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ABSTRACT

Designing provably safe control is a core problem in trustworthy
autonomy. However, most prior work in this regard assumes ei-
ther that the system dynamics are known or deterministic, or that
the state and action space are finite, significantly limiting appli-
cation scope. We address this limitation by developing a proba-
bilistic verification framework for unknown dynamical systems
which combines conformal prediction with reachability analysis.
In particular, we use conformal prediction to obtain valid uncer-
tainty intervals for the unknown dynamics at each time step, with
reachability then verifying whether safety is maintained within
the conformal uncertainty bounds. Next, we develop an algorith-
mic approach for training control policies that optimize nominal
reward while also maximizing the planning horizon with sound
probabilistic safety guarantees. We evaluate the proposed approach
in seven safe control settings spanning four domains—cartpole,
lane following, drone control, and safe navigation—for both affine
and nonlinear safety specifications. Our experiments show that the
policies we learn achieve the strongest provable safety guarantees
while still maintaining high average reward. Full paper is available
at https://arxiv.org/abs/2602.03799.
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1 INTRODUCTION

Trustworthy control of autonomous systems in dynamic environ-
ments is a fundamental problem in a broad range of domains in-
cluding autonomous driving, drone navigation, and robotic manip-
ulation, among others. While reinforcement learning techniques
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have made significant strides in advancing autonomy capabilities in
these domains [6, 19, 27, 47, 56], their trustworthiness is opportunis-
tic, insofar as they tend to combine performance objectives and
safety considerations into a a single reward function, and achieve
high reward accounting for safety only on average. In safety critical
environments, such as self-driving, more rigorous safety guarantees
are commonly expected.

An extensive literature has emerged to address this issue, address-
ing both the problem of verifying safety [3, 4, 22, 23, 42, 53, 54],
as well as synthesizing safe control policies (using both formal
methods and learning techniques) [17, 18, 32, 46, 51]. However,
verification techniques typically assume known or deterministic
dynamics, and many suffer from severe scalability limitations when
dynamics are nonlinear, particularly for complex (e.g., neural net-
work) control policies. Similarly, synthesis techniques, including
those using safe reinforcement learning methods, either make
very strong assumptions on the dynamical system (for example,
assuming that it is known and deterministic) [46], assume a fi-
nite state or action space [10, 23], or achieve safety only approx-
imately [17, 30, 49, 51, 52] (for example, by relying on learned
estimates of the probability that safety is violated [17]), on average
(as in the constrained Markov decision process (CMDP) frame-
work) [2, 41, 50], or in the limit [17, 51]. Moreover, while a number
of approaches have been proposed to deal with unknown dynam-
ical systems, most still rely on restrictive assumptions to obtain
provable safety guarantees, such as assuming that dynamics are
deterministic [23, 44, 58], constraining approximation models to
specific forms such as Gaussian process regression [23], or requiring
Lipschitz continuity [58].

We present a novel approach for learning policies in unknown dy-
namical systems that approximately maximize rewards with rigor-
ous probabilistic safety guarantees. Our approach combines model-
based RL—we learn a Markovian approximation of the dynamics—
with conformal safety analysis (CSA) to obtain safety guarantees,
and model-free RL to optimize cumulative rewards. By jointly train-
ing the dynamics model and policy using a loss that incentivizes
safety improvements over a target decision horizon, our approach
facilitates a finer-granularity tradeoff between the nature of (prob-
abilistic) safety guarantees and rewards than prior art. Moreover,
the use of conformal prediction (CP) as a key building block al-
lows us to make no assumptions on the nature of the underlying
dynamics (which we allow, for example, to be stochastic) or the
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model architecture used for learning it. Finally, our method provides
sound probabilistic safety guarantees by combining three technical
elements: valid uncertainty bounds for dynamics prediction, finite-
horizon reachability analysis, and probabilistic tail bounds with
respect to the unknown initial state distribution. Our CSA approach
builds on recent literature combining conformal prediction with
reachability analysis [8, 20, 21, 29, 33], but unlike most prior efforts
we make no smoothness assumptions on the underlying dynamics,
allow verification for an arbitrary horizon post surrogate model
training, and develop novel training methods for both surrogate
dynamics and policy that obtain strong safety guarantees.

We evaluate the proposed approach experimentally on seven
safe control experiment settings, comparing it to state of the art
safe RL baselines. Our results show that our approach achieves
state of the art safety guarantees while maintaining high reward.

