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ABSTRACT
Managing millions of digital auctions is essential to modern adver-
tising auction systems. The primary approach to managing digital
auctions is autobidding, which relies on Click-Through Rate and
Conversion Rate metrics. While these quantities are estimated with
ML models, their prediction uncertainty directly impacts advertis-
ers’ revenue and bidding strategies. To address this issue, we pro-
pose RobustBid, an efficient method for robust autobidding taking
into account uncertainty in CTR andCVR predictions. Our approach
leverages advanced, robust optimization techniques to prevent large
errors in bids if the estimates of CTR/CVR are perturbed. We derive
an analytical solution to the stated robust optimization problem,
which improves the runtime efficiency of the RobustBid method.
The synthetic, iPinYou, and BAT benchmarks are used in our exper-
imental evaluation of RobustBid. We compare our method with
the non-robust baseline and the RiskBid algorithm using total con-
version volume (TCV) and average cost-per-click (𝐶𝑃𝐶𝑎𝑣𝑔) as per-
formance metrics. The experiments demonstrate that RobustBid
provides bids that yield larger TCV and smaller 𝐶𝑃𝐶𝑎𝑣𝑔 than com-
petitors in the case of large perturbations in CTR/CVR predictions.
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1 INTRODUCTION
On commercial electronic platforms, a list of relevant display con-
tent, including paid options, is generated to best meet the user’s
needs while also maximizing revenue. This content is typically se-
lected and placed through online auctions [4], where bids are gen-
erated by automated algorithms. These algorithms operate within
advertiser-specified constraints, analyzing past bidding data, as-
sessing previous auction performance, and predicting future ad
performance for specific requests. Central to this process are the
tasks of the Click-Through Rate (CTR) prediction [21, 22] and the
Conversion Rate (CVR) prediction [10, 25]. CTR measures the like-
lihood that a user will click an ad, which is economically vital for
advertisers because it indicates the potential for a purchase. In turn,
CVR is the probability of conversion after a click.

The design of an auction can significantly influence bidders’
behavior. Current advertising systems typically employ cost-per-
impression, cost-per-click, or cost-per-conversion [12, 26] as the
payment rule, which constitutes the core of the auction mechanism.
Advertisers subsequently focus on their own metrics to assess the
effectiveness of their advertising campaigns. A classic approach is
to maximize the number of ad impressions, clicks, or conversions.
However, while bidders cannot directly influence the auction de-
sign, they can strategically select their objectives based on these
performance metrics. This strategic adaptation highlights that pay-
ment rules and metrics are inherently context-dependent; their
efficacy and suitability must be evaluated against the specific goals
and challenges of each auction problem.

The main contributions of this work are the following.
(1) We propose a robust optimization problem to determine the

bid formula, treating the uncertainty in CTR/CVR estimates.
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(2) Based on the analytical solution of the stated robust opti-
mization problem, we suggest the RobustBidmethod, which
provides proper bids even in the case of high uncertainty.

(3) The extensive experimental evaluation of the RobustBid
algorithm on synthetic and industrial datasets demonstrates
improvements in conversion rates and reduction in the cost
per click compared to the baselines.

Related works
Autobidding algorithms automatically determine bid prices to achieve
advertisers’ marketing objectives, adapting to market changes and
growing data complexity [1, 2, 4, 11]. These systems enable ad-
vertisers to optimize spending within budget and cost-per-click
constraints [8, 9, 27, 29]. We adopt the problem from [27], which
considers online bidding where bids are determined sequentially for
each auction without complete market information. This problem
formulation is widely used in the autobidding literature [1, 2, 14, 18],
making our approach broadly applicable. In this framework, opti-
mal bids depend on predicted CTR and CVR values from machine
learning models. However, these predictions are uncertain and can
affect algorithm performance.

Robustness in bidding. Bidding algorithms are affected by the un-
certainty from multiple sources. For example, strategic uncertainty
arises when advertisers intentionally underbid to force the platform
to lower the reserve price. The lower the reserve price, the lower
the bid that will win the auction. Studies [3, 13, 17] develop ro-
bust algorithms that prevent strategic manipulation and maximize
platform revenue. However, these approaches maximize platform
revenue, whereas our work focuses on optimizing advertiser bid-
ding. At the same time, uncertainty in opportunity values and win
rates is addressed with robust optimization techniques in [20]. Simi-
larly, uncertainty in competing bid distributions is discussed in [15],
which proposes a min-max approach. In contrast to our approach,
the latter two studies require estimating ad opportunity values.

Robustness of CTR prediction. Since autobidding algorithms typi-
cally use the CTR estimation to provide bids [1], uncertainty quan-
tification of the predicted CTR values is crucial for proper bidding.
[24] propose a clustering model, which groups bid requests with
similar predicted CTRs and uses reinforcement learning to train a
model for bid generation. This clustering model shows empirical
improvements but lacks robustness guarantees. [30] introduce a risk
management framework that incorporates prediction uncertainty
via modeling bid proportional to the weighted sum of CTR and
its standard deviation. This approach has theoretical foundations
but requires tuning of weights. At the same time, [5] introduce ro-
bustness for valuation vectors by using a central limit theorem and
induced confidence intervals. However, their analysis was restricted
to the offline setup, which limits its applicability to real-world sys-
tems. For the best of our knowledge, our approach is the first to
handle uncertainties in both CTR and CVR values. We summarize
the comparison of our work with the previous studies in Table 1.

Table 1: Comparison of the proposed approach with existing
alternatives. We highlight that our approach supports uncer-
tainties in multiple sources, includes an uncertainty set, and
is evaluated on real-world datasets.

Reference Multiple uncertainty sources Uncertainty set Real-world data

[27] ✗ ✗ ✓

[5] ✗ ✓ ✗

[30] ✗ ✓ ✓

This paper ✓ ✓ ✓

2 PROBLEM STATEMENT
This section presents the offline non-robust and robust optimization
problems for identifying bids in cases where the CTR/CVR values
are exact and perturbed, respectively.

