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ABSTRACT

Consider an election where the set of candidates is partitioned
into parties, and each party must choose exactly one candidate to
nominate for the election held over all nominees. The Necessary
President problem asks whether a candidate, if nominated, be-
comes the winner of the election for all possible nominations from
other parties.

We study the computational complexity of Necessary Presi-
dent for several voting rules. We show that while this problem is
solvable in polynomial time for Borda, Maximin, and Copeland𝛼
for every 𝛼 ∈ [0, 1], it is coNP-complete for general classes of posi-
tional scoring rules that include ℓ-Approval and ℓ-Veto, even when
the maximum size of a party is two. For such positional scoring
rules, we show that Necessary President is W[2]-hard when pa-
rameterized by the number of parties, but fixed-parameter tractable
with respect to the number of voter types. Additionally, we prove
that Necessary President for Ranked Pairs is coNP-complete even
for maximum party size two, and W[1]-hard with respect to the
number of parties; remarkably, both of these results hold even for
constant number of voters.
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1 INTRODUCTION

Most political elections are preceded by a turbulent and intense
period when parties want to decide which candidate to nominate
for the election. The nomination process may take the form of
primaries, or may involve more complex, strategic decisions that
are not only based on the candidates’ traits as viewed by the party
members but also on the preferences of voters. Indeed, as the elec-
tion approaches, parties may realize that the candidate previously
picked by the party—e.g., the winner of a primary—has a low sup-
port in the polls when compared to the nominees of other parties,
and thus needs to be replaced.
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Among recent examples of such strategic nominations, the most
famous one is perhaps the replacement of Joe Biden by Kamala
Harris before the 2024 US presidential election [32]. In Poland,
the largest opposition group Civic Platform replaced her primary
election winner Małgorzata Kidawa-Błońska by Rafał Trzaskowski
after a significant drop in her support before the 2020 presidential
elections [20]. Notably, in neither case was the substitute candidate
able to ensure victory.

Sometimes the main purpose of parties is not victory itself, but
rather to prevent a certain candidate from winning, leading to
various forms of strategic nomination. Such a process waswitnessed
in the 2022 Hungarian elections, where opposition parties decided
to cooperate and create a joint list of nominees in order to be able
to defeat the ruling party Fidesz [33]. A similar cooperation was
carried out in the 2023 Turkish elections where the opposition
formed a six-party alliance to nominate Kemal Kılıçdaroğlu in the
hope of defeating the ruling president Recep Tayyip Erdoğan [25].

Several interesting questions arise in such situations. In this
paper, we address one of themost basic ones: Can a given nominee 𝑝
participating in an election be defeated with a judicious choice of
nominations from all remaining parties? Or will 𝑝 necessarily win,
irrespective of the nominees chosen by all other parties?

To study this topic, we use the formal model of candidate nom-
ination as introduced by Faliszewski et al. [12] where parties are
interpreted as sets of candidates, and each party has to nominate
exactly one of its candidates for the upcoming election. Faliszewski
et al. assumed that parties know the preferences of all voters over
all potential candidates, and studied two problems in this setting:
The Possible President problem asks whether a given party can
nominate one of its candidates in such a way that he or she becomes
a winner of the election for some nominations from other parties,
while the Necessary President problem asks if a given nominee
of the party will be a winner irrespective of all other nominations.

Faliszewski et al. [12] concentrated on Plurality. For this vot-
ing rule they proved that the Possible President problem is NP-
complete and the Necessary President problem is coNP-complete
if voters’ preferences are unrestricted. Motivated by these hard-
ness results, they focused on structured preferences and showed
that Necessary President admits a polynomial-time algorithm
for single-peaked profiles. By contrast, Possible President re-
mains NP-complete even on 1D-Euclidean profiles but admits a
polynomial-time algorithm if the elections are restricted to single-
peaked profiles where the candidates of each party appear consec-
utively on the societal axis.

In contrast to the steadily growing research concerning the
classical and parameterized computational complexity of the Pos-
sible President problem for a whole range of different voting
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Table 1: Our results for Necessary President. The column

‘Param./Const.’ contains the considered parameters or their

restriction to a constant; ‘eff. comp.’ stands for voting rules

where the winners of an election can be computed efficiently,

i.e., in polynomial time. For Copeland
𝛼
, 𝛼 is in [0, 1].

Voting rule Param./Const. Complexity Reference
Borda – in P Thm. 3.1
Short 𝑠 = 2 coNP-complete Thm. 3.2

𝑡 W[2]-hard, in XP Thm. 3.4, Obs. 2
𝜏 in FPT Thm. 3.6

Veto-like 𝑠 = 2 coNP-complete Thm. 3.3
𝑡 W[2]-hard, in XP Thm. 3.5, Obs. 2
𝜏 in FPT Thm. 3.7

Copeland𝛼 – in P Thm. 4.1
Maximin – in P Thm. 4.2
Ranked Pairs 𝑠 = 2, |𝑉 | = 12 coNP-complete Thm. 4.3

𝑡 , |𝑉 | = 20 W[1]-hard, in XP Thm. 4.3, Obs. 2
eff. comp. 𝑠, 𝑡 in FPT Obs. 2

rules [4, 23, 24, 30, 31], not much is known about the Necessary
President problem. Cechlárová et al. [4] generalized the intractabil-
ity result of Faliszewski et al. [12] by showing that Necessary Pres-
ident is coNP-complete for Plurality with run-off, as well as for the
voting rules ℓ-Approval and ℓ-Veto for every positive integer ℓ ; all
these results hold in the restricted setting where each party has at
most two candidates. The authors also provided integer programs
for Necessary President for a wide range of voting rules and
performed computational experiments based on real and synthetic
election data. Complementing the tractability result by Faliszewski
et al. [12] for Necessary President for Plurality on single-peaked
preference profiles, Misra [24] showed that the same problem is
polynomial-time solvable on single-crossing profiles.

1.1 Our Contribution

We study the computational complexity of the Necessary Presi-
dent problem for several positional scoring rules and a variety of
Condorcet-consistent voting rules; our results are summarized in
Table 1. The positional scoring rules we consider include the Borda
rule as well as the set of all so-called short and Veto-like voting
rules, introduced by Schlotter et al. [31]. Additionally, we consider
some of the most well-known Condorcet-consistent voting rules:
Copeland𝛼 for all 𝛼 ∈ [0, 1], Maximin, and Ranked Pairs.

We classify the complexity of Necessary President for each
of these voting rules as either polynomial-time solvable or coNP-
complete. Furthermore, we apply the framework of parameterized
complexity to deal with the computationally intractable cases: we
examine how certain natural parameters of a given instance influ-
ence the computational complexity of the Necessary President
problem. The parameters we consider are the following:

• 𝑡 : the number of parties;
• 𝑠: the maximum size of a party;
• 𝜏 : the number of voter types, where two voters are of the same
type if they have the same preferences over the candidates;

• |𝑉 |: the number of voters.

For each of the voting rules for which Necessary President
turns out to be coNP-complete, we settle its parameterized complex-
ity for every possible combination of the above four parameters as
either (i) fixed-parameter tractable (FPT), (ii) W[1]- or W[2]-hard
and in XP, or (iii) para-NP-hard.

1.2 Related Work

The line of research most closely related to this paper—the problem
of strategic candidate nomination by parties preceding an election—
was initiated by Faliszewski et al. [12] and, apart from the papers
already mentioned [4, 12], has focused on the Possible President
problem; see Section 1.2.1. Different models describing elections
with parties from an algorithmic viewpoint are briefly discussed
in Section 1.2.2. Another related topic is strategic candidacy where
candidates are independent and have full power over deciding
whether to run for the election or not; see Section 1.2.3.