In summary, our main contributions are as follows:

(1) Conformal Safety Analysis (CSA) for safe reinforcement learn-
ing in unknown dynamical systems. In particular, our CSA
framework combines conformal prediction with reachabil-
ity analysis for learning-based controllers in systems with
unknown dynamics, which we augment with distribution-
free tail bounds for an unknown initial state distribution to
obtain rigorous probabilistic safety guarantees.

(2) A novel framework for learning provably safe policies that
(approximately) maximize cumulative reward subject to safety
constraints. Our approach integrates model-free RL and
model-based reachability estimation with quantified uncer-
tainties to enforce hard safety constraints.

(3) Comprehensive experiments across seven environments, in-
cluding both linear and nonlinear safety specifications, show-
ing that our approach achieves high rewards while providing
verifiable probabilistic safety guarantees.

2 RELATED WORK

Ensuring safety in dynamical systems has been classically modeled
with Constrained Markov Decision Processes (CMDPs) [2], which
seek to maximize expected rewards while constraining cumulative
costs below a predefined threshold. Common approaches for solv-
ing CMDPs include Lagrangian and penalty methods, as well as
constrained policy optimization [1, 24, 32, 39, 40, 51]. While these
methods are effective at balancing reward and cost, they primarily
enforce empirical safety and lack formal safety guarantees.

To address this limitation, extensive literature has also emerged
for obtaining provably safe or stable control, particularly for poli-
cies that are represented as neural networks . Many of these rely on
control barrier functions, which are themselves difficult to synthe-
size or verify at scale [9, 12, 45, 57]. Others proposed reinforcement
learning-based training algorithms to obtain policies with provable
safety and stability guarantees [46, 58], but these scale poorly with
the number of states, and either assume known or deterministic
dynamics. Data-driven methods such as [13-15, 35] use simulation-
based reachability or scenario optimization, but are often conser-
vative and require large sample sizes to achieve high confidence.
Our approach, in contrast, uses conformal prediction to provide
statistically calibrated, distribution-free uncertainty quantification.
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This enables scalable and model-agnostic verifications under any
model errors.

A number of recent approaches combine reachability analysis
with conformal prediction, as we do [20, 29, 33], with several also
addressing the issue of unknown dynamics [8, 21]. However, these
either assume smooth dynamics or a fixed decision horizon K. In
contrast, our approach trains Markovian surrogate models that can
subsequently be applied for any K, and we make no assumptions
on the underlying dynamics. Moreover, unlike prior work, we train
verifiable combinations of surrogate dynamics and policies.

Another class of approaches for verifying safety makes use of
Hamilton-Jacobi (HJ) reachability techniques. These compute exact
reachable/avoidable sets via PDE solutions, but do not scale well
and typically assume knowledge of system dynamics [16, 28, 37, 52].
Yu et al. [51] proposed an approach that guarantees safety when
agent is in the feasible set, while Ganai et al. [17] extended it to gen-
eral stochastic settings. However, our framework is fundamentally
different: instead of solving the computationally expensive PDEs,
we adopt a discrete-time finite-step forward reachability formula-
tion that scales better with system complexity. Moreover, our use
of conformal prediction enables us to apply our approach without
making any assumptions about unknown dynamics.

3 PRELIMINARIES

3.1 Deep Reinforcement Learning

As our approach includes features of model-free reinforcement
learning (RL), we provide a brief overview of the main concepts.
Generally, such approaches train a critic Vy, (e.g., value or action-
value function) and an actor (policy) 7y, , in some cases including
also an entropy term H that encourages exploration, with the
general loss function of the form

j(gm 9(1) = Es,a,r,s’ [Lc(ec) + al‘La(@a) + 0(2'7‘{[71'9‘2]]

for observed sequences of states and actions s, a, s” and rewards r.
In actor-critic methods in particular (such as PPO [36]), a common
approach is to define an advantage function A(s,a) =r+yVp_(s") —
Vo, (s), where y is the discount factor, and r and s” stem from taking
action a, with £.(0,) = A(s, a)? and L,(6,) is an algorithm-specific
function of A(s, a).

3.2 Conformal Prediction

Conformal prediction (CP) is a distribution-free and model-agnostic
statistical uncertainty quantification technique. As a result, it has
come to be particularly useful in supervised learning, where it can
provide valid statistical guarantees for complex models such as deep
neural networks. Of particular interest in our context is regression
learning, which we use to learn a model of system dynamics in a
state space that is embedded in a Euclidean space, and for which
CP provides valid prediction intervals [43]. Here we provide an
overview of conformal prediction in the form of split conformal
prediction, which is most widely used. For a more comprehensive
review and more examples, we refer the readers to [5].