2.1 Non-robust maximization of expected
number of conversions

Consider a sequence of 𝑇 auctions involving 𝐼 items, where each
item participates in every auction with corresponding bids denoted
as 𝑏𝑖𝑑𝑖𝑡 . In this formulation, we assume each advertiser has only
one item, i.e., these terms are equivalent.

This bid depends on CTR value𝐶𝑇𝑅𝑖𝑡 and conversion value𝐶𝑉𝑅𝑖𝑡
for 𝑖 ∈ [1, 𝐼 ] and 𝑡 ∈ [1,𝑇 ]. This dependence for the 𝑖-th item is
modeled by solving the specific maximization problem described
below. The objective in this maximization problem is the expected
number of conversions for the 𝑖-th item, which is estimated as

𝑇∑︁
𝑡=1

𝑥𝑖𝑡 ·𝐶𝑇𝑅𝑖𝑡 ·𝐶𝑉𝑅𝑖𝑡 (1)

where 𝑥𝑡𝑖 =

{
1, if item 𝑖 wins auction 𝑡 ;
0, otherwise.

. Upon winning an auc-

tion 𝑡 by submitting the highest bid, the advertiser pays a winning
price 𝑤𝑝𝑡 , which depends on the auction type, e.g., first-price or
second-price auctions [23]. At the same time, the 𝑖-th advertiser
has a pre-defined budget 𝐵𝑖 , which induces the natural constraint:

𝑇∑︁
𝑡=1

𝑥𝑖𝑡 ·𝑤𝑝𝑡 ≤ 𝐵𝑖 , (2)

where the left-hand side corresponds to the expected spends from
the wins of auctions. In addition, the 𝑖-th advertiser can bound the
total cost per click by a constant 𝐶𝑖 , which leads to the following
CPC constraint: ∑𝑇

𝑡=1 𝑥
𝑖
𝑡 ·𝑤𝑝𝑡∑𝑇

𝑡=1 𝑥
𝑖
𝑡 ·𝐶𝑇𝑅𝑖𝑡

≤ 𝐶𝑖 , (3)

where the left-hand side indicates the expected average cost per
click. In (3), we estimate expected number of clicks as

∑𝑇
𝑡=1 𝑥

𝑖
𝑡 ·

𝐶𝑇𝑅𝑖𝑡 . Thus, maximization of the objective function (1) subject
to constraints (2) and (3) with binary variables 𝑥𝑡𝑖 is an integer
linear programming problem, which is hard to solve in a large-
dimensional case [27]. To approximate the solution, studies [1, 27]
propose relax variables 𝑥𝑡𝑖 such that 𝑥𝑡𝑖 ∈ [0, 1]. Therefore, the
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resulting non-robust maximization problem is stated as follows

max
0≤𝑥𝑖𝑡 ≤1

𝑇∑︁
𝑡=1

𝑥𝑖𝑡 ·𝐶𝑇𝑅𝑖𝑡 ·𝐶𝑉𝑅𝑖𝑡

s.t.
𝑇∑︁
𝑡=1

𝑥𝑖𝑡 ·𝑤𝑝𝑖𝑡 ≤ 𝐵𝑖∑𝑇
𝑡=1 𝑥

𝑖
𝑡 ·𝑤𝑝𝑖𝑡∑𝑇

𝑡=1 𝑥
𝑖
𝑡 ·𝐶𝑇𝑅𝑖𝑡

≤ 𝐶𝑖 .

(4)

In problem (4), we assume that the winning price is known and
corresponds to the used auction type. The main requirement for
the auction is that the auction winner sets the highest bid. As a
consequence, the highest bid is the upper bound for the winning
price𝑤𝑝𝑖𝑡 . If the auction mechanism satisfies this requirement, then
it can be used within our framework.

To derive the dependence of bid 𝑏𝑖𝑑𝑖𝑡 on CTR/CVR, study [27]
considers dual problem to (4) and obtains the following equation:

𝑏𝑖𝑑𝑖𝑡 =
1

𝑝 + 𝑞𝐶𝑉𝑅
𝑖
𝑡 ·𝐶𝑇𝑅𝑖𝑡 +

𝑞

𝑝 + 𝑞𝐶
𝑖 ·𝐶𝑇𝑅𝑖𝑡 , (5)

where 𝑝, 𝑞 > 0 are optimal dual variables corresponding to con-
straints (2) and (3), respectively. See more details in the Appendix E
in [19]. Equation (5) demonstrates that perturbation in CTR/CVR
values significantly affects the bid value. Since 𝐶𝑇𝑅𝑡𝑖 and 𝐶𝑉𝑅

𝑡
𝑖 are

typically estimated by machine learning models in practice [28],
these values are not known precisely. Therefore, a natural question
is how to make the bid values robust to the uncertainty in 𝐶𝑇𝑅𝑡𝑖
and 𝐶𝑉𝑅𝑡𝑖 . The following section proposes the robust modification
of problem (4) based on a robust optimization framework.

2.2 Robust conversion maximization problem
from CTR/CVR uncertainty

Accurate estimations of CTR and CVR are crucial for deriving a
proper solution of (4) since even a small perturbation of these
values can significantly degrade the performance of the resulting
bid (5). To mitigate such effects, we apply the robust optimization
framework [6] to the autobidding problem. The robust optimization
framework requires introducing an uncertainty setU that captures
feasible perturbations to the CTR/CVR values. For simplicity, we
consider CTR values; CVR can be used instead, and our approach
processes them correctly. Since we assume that CTR values are
estimated by a pre-trained ML model 𝑓 , we use the corresponding
loss function 𝐿 in the definition of U. We assume that, to fit the
model 𝑓 , one uses training and validation datasets consisting of
ground-truth CTRs, denoted by 𝐶𝑇𝑅.