Candidate nomination can also be seen as part of the broader
topic of elections where the set of candidates is not fixed; such
a scenario appeared already in the seminal paper by Bartholdi et
al. [19] in the form of control by adding or deleting candidates by
an election chair. For an overview of various other results dealing
with this type of election control, see for example Faliszewski and
Rothe [14], Chen et al. [5] or Erdélyi et al. [11].

1.2.1 The Possible President Problem. The results of Faliszewski
et al. [12] for Possible President for Plurality voting have been
extended to other voting rules. Lisowski [23] dealt with tournament
solutions and showed that Possible President for Condorcet rule
(which selects the Condorcet winner if it exists, and the empty set
otherwise) can be solved in polynomial time but is NP-complete for
the Uncovered Set rule. Cechlárová et al. [4] studied the problem
for positional scoring voting rules, among them ℓ-Approval, ℓ-Veto,
and Borda, and Condorcet-consistent rules such as Copeland, Llull,
and Maximin. In addition, this paper provides integer programs for
the Possible President as well as Necessary President problem
for all the studied voting rules and computational experiments with
these integer programs applied to real and synthetic elections.

The parameterized complexity of Possible President was first
studied byMisra [24] who strengthened the results of Faliszewski et
al. [12] by showing that Possible President for Plurality is para-NP-
hard when parameterized by the size of the largest party even
in profiles that are both single-peaked and single-crossing; she
also proved that when parameterized by the number of parties,
the problem is W[1]-hard and in XP for general preferences but
becomes FPT on the 1D-Euclidean domain.

A detailed multivariate complexity analysis of the Possible Pres-
ident problem for several classes of positional scoring rules has
been provided by Schlotter et al. [31] who studied the parameterized
complexity of these problems with respect to the four parameters
studied in this paper. The same multivariate approach was taken by
Schlotter and Cechlárová [30] for two types of Condorcet-consistent
voting rules: Copeland𝛼 for every 𝛼 ∈ [0, 1] and Maximin.

1.2.2 Elections Involving Parties. Harrenstein et al. [16] introduced
a model where voters and candidates are both described by their
position on the real line (modeling the political spectrum), and each
party has to choose its nominee from among its potential candidates
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under the assumption that each voter votes for the closest nominee.
The authors showed that a Nash equilibrium (NE) is not guaranteed
to exist even in a two-party game, and finding a NE is NP-complete
in general but can be computed in linear time for two parties.

The above model was extended by Deligkas et al. [7]: they as-
sociated each candidate with a cost and studied the parameterized
complexity of the equilibrium computation problem under several
natural parameters such as the number of different positions of the
candidates, the so-called discrepancy and span of the nominees,
and the maximum overlap of the parties.

Harrenstein and Turrini [17] considered district-based elections.
In each district, voters rank the nominated candidates and elect the
Plurality winners, and parties have to strategically place their can-
didates in districts so as to maximize the number of their nominees
that get elected. The authors showed that deciding the existence of
pure NE for these games isNP-complete if the party size is bounded
by a constant and Σ𝑃2 -complete in general.

Perek et al. [27] introduced a model where voters, not candidates,
are partitioned into parties, with voters of the same party voting
in the same way. The authors proposed to measure the threat to
the so-called leading party 𝑃—the party whose favored candidate is
the expected winner of the election—by the maximum number of
voters who can abandon 𝑃 for another party without changing the
winner of the election, and by the minimal number of voters that
must leave 𝑃 to ensure that the winner changes. Perek at al. [27]
and in a follow-up paper Guo et al. [15] studied the computational
complexity of these problems for several different voting rules.

1.2.3 Strategic Candidacy. In strategic candidacy games as intro-
duced by Dutta et al. [10], there is a finite set of voters and candi-
dates, and some of the candidates may also be voters. Both voters
and candidates have preferences over the set of all candidates and
it is assumed that every candidate prefers herself to all other candi-
dates. Candidates then strategically choose whether to join or leave
the election to obtain a favored outcome. Brill and Conitzer [2]
extended the analysis to the case when also voters may act strate-
gically, defining several stability notions.

Lang et al. [22] illustrated the phenomenon of strategic candi-
dacy with the 2017 French presidential election where the centrist
candidate Bayrou withdrew to help Macron qualify to the second
round (successfully), and green candidate Jadot withdrew to help
the socialist candidate Hamon qualify (not successfully). The au-
thors presented an analysis of such games for a list of common
voting procedures, and examined the question of whether such
games possess a pure strategy NE in which the outcome is the same
as if all candidates run (called genuine equilibria). They also estab-
lished a strong relationship between equilibria of candidacy games
and a form of voting control by adding or removing candidates,
where candidates must consent to addition or deletion.

Other works take into account also the monetary and repu-
tational costs of running an electoral campaign. The model by
Obraztsova et al. [26] assumes that running an electoral campaign
incurs some costs, whereas the one proposed by Lang et al. [21]
assumes that such a campaign yields incidental benefits. Obraztsova
et al. [26] and Polukarov et al. [29] studied equilibrium dynamics
in candidacy games in an iterative scenario. For a more detailed
description of these works, see the full version of our paper [3].

2 PRELIMINARIES

We use the notation [𝑖] = {1, 2, . . . , 𝑖} for each positive integer 𝑖 .
An election E = (𝐶,𝑉 , {≻𝑣}𝑣∈𝑉 ) consists of a finite set 𝐶 of

candidates, a finite set 𝑉 of voters, and the preferences of voters
over the set 𝐶 of candidates. We assume that the preferences of
voter 𝑣 are represented by a strict linear order ≻𝑣 over 𝐶 where
𝑐 ≻𝑣 𝑐′ means that voter 𝑣 prefers candidate 𝑐 to candidate 𝑐′. If
two voters have the same preferences, they are said to be of the
same type; the number of voter types in 𝑉 will be denoted by 𝜏 .

We denote the set of all elections over a set𝐶 of candidates by E𝐶 .
A voting rule R : E𝐶 → 2𝐶 chooses a set of winners of the election.

We shall also assume that a partition P = {𝑃1, . . . , 𝑃𝑡 } of the
set 𝐶 of candidates is given; each set 𝑃 𝑗 is interpreted as a party
that has to decide about whom among its potential candidates
to nominate for the election. Formally, a reduced election arises
after each party has nominated a unique candidate, leading to a set
𝐶′ ⊆ 𝐶 of nominees such that |𝐶′ ∩ 𝑃 𝑗 | = 1 for each 𝑗 ∈ [𝑡]. In the
reduced election E𝐶′ = (𝐶′,𝑉 , {≻′

𝑣}𝑣∈𝑉 ) each voter 𝑣 ∈ 𝑉 restricts
her original preference relation ≻𝑣 over 𝐶 to 𝐶′, yielding ≻′

𝑣 .
Now we formulate the problem studied in this paper.

Problem Necessary President for voting rule R.
Instance: A tuple 𝐼 = (E,P, 𝑝) where E = (𝐶,𝑉 , {≻𝑣}𝑣∈𝑉 ) is
an election with candidate set𝐶 and voter set𝑉 , a partition P
of 𝐶 into parties, and a distinguished candidate 𝑝 ∈ 𝐶 .
Question: Is 𝑝 a necessary president, that is, is it true that
for all possible nominations from parties not containing 𝑝 ,
leading to a set𝐶′ of nominees with 𝑝 ∈ 𝐶′, the distinguished
candidate 𝑝 is a winner of the reduced election E𝐶′ over 𝐶′?