Given a general input x and output y, first define the score func-
tion s(x,y) € R where larger scores reflect larger uncertainties
(larger errors between x and y). Let @ € (0, 1) be a user-specified
miscoverage level that represents the desired probability of error in
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the uncertainty estimates. We compute ¢ as the th quan-
tile of the scores of a calibration set {s; = s(x;,y;)} for 1 <i < n.
Finally, for a new input xtest, Wwe use ¢ to provide the uncertainty
interval for the regression model f as

C(xtest) = [f(xtest) - Cja f(xtest) + C?] (l)
Crucially, the interval C (xtest) achieves a P(yiest € C(Xtest)) = 1—«
coverage guarantee [43].

Because standard split conformal prediction assumes exchange-
able nonconformity scores sy, .. ., S, it warrants adaptation when
applied in time-series prediction. A naive example is to use a union
bound over the prediction horizon to connect per-step and full-
trajectory bounds. However, this can result in bounds that are
overly conservative.

To obtain tighter conformal trajectory bounds, we make use of
the approach by Cleaveland et al. [11], which learns a trajectory-
level nonconformity score that can directly be optimized for effi-
ciency. Specifically, one can define

[(n+D) (1-a)]
n

s = max(wis(xy, 41), . .., wrs(xr, yr))

where wy, ..., wr > 0 are parameters. Cleaveland et al formulate the
problem of finding the parameters w as the following optimization
problem:

min  Quantile({sV,...,s™}, 1-a)
w20

T
st. s = max(wlsf’), . .,,wTs;l)) Vi Z wj =1,
7=1

where s() is the score for the i-th trajectory in a held-out dataset.
The details of solving this optimization problem efficiently can
be found in Section 4 of [11]. Importantly, conformal region com-
puted using this nonconformity score with optimized w parameters
maintains the desired coverage guarantee (Theorem 3 in [11]).

4 MODEL

We consider a safety-constrained Markov decision process (MDP)
(SMDP), defined by a tuple M := (S, A, P, p,r,h,K,y), where S C
R" is the state space, A the action space, P : S X A — P(S)
the transition distribution (i.e. the environment dynamics) which
maps current state and action to a distribution $ over states, p
the initial state distribution, r : S X A — R the reward function
assigning a real value reward to each state-action pair, h : S — R}
is the cost function assigning a real vector to a state representing
its associated m-dimensional safety value (e.g., corresponding to
m safety constraints, such as m distinct obstacles to avoid), K the
decision horizon, and y € (0, 1) is the discount factor. Thus, h(s) < 0
pointwise implies that the state s € S is safe (safety cost is non-
negative) while A(s) > 0 means that it is unsafe. Let Ss € S := {s €
S : h(s) < 0} denote the set of safe states, while S, :== {s € S :
h(s) > 0} is the set of unsafe states. Correspondingly, the SMDP
imposes a safety constraint that the system dynamics remain safe
until the safety horizon K. Formally, for any trajectory of states
7 = {so,...,Sk}, we wish to ensure that s, € S forall1 <t < K.
We assume that the support of p is over S; (that is, all initial states
are safe). If this constraint holds, we say that the system is safe.
We remark that the safety constraints in SMDPs are distinct from
the typical nature of constraints in constrained MDPS (CMDPs),
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which accrue (discounted) costs additively over time analogously to
rewards in the objective. Many algorithmic frameworks for CMDPs
leverage this structure (for example, using Lagrangian methods to
transform it into an MDP). In contrast, the safety constraints in
SMDPs are non-additive, and such algorithmic approaches cannot
be leveraged without the use of additive proxies.

Let 7 : S — A be a deterministic Markov stationary policy, and
IT the set of all such policies. As is conventional in MDPs, we define
the state-conditional policy value function V7 (s) as the discounted
sum of rewards, i.e.,

K
Vi(s) =E Z Y'r(sear)lso = 5,50 ~ P(se-1,ar-1), ar = 7(s) | -
=0
Informally, our goal is to find a policy 7 that maximizes V7 (s)
while ensuring that the system is safe. However, we suppose that
we do not know the system dynamics P or reward r. While we
can use conventional reinforcement learning approaches to learn a
near-optimal policy in an MDP without safety considerations, guar-
anteeing perfect safety is impractical. Instead, we aim to achieve
safety with high probability. Define

T =Prs; € S,,Vt € {0,1,...,K}]

where sy ~ p,s¢ ~ P(s¢—1,a¢-1), a; = 7(st), that is, X7 is the proba-
bility that the entire trajectory of horizon K generated by a policy
7 is safe, accounting for all relevant uncertainty (which we will
make more precise in Section 5.2).