In particular, the loss function 𝐿 measures for the 𝑖-th advertiser
how close the predicted CTR �𝐶𝑇𝑅𝑖𝑡 is to the ground-truth CTR
CTR𝑖 = [𝐶𝑇𝑅𝑖𝑡 ], where 𝑖 = 1, . . . , 𝐼 and 𝑡 = 1, . . . ,𝑇 . Therefore, we
can define an uncertainty set for the 𝑖-th advertiser as follows:

U𝑖 =

{
a = [𝑎𝑡 ]𝑇𝑡=1, 𝑎𝑡 ∈ [0, 1] | 𝐿(�CTR𝑖

, a) ≤ 𝜀
}
, (6)

where 𝐿(�CTR𝑖
, a) = ∑𝑇

𝑡=1 𝐿(𝐶𝑇𝑅
𝑖

𝑡 , 𝑎𝑡 ), a is a vector of feasible CTR
values and 𝜀 > 0 is a predefined threshold. We assume that CTR𝑖 ∈
U𝑖 , 𝑖 = 1, . . . , 𝐼 for some 𝜀0. According to [7], if 𝜀0 is empirical
(1 + 1

𝐼
) (1 − 𝑞)-quantile of 𝐿(�CTR𝑖

𝑣𝑎𝑙 ,CTR
𝑖 ), where 𝑞 ∈ (0, 1), then

with probability at least 𝑞 the following inequality holds:

𝐿(�CTR𝑖

𝑣𝑎𝑙 ,CTR
𝑖 ) ≤ 𝜀0 . (7)

To compute 𝜀0, we use �CTR𝑖

𝑣𝑎𝑙 , which is the CTR values estimated
by the pre-trained model 𝑓 on the validation dataset. While 𝜀0 is
computed on the validation dataset, we will use it in the general
problem (4) under the assumption of data homogeneity.

Since the loss function 𝐿 and uncertainty set (6) are independent
of each item 𝑖 , the item index is further omitted to simplify expres-
sions. Following the robust optimization framework, we state the
robust modification of the non-robust problem (4):

max
0≤𝑥𝑡 ≤1

min
a∈U

𝑇∑︁
𝑡=1

𝑥𝑡 · 𝑎𝑡 ·𝐶𝑉𝑅𝑡

s.t.
𝑇∑︁
𝑡=1

𝑥𝑡 ·𝑤𝑝𝑡 ≤ 𝐵

𝑇∑︁
𝑡=1

𝑥𝑡 ·𝑤𝑝𝑡 ≤ 𝐶
𝑇∑︁
𝑡=1

𝑥𝑡 · 𝑎𝑡

(8)

The main difference between the non-robust problem (4) and
the robust problem (8) is the objective function and uncertainty
set for the 𝐶𝑇𝑅 predictions. Note that this worst-case robust auto-
bidding problem (8) depends on the choice of loss function. The
following section presents the analytical solution of problem (8)
and generalizes it to the case of joint uncertainty in CTR and CVR.

3 ROBUSTBID METHOD
This section presents the RobustBid method, which is based on
the analytical solution of the robust optimization problem (8) for a
particular uncertainty set. The explicit form of uncertainty setU
depends on the choice of the loss function 𝐿, see (6). The straightfor-
ward loss function for the CTR prediction problem is cross-entropy;
however, it yields an analytically intractable optimization problem.
To make the problem analytically tractable and still estimate the
perturbation of the predicted CTR values �CTR, we select MSE loss
to construct the uncertainty set

U𝑚𝑠𝑒 =

{
a = [𝑎𝑡 ]𝑇𝑡=1, 𝑎𝑡 ∈ [0, 1] | 1

2




�CTR − a



2
2
≤ 𝜀𝑎

}
. (9)

Incorporating the uncertainty set U𝑚𝑠𝑒 in problem (8) makes it
possible to solve this problem analytically. If instead of uncertainty
in CTR estimates one considers uncertainty in CVR estimates, then
the derived formulas can be used, see details in Appendix C in [19].
Moreover, the RobustBidmethod supports uncertainty in both CTR
and CVR estimates. The analytical solution to the corresponding
robust optimization problem is presented in this section. Thus, the
uncertainty set U𝑚𝑠𝑒 provides a reasonable trade-off between the
tractability of the resulting robust optimization problem and the
correctness of the uncertainty measurements.

3.1 Bidding formulas for individual CTR/CVR
uncertainties

This section presents the analytical bidding formulas for cases of
uncertainty in CTR and CVR values, separately. We derive the bid-
ding formula for the case of uncertainty in CTR from the analytical
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solution of (8), whereU =U𝑚𝑠𝑒 . To solve this problem, we intro-
duce a slack variable 𝑠 such that the original problem is rewritten
as follows

max
0≤𝑥𝑡 ≤1,𝑠

𝑠

s.t.
𝑇∑︁
𝑡=1

𝑥𝑡 ·𝑤𝑝𝑡 ≤ 𝐵,
𝑇∑︁
𝑡=1

𝑥𝑡 ·𝑤𝑝𝑡 ≤ 𝐶
𝑇∑︁
𝑡=1

𝑥𝑡 · 𝑎𝑡

𝑠 ≤ min
a∈U𝑚𝑠𝑒

𝑇∑︁
𝑡=1

𝑥𝑡 · 𝑎𝑡 ·𝐶𝑉𝑅𝑡 .

(10)

The minimization problem in the last constraint assumes that 𝑥𝑡
and 𝐶𝑉𝑅𝑡 are known and only the vector a is unknown. Therefore,
this problem has a linear objective function in the formm⊤a, where
𝑚𝑡 = 𝑥𝑡 ·𝐶𝑉𝑅𝑡 , and quadratic inequality constraint 1

2 ∥�CTR− a∥22 ≤
𝜀𝑎 . We eliminate inequality constraints of the form 0 ≤ 𝑎𝑡 ≤ 1
to make this problem analytically tractable and further discuss
the cases in which they will be satisfied automatically. Since the
resulting problem is convex, we use KKT optimality conditions and
derive the optimal solution ã such that:

ã = �CTR − m
∥m∥2

𝛼, 𝛼 =
√
2𝜀𝑎 . (11)

The detailed derivation of (11) is presented in Appendix A in [19].
Note that 𝑎𝑡 ≤ 1 since𝐶𝑇𝑅𝑡 ≤ 1 and 𝛼,𝑚𝑡 ≥ 0. To satisfy constraint
𝑎 ≥ 0 we set 𝜀𝑎 such that

𝜀𝑎 ≤ 𝜀𝑚 =min
𝑡

�𝐶𝑇𝑅𝑡 · ∥CVR∥2
𝐶𝑉𝑅𝑡

. (12)

The estimated 𝜀𝑎 = 𝜀𝑚 can lead to excessive pessimistic probabilistic
guarantees according to (7).