Notice that we consider the non-unique winner model, so we
define 𝑝 to be a necessary president if it is among the winners in all
possible reduced elections that contain 𝑝 . While the party contain-
ing the distinguished candidate 𝑝 may contain additional candidates,
those are irrelevant in the context of Necessary President.

In order to verify that a given candidate 𝑝 is not a necessary
president, it suffices to present a reduced election containing 𝑝 in
which 𝑝 is not a winner. Thus, we have the following fact.

Observation 1. Necessary President is in coNP for each voting

rule where winner determination can be done in polynomial time.

As observed for Possible President by, e.g., Schlotter et al. [31],
there are at most 𝑠𝑡 possible nominations by the parties where 𝑠
and 𝑡 are the maximum size and the number of parties, respectively.
Thus, a simple brute force approach yields the following:

Observation 2. Necessary President is in XP when parameter-

ized by the number 𝑡 of parties and in FPT when parameterized by

both 𝑡 and the maximum size 𝑠 of a party for each voting rule where

winner determination can be done in polynomial time.

We assume familiarity with the framework of parameterized
complexity; see the books [6, 9] for an introduction.

2.1 Voting Rules

In this paper we shall deal with two classes of voting rules, positional
scoring rules andCondorcet-consistent rules. For all considered voting
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rules the winners can be computed efficiently (that is, in polynomial
time) for any election, so by Observation 1 we know that Necessary
President is in coNP for all the voting rules studied in this paper.1

2.1.1 Positional Scoring Rules. A positional scoring rule for elec-
tions involving 𝑡 candidates is associated with a scoring vector

(𝑎1, 𝑎2, . . . , 𝑎𝑡 ) where 𝑎1 ≥ 𝑎2 ≥ · · · ≥ 𝑎𝑡 and at least one in-
equality is strict. For each candidate 𝑐 , the rule assigns 𝑎𝑖 points
to 𝑐 for each voter that ranks 𝑐 on the 𝑖th position of her preference
list. The winners of the election are the candidates with the highest
score, that is, the total number of points obtained. We write scrE (𝑐)
for the score of candidate 𝑐 in an election E.

We deal with the following (classes of) positional scoring rules.
Short scoring rules, introduced by Schlotter et al. in [31], are

defined by scoring vectors with only a constant number of non-
zero positions, i.e., having the form (𝑎1, 𝑎2, . . . , 𝑎ℓ , 0, . . . , 0) for some
constant ℓ . In other words, voters in such elections only allocate
points to their ℓ most preferred candidates. This class of voting
rules contains the well-known scoring rule ℓ-Approval for fixed ℓ ,
corresponding to the scoring vector with ones in their first ℓ posi-
tions and zeros afterwards. The case ℓ = 1 is Plurality where voters
only allocate a single point to their most preferred candidate.

Veto-like scoring rules have scoring vectors that contain some
value 𝑎 on every position except for the last ℓ positions for some
constant ℓ , i.e., they have the form (𝑎, . . . , 𝑎, 𝑎1, 𝑎2, . . . , 𝑎ℓ ) for some
constant ℓ ≥ 1 and 𝑎 > 𝑎1. In other words, voters in such elections
distinguish only their ℓ least favored candidates. Veto-like scoring
rules include ℓ-Veto, whose scoring vector is (1, 1, . . . , 1, 0, 0, . . . , 0)
with exactly ℓ zeros; the case ℓ = 1 is called Veto.

Finally, we also consider the Borda voting rule which is described
by the scoring vector (𝑡 − 1, 𝑡 − 2, . . . , 1, 0). Thus the number of
points that a candidate 𝑐 receives from a voter 𝑣 ∈ 𝑉 is the number
of candidates ranked worse than 𝑐 in the preference list of 𝑣 .

2.1.2 Condorcet-Consistent Rules. For two candidates 𝑐, 𝑐′ ∈ 𝐶 ,
let 𝑁E (𝑐, 𝑐′) denote the number of voters who prefer candidate 𝑐
to candidate 𝑐′ in election E; we shall omit the subscript when
E is clear from the context. If 𝑁E (𝑐, 𝑐′) > 𝑁E (𝑐′, 𝑐) we say that
candidate 𝑐 defeats candidate 𝑐′ in E; if 𝑁E (𝑐, 𝑐′) = 𝑁E (𝑐′, 𝑐) and
𝑐 ≠ 𝑐′, then candidates 𝑐 and 𝑐′ are tied in E. The Condorcet win-
ner is a candidate that defeats all other candidates; a voting rule
is Condorcet-consistent if it always selects the Condorcet winner
whenever it exists.

The Copeland𝛼 voting rule was defined by Faliszewski et al. [13]
for some constant 𝛼 ∈ [0, 1]. This voting rule takes all pairs (𝑐, 𝑐′) of
distinct candidates. Considering their head-to-head comparisons, it
allocates 1 point to the candidate defeating the other and allocates
0 points to the defeated one; being tied earns 𝛼 points to both
candidates. Formally, the score received by 𝑐 on the basis of the
head-to-head comparison of 𝑐 with 𝑐′ in E is

Cpl𝛼E (𝑐, 𝑐
′) =


1 if 𝑐 defeats 𝑐′ in E;
𝛼 if 𝑐 and 𝑐′ are tied in E;
0 if 𝑐 is defeated by 𝑐′ in E.

(1)

1We remark that in the case of Ranked Pairs, efficient winner determination assumes
some tie-breaking method.

Then the Copeland𝛼 score of candidate 𝑐 is computed as the sum
Cpl𝛼E (𝑐) =

∑
𝑐′∈𝐶\{𝑐 } Cpl

𝛼
E (𝑐, 𝑐

′). The winners of E are all candi-
dates with the maximum score. Copeland𝛼 for 𝛼 = 1 is called the
Llull rule, and we refer to the case 𝛼 = 0 as the Copeland rule.2

In the Maximin voting rule, the Maximin score of candidate 𝑐
in election E isMME (𝑐) = min𝑐′∈𝐶\{𝑐 } 𝑁E (𝑐, 𝑐′). In other words,
the Maximin score of a candidate 𝑐 is the largest integer 𝑟 such that
for every other candidate 𝑐′, there exist 𝑟 voters who prefer 𝑐 to 𝑐′.
Again, the winners of E are the candidates with maximum score.

The Ranked Pairs voting rule uses the so-called majority graph
of the election: a directed graph 𝐷E = (𝐶,𝐴) where vertices are
candidates and (𝑐, 𝑐′) is an arc for two distinct candidates 𝑐 and 𝑐′ if
and only if 𝑐 defeats 𝑐′ in pairwise comparison in the election E. The
winner determination process for Ranked Pairs builds an acyclic3
arc set by considering the set of candidate pairs in 𝐴, examined in
non-increasing order of theirweight, where the weight of (𝑐, 𝑐′) ∈ 𝐴

is 𝑁E (𝑐, 𝑐′). Starting from an empty arc set 𝐹 , this process checks
whether the currently examined arc can be added to 𝐹 without
creating any cycles, and if so, adds it to 𝐹 ; the process then proceeds
with the next arc. For simplicity, we only consider arcs present in
the majority graph 𝐷E and, hence, no arcs between tied candidates.
Nonetheless, this process usually necessitates some tie-breaking
which determines the ordering of arcs with the same weight. The
winners are all candidates with no incoming arcs in 𝐹 . We remark
that our results are not dependent on any particular tie-breaking
method, but hold for arbitrary tie-breaking methods.

3 RESULTS FOR POSITIONAL SCORING RULES

In this section we present our results on the parameterized com-
plexity of the Necessary President problem for three types of
positional scoring rules. In Section 3.1 we deal with the Borda rule,
while in Section 3.2 we study short and Veto-like rules.

