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ABSTRACT
We consider the model selection problem, where we have a set

of candidate parametric functions and need to identify the func-

tion with the smallest minimum and corresponding minimizer.

This problem arises in the competitive training of neural networks,

where a set of candidates is given, and the limited computational

budget prevents the use of a brute-force search. To address this prob-

lem, we propose generalizations of the classical multi-armed bandit

(MAB) and best arm identification (BAI) setups, since using classical

MAB and BAI setups leads to infeasible computational costs. We

refer to the proposed setups as the functional multi-armed bandit

problem (FMAB) and the best function identification (BFI) problems,

respectively. For these problems, we establish lower regret bounds

for different classes of candidate functions. To solve FMAB and BFI

problems, we propose a novel reduction scheme to construct the

F-LCB algorithm, which is a UCB-type algorithm based on basic

algorithms for nonlinear optimization with known convergence

rates. The F-LCB algorithm combines the arm selection step and the

update of the current optimum approximation. We provide regret

upper bounds for F-LCB based on the known convergence rates of

the underlying base algorithms. The regret upper bounds match

with the derived lower bounds up to the logarithmic factor. Nu-

merical experiments confirm that the proposed approach correctly

identifies the optimal function and provides the minimizer for it in

both smooth and non-smooth convex cases. Similarly, F-LCB con-

verges faster than SuccessiveHalving and Hyperband algorithms

for the model selection problem, where the candidate functions are

neural networks and only a stochastic gradient estimate is available.
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1 INTRODUCTION
The stochastic MAB problem could be defined as follows: an agent

chooses arm 𝐴𝑡 at each time step 𝑡 = 1, . . . ,𝑇 from the given set of

arms 𝑆 = {𝑎1, . . . , 𝑎𝑘 } and observes loss 𝑙𝑡 (𝐴𝑡 ). The agent can ob-

serve losses only for the chosen action at each step. This is referred

to as bandit feedback. For each arm 𝑎, the loss distribution D𝑎 with

expectation E𝑥∼D𝑎 [𝑥] = 𝜇 (𝑎) is fixed but unknown to the agent.

At each round 𝑡 , loss 𝑙𝑡 (𝐴𝑡 ) is sampled from distribution D𝐴𝑡 inde-

pendently after arm 𝐴𝑡 is chosen. The agent’s goal is to construct a

learning algorithm that minimizes expected regret

E[𝑅(𝑇 )] =
𝑇∑︁
𝑡=1

[
𝜇 (𝐴𝑡 ) − 𝜇∗

]
, (1)

where 𝜇∗ = argmin𝑎∈𝑆 𝜇 (𝑎). Surprisingly, there seem to be no

works that properly generalize the multi-armed bandit setup to

functions, where one models an unknown function as an arm rather

than a random variable. This setup is appropriate for black-box op-

timization with multiple objectives involved. For example, when

developing an AI service, the appropriate model architecture and

hyperparameter settings must be selected and optimized. The main

challenge is that the optimal architecture or hyperparameter setting

is unknown in advance. Thus, as in the MAB problem, one must

explore different models and setups. However, exploration comes

with costs that are negligible for small models but can be astronom-

ically high for large-scale models like modern LLMs. This challenge

motivates modifications to the standard MAB setup, presented in

Section 2. We propose the functional multi-armed bandit and best

function identification problems, where each arm corresponds to

an unknown function and is equipped with a black-box oracle.

The main contributions of our study are the following:

• We propose the Functional Multi-armed Bandit (FMAB) and

Best Function Identification (BFI) setups, which are appro-

priate for the model selection problem.
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• We establish regret lower bounds for the introduced setups

and provide particular forms for the different classes of can-

didate functions.

• We develop the novel F-LCB algorithm for FMAB and BFI

problems and prove the regret upper bounds for general

FMAB and deterministic BFI setups.

• F-LCB outperforms the SuccessiveHalving and Hyperband

baselines in competitive neural networks training.

Related works. The multi-armed bandit (MAB) problem has a

rich history dating back to the seminal works of Thompson [39]

and Robbins [30]. Over decades, an enormous body of literature has

accumulated, with various aspects of the problem covered in several

foundational textbooks [5, 8, 23, 35]. While there have been numer-

ous attempts to generalize the MAB framework—particularly for

hyperparameter optimization and complex decision spaces—most

existing models primarily modify the feedback structure while

maintaining the core correspondence between arms and random

variables. For example,X-bandits [6, 7] generalize theMABproblem

on an arbitrary measurable space of arms. In functional bandits [40],

the agent plays arm 𝑖 , the random variable𝑋𝑖 is sampled, say 𝑥𝑡
𝑖
, and

the value 𝑓 (𝑥𝑡
𝑖
) is observed. Similarly, contextual bandits [9, 34, 44]

and Lipschitz bandits [1, 20] assume that arms represent unknown

distributions or functions of observable contexts.