After that, we substitute ã in problem (10) and denote 𝛼 =
√
2𝜀𝑎

to get the following optimization problem with linear objective
function and convex quadratic constraints:

max
x,y,𝑠

𝑠

s.t. 𝑦𝑡 = 𝑥𝑡 ·𝐶𝑉𝑅𝑡 ∀𝑡

𝑠 ≤ y⊤�CTR − 𝛼 ∥y∥2
𝑇∑︁
𝑡=1

𝑥𝑡 ·𝑤𝑝𝑡 ≤ 𝐵

𝑇∑︁
𝑡=1

𝑥𝑡 ·𝑤𝑝𝑡 ≤ 𝐶 · [x⊤�CTR − 𝛼 ∥x∥2]

0 ≤ 𝑥𝑡 ≤ 1,∀𝑡

(13)

Note that quadratic constraints from this maximization problem,
including the 2-norm of vectors x and y, can be expressed as cone
constraints. In particular, denote by 𝐾2 = {(u, 𝑣) | | |u| |2 ≤ 𝑣} the
cone induced by 2-norm, then we have the following equivalence:

𝛼 | |y| |2 ≤ −𝑠 + y⊤�CTR ⇔
(

𝛼y
−𝑠 + y⊤�CTR)

∈ 𝐾2

𝐶𝛼 ∥x∥2 ≤ x⊤ (𝐶 · �CTR −wp) ⇔
(

𝐶𝛼x
x⊤ (𝐶 · �CTR −wp)

)
∈ 𝐾2,

where wp = [𝑤𝑝1, . . . ,𝑤𝑝𝑇 ] is a vector of winning prices. The
resulting cone maximization problem can be solved analytically
with KKT optimality conditions. Moreover, the dual problem can

also be derived and solved in closed form. Thus, we can compute
the optimal dual variables 𝑝∗𝑐𝑡𝑟 and 𝑞∗𝑐𝑡𝑟 associated with the budget
and CPC constraints. Similar to the approach from [27], we use
𝑝∗𝑐𝑡𝑟 , 𝑞∗𝑐𝑡𝑟 to construct the bid formula:

𝑏𝑖𝑑𝑡 =
1

𝑝∗𝑐𝑡𝑟 + 𝑞∗𝑐𝑡𝑟
𝐶𝑉𝑅𝑡 · �𝐶𝑇𝑅𝑡 + 𝑞∗𝑐𝑡𝑟

𝑝∗𝑐𝑡𝑟 + 𝑞∗𝑐𝑡𝑟
𝐶 · �𝐶𝑇𝑅𝑡 + 𝛿𝑐𝑡𝑟𝑡 , (14)

where 𝛿𝑐𝑡𝑟𝑡 =


− 𝛼

𝑝∗𝑐𝑡𝑟+𝑞∗𝑐𝑡𝑟

(
𝐶𝑞∗𝑐𝑡𝑟√

| T |
+ 𝐶𝑉𝑅2

𝑡√︃∑
𝑙 ∈T 𝐶𝑉𝑅2

𝑙

)
𝑡 ∈ T ,

0 𝑡 ∉ T ,
is the ad-

ditive perturbation to (5) and a set of timestamps T is the following

T = {𝑡 | 𝐶𝑇𝑅𝑡 ·𝐶𝑉𝑅𝑡 + 𝑞∗𝑐𝑡𝑟 ·𝐶 ·𝐶𝑇𝑅𝑡 ≤ (𝑝∗𝑐𝑡𝑟 + 𝑞∗𝑐𝑡𝑟 )𝑤𝑝𝑡 }. (15)

If only uncertainty in CVR is assumed, then the corresponding
uncertainty set V𝑚𝑠𝑒 can be defined as

V𝑚𝑠𝑒 =

{
a = [𝑎𝑡 ]𝑇𝑡=1, 𝑎𝑡 ∈ [0, 1] | 1

2




�CVR − a



2
2
≤ 𝜀𝑏

}
. (16)

In this case, the robust version of problem (4) becomes easier to
solve since CVR uncertainty affects only the objective function and
does not modify constraints. The corresponding dual problem also
has an analytical solution, which includes optimal dual variables
𝑝∗𝑐𝑣𝑟 and 𝑞∗𝑐𝑣𝑟 . Following the same steps as in the derivation of (5)
and (14), these dual variables can be used to construct the bid
formula robust to CVR perturbation:

𝑏𝑖𝑑𝑡 =
1

𝑝∗𝑐𝑣𝑟 + 𝑞∗𝑐𝑣𝑟
�𝐶𝑉𝑅𝑡 ·𝐶𝑇𝑅𝑡 + 𝑞∗𝑐𝑣𝑟

𝑝∗𝑐𝑣𝑟 + 𝑞∗𝑐𝑣𝑟
𝐶 ·𝐶𝑇𝑅𝑡 + 𝛿𝑐𝑣𝑟𝑡 , (17)

where 𝛿𝑐𝑣𝑟𝑡 =


− 𝛼 ′

𝑝∗𝑐𝑣𝑟+𝑞∗𝑐𝑣𝑟
𝐶𝑇𝑅𝑡√︃∑
𝑙 ∈T 𝐶𝑇𝑅2

𝑙

, 𝑡 ∈ T

0, 𝑡 ∉ T .
, 𝛼 ′ =

√
2𝜀𝑏 and T

is defined in (15). The detailed derivaton of (17) is presented in
Appendix C in [19]. The final bid formula for CVR uncertainties (17)
looks similar to the bid formula for CTR uncertainties (14) except
for the form of the perturbation item, where the CVR is replaced
with CTR and the term related to the CPC constraint is dropped.