3.1 The Borda Rule

We start by showing that Necessary President for the Borda
voting rule is polynomial-time solvable. This tractability result is
somewhat surprising in view of the fact that the closely related
Possible President problem is computationally hard for Borda [31].

Theorem 3.1. Necessary President for Borda is polynomial-

time solvable.

Proof. We propose a polynomial-time algorithm that solves
Necessary President for Borda voting; see Algorithm NP-Borda
for a pseudocode. Let 𝐼 = (E,P, 𝑝) be our input instance.

Assume that there exists a set 𝐶′ ∋ 𝑝 of nominated candidates
for which 𝑝 is not a winner in the reduced election E𝐶′ over 𝐶′.
Let 𝑃 be the party containing 𝑝 . Algorithm NP-Borda first guesses
some candidate 𝑤 ∈ 𝑃𝑤 ∈ P \ {𝑃} whose score in E𝐶′ exceeds
the score of 𝑝 , and then greedily nominates a candidate from every
remaining party. Note that by “guessing”𝑤 we mean iterating over
all possibilities for choosing it.

2Notice that some papers, in particular [13], use the termCopeland rule for Copeland0.5 .
3The arc set 𝐹 is acyclic if there is no directed cycle in the spanned digraph (𝐶, 𝐹 ) ;
see the textbook by Diestel [8] for basic graph terminology.
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Algorithm NP-Borda proceeds by computing the following value
for each candidate 𝑐 ∈ 𝐶 \ (𝑃 ∪ 𝑃𝑤):

Δ(𝑐) = |{𝑣 : 𝑣 ∈ 𝑉 ,𝑤 ≻𝑣 𝑐 ≻𝑣 𝑝}|− |{𝑣 : 𝑣 ∈ 𝑉 , 𝑝 ≻𝑣 𝑐 ≻𝑣 𝑤}|. (2)

Notice that the quantity Δ(𝑐) captures the excess of the score of𝑤
over the score of 𝑝 that results from nominating candidate 𝑐 .

Next, for each party 𝑃 ∈ P \ {𝑃, 𝑃𝑤}, Algorithm NP-Borda nom-
inates a candidate 𝑐

𝑃
∈ 𝑃 maximizing Δ(𝑐

𝑃
) and checks whether

𝑝 is not a winner in the resulting election; if so, it outputs “no.” If
the algorithm has explored all possible guesses for𝑤 but has not
returned “no”, then it returns “yes.”

Algorithm NP-Borda Solving Necessary President for Borda.
Input: An instance (E,P, 𝑝) of Necessary President with can-

didate set 𝐶 and 𝑝 ∈ 𝑃 ∈ P.
1: for all𝑤 ∈ 𝐶 \ 𝑃 do

2: Let 𝑃𝑤 be the party in P containing𝑤 .
3: for all 𝑐′ ∈ 𝐶 \ (𝑃 ∪ 𝑃𝑤) do
4: Compute Δ(𝑐) as in (2).
5: Set 𝐶 = {𝑝,𝑤}.
6: for all 𝑃 ∈ P \ {𝑃, 𝑃𝑤} do
7: Add some candidate 𝑐

𝑃
∈ argmax

𝑐∈𝑃 Δ(𝑐) to 𝐶 .
8: if 𝑝 is not a winner in E

𝐶
then return “no”.

9: return “yes”.

Let us prove the correctness of Algorithm NP-Borda. It is clear
that whenever Algorithm NP-Borda returns “no”, then it does so
correctly, because for a set 𝐶 of nominated candidates (containing
exactly one candidate from each party in P), candidate 𝑝 nominated
by party 𝑃 is not a winner in the reduced election E

𝐶
over 𝐶 .

Hence, it remains to prove that whenever the input is a “no”-
instance of Necessary President, Algorithm NP-Borda returns
“no.” Let 𝐶′ be the set of nominees in some reduced election E𝐶′

where 𝑝 is a nominee but not a winner. Then there exists some
candidate 𝑤 ∈ 𝑃𝑤 ∈ P \ {𝑃} with scrE𝐶′ (𝑤) > scrE𝐶′ (𝑝). Let us
denote by 𝑉 𝑝≻𝑤 the set of those voters who prefer 𝑝 to𝑤 , and let
𝑉𝑤≻𝑝 = 𝑉 \𝑉 𝑝≻𝑤 denote the rest of the voters.

Our key observation is the following: if for some voter 𝑣 ∈ 𝑉𝑤≻𝑝

there are exactly 𝑖 nominees in E𝐶′ that 𝑣 prefers to 𝑝 but not to𝑤 ,
then the Borda rule allocates 𝑖 + 1 points more to𝑤 than to 𝑝 due
to voter 𝑣 in E𝐶′ . Similarly, if for some voter 𝑣 ∈ 𝑉 𝑝≻𝑤 there are
exactly 𝑖 nominees in E𝐶′ that 𝑣 prefers to 𝑤 but not to 𝑝 , then
Borda allocates 𝑖 + 1 points more to 𝑝 than to 𝑤 due to voter 𝑣 .
Therefore, we get that

0 < scrE𝐶′ (𝑤) − scrE𝐶′ (𝑝) =

=
∑︁

𝑣∈𝑉𝑤≻𝑝

( ���� ⋃
𝑐∈𝐶′,

𝑤≻𝑣𝑐≻𝑣𝑝

{𝑐}
���� + 1

)
−

∑︁
𝑣∈𝑉 𝑝≻𝑤

( ���� ⋃
𝑐∈𝐶′,

𝑝≻𝑣𝑐≻𝑣𝑤

{𝑐}
���� + 1

)
=

∑︁
𝑐∈𝐶′\{𝑝,𝑤}

Δ(𝑐) + |{𝑣 : 𝑣 ∈ 𝑉 ,𝑤 ≻𝑣 𝑝}| − |{𝑣 : 𝑣 ∈ 𝑉 , 𝑝 ≻𝑣 𝑤}|

≤
∑︁

𝑐∈𝐶\{𝑝,𝑤}
Δ(𝑐) + |{𝑣 : 𝑣 ∈ 𝑉 ,𝑤 ≻𝑣 𝑝}| − |{𝑣 : 𝑣 ∈ 𝑉 , 𝑝 ≻𝑣 𝑤}|

=
∑︁

𝑣∈𝑉𝑤≻𝑝

( ���� ⋃
𝑐∈𝐶,

𝑤≻𝑣𝑐≻𝑣𝑝

{𝑐}
���� + 1

)
−

∑︁
𝑣∈𝑉 𝑝≻𝑤

( ���� ⋃
𝑐∈𝐶,

𝑝≻𝑣𝑐≻𝑣𝑤

{𝑐}
���� + 1

)
= scrE

𝐶
(𝑤) − scrE

𝐶
(𝑝) .

where 𝐶 is the set computed by Algorithm NP-Borda on lines 5–7
during the iteration where 𝑤 is picked on line 3. Note that the
inequality follows from the fact that each nominee 𝑐 ∈ 𝐶 maxi-
mizes Δ(𝑐) among all candidates within its own party, as ensured
by line 7. It follows that Algorithm NP-Borda will find on line 8 that
𝑝 is not a winner of the election E

𝐶
because scrE

𝐶
(𝑤) > scrE

𝐶
(𝑝),

and hence outputs “no” as required.
Note that there are less than |𝐶 | possibilities to choose𝑤 . The

values Δ(𝑐) can be computed in time 𝑂 ( |𝑉 | · |𝐶 |) and then 𝐶 can
also constructed in time𝑂 ( |𝐶 |). Finally, the score of 𝑝 and𝑤 in the
reduced election over𝐶 can also be computed in𝑂 ( |𝑉 | · |𝐶 |) time, so
the total running time of Algorithm NP-Borda is 𝑂 ( |𝐶 |2 · |𝑉 |). □

3.2 Short and Veto-Like Scoring Rules

In this section we examine the computational complexity of the
Necessary President problem in detail for all short and Veto-like
scoring rules. We begin by proving that Necessary President for
such voting rules is coNP-complete even if the maximum party
size is 𝑠 = 2. Thus, for short scoring rules we generalize a result by
Faliszewski et al. [12] who showed that Necessary President for
Plurality is coNP-complete.

