex-ante (commitment) model, equilibrium
and dominance verification involve one existential–universal al-
ternation, yielding ΣP2 -completeness. Allowing voters to condition
on earlier outcomes across 𝑝 stages introduces additional quan-
tifier blocks, giving ΣP

𝑂 (𝑝 ) complexity for fixed 𝑝 and PSPACE-
completeness once the number of stages becomes part of the input.

Beyond these classifications, the staged primary process emerges
as a quantifier-expanding mechanism that bridges the polynomial
hierarchy and PSPACE. This unifies several equilibrium notions
— dominant strategies, Nash equilibria, and subgame-perfect rea-
soning — under a common structural lens, showing how temporal
sequencing amplifies computational difficulty even under simple
voting rules. From a multi-agent perspective, this connects elec-
tion design to the broader challenge of reasoning about sequential
coordination among boundedly rational agents.

Our results suggest a form of complexity shield: certain strate-
gically undesirable behaviours are computationally hard to imple-
ment in the worst case. At the same time, this hardness depends
on parameters such as the number of parties and primary stages,

which may be small in real elections and thus reduce complex-
ity. Conversely, real voters often face richer information environ-
ments—such as observing primary tallies, forming beliefs about
others’ behaviour, or dealing with timing uncertainty, which can
further increase strategic complexity. These issues are beyond the
scope of this work but point to promising directions for future
research.

7 FUTUREWORK
Our results only begin to capture the strategic and institutional
richness of primary elections. Several directions remain open.

Richer strategic and institutional models. Extending the frame-
work to mixed strategies would illuminate probabilistic reasoning
and equilibrium selection in competitive settings. Further, while our
hardness results apply generally, exploring restricted domains, such
as closed or open primaries, may uncover tractable subclasses. Al-
ternative voting mechanisms, including run-off and ranked-choice
systems, could lead to qualitatively different complexity bound-
aries. Some countries even integrate polling data into nomination
outcomes, suggesting hybrid models that couple social choice with
statistical inference.

Information, dynamics, and candidate behaviour. Our sequential
model assumes perfect information and static preferences. Relaxing
these assumptions to incorporate noisy or incomplete information,
belief updates, or adaptive learning would link primary elections
to models of bounded rationality and dynamic games. Another
promising direction is to introduce candidate positioning: when
politicians choose spatial platforms strategically, primaries may
reshape equilibrium positions and polarization patterns.

AI and simulation-based exploration. Agent-based simulations
offer a natural complement to our theoretical results, enabling
empirical study of strategic adaptation under bounded rational-
ity. Combining such simulations with reinforcement learning or
evolutionary dynamics could reveal when complex equilibria are
approximable in practice, linking computational hardness with
observable collective behaviour.

Overall, this work takes a first step toward a unified theory
of primaries within computational social choice, clarifying how
sequential collective decisions reshape both strategic reasoning and
the computational landscape of multi-agent systems.
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