3.2 Bidding formula for joint CTR and CVR
uncertainties

This section extends a robust optimization approach to address
uncertainties in bothCTR and CVR predictions simultaneously. This
setup represents a more comprehensive modeling of uncertainties
in the bidding process. Since we have introduced uncertainty sets
for CTR U𝑚𝑠𝑒 and for CVR V𝑚𝑠𝑒 in Section 3.1, we can state the
robust optimization problem which treats the Cartesian product of
these uncertainty sets:

max
0≤𝑥𝑡 ≤1

min
(a,b) ∈U𝑚𝑠𝑒×V𝑚𝑠𝑒

𝑇∑︁
𝑡=1

𝑥𝑡 𝑎𝑡 𝑏𝑡 ;

s.t.
𝑇∑︁
𝑡=1

𝑥𝑡 𝑤𝑝𝑡 ≤ 𝐵∑𝑇
𝑡=1 𝑥𝑡 𝑤𝑝𝑡∑𝑇
𝑡=1 𝑥𝑡 𝑎𝑡

≤ 𝐶.

(18)

This problem is more complex than the single-uncertainty case,
as it involves interactions between uncertainties in CTR and CVR.
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To solve problem (18), we use advanced techniques from convex
optimization theory, including the S-lemma and Schur complement
theorem. Below, we provide the main steps to derive a robust opti-
mal bid formula (for more details, see Appendix D in [19]).

To simplify notations, we denote 𝑎0𝑡 = �CTR𝑡 , 𝑏0𝑡 = �CVR𝑡 , then
introduce perturbations 𝛿𝑎𝑡 = 𝑎𝑡 − 𝑎0𝑡 , 𝛿𝑏𝑡 = 𝑏𝑡 − 𝑏0𝑡 and obtain
new form for inequality in uncertainty set

∥𝛿a∥22 ≤ 𝑟 2𝑎 = 2𝜀𝑎, ∥𝛿b∥22 ≤ 𝑟 2𝑏 = 2𝜀𝑏 . (19)

The objective is rewritten as follows:
𝑇∑︁
𝑡=1

𝑥𝑡 𝑎𝑡 𝑏𝑡 =
∑︁
𝑡

𝑥𝑡 (𝑎0𝑡 + 𝛿𝑎𝑡 ) (𝑏0𝑡 + 𝛿𝑏𝑡 ) = z⊤Qz + 2q⊤z + 𝑐,

where

z =
(
𝛿a
𝛿b

)
, D = diag(𝑥1, . . . , 𝑥𝑇 ), Q =

(
0 1

2D
1
2D 0

)
,

q = 1
2

(
Db0

Da0

)
, 𝑐 =

𝑇∑︁
𝑡=1

𝑥𝑡 𝑎
0
𝑡 𝑏

0
𝑡 .

Then we introduce a slack scalar variable 𝑠 similar to Section 3.1:

𝑠 ≤ min
∥𝛿a∥2≤𝑟𝑎 ,∥𝛿b∥2≤𝑟𝑏

(z⊤Qz + 2q⊤z + 𝑐)

which is equivalent to

z⊤Qz + 2q⊤z + (𝑐 − 𝑠) ≥ 0 ∀𝑧.
To reformulate constraints (19) in the quadratic forms with positive
semi-definite matrices, we use the S-lemma. For this purpose, we
rewrite inequalities:

𝑔1 (z) ≡ 𝑟 2𝑎 − ∥𝛿a∥22 = 𝑟 2𝑎 − 𝛿a𝑇 I𝛿a ≥ 0,

𝑔2 (z) ≡ 𝑟 2𝑏 − ∥𝛿b∥22 = 𝑟 2𝑏 − 𝛿b
𝑇 I𝛿b ≥ 0

and apply the inhomogeneous S-lemma [6]. Then,

𝑔1 (z) ≥ 0, 𝑔2 (z) ≥ 0 ⇒ z⊤Qz + 2q⊤z + (𝑐 − 𝑠) ≥ 0 ∀z (20)

holds if and only if there exist 𝜆𝑎, 𝜆𝑏 ≥ 0 such that

M =

(
Q + diag(𝜆𝑎I, 𝜆𝑏 I) q

q⊤ (𝑐 − 𝑠 − 𝜆𝑎𝑟 2𝑎 − 𝜆𝑏𝑟 2𝑏 )

)
⪰ 0.

To simplify this constraint, we apply the Schur complement theo-
rem [6], so M ⪰ 0 is equivalent to the two convex conditions:(

𝜆𝑎I𝑇 1
2D

1
2D 𝜆𝑏 I𝑇

)
⪰ 0

(𝑐 − 𝑠 − 𝜆𝑎𝑟 2𝑎 − 𝜆𝑏𝑟 2𝑏 ) − q⊤ (Q + diag(𝜆𝑎I, 𝜆𝑏 I))−1q ≥ 0.
By combining the fact that (Q + diag(𝜆𝑎I, 𝜆𝑏 I))−1 ⪰ 0, since inver-
sion preserves positive semi-definiteness, and applying the defini-
tions of Q and q, we obtain:(

𝜆𝑎IT 1
2D

1
2D 𝜆𝑏 IT

)
⪰ 0 and − 𝜆𝑎𝑟 2𝑎 − 𝜆𝑏𝑟 2𝑏 + 𝑐 − 𝑠 ≥ 0.

Here, the first is a 2𝑇 ×2𝑇 linear matrix inequality, and the second is
an affine bound. However, the positive semi-definite constraint can
be simplified by the Schur complement theorem and the diagonal
structure of 𝐷 , we obtain:{

𝜆𝑎 ≥ 0,
𝜆𝑎𝜆𝑏 ≥ 1

4𝑥
2
𝑡 ∀𝑡 ∈ 1, ...,𝑇 .