The proofs of Theorems 3.2 and 3.3 are based on a polynomial
reduction from (2,2)-E3-SAT, the problem of deciding whether a
given 3-CNF formula where each variable occurs twice as a positive
and twice as a negative literal is satisfiable; this problemwas proved
to be NP-complete by Berman et al. [1]. These proofs, as well as
the proofs of all statements marked with an asterisk are deferred
to the full version [3].

Theorem 3.2 (★). LetR be a short voting rule based on a positional

scoring vector that has the form (𝑎1, 𝑎2, . . . , 𝑎ℓ , 0, . . . , 0) for some

constant ℓ ≥ 1 such that 𝑎ℓ > 0. Then Necessary President for R is

coNP-complete even if the maximum party size is 𝑠 = 2.

Theorem 3.3 (★). LetR be a Veto-like scoring voting rule, based on

a positional scoring vector that has the form (𝑎, . . . , 𝑎, 𝑎1, 𝑎2, . . . , 𝑎ℓ )
for some constant ℓ ≥ 1 such that 𝑎 > 𝑎ℓ . Then Necessary President

for R is coNP-complete even if the maximum party size is 𝑠 = 2.

Given the intractability results in Theorems 3.2 and 3.3, we in-
vestigate the parameterized complexity of Necessary President
for short and Veto-like scoring rules. In particular, we consider the
number 𝑡 of parties and the number 𝜏 of voter types as parameters.

3.2.1 Parameterizing by the Number of Parties. Here we show that
Necessary President isW[2]-hard for both short and Veto-like
scoring rules with parameter 𝑡 . Our proofs use similar ideas as the
proofs of Theorems 1 and 6 in [31], respectively. For both classes of
scoring rules, we provide a parameterized reduction from the classic
Hitting Set problem which is W[2]-hard when parameterized by
the size of the desired hitting set (see Cygan et al. [6]).

Theorem 3.4 (★). Let R be a short voting rule, based on a po-

sitional scoring vector of the form (𝑎1, 𝑎2, . . . , 𝑎ℓ , 0, . . . , 0) for some
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constant ℓ ≥ 1 such that 𝑎ℓ > 0. Then Necessary President for R is

W[2]-hard when parameterized by 𝑡 , the number of parties.

Theorem 3.5 (★). Let R be a Veto-like voting rule, based on a

scoring vector of the form (𝑎, . . . , 𝑎, 𝑎1, 𝑎2, . . . , 𝑎ℓ ) for some constant

ℓ ≥ 1 such that 𝑎 > 𝑎1. Then Necessary President for R is W[2]-
hard when parameterized by 𝑡 , the number of parties.

3.2.2 Parameterizing by the Number of Voter Types. Next, we show
that Necessary President becomes fixed-parameter tractable for
both short and Veto-like positional scoring rules when parameter-
ized by the number 𝜏 of voter types. This contrasts sharply our
intractability results for parameterizing by the number or maximum
size of parties, as presented in Theorems 3.2–3.5.

Theorem 3.6. Let R be a short voting rule, based on a scoring

vector of the form (𝑎1, 𝑎2, . . . , 𝑎ℓ , 0, . . . , 0) for some ℓ ≥ 1 such that

𝑎ℓ > 0. Then Necessary President for R is FPT when parameterized

by 𝜏 , the number of voter types.

Proof sketch. We present Algorithm NP-Short to solve an in-
stance 𝐼 = (E,P, 𝑝) of Necessary President for R in FPT time
with parameter 𝜏 , the number of different voter types in E. Let
𝑉 = 𝑉1∪· · ·∪𝑉𝜏 be the partitioning of the voters by their types, i.e.,
all voters in 𝑉𝑖 for some 𝑖 ∈ [𝜏] have the same preferences over 𝐶 .

Assume that there exists a set 𝐶′ ∋ 𝑝 of nominated candidates
for which 𝑝 is not a winner in the reduced election E𝐶′ over 𝐶′.
Let 𝑃 be the party containing 𝑝 . Algorithm NP-Short guesses the
following information about E𝐶′ :

• A candidate 𝑤 ∈ 𝐶′ whose score in E𝐶′ exceeds that of 𝑝 .
There are |𝐶 \ 𝑃 | possibilities to choose𝑤 .

• The structure of E𝐶′ , defined as follows. We first define a
function prt : [𝜏] × [ℓ] → P as follows. For some voter
type 𝑖 ∈ [𝜏] and index 𝑗 ∈ [ℓ], let prt(𝑖, 𝑗) denote the party
containing the candidate at the 𝑗 th position of the votes
from 𝑉𝑖 in the reduced election E𝐶′ . For some pairs (𝑖, 𝑗)
and (𝑖′, 𝑗 ′) in [𝜏] × [ℓ], we write (𝑖, 𝑗) ∼ (𝑖′, 𝑗 ′) if prt(𝑖, 𝑗) =
prt(𝑖′, 𝑗 ′). The structure of E𝐶′ is the family Q of equivalence
classes of the relation ∼, which is a partitioning of [𝜏] × [ℓ].
Note that there are at most (𝜏ℓ)𝜏ℓ possibilities to choose Q.

• The equivalence class 𝑄𝑤 ∈ Q containing all pairs (𝑖, 𝑗) for
which prt(𝑖, 𝑗) = 𝑃𝑤 . There are |Q| ≤ 𝜏ℓ possibilities to
choose 𝑄𝑤 .

• The set 𝑄𝑝 containing all pairs (𝑖, 𝑗) for which prt(𝑖, 𝑗) = 𝑃 .
Note that either 𝑄𝑝 ∈ Q or 𝑄𝑝 = ∅. Therefore, there are
|Q \ {𝑄𝑤}| + 1 ≤ 𝜏ℓ possibilities to choose 𝑄𝑝 .

After guessing the above described information about E𝐶′ (where
by “guessing” we mean trying all possibilities), Algorithm NP-
Short proceeds by creating an auxiliary bipartite graph 𝐺 as fol-
lows. The vertex set of 𝐺 is P̂ ∪ Q̂ where P̂ = P \ {𝑃, 𝑃𝑤} and
Q̂ = Q \ {𝑄𝑝 , 𝑄𝑤}. For each 𝑄 ∈ Q, let us define

𝑄+ = 𝑄 ∪ {(𝑖, ℓ + 1) : 𝑖 ∈ [𝜏], � 𝑗 ∈ [ℓ] such that (𝑖, 𝑗) ∈ 𝑄}.

Intuitively 𝑄+ represents the situation of a party whose nominee
(i) obtains the 𝑗 th position in the votes from voters of 𝑉𝑖 in E𝐶′ for
each (𝑖, 𝑗) ∈ 𝑄 with 𝑗 ∈ [ℓ], and (ii) obtains a position after the ℓ th
position in the votes from voters of𝑉𝑖 in E𝐶′ for each (𝑖, ℓ +1) ∈ 𝑄+.