Our goal is to solve the following constrained optimization problem:

Es~p [V”(S)] 21— g (2)

for a target safety tolerance level {. Crucially, while we can accept
approximately optimal policies 7 in terms of the objective, we
wish to obtain verified safety at the desired tolerance, since these
often capture considerations that have high stakes. For example,
rewards would naturally capture efficiency, such as getting to the
destination quickly, whereas safety constraints focus on avoiding
traffic accidents that may potentially lead to fatalities.

Solving Problem (2) entails two considerations: 1) obtaining
sound probabilistic safety guarantees for a given deterministic pol-
icy 7 as expressed in the safety constraint (which we call verifica-
tion) and 2) synthesizing (or learning) a policy that is approximately
optimal while also satisfying the safety constraint for the target
decision horizon K and tolerance {. Moreover, we must accomplish
both goals without knowing the true dynamics P and reward r. We
tackle these problems next.

max s.t.:
mell

5 SOLUTION APPROACH

In this section, we introduce our approach, ReCORS (Reachability
with COnformal uncertainty sets for Reinforcement learning with
Safety guarantees), which involves three main components:

(1) Approximating the true system dynamics P with a neural
network f;; that is optimized for accuracy in safety-critical
state dimensions.

(2) A novel integration of conformal prediction with reachabil-
ity analysis performed using the learned dynamics model
fﬁ. The resulting conformal safety analysis (CSA) enables
verification of whether the system is likely to remain in safe



Research Paper Track

set Ss over horizon K with a pre-defined confidence level
(1-a).

(3) A fully differentiable pipeline allowing end-to-end gradient-
based learning of a parametric control policy 75: we use a
neural network 7,, to approximate the conformal prediction
intervals, allowing the safety objective (derived from ﬁg and
Nw) to be directly integrated as a differentiable objective term
in any gradient-based policy optimization algorithm.

Notably, our approach is a novel blend of model-based and model-
free reinforcement learning. In the model-based component, we
learn the model of the dynamics (but not the rewards), which is piv-
otal for training with probabilistic safety guarantees and associated
verification. Our learning pipeline then leverages a combination
of model-free RL (e.g., PPO) to maximize rewards with the model-
based component focusing on optimizing for provable safety. We
detail the components of our approach next.

5.1 Learning System Dynamics with Safety
Specifications

A key component of our approach is training a parametric discrete-
time dynamics model ﬁ;(§, a) with parameters 8, which determin-
istically maps state § and action a to predicted next state §’. Thus,
our learned approximate dynamical system model has the form

S$t41 = ﬁ3(§ta a), (3

where §; and a; are the (previously predicted) state and action
taken at time step t, respectively, and $§;;; is the predicted next
state. Notably, even though the underlying dynamics may be sto-
chastic, while f is deterministic, our use of conformal prediction
will account for the concomitant prediction uncertainty (essentially
combining both the prediction error and any underlying uncer-
tainty of the dynamics itself); we discuss this further below.

To train the dynamical system model, we collect a set of ground-
truth trajectories {7;} where 7 = (s59, 410, Si1, - - - » SIK—15 AIK—15 SIK)
by sampling initial states sp i.i.d. from p. This induces a dataset of
N tuples D = {(s;, a;, 5; )}fi , that we can use for training. Notably,
we train the dynamics f in two phases. First, we pre-train f by
generating the trajectory data by sampling actions a, uniformly at
random. Subsequently, we keep fine-tuning the dynamics model
as part of the proposed RL approach (see below), where in each
training epoch we resample the trajectory data using the latest
policy 75 obtained during the RL training.

The loss function we use for training f}; is a variant of ¢, loss.
Since a major concern in our context is safety, we modify the stan-
dard ¢, loss to account for safety considerations by adding weights
that amplify the importance of safety-critical dimensions of the
state space. Specifically, let ¢;(h(s)) > 0 be a positive scalar that
measures the safety criticality of dimension j with respect to the
safety function h(s). In particular, suppose without loss of gener-
ality that the ith safety constraint has the form h;(s) = h;(s) + b;
for some scalar b;. We propose the following measure of safety
criticality of dimension j:

. 1) ,

¢;i(h(s)) = n (%

i=1
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where | - | is an absolution value. For example, if h(s) = As — b,
0hi(s)/ds; = A;j. Intuitively, ¢; introduces a higher weight for
dimensions which are more likely to induce safety violations.

Next, define the safety weight of dimension j as w; = ¢;(h(s)).
Our training loss then becomes

N
Lan() = 7 3 Watsu) =l @
where W is a diagonal matrix with w;s along the diagonal, and
llxllw = x"Wx.