Therefore, the resulting simplified problem can be expressed as:

max
𝑥1,...,𝑥𝑇 ,𝜆𝑎 ,𝜆𝑏

−𝜆𝑎 𝑟 2𝑎 − 𝜆𝑏 𝑟 2𝑏 +
𝑇∑︁
𝑡=1

𝑥𝑡 𝑎
0
𝑡 𝑏

0
𝑡−

−
𝑇∑︁
𝑡=1

2𝑥2𝑡 [𝜆𝑏 (𝑏0𝑡 )2 + 𝜆𝑎 (𝑎0𝑡 )2] − 2𝑥3𝑡 𝑎0𝑡𝑏0𝑡
4𝜆𝑎𝜆𝑏 − 𝑥2𝑡

s.t.
𝑇∑︁
𝑡=1

𝑥𝑡 𝑤𝑝𝑡 ≤ 𝐵,

𝑇∑︁
𝑡=1

𝑥𝑡 𝑤𝑝𝑡 −𝐶
𝑇∑︁
𝑡=1

𝑥𝑡 𝑎
0
𝑡 +𝐶 𝑟𝑎 ∥𝑥 ∥2 ≤ 0,

𝜆𝑎𝜆𝑏 ≥ 1
4
𝑥2𝑡 ,

𝜆𝑎 ≥ 0, 𝜆𝑏 ≥ 0, 0 ≤ 𝑥𝑡 ≤ 1

(21)

The solution of problem (21) and the solution of the correspond-
ing dual problem lead to the optimal bidding formula in the case of
joint CTR and CVR uncertainties:

𝑏𝑖𝑑𝑡 =
1

𝑝∗
𝑗𝑜𝑖𝑛𝑡

+ 𝑞∗
𝑗𝑜𝑖𝑛𝑡

�𝐶𝑉𝑅𝑡 · �𝐶𝑇𝑅𝑡 + 𝑞∗𝑗𝑜𝑖𝑛𝑡
𝑝∗
𝑗𝑜𝑖𝑛𝑡

+ 𝑞∗
𝑗𝑜𝑖𝑛𝑡

𝐶 · �𝐶𝑇𝑅𝑡 +𝛿 𝑗𝑜𝑖𝑛𝑡𝑡 ,

(22)
where bid perturbation is expressed as

𝛿
𝑗𝑜𝑖𝑛𝑡
𝑡 =


− 𝛼

𝑝∗
𝑗𝑜𝑖𝑛𝑡

+𝑞∗
𝑗𝑜𝑖𝑛𝑡

(
𝑞∗
𝑗𝑜𝑖𝑛𝑡√
| T |

+𝐴(𝜆∗𝑎, 𝜆∗𝑏 , �𝐶𝑇𝑅𝑡 , �𝐶𝑉𝑅𝑡 )) 𝑡 ∈ T ,

0 𝑡 ∉ T ,
,

where 𝑝∗𝑗𝑜𝑖𝑛𝑡 and 𝑞
∗
𝑗𝑜𝑖𝑛𝑡 are optimal dual variables corresponding to

the CPC and budget constraints, 𝜆∗𝑎, 𝜆∗𝑏 are optimal dual variables
corresponding to the uncertainty bounds, and

T = {𝑡 | 𝐶𝑇𝑅𝑡𝐶𝑉𝑅𝑡+𝐶𝑞CTR𝑡−𝐴(𝜆𝑎, 𝜆𝑏 , �𝐶𝑇𝑅𝑡 , �𝐶𝑉𝑅𝑡 ) ≤ (𝑝+𝑞)𝑤𝑝𝑡 }
(23)

is the set of active indices and helpful 𝐴(𝜆𝑎, 𝜆𝑏 , �𝐶𝑇𝑅𝑡 , �𝐶𝑉𝑅𝑡 ) is de-
fined as:

𝐴(𝜆∗𝑎, 𝜆∗𝑏 , �𝐶𝑇𝑅𝑡 , �𝐶𝑉𝑅𝑡 ) = 4[𝜆∗𝑎 �𝐶𝑇𝑅2𝑡 + 𝜆∗𝑏 �𝐶𝑉𝑅2𝑡 ] − 6�𝐶𝑇𝑅𝑡 �𝐶𝑉𝑅𝑡
(4𝜆∗𝑎𝜆∗𝑏 − 1) +

+
4(𝜆∗𝑎 �𝐶𝑇𝑅2𝑡 + 𝜆∗𝑏 �𝐶𝑉𝑅2𝑡 − �𝐶𝑇𝑅𝑡 �𝐶𝑉𝑅𝑡 )

(4𝜆∗𝑎𝜆∗𝑏 − 1)2
(24)

The detailed derivation of this formula is in Appendix D in [19].
Equation (22) requires the exact values of the 𝑝∗𝑗𝑜𝑖𝑛𝑡 , 𝑞

∗
𝑗𝑜𝑖𝑛𝑡 , 𝜆

∗
𝑎, 𝜆

∗
𝑏
;

therefore, the similar approach from [27] is used: determine these
variables on the history and apply them to the next steps. Note
that this bid formula has a similar structure to the bid formulas (14)
and (17) corresponding to the individual uncertainties in CTR and
CVR. However, equation (22) includes an additional term that cap-
tures the interaction between CTR and CVR uncertainties.

4 NUMERICAL EXPERIMENTS
This section evaluates the performance of the RobustBid algorithm
through experiments on both synthetic and real-world datasets. We
compare our approach against two baselines: the NonRobustBid
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algorithm [27] based on (5), and the RiskBid algorithm [30]. All
results are reproducible using the code available in repository1.

4.1 Datasets and environment design
To simulate real-world uncertainty in CTR predictions, various
levels of noise 𝜀𝑎 and 𝜀𝑏 are introduced into𝐶𝑇𝑅 and𝐶𝑉𝑅 data. The
variation of 𝜀 is naturally carried out in permissible normalization
boundaries, upper bounds on budget 𝐵 and cost per click 𝐶 are
chosen so that equation (4) has a finite solution (see values of 𝐵
and 𝐶 in Appendix E [19]).