A candidate 𝑐 ∈ 𝐶 \ (𝑃 ∪ 𝑃𝑤) is well placed (with respect to 𝑝

and𝑤 ) for 𝑄 ∈ Q̂ if for each 𝑖 ∈ [𝜏] the following hold:
(i) if (𝑖, 𝑗) ∈ 𝑄+ and (𝑖, 𝑗 ′) ∈ 𝑄+

𝑝 for some 𝑗 and 𝑗 ′, then either
𝑗 = 𝑗 ′ = ℓ + 1 or 𝑐 precedes 𝑝 in the preferences of voters
from 𝑉𝑖 if and only if 𝑗 < 𝑗 ′;

(ii) if (𝑖, 𝑗) ∈ 𝑄+ and (𝑖, 𝑗 ′′) ∈ 𝑄+
𝑤 for some 𝑗 and 𝑗 ′′, then either

𝑗 = 𝑗 ′′ = ℓ + 1 or 𝑐 precedes 𝑤 in the preferences of voters
from 𝑉𝑖 if and only if 𝑗 < 𝑗 ′′.

We can now define the auxiliary graph 𝐺 : some party 𝑃 ∈ P̂ is
connected by an edge with some 𝑄 ∈ Q̂ in 𝐺 if and only if there
exists a candidate 𝑐 ∈ 𝑃 that is well placed with respect to 𝑝 and𝑤
for 𝑄 . Given candidate 𝑐 and some 𝑄 ∈ Q̂, it can be checked in
𝑂 (𝜏ℓ) time whether 𝑐 is well placed for 𝑄 , so the graph 𝐺 can be
computed in 𝑂 ( |𝐶 |𝜏2ℓ2) time.

After computing the graph𝐺 , AlgorithmNP-Short also computes
a set S ⊆ P of secure parties which are those parties 𝑆 that contain
at least one candidate 𝑐𝑆 that is safe, meaning that for each 𝑖 ∈ [𝜏]
where (𝑖, ℓ + 1) ∉ 𝑄+

𝑤 , voters in 𝑉𝑖 prefer𝑤 to 𝑐𝑆 ; we fix one such
candidate 𝑐𝑆 for each secure party 𝑆 . Intuitively, such candidates
can be safely nominated in the sense that they will not prevent𝑤
from obtaining the required points in E.

Next, Algorithm NP-Short computes a matching𝑀 in𝐺 covering
all non-secure parties in P̂ \ S and all equivalence classes in Q̂;
if no such matching exists, it discards the current set of guesses.
Each party 𝑃 ∈ P̂ that is covered by an edge (𝑃,𝑄) ∈ 𝑀 nominates
a candidate that is well placed for 𝑄 , whereas each party 𝑆 not
covered by an edge of𝑀 (which is necessarily a secure party) nomi-
nates the candidate 𝑐𝑆 . Finally, the algorithm checks whether these
nominations together with 𝑝 and 𝑤 yield a reduced election E★

in which 𝑝 is not a winner; if so, it returns “no.” If the algorithm
has explored all possible guesses but has not returned “no”, then it
returns “yes.”

Note that there are at most |𝐶 | · (𝜏ℓ)𝜏ℓ+2 possibilities for pick-
ing 𝑤,Q, 𝑄𝑝 , and 𝑄𝑤 . Once these guesses are fixed, the bipartite
auxiliary graph 𝐺 can be computed in 𝑂 ( |𝐶 |𝜏2ℓ2) time as we have
already argued. The bottleneck in each iteration is the computation
of the matching on line 12 of Algorithm NP-Short. Since 𝐺 has at
most |P | + 𝜏ℓ ≤ |𝐶 | + 𝜏ℓ vertices, we can compute a matching in 𝐺
that covers the required set of vertices in 𝑂 (( |𝐶 | + 𝜏ℓ)2.5) time by,
e.g., the Hopcroft–Karp algorithm [18]. This yields a total running
time of𝑂 ( |𝐶 |3.5 · (𝜏ℓ)𝜏ℓ+4.5) which is fixed-parameter tractable with
respect to 𝜏 , as ℓ is a constant.

For the correctness of our algorithm, see the full version [3].

We next present an algorithm that solves Necessary President
for Veto-like scoring rules in FPT time when parameterized by 𝜏 .

Theorem 3.7. Let R be a Veto-like voting rule, based on a scoring

vector of the form (𝑎, . . . , 𝑎, 𝑎1, 𝑎2, . . . , 𝑎ℓ ) for some constant ℓ ≥ 1
where 𝑎 > 𝑎1. Then Necessary President for R is FPT when param-

eterized by 𝜏 , the number of voter types.

Proof. Let (E,P, 𝑝) be the input instance of Necessary Presi-
dent. First, if |P | ≤ ℓ𝜏 , then we consider R as an ℓ′-short voting
rule for ℓ′ = |P | ≤ 𝜏ℓ and apply Algorithm NP-Short. As shown in
the proof of Theorem 3.6, the running time is𝑂 ( |𝐶 |3.5 · (𝜏2ℓ)𝜏2ℓ+4.5)
which is fixed-parameter tractable for 𝜏 because ℓ is a constant.
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Algorithm NP-Short Solving Necessary President for short
voting rules.
Input: An instance (E,P, 𝑝) of Necessary President over candi-

date set 𝐶 and 𝑝 ∈ 𝑃 ∈ P.
1: for all𝑤 ∈ 𝐶 \ 𝑃 do

2: for all partitioning Q of [𝜏] × [ℓ] do ⊲ Q: structure of E
3: for all 𝑄𝑤 ∈ Q and 𝑄𝑝 ∈ (Q \ {𝑄𝑤}) ∪ {∅} do
4: Let 𝑃𝑤 be the party in P containing𝑤 .
5: Let P̂ = P \ {𝑃, 𝑃𝑤} and Q̂ = Q \ {𝑄𝑝 , 𝑄𝑤}.
6: Let 𝐸 = ∅ and S = ∅.
7: for all 𝑐 ∈ 𝑃𝑐 ∈ P̂ and 𝑄 ∈ Q̂ do

8: if 𝑐 is well placed for 𝑄 then add (𝑃𝑐 , 𝑄) to 𝐸.
9: Create the graph 𝐺 = (P̂ ∪ Q̂, 𝐸).
10: for all 𝑆 ∈ P̂ do

11: if ∃ a safe candidate 𝑐𝑆 ∈ 𝑆 then add 𝑆 to S.
12: if ∃ a matching𝑀 in𝐺 covering Q̂ ∪ (P̂ \ S) then
13: Set 𝐶𝑀 = {𝑝,𝑤}.
14: for all (𝑃,𝑄) ∈ 𝑀 do

15: add to𝐶𝑀 a candidate of 𝑃 well placed for𝑄 .
16: for all 𝑆 ∈ S not covered by𝑀 do add 𝑐𝑆 to𝐶𝑀 .
17: if 𝑝 is not a winner in E𝐶𝑀

then return “no”.
18: return “yes”.

Second, if |P | > ℓ𝜏 , then there will be at least one nominated
candidate in each reduced election E′ that achieves the maximum
possible score of |𝑉 | · 𝑎. This means that 𝑝 is not a winner in E′ if
and only if 𝑝 has score less than |𝑉 | · 𝑎, i.e., it is ranked among the
ℓ least favorite nominees for some voter. To decide whether this is
possible, it suffices the check whether

|{𝑃 ∈ P : 𝑐 ≻𝑣 𝑝 for some 𝑐 ∈ 𝑃}| ≥ |P| − ℓ (3)

for some voter 𝑣 ∈ 𝑉 . Clearly, this can be checked in polynomial
time. If Inequality (3) holds for some 𝑣 ∈ 𝑉 , then we return “no”,
otherwise we return “yes”.