In the domain of AutoML, several frameworks have gained promi-

nence. Bayesian Optimization (BO) [33, 36] models the objective

as a single black-box function, typically using Gaussian Processes.

However, BO relies on shared structure across the parameter space

and notoriously struggles in high-dimensional settings. In contrast,

our Functional MAB (FMAB) framework assumes that arms repre-

sent separate functions, potentially from high-dimensional spaces,

without requiring a shared global surrogate. While hybrid meth-

ods like BOHB [12] combine BO with Successive Halving, they

inherit these limitations when the underlying function landscapes

are unrelated. Another influential approach is ASHA [25], an asyn-

chronous variant of Hyperband that utilizes relative rankings for

early stopping. While computationally efficient, ASHA operates as

a heuristic ranking mechanism and does not exploit the specific

mathematical properties of the convergence trajectories.

A distinct direction is represented by Population-Based Training

(PBT) [16] and its derivatives like PB2 [29]. PBT evolves a popula-

tion of models by directly manipulating their parameters through

explore/exploit operations and weight transfers (warm-starting).

Our FMAB framework differs fundamentally as it allocates compu-

tation across independent optimization tasks without relying on

weight sharing. Crucially, BO and PBT treat model selection as a

purely black-box problem, ignoring the convergence guarantees of

the underlying optimization routines, while our approach assumes

that each arm corresponds to an optimization task with known

convergence properties. This enables us to derive formal regret

guarantees and identification bounds that are typically unavailable

for purely heuristic AutoML methods. To the best of our knowl-

edge, this is the first tractable and theoretically grounded setup

that generalizes the concept of arms to functions by leveraging the

internal dynamics of the optimization process.

2 PROBLEM STATEMENT
This section presents the functional modifications to the MAB

problem and to the best-arm identification problems, respectively.

We denote these modifications as FMAB and BFI, formally introduce

them, derive the lower bounds for the deterministic setting, and

discuss an application that best fits the FMAB problem statement.

2.1 Functional multi-armed bandit problem
(FMAB)

Given convex objective functions 𝑓1 : R𝑛1 → R, . . . , 𝑓𝐾 : R𝑛𝐾 →
R and convex decision sets X1, . . . ,X𝐾 at each 𝑡 ∈ [0,𝑇 ] round,
the agent chooses index 𝑖𝑡 ∈ {1, . . . , 𝐾} and the decision vector

𝑥𝑡,𝑖𝑡 ∈ X𝑖𝑡 ⊆ R𝑛𝑖𝑡 ; the agent receives oracle feedback O𝑖𝑡 (𝑥𝑡,𝑖𝑡 ),
e.g., gradient 𝑓 ′

𝑖𝑡
(𝑥𝑡,𝑖𝑡 ) in the case of the first-order oracle (more

details about oracle concept is presented in Section A in Appendix

of [11]). The regret is defined as:

𝑅𝑂 (𝑇 ) =
𝑇∑︁
𝑡=1

[
𝑓𝑖𝑡 (𝑥𝑡,𝑖𝑡 ) − 𝑓 ∗

]
, (2)

where 𝑓 ∗ = min

1≤𝑖≤𝐾
min

𝑥∈X𝑖
𝑓𝑖 (𝑥). The agent aims tominimize regret𝑅𝑂

through specific rules for selection index 𝑖𝑡 and decision vector 𝑥
𝑡,𝑖𝑡

.

The interpretation of optimized functions as arms appears in

application-related works, such as [45, 46]. The goal is to optimize

multiple functions simultaneously with a limited compute budget.

Model selection problem [24] is a particular case of this setting. The

discussion of relations of the introduced functional version of MAB

setup and the classic MAB is prtesented in Section 2.3.

2.2 Best function identification problem (BFI)
Given convex objective functions 𝑓1 : R𝑛1 → R, . . . , 𝑓𝐾 : R𝑛𝐾 →
R and convex decision sets X1, . . . ,X𝐾 at each 𝑡 ∈ [0,𝑇 ] round,
the agent chooses index 𝑖𝑡 ∈ {1, . . . , 𝐾} and the decision vector

𝑥𝑡,𝑖𝑡 ∈ X𝑖𝑡 ⊆ R𝑛𝑖𝑡 ; the agent observes the loss 𝑓𝑖𝑡 (𝑥𝑡,𝑖𝑡 ). We assume

that the agent has access to the oracles O𝑖 (𝑥) for each objective

function 𝑓𝑖 and the oracle is the only source of information provided

for each subproblem P𝑖 defined by 𝑓𝑖 and X𝑖 (i.e., we use the black-
box assumption). At the end of 𝑇 rounds, the agent selects an arm,

denoted by 𝐽𝑇 , and aims to minimize the regret 𝑅𝐵 defined as:

𝑅𝐵 (𝑇 ) = min

𝑥∈X𝐽𝑇
𝑓𝐽𝑇 (𝑥) − 𝑓

∗, (3)

where 𝑓 ∗ = min

1≤𝑖≤𝐾
min

𝑥∈X𝑖
𝑓𝑖 (𝑥). We call this problem to as best func-

tion identification problem (BFI), which is is an analog for the

well-known best arm identification problem [2].