Advertisers have access to their historical data, including bids,
winning prices, wins, accumulated clicks, and spending. Before
placing a bid, they can also access the current values �𝐶𝑇𝑅𝑖𝑡 and�𝐶𝑉𝑅𝑖𝑡 . The auction outcomes and click events are determined by
the ground-truth values 𝐶𝑇𝑅𝑖𝑡 and 𝐶𝑉𝑅𝑖𝑡 . Moreover, the winning
prices are not allowed before the auction ends. Therefore, an ad-
vertiser can obtain winning prices from historical data (all auctions
he has participated in). For the autobidding task, parameters are
updated at each step by solving a constrained nonlinear optimiza-
tion problem (8) using the advertiser’s full historical data. When a
bid is placed, the advertiser is charged the minimum of the full bid
amount and the remaining budget. The experimental evaluation
was carried out using synthetic and industrial datasets. The 𝜀𝑎, 𝜀𝑏
lie in range [10−6, 10−2] for all experiments.

Synthetic dataset. This dataset is used to evaluate performance
under controlled uncertainties in CTR and CVR values. The first-
price auction is simulated over 𝑇 = 100 auctions with 𝑛 = 10
participating advertisers. The ground-truth CTR values 𝐶𝑇𝑅𝑖𝑡 and
CVR values𝐶𝑉𝑅𝑖𝑡 are random from the interval (0.01, 0.1]. To verify
the stability and consistency of results, we use a large number of
auctions𝑇 = 500, 1000 and average results across 100 random seeds.

iPinYou dataset. The first-price auction environment consists of
𝑛 = 10 advertisers competing over 𝑇 = 100 auctions. For the first 9
advertisers, bid distributions are derived from the iPinYou dataset.
Since the original dataset contains only 2-3 discrete bid values,
kernel density estimation is applied to generate a continuous bid
distribution that better reflects real-world behavior. The ground-
truth 𝐶𝑇𝑅𝑖𝑡 and 𝐶𝑉𝑅𝑖𝑡 values and their perturbations are sampled
in the same way as in the synthetic dataset. The 10th advertiser
follows the proposed bidding strategy, with parameters adjusted
based on bid statistics from the iPinYou dataset.

BAT dataset. The study [16] proposed the new BAT dataset for
benchmarking autobidding algorithms. The dataset consists of thou-
sands of First-Price Auction records from real advertising cam-
paigns. Unlike the synthetic and iPinYou datasets, where auctions
occur simultaneously, auctions in BAT are distributed across time
in line with real-world patterns. The range of 𝐶𝑇𝑅𝑖𝑡 values in this
dataset is [0.0017, 0.63], and the range of𝐶𝑉𝑅𝑖𝑡 values is [0.001, 0.3].

4.2 Baselines
NonRobustBid. To address the issue of non-robustness, the dual

problem formulation proposed in [27] is adopted (see Appendix E
in [19] for details). Following the approach outlined in the original
1https://github.com/IAIOnline/RobustBid

paper, there are two adjusted dual variables corresponding to the
budget and CPC constraints. The baseline solution is obtained by
solving the original optimization problem exactly. Thus, we com-
pare the robust solution against the non-robust one to demonstrate
the specific benefits of incorporating uncertainty handling.

RiskBid [30]. This method is designed to enhance bidding robust-
ness by incorporating an estimate of the 𝐶𝑇𝑅 standard deviation,
𝐶𝑇𝑅𝑠𝑡𝑑 , derived from historical data, into the bidding formula (5):
𝐶𝑇𝑅𝑟𝑖𝑠𝑘 =𝐶𝑇𝑅 − 𝛼 ·𝐶𝑇𝑅𝑠𝑡𝑑 , where 𝛼 is a hyperparameter.

4.3 Metrics
To evaluate the performance of the considered autobidding algo-
rithms, we use the following metrics. Total Conversion Value (TCV)
quantifies the aggregate conversion performance across all adver-
tising campaigns and auctions, computed as:

TCV =

𝑇∑︁
𝑡=1

𝐼∑︁
𝑖=1

𝐶𝑇𝑅𝑖𝑡 ·𝐶𝑉𝑅𝑖𝑡 · 𝑥𝑖𝑡 ,

where 𝐶𝑇𝑅𝑖𝑡 and 𝐶𝑉𝑅𝑖𝑡 represent the click-through and conversion
rates respectively for campaign 𝑖 at time 𝑡 , and 𝑥𝑖𝑡 a binary indicator
of auction win. Average Cost-Per-Click (𝐶𝑃𝐶avg) represents the av-
erage cost per click across all advertising campaigns. It represents
the ratio of total spending to total clicks across all campaigns:

𝐶𝑃𝐶avg =

∑𝐼
𝑖=1

∑𝑇
𝑡=1 𝑥

𝑖
𝑡 · 𝑏𝑖𝑑𝑖𝑡∑𝐼

𝑖=1
∑𝑇

𝑡=1 𝑥
𝑖
𝑡 ·𝐶𝑇𝑅𝑖𝑡

.

We have focused on the metrics explicitly used in the considered
optimization problems (total conversion and cost per click). Ad-
ditional metrics, such as return on investment (ROI) and budget
utilization, can be used to support the observed results, while total
conversion and cost per click can serve as proxy metrics for them.

4.4 Individual uncertainty
The dependencies of the metrics on the 𝐶𝑇𝑅 uncertainty level,
assuming CVR is known exactly, are presented in Figure 1. Note that
the results of the RobustBid and NonRobustBid naturally converge
to the same values if epsilon is close to zero. RiskBid performs
better than NonRobustBid, and the RobustBid outperforms both
baselines. The dependencies of the metrics on the 𝐶𝑇𝑅 and 𝐶𝑉𝑅
uncertainty levels are presented in Figure 1, where the root-square
standard deviation is shown as gradient shading.