To see the correctness of this algorithm, assume that Inequal-
ity (3) holds for some voter 𝑣 ∈ 𝑉 . Then nominating 𝑝 and nomi-
nating a candidate preferred to 𝑝 for every other party where this
is possible, we get that 𝑝 will be preceded by at least |P | − ℓ nomi-
nees in the preferences of 𝑣 in the resulting election E′. Hence, 𝑣
allocates less than 𝑎 points to 𝑝 , yielding scrE′ (𝑝) < |𝑉 | · 𝑎, which
in turn implies that 𝑝 is not a winner in E′. Assume now that In-
equality (3) does not hold for any voter 𝑣 ∈ 𝑉 . Then irrespective of
the nominations from the parties, for each voter 𝑣 ∈ 𝑉 there will
exist less than |P | − ℓ parties whose nominee is preferred by 𝑣 to 𝑝 .
Thus, 𝑝 receives 𝑎 points from each voter, yielding a total score
of |𝑉 | · 𝑎, the maximum obtainable score, which ensures that 𝑝 is a
winner in the resulting election. □

4 RESULTS FOR CONDORCET-CONSISTENT

VOTING RULES

In this section we deal with three Condorcet-consistent voting rules.
We show that Necessary President is polynomial-time solvable
for Copeland𝛼 as well as for Maximin. By contrast, Necessary

President for Ranked Pairs is computationally hard even for a
constant number of voters.

Theorem 4.1. For each 𝛼 ∈ [0, 1], Necessary President for

Copeland
𝛼
is polynomial-time solvable.

Proof. We propose Algorithm NP-Copeland that solves Neces-
sary President for Copeland𝛼 voting in polynomial time; see the
full version [3] for a pseudocode. Let (E,P, 𝑝) be our input instance
with election E = (𝐶,𝑉 , {≻𝑣}𝑣∈𝑉 ) and party 𝑃 containing 𝑝 .

Assume that there exists a set 𝐶′ ∋ 𝑝 of nominated candidates
for which 𝑝 is not a winner in the reduced election E𝐶′ over 𝐶′.
Algorithm NP-Copeland first guesses a candidate𝑤 ∈ 𝐶′ \ 𝑃 such
that Cpl𝛼E𝐶′ (𝑤) > Cpl𝛼E𝐶′ (𝑝). Let 𝑃𝑤 be the party containing𝑤 .

Recall that Cpl𝛼E𝐶′ (𝑐, 𝑐
′) for two candidates 𝑐 and 𝑐′ is the score

received by 𝑐 resulting from the head-to-head comparison of 𝑐
with 𝑐′ in E𝐶′ , see its definition in Equation (1). Let us now define
Δ(𝑤, 𝑝) = Cpl𝛼E𝐶′ (𝑤, 𝑝) − Cpl𝛼E𝐶′ (𝑝,𝑤); note that this value is the
same for all reduced elections E containing both 𝑝 and𝑤 , and can
be computed easily from the election E. Then the difference in the
Copeland𝛼 score of𝑤 and 𝑝 in E𝐶′ can be expressed as

Cpl𝛼E𝐶′ (𝑤) − Cpl𝛼E𝐶′ (𝑝) = Δ(𝑤, 𝑝) +
∑︁

𝑐∈𝐶′\{𝑝,𝑤}
Δ𝑐 (𝑤, 𝑝) (4)

where Δ𝑐 (𝑤, 𝑝) = Cpl𝛼E𝐶′ (𝑤, 𝑐) − Cpl𝛼E𝐶′ (𝑝, 𝑐) for each candidate
𝑐 ∈ 𝐶′ \ {𝑝,𝑤} that is nominated in E. Hence, the value Δ𝑐 (𝑤, 𝑝) re-
flects the difference resulting in the score of𝑤 and 𝑝 from their com-
parison with some candidate 𝑐 ∈ 𝐶′ \ {𝑝,𝑤}. Notice that Δ𝑐 (𝑤, 𝑝)
is the same for all reduced elections of E containing 𝑝 , 𝑤 , and 𝑐 ,
and can be calculated according to the following cases:

(𝑖) if𝑤 defeats 𝑐 and 𝑐 defeats 𝑝 , then Δ𝑐 (𝑤, 𝑝) = 1;
(𝑖𝑖) if𝑤 defeats 𝑐 and 𝑝 is tied with 𝑐 , then Δ𝑐 (𝑤, 𝑝) = 1 − 𝛼 ;
(𝑖𝑖𝑖) if𝑤 is tied with 𝑐 and 𝑝 is defeated by 𝑐 , then Δ𝑐 (𝑤, 𝑝) = 𝛼 ;
(𝑖𝑣) if𝑤 is tied with 𝑐 and 𝑝 defeats 𝑐 , then Δ𝑐 (𝑤, 𝑝) = 𝛼 − 1;
(𝑣) if𝑤 is defeated by 𝑐 and 𝑝 is tied with 𝑐 , then Δ𝑐 (𝑤, 𝑝) = −𝛼 ;
(𝑣𝑖) if𝑤 is defeated by 𝑐 and 𝑝 defeats 𝑐 , then Δ𝑐 (𝑤, 𝑝) = −1;
(𝑣𝑖𝑖) if both 𝑝 and𝑤 defeat 𝑐 , or are both tied with 𝑐 , or are both

defeated by 𝑐 , then Δ𝑐 (𝑤, 𝑝) = 0.
After guessing𝑤 , Algorithm NP-Copeland nominates a candi-

date 𝑐
𝑃
∈ 𝑃 for each party 𝑃 ∈ P \ {𝑃, 𝑃𝑤} maximizing Δ𝑐 (𝑤, 𝑝)

over 𝑃 . Finally, the algorithm computes Cpl𝛼E
𝐶

(𝑤) − Cpl𝛼E
𝐶

(𝑝) ac-
cording to Equation (4) for the obtained reduced election E

𝐶
; if this

value is positive, it returns “no.” If the algorithm has explored all
possible guesses for𝑤 without returning “no”, then it returns “yes.”

Let us prove the correctness of AlgorithmNP-Copeland. It is clear
that whenever Algorithm NP-Copeland returns “no”, then it does
so correctly, because Cpl𝛼E

𝐶

(𝑤) > Cpl𝛼E
𝐶

(𝑝) and so candidate 𝑝 is

not a winner of the reduced election E
𝐶
over the candidate set 𝐶

constructed by the algorithm.
Conversely, assume that a candidate 𝑤 is a winner of some

reduced election E𝐶′ over a set 𝐶′ ∋ 𝑝 of nominated candidates in
which 𝑝 is not a winner. Let 𝑃𝑤 be the party containing𝑤 , and let 𝑐

𝑃

denote the nominee of some party 𝑃 other than 𝑃 or 𝑃𝑤 in E𝐶′ . Since
𝑤 is a winner in E𝐶′ but 𝑝 is not, we have Cpl𝛼E𝐶′ (𝑤) > Cpl𝛼E𝐶′ (𝑝).
Using Equation (4) and the algorithm’s choice for the nominated
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candidates, we get that

Cpl𝛼E
𝐶
(𝑤) − Cpl𝛼E

𝐶
(𝑝) = Δ(𝑤, 𝑝) +

∑︁
𝑃∈ P̃

max{Δ𝑐 (𝑤, 𝑝) : 𝑐 ∈ 𝑃}

≥ Δ(𝑤, 𝑝) +
∑︁
𝑃∈ P̃

Δ𝑐
𝑃
(𝑤, 𝑝) = Cpl𝛼E𝐶′ (𝑤) − Cpl𝛼E𝐶′ (𝑝) > 0

for P̃ = P \ {𝑃, 𝑃𝑤}. Thus, Algorithm NP-Copeland returns “no.”
To evaluate the computational complexity of Algorithm NP-

Copeland, note that there are at most |𝐶 | possibilities to choose𝑤 .
The values Δ𝑐 (𝑤, 𝑝) can be computed in time 𝑂 ( |𝑉 | · |𝐶 |) which
also suffices to find the nominated candidates and compute the
resulting Copeland𝛼 scores of 𝑝 and 𝑤 . Hence the total running
time of Algorithm NP-Copeland is 𝑂 ( |𝐶 |2 · |𝑉 |). □

Theorem 4.2. Necessary President for Maximin is polynomial-

time solvable.