The expected effect of adding such safety weights as part of
the loss function used to train the dynamics is two-fold. On the
one hand, it will incentivize training to focus on making better
predictions along the dimensions that are more safety-critical. On
the other hand, this may increase overall (unweighted) prediction
error, which would in turn lead to reduced reward. This tradeoff is
deliberate: while we aim to maximize total reward, we prioritize
verified safety. Notably, our approach is heuristic, to be sure, but as
our ablations in Section 6.3 demonstrate, it has the intended effect
of improving verified safety.

5.2 Conformal Safety Analysis

Consider the approximate dynamical system model in Equation (3)
with a known initial state sop. We can represent this as a collection
of K predictions, each corresponding to a model that predicts the
tth state in the sequence for t € [1, K] given an initial state sy and
a policy 7, that is,

§ = f3") (s03m9) 5)
fort > 0,where ;= fi") (su: m9) = f(s0, w9 (50)). 82 = f5” (03 79) =
ﬁ;(§1, 7g($1)), and so on, with a; = mg(§;). In other words, given
a policy 7y, the predicted dynamical system model fﬁ effectively
gives rise to K separate state predictions, each with sy as input.
Moreover, if sy are sampled i.i.d. from the initial state distribution p,
we can apply conformal prediction bounds for each step ¢ to obtain

Pllist = f5" (s0. 7o)l < 1] 21—, (6)

where s; is a true state generated by the actual system dynamics
after t steps starting at so, @; the error tolerance rate, and n; the
conformity score obtained using a calibration dataset to ensure the
validity of (6).

However, obtaining conformal bounds for each t is insufficient,
since our goal is to obtain such bounds over K-step trajectories,
and predictions can be arbitrarily correlated across time steps.
Specifically, let S;(so; m9) = {sllls: — f:/;t) (s0, m9)|| < m:} denote
the set of states that can be reached after exactly ¢ steps given
the conformity score 5, if we start at s, and follow the policy
7. Let S(so; 9) = Ure[1,k]5: (505 9). We can then observe that
if S(so; mg) N Sy = 0, the policy my is safe, modulo the predictive
uncertainty of f . Our goal is to obtain this claim rigorously for
a given policy mp, with a target probability 1 — {. One way to do
this is to simply apply a union bound to the step-wise conformal
bounds a; over all steps t. However, this is often too lose. As an
alternative, we additionally consider a more efficient time-series
conformal bound proposed by Cleaveland et al. [11]. Armed with a
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time-series-level conformal bound, we obtain the following result,
which borrows the probabilistic reasoning with respect to the ini-
tial state distribution from semi-probabilistic verification [31] and
gives us a sound probabilistic safety bound, accounting for uncer-
tainty about (a) initial state, (b) imperfect predictions by ﬁg, and (c)
samples of finite datasets of s used to obtain empirical safety.

Tueorem 1. Let {s}}Y, be i.i.d. samples from p, independent of the
calibration data used to construct the conformal bounds. Suppose the
conformal procedure provides a trajectory-level coverage guarantee
that for every fixed initial state sy, Pr(S(sp; m9) NSy, =0) > 1-a.
LetV = {sé : S(S(i);ffg) NS, = 0}. Then, forany d € (0,1),

§ (m _ @)(1_a><1-5>.

~\N
Proor SKETCH. For any fixed sy, the conformal coverage guar-
antee implies that Pr(S(sp; 1) NS, = 0) > 1 - a. Now let
x =Prs,[S(s;19) NS, = 0] and £ = |V|/N. Applying Hoeffding’s
inequality, we obtain

Pr(foc—Jﬁlog%) > 1-9,

where the probability is over the i.i.d. draws of N initial states so.
Combining this with the conformal trajectory guarantee (1 — «)
yields the result. O

7o

We refer to this general approach as conformal safety analysis
(CSA). A key practical benefit of CSA is that the conformal proce-
dure produces per—time-step reachable sets S;(so; 7g) so the safety
condition can be checked separately for each t. Consequently, our
verification problem reduces to checking

Si(so;m9) NS, =0 foreacht,

Modern neural network verification tools, such as (a, f)-CROWN
[38, 48], can handle nonlinear models (e.g., ReLU or tanh networks)
and thus general nonlinear safety specifications. Moreover, many
practically relevant cases involve relatively simple constraints: for
example, safety specification often decomposes across coordinates
(e.g., axis-aligned box constraints), in which case it suffices to check
safety independently for each dimension.