4.5 Joint uncertainty
We analyzed the performance of our RobustBid approach against
NonRobustBid across three datasets with varying 𝜀𝑎 and 𝜀𝑏 , denot-
ing errors in 𝐶𝑇𝑅 and 𝐶𝑉𝑅, respectively. Figure 2 illustrates the
dependence of conversion and average cost-per-click metrics on
the noise in CTR and CVR values for the Synthetic dataset. We ob-
serve that NonRobustBid provides similar values of these metrics
independent of the uncertainties 𝜀𝑎 and 𝜀𝑏 . In contrast, RobustBid
gives higher values for conversions and lower average cost-per-
click for a broad range of 𝜀𝑎 and 𝜀𝑏 . Thus, on the Synthetic dataset,
we confirm that our approach makes bidding more robust to noise
in both CTR and CVR values.
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Synthetic iPinYou BAT

Figure 1: Experimental results with𝐶𝑇𝑅 uncertainty and𝐶𝑉𝑅
accurate estimate. The green dotted line represents the upper
bound on the CPC constraint. Root mean squared deviation
is specified in the gradient shading form. 𝛼 is a risk-averse
parameter, the larger 𝛼 corresponds to less risky strategies.

Figure 2: Heatmaps with comparison𝑇𝐶𝑉 and𝐶𝑃𝐶𝑎𝑣𝑔 for Syn-
thetic dataset. NonRobustBid metrics remain approximately
the same, slightly decreasing at large values of 𝜀𝑎 and 𝜀𝑏 .
RobustBid performs better overall, with𝑇𝐶𝑉 decreasing only
at large 𝜀𝑎 , while maintaining lower 𝐶𝑃𝐶𝑎𝑣𝑔.

The similar heatmaps for the iPinYou dataset are presented in
Figure 3. They emphasize the drawbacks of the NonRobustBid
method, noting that resulting conversions are very low and the
average cost-per-click is excessively high across the considered
range of 𝜀𝑎 and 𝜀𝑏 . Moreover, these metrics are almost constant for
all considered 𝜀𝑎 and 𝜀𝑏 . Conversely, RobustBid better addresses
the noise in CTR and CVR values. In particular, it increases the con-
version metric and decreases the average cost-per-click metric for a
medium level of noise. Hence, the RobustBid method outperforms
the NonRobustBid in the iPinYou dataset, too.

Figure 4 compares TCV and average cost-per-click metrics gen-
erated by NonRobustBid and RobustBid algorithms for the BAT
dataset. For Average Cost-Per-Click and Total Conversion Value,

Figure 3: Heatmaps with comparison 𝑇𝐶𝑉 and 𝐶𝑃𝐶𝑎𝑣𝑔 for
iPinYou dataset. NonRobustBidmetrics remain approximately
the same across all 𝜀𝑎 and 𝜀𝑏 . In contrast, RobustBidmetrics
show significant variation while demonstrating better per-
formance overall.

NonRobustBid performs poorly on both metrics. The Total Con-
version Value of NonRobustBid remains almost constant, while
the Cost-Per-Click varies with changes in 𝜀𝑎 . At the same time,
RobustBid outperforms NonRobustBid, while showing the more
complex dynamics of changes in the 𝜀𝑎 and 𝜀𝑏 .

Figure 4: Heatmaps with comparison 𝑇𝐶𝑉 and 𝐶𝑃𝐶𝑎𝑣𝑔 for
BAT dataset. While 𝜀𝑎 grows, NonRobustBid shows lower𝑇𝐶𝑉
and higher 𝐶𝑃𝐶𝑎𝑣𝑔. At the same time, RobustBidmetrics are
nearly independent of 𝜀𝑎 and 𝜀𝑏 .

The overall comparison of heatmap patterns highlights that BAT
(see Figure 4) shows more stable behavior than iPinYou (see Fig-
ure 3). This stability correlates with budget diversity: BAT has a
wide budget range, whereas iPinYou uses fixed budgets (see Ta-
ble 2 in Appendix F [19]). The BAT dataset (Figure 4) demonstrates
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strong results for RobustBid, maintaining stable metrics and con-
sistently outperforming NonRobustBid. This is especially signif-
icant as BAT most closely represents real-world advertising sce-
narios. Across all three datasets and for the majority of 𝜀𝑎 and
𝜀𝑏 parameter pairs, RobustBid consistently achieves higher total
conversions (TCV) and lower average cost-per-click (𝐶𝑃𝐶𝑎𝑣𝑔) than
NonRobustBid, demonstrating its effectiveness.

Table 2 presents the standard deviation of joint CTR and CVR
uncertainties. For Synthetic data, the standard deviation for𝐶𝑃𝐶avg
of RobustBid is higher. On more complex IPinYou and real-world
BAT datasets, RobustBid exhibits lower standard deviations for
the 𝐶𝑃𝐶avg and 𝑇𝐶𝑉 metrics, indicating more stable behavior.

Table 2: Standard deviation of target metrics with MSE loss
under joint uncertainty (CTR and CVR).

Metric Synthetic, 𝜀𝑎 = 𝜀𝑏 = 10−2 IPinYou, 𝜀𝑎 = 5 · 10−3, 𝜀𝑏 = 10−3 BAT, 𝜀𝑎 = 𝜀𝑏 = 10−3

Robust Non-robust Robust Non-robust Robust Non-robust

TCV 0.09 0.17 0.001 0.007 0.001 0.01
𝐶𝑃𝐶avg 0.36 0.05 8.28 11.11 0.04 3.01

5 LIMITATIONS AND FUTUREWORK
Our approach works in the offline setup, where a lot of data is avail-
able and can not be used in the online setup. Extending the proposed
method to the online setup with controllers or RL frameworks is
a promising research direction. The incorporation of uncertainty
sets based on cross-entropy loss in our method remains a challenge
that could improve the interpretability of the uncertainty bounds.

6 CONCLUSION
This paper proposes the RobustBid algorithmwhich generates bids
that are robust to uncertainties in CTR and CVR. This algorithm
is based on the robust modifications of the conversion maximiza-
tion problem, incorporating uncertainty sets for individual CTR
and CVR values and joint ones. The analytical solutions of the cor-
responding problems lead to the explicit formulas for bid, which
naturally generalize the non-robust approach. Extensive experi-
ments on synthetic and industrial datasets confirm that RobustBid
generates bids that are robust to perturbations in CTR/CVR. The
performance of the considered methods is evaluated through the
total conversion rate and average cost per click. According to these
metrics, RobustBid gives a larger total conversion rate and a lower
average cost per click than non-robust and robust competitors.
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