Proof. We propose an algorithm that solves Necessary Presi-
dent for Maximin in polynomial time; see Algorithm NP-Maximin
for a pseudocode. Let (E,P, 𝑝) be our input instance with election
E = (𝐶,𝑉 , {≻𝑣}𝑣∈𝑉 ) and party 𝑃 containing 𝑝 .

Assume that there exists a reduced election E′ where 𝑝 is nom-
inated but is not a winner. Then there exists a nominee 𝑤 in E′

whose Maximin score exceeds the Maximin score of 𝑝 . Let 𝑃𝑤 be
the party containing𝑤 . Algorithm NP-Maximin first guesses candi-
date𝑤 as well as a candidate 𝑐 ∈ 𝐶 \ (𝑃 ∪ 𝑃𝑤) that determines the
Maximin score of 𝑝 in E′, i.e., for which MME′ (𝑝) = 𝑁 (𝑝, 𝑐). Let
𝑠 = 𝑁 (𝑝, 𝑐) and 𝑃 be the party containing 𝑐 .4

First, the algorithm checks whether its guesses are valid in the
sense that hold 𝑁 (𝑤, 𝑐) > 𝑠 and 𝑁 (𝑤, 𝑝) > 𝑠 (conditions necessary
forMME (𝑤) > 𝑠). Next, the algorithm searches for a suitable nom-
inee 𝑐

𝑃
for each party 𝑃 ∈ P \{𝑃, 𝑃𝑤 , 𝑃} that satisfies 𝑁 (𝑤, 𝑐

𝑃
) > 𝑠 .

If such a candidate is found for each party other than 𝑃 , 𝑃𝑤 , and 𝑃 ,
then NP-Maximin returns “no.” If all guesses are exhausted but the
algorithm has not output “no”, then it returns “yes.”

Algorithm NP-Maximin Solving Necessary President for Max-
imin.
Input: An instance (E,P, 𝑝) of Necessary President with can-

didate set 𝐶 .
1: for all𝑤 ∈ 𝐶 \ 𝑃 do

2: Let 𝑃𝑤 be the party in P containing𝑤 .
3: for all 𝑐 ∈ 𝐶 \ (𝑃 ∪ 𝑃𝑤) do
4: Let 𝑠 = 𝑁 (𝑝, 𝑐) and let 𝑃 be the party containing 𝑐 .
5: if 𝑁 (𝑤, 𝑐) > 𝑠 and 𝑁 (𝑤, 𝑝) > 𝑠 then

6: if ∀𝑃 ∈ P \ {𝑃, 𝑃𝑤 , 𝑃} ∃𝑐 ∈ 𝑃 : 𝑁 (𝑤, 𝑐) > 𝑠 then

7: return “no”.
8: return “yes”.

To show the correctness of NP-Maximin, observe first that as-
suming correct guesses, the conditions checked on line 5 must hold
for 𝑝 ,𝑤 , and 𝑐 , because by our definitions we have
𝑠 = 𝑁 (𝑝, 𝑐) = MME′ (𝑝) < MME′ (𝑤) ≤ min{𝑁 (𝑤, 𝑝), 𝑁 (𝑤, 𝑐)}.

4Notice that the value𝑁E′ (𝑐, 𝑐′ ) for any pair of candidates𝑐, 𝑐′ is the same irrespective
of other nominations and so also of the reduced election, therefore in the rest of this
proof we shall omit the index E′ .

Similarly, for each nominee 𝑐 in E′ other than these three candi-
dates, we know 𝑠 = MME′ (𝑝) < MME′ (𝑤) ≤ 𝑁 (𝑤, 𝑐). Therefore,
the algorithm will find on line 6 that there exists a candidate 𝑐 sat-
isfying the requirement 𝑁 (𝑤, 𝑐) > 𝑠 in each party not containing
𝑝,𝑤 , or 𝑐 . Hence, NP-Maximin will return “no” on line 7.

For the other direction, assume that NP-Maximin returns “no”
in some iteration. Consider the reduced election obtained where
𝑃 , 𝑃𝑤 , and 𝑃 nominate the candidates 𝑝 , 𝑤 , and 𝑐 , respectively,
guessed in this iteration, while each remaining party 𝑃 nominates
a candidate 𝑐

𝑃
that satisfies 𝑁 (𝑤, 𝑐

𝑃
) > 𝑠 . Note that such candi-

dates exist because the algorithm found the condition on line 6
to hold in the iteration when it returned “no.” Hence, this method
indeed yields a reduced election E𝐶′ over some candidate set 𝐶′.
Clearly, our assumptions on the nominees ensure MME𝐶′ (𝑤) =

min𝑐∈𝐶′\{𝑤} 𝑁 (𝑤, 𝑐) > 𝑠 = 𝑁 (𝑝, 𝑐) ≥ MME𝐶′ (𝑝), and therefore 𝑝
is not a winner in E𝐶′ .

To estimate the computational complexity of the algorithm we
first note that there are at most |𝐶 |2 possible guesses for candi-
dates𝑤 and 𝑐 . To compute the scores 𝑁E (𝑐, 𝑐′) for each candidate
pair 𝑐 and 𝑐′ in𝐶 requires𝑂 ( |𝐶 |2 · |𝑉 |) steps. To check the condition
on line 6 for some fixed guess takes 𝑂 ( |𝐶 |) time. Hence, the total
running time of NP-Maximin is 𝑂 ( |𝐶 |2 ( |𝐶 | + |𝑉 |)). □

Finally, we show that, unlike for Copeland𝛼 andMaximin, Neces-
sary President is computationally hard for Ranked Pairs, even for
a constant number of voters. The reduction showing coNP-hardness
in Theorem 4.3 is from 3-SAT, while W[1]-hardness is obtained by
a reduction from the Multicolored Cliqe [28] problem.

Theorem 4.3 (★). Necessary President for Ranked Pairs is coNP-
complete even if the maximum party size is 𝑠 = 2 and the number of

voters is |𝑉 | = 12, and it is W[1]-hard with respect to parameter 𝑡

denoting the number of parties, even if |𝑉 | = 20.

5 CONCLUSIONS AND OUTLOOK

We explored the computational complexity of the Necessary Presi-
dent problem for several popular voting rules; together with previ-
ous results in [4], [31], and [30], our study offers a detailed picture
of the computational tractability of problems faced by parties in
the candidate nomination process preceding an election.

A possible direction for future research is to extend the existing
tractability results for Necessary President for Plurality under
single-peaked [12] or single-crossing [24] preferences to different
voting rules or other structured domains.

As an interesting new topic, we propose to study candidate nom-
ination problems for multiwinner elections. Suppose that the goal
of the election is to choose a committee consisting of 𝑘 members.
In this case, it is natural to assume that a party may nominate more
than one candidate. What will its optimal strategy be if it wants to
have at least one of its nominees in the committee or if it wishes to
maximize the number of its nominees in the committee?
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