5.3 Training with Differentiable Conformal and
Safety Loss

CSA provides us with a safety verification approach. Our key con-
cern, however, is to train policies and dynamic models to enable
us to achieve safety. This entails two challenges: first, how do we
design a loss function that promotes smaller conformal uncertainty
sets and higher confidence (which, in combination, allow us to
achieve tighter reachability bounds), and second, how do we design
a loss function that specifically promotes safety? We tackle these
in turn next.

Conformal Loss. While traditional conformal prediction provides
statistical guarantees, it is not differentiable and thus incompatible
with end-to-end gradient-based training. To address this issue, we
make use of an approach proposed by [7] that enables us to obtain
a differentiable approximation of conformal sets using a neural
network, which takes state and action as an input, and predicts
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the corresponding conformity threshold r. We denote the neural
network by 7, (s, a), with 1, ; (s, a) the threshold predicted for state
variable j. This neural network is trained to balance two objectives:
1) minimizing the prediction set size (“efficiency”), and 2) ensuring
that the empirical coverage level is above a target threshold.

To formalize, we define the efficiency loss (which promotes

smaller conformal sets) as
1 n

Low=1 3 (r[%,,-@,a))
(s,.a)eDe \Jj=1
where n is the state dimension and D, is a dataset of tuples (s, a, s”)
obtained from trajectories 7 sampled in epoch e of training using

the latest policy 7y, where we fix the datasets size N = |D,|.
Next, the coverage loss penalizes violations of the target cover-

age, and is defined as
Leov(f, ) = max(0,1 - a - Cemp)s

where Cep,p is the empirical coverage defined as

1 A
Camp(fr) =5 D, I = f(s.all < nu(s.a)l.
(s,a,s")€De
However, note that empirical coverage is not differentiable with
respect to the parameters (f, w). To address this issue, we propose
the following differentiable proxy:

> 1 |fﬂ(5, a) —s"|
Complpo) =5 D 0|1 max e
(s,a,s")€De J No,j(s, a),

where c is a small constant ensuring that the loss is well-behaved
and o(+) is a sigmoid that smoothly approximates the indicator. To
Ifp(s.a)=s}]
N N, j (s,a)
[Is" = fp(s, @)|| < 10 (s,a), ie, it is equivalent to s” lying inside the
conformal set.

Finally, we combine these into conformal loss as

Lconf(ﬂx w) = r?gé( (Leff(w> + ALCOV(ﬁ; w)),

unpack, observe that for the max norm, max; < 1iff

where A is a Lagrange multiplier periodically updated during train-
ing using projected gradient ascent.

Safety Loss. Next, we consider the safety aspect of the problem
explicitly. In particular, we construct a safety loss Lgafety (6, ) that
takes the learned dynamics as given, and consists of two com-
ponents: one which maintains safety over the entire sequence of
time steps, and the second which explicitly encourages a policy
to improve the safety score between initial and Kth step, with K
increasing over training iterations somewhat echoing curriculum
learning methods for learning safe control [46]. Note that the safety
loss is explicitly also a function of the conformal interval parameters
Nw, since these have a direct impact on verified safety. Addition-
ally, safety loss is computed on a pre-collected initial state dataset
Dy = {sé}i\fl, sy ~ p. By evaluating safety consistently on this fixed
set of initial states rather than randomly sampled states each epoch,
we ensure the safety loss signal remains stable and meaningful
throughout training, avoiding noise from sampling variance that
could obscure true safety improvements.

Define a safety score function with respect to a set of states S,
g(S) = maxes h(s), quantifying the maximal safety violation of
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any s € S. The first safety loss component captures the maximal
safety loss over a target safety horizon K, in training epoch e:
maX (0,w) = max

safety te[1.Keo];
so€ Dy

g(fﬁ(” (505 79) £ Ny (52, ar))-

The second part of the safety loss aims to incentivize learning
to improve (or reduce the degradation) of safety over the longer-
term evolution of the dynamical system (without consideration of
transient terms), which we formalize as

1 A
e O 190" (0 me) £ na(s0, )
02e s0€ Dy

~9(f" (05 70) % oo (s axe,))]

The full safety loss is then a weighted combination of the two
terms:

Limprove (9! w) —

safety

max

safety(e’ w) + wimpmveleProve(e, w),

-Esafety(ga ©) = Winax safety

with the weights Wmax and Wimprove Specified as hyperparameters.

5.4 Putting Everything Together: The ReCORS
Algorithm

The complete ReCORS algorithm proceeds as follows. First, it pre-
trains the dynamics model using a dataset generated by selecting
random actions, collects the initial state dataset for safety loss com-
putation, and initializes the policy (actor), critic (as in conventional
RL), and conformal uncertainty neural networks. In each training
epoch, the algorithm then (i) collects a new dataset of trajectories
with the current policy, (ii) fine-tunes the dynamics model using
this dataset with Layy, and (iii) updates the remaining components.
As in standard actor—critic methods, the critic parameters 6, are
trained separately using the conventional RL loss Lgp (6., 0). The
policy parameters 6 and conformal network parameters w are then
optimized jointly using a combined loss

L(HC) 9: ﬁa w) = WILRL(QCs 0) + WZLconf(ﬁ’ w) + W3~£safety(95 w),

where w;, wy, w3 are hyperparameters, 6, are the parameters of
the critic, § parameters of the actor (policy), f parameters of the
dynamics model, and w parameters of the conformal uncertainty
estimation network.

An additional feature of the ReCORS algorithm is a form of
curriculum learning: we initially begin with a smaller safety horizon
Ky, and incrementally increase the horizon whenever provable
safety is achieved or after every E epochs. Algorithm 1 formalizes
this discussion.

6 EXPERIMENTS
6.1 Experiment Setup

We evaluate ReCORS in six environments with linear safety con-
straints and one environment with nonlinear constraints. First, we
designed a 2D Quadrotor environment with a nonlinear safe dis-
tance constraint for demonstrating ReCORS in the most general
setting. And for the linear cases, the first four, Cartpole, Lane Fol-
lowing, and 2D and 3D Quadrotor control, have hard state space
safety constraints with binary cost signals, where the episode termi-
nates with any violation. The other two environments, CarGoal and
HalfCheetah, are from Safety-Gymaniusm [25], which have more
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Algorithm 1 ReCORS

Input pretrained dynamics model f, pre-collected initial state
dataset Dy, initial safety horizon Ky, epoch counter E, total
number of epochs T

1: Initialize 6., 0, ®

2: forepoche=0,1,2,...,T do

3: Collect trajectories and induced dataset D, using the cur-
rent policy 7y, , or random actions if e = 0

4: Dynamics update: fe+1 < argming Layn(fe).

5: Critic update: 0. ¢41 < argming, Lrr(0c.)

6: Actor and uncertainty update:

(92+1s we+1) ¢ arg Iggl (W1~£RL(98)

+w; Lconf(ﬁeﬂs @)

+ws -Lsafety (0e, we) )

7: Evaluate coverage:
Cemp = % Z 1[8" € fpo1 (5,@) £ Nooeyy (5.0) |

(s,a,s")€De

8: if (LORy < 0and Cemp 2 1 - a) or every E epochs then

9: Ker1 =K +1

10: else

11: Ker1 =K,

12: end if

13: end for

complex underlying system dynamics, richer cost structures, and
are higher dimensional (e.g., 72 dimensions for CarGoal). Detailed
experiment descriptions are provided in the Appendix.

We compare to five SOTA baselines: 1) Lagrangian-based Proxi-
mal Policy Optimization (PPOLag) [34]; 2) Projection-based Con-
strained Policy Optimization (PCPO) [50]; 3) Constraint-Rectified
Policy Optimization (CRPO) [49]; 4) Penalized Proximal Policy Op-
timization (P30) [55]; and 5) Reachability Estimation for Safe Policy
Optimization (RESPO) [17]. For consistency and fair comparison,
all but RESPO were implemented based on [26] and all used similar
hyperparameters. Details of specific settings and hyperparameters
are provided in the Appendix.

We use both the time series conformal prediction method pro-
posed by Cleaveland et al. [11] and the union bound applied to the
step-wise split conformal prediction. For both methods, we set the
trajectory level miscoverage level a to 0.1. Our calibration set con-
tains 1000 trajectories, where, for the times series method, we use
100 for optimization of the w parameters and the rest to compute
the actual prediction regions. We then perform forward reachabil-
ity analysis on 2000 new trajectories (verification set) using the
calibrated thresholds. After obtaining the empirical proportions of
trajectories that are safe at each time step, we apply Theorem 1
(with § = 0.05) to compute the lower bound safety probabilities
with respect to the entire initial state space.

6.2 Results

6.2.1  Verified Safety Evaluation. We begin by comparing ReCORS
to the baselines in terms of verified lower bound on the safety
probability (y-axis) as a function of the decision horizon K (x-axis).
The results with affine safety constraints are provided in Figure 1,
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Figure 1: Probabilistic safety verification results. Higher is better. ReCORS-UB (red solid line) is applying conformal prediction
per-step and union bounding the results. ReCORS-TS (pink dotted line) uses the time series conformal prediction method
from [11]. All the baseline plotted lines use the conformal prediction method that results in better verified safety results.
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Figure 2: Empirical safety evaluation, comparing safety cost ReCORS (red line) with baselines. Lower is better.
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Figure 3: Verified safety (left) and empirical safety (right) for
2D Quadrotor with nonlinear safe distance constraint.

and exhibit notable improvement over the baselines in every envi-
ronment. For example, in CartPole, none of the baselines provide
useful safety guarantees beyond K = 20, while ReCORS guaran-
tees safety with high probability through K > 50. In 2D and 3D
Quadrotor, RESPO and CRPO can be verified safe for relatively
long horizons just as ReCORS, but this is a superficial consequence
of the drone learning to essentially stay in place for both these
baselines (obtaining essentially minimal reward in both cases; see
Figure 4), while ReCORS achieves significantly higher reward than
these without compromising safety guarantees. Curiously, while in
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most cases the tighter bound either coincides with or improves on
the union bound, the latter yields the best performance in the 2D
quadrotor case; indeed, in most cases the two bounds essentially
coincide. The reason stems from the fact that our trained systems
often have bounds that are relatively similar over time, so that the
optimal time-series bound parameters are often essentially uniform,
corresponding to the union bound.

Figure 3 (left) compares verified safety of ReCORS against base-
lines in the 2D Quadrotor environment with a nonlinear safe-
distance constraint. ReCORS significantly outperforms all baselines
except RESPO, but this is again a superficial consequence of RE-
SPO learning resulting in the drone staying in place. Consequently,
ReCORS reward is significantly higher than RESPO (see Figure 5).

6.2.2 Empirical Safety Evaluation. Next, we consider to what ex-
tent policies are empirically safe over far longer horizons than we
can verify. We quantify this in terms of costs of safety violations,
which is just the fraction of time steps for which safety constraints
are violated. Figure 2 presents the results for affine safety, while non-
linear safety results are in Figure 3 (right). The results are roughly
consistent with verified safety, showing that ReCORS results in
exceedingly few safety violations over long decision horizons, and
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Figure 4: Reward comparisons of ReCORS (red line) with baselines. Higher is better.

Rewards

Figure 5: Reward comparisons in 2D Quadrotor environment
with nonlinear safe distance constraint.

is in all cases either far better than the baselines (e.g., 3D quadro-
tor), or comparable to the best baseline. In the latter instances, the
baselines which are competitive fair far worse in terms of reward.

6.2.3 Empirical Performance Evaluation. Finally, we compare per-
formance of ReCORS and the baselines in Figure 4, which shows
the mean and standard deviation of empirical rewards across 10
random seeds as a function of training epochs. Since we expect a
natural tradeoff between safety—particularly, verified safety—and
reward, it is no surprise that the relative performance of ReCORS
varies, and in several domains other methods, such as PPOLag
and CRPO, exhibit better performance (reward). However, in all
cases in which other methods achieve better reward than ReCORS,
they exhibit very poor safety properties; indeed, ReCORS is the
only method that can achieve both strong performance and verified
safety. To illustrate, consider the HalfCheetah environment, where
CRPO and PPOLag achieve higher reward. Here, CRPO achieves
the worst safety, and while PPOLag is better, ReCORS achieves
significantly better verified safety. In several domains, such as 2D
Quadrotor, ReCORS achieves both, superior safety and reward than
all baselines.

6.3 Ablations

Finally, we provide ablation results on two design choices: 1) includ-
ing a heuristic safety weight in training the dynamics model, and
2) jointly optimizing the dynamics and uncertainty model in the
conformal coverage loss Loy (f, ). Results are shown in Figure 6.
We find that we have the best performance omitting dependence on
B in the coverage loss (ReCORS is better than D_conv_loss). Addi-
tionally, using safety-aware weights for learning fﬂ provides better
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Figure 6: Ablation results for 3D Quadrotor (left) and CarGoal
(right). D_cov_loss jointly optimizes ff and  in the confor-
mal coverage loss, while ReCORS only uses the latter ().
D_simple_loss uses uniform weights in learning fﬁ

verifies safety while maintaining good performances (ReCORS is
safer than D_simple_loss).

7 CONCLUSION

We present a novel approach for learning effective policies in gen-
eral dynamical systems while abiding by probabilistic safety con-
straints. Our approach is designed to deal with unknown stochastic
dynamics, and avoids restrictive assumptions on either true dynam-
ics or how they are learned. This is accomplished by combining
conformal predictions, finite-horizon reachability proofs, and finite-
sample tail bounds to obtain verified safety, with model-free RL
training methods facilitating strong performance. While we achieve
state-of-the-art results on several standard benchmarks, many open
problems remain, paramount among these being an assumption of
perfect observability of the system state.
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