2.3 Relation between MAB and FMAB settings
Let us recap the stochastic MAB problem setup with time horizon𝑇

and 𝐾 arms, each arm 𝑖 is equipped with an unknown distribu-

tion D𝑖 with an expected value 𝜇𝑖 > 0. At each step 𝑡 the agent

chooses arm 𝑖𝑡 and observes reward 𝜇𝑖𝑡 + 𝜉𝑡 sampled from D𝑖𝑡 ,

where the noise 𝜉𝑡 , is unbiased E[𝜉𝑡 ] = 0 by construction. The

regret is defined by (1). Let us show how FMAB models this setup.

MAB as FMAB with zero-order oracle. Consider FMAB setting

with 𝑓𝑖 (𝑥) = −𝜇𝑖 equipped by the zero-order oracle O𝑖 (𝑥𝑡 ) that
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provides noised observations O𝑖 (𝑥𝑡 ) = −𝜇𝑖 − 𝜉𝑡 = 𝑓𝑖 (𝑥𝑡 ) − 𝜉𝑡 ,

sampled from D𝑖 with "minus", with E[O𝑖 (𝑥𝑡 )] = 𝑓𝑖 (𝑥𝑡 ). Then
regret (2) is exactly the same as in (1). This direct reduction is

formally correct. Let us further consider a reduction scheme that

utilizes first-order oracles in FMAB.

MAB as FMAB with first-order oracle. Consider FMAB setting

with 𝑓𝑖 (𝑥) = 1

2
(𝑥−𝜇𝑖 )2−

𝜇2𝑖
2
. Here 𝑥 estimates the expected value 𝜇𝑖 .

Note that this setting has a few nice properties:

• Optimal objective values represent arms: 𝑓 ∗
𝑖
= − 𝜇

2

𝑖

2
,

• Objective value 𝑓𝑖 (𝑥𝑡 ) =
𝑥2𝑡
2

− 𝑥𝑡 𝜇𝑖 can be estimated via

tractable
ˆ𝑓𝑖 (𝑥𝑡 ) =

𝑥2𝑡
2
−𝑥𝑡 (𝜇𝑖 + 𝜉𝑡 ), where 𝜇𝑖 + 𝜉𝑡 is a sampled

from reward distribution D𝑖 . Such estimation is unbiased

E[ ˆ𝑓𝑖 (𝑥)] = 𝑓𝑖 (𝑥).
• We can observe O𝑖 (𝑥𝑡 ) = 𝑥𝑡 − 𝜇𝑖 − 𝜉𝑡 , which is unbiased

gradient estimation E[O𝑖 (𝑥𝑡 )] = 𝑥𝑡 − 𝜇𝑖 = 𝑓 ′𝑖 (𝑥).
In this approach, regret 𝑅𝑂 (2) does not explicitly represent regret

for MAB setup (1).

Reduction of FMAB to MAB. We have shown how MAB can be

treated as particular cases of FMAB. However, the natural question

of whether FMAB can handle cases which are intractable by MAB

is still actual. By definition of FMAB, it could be represented as

MAB with a continuous number of arms indexed by pair (𝑖, 𝑥),
where 𝑖 ∈ {1, . . . , 𝐾} and 𝑥 ∈ R𝑛𝑖 or approximated by MAB with

an infinite number of arms via discretisation for the continuous

space of 𝑥 . Both cases require additional structural assumptions

on arms to become tractable (see [43] as an example). If these

assumptions are in place, then, just like in Bayesian optimization

(BO) algorithms, sampled arms make decisions based on feedback.

This is not avoidable in general, but in FMAB we assume that each

arm 𝑖 is equipped with a learning algorithmA𝑖 , that could optimize

the corresponding function 𝑓𝑖 (𝑥). These assumptions are natural

for many applications (see the next subsection as an example) and

are new and not considered in the general MAB setting. It allows,

in general, to learn much faster compared to classical MAB or BO

algorithms. So FMAB could be solved as MAB, but it is much better

to solve it as FMAB to avoid sub-exponential costs.

2.4 Applications
Competitive neural network training. Modern neural networks

are very costly to train [14]. Therefore, the standard trial-and-run

approach is very inefficient.Within our framework, sequential train-

ing of all candidate models could be avoided and the most accurate

model is identified automatically. Assume that there are 𝑘 candi-

date models. Each model 𝑖 ∈ {1, . . . , 𝑘} is denoted by the number of

parameters 𝑛𝑖 , feasible decision set X𝑖 ⊆ R𝑛𝑖 and domain-specific

quality metric w.r.t. training cost 𝑓𝑖 : X𝑖 → R. Then, regret 𝑅𝑂
represents the sum of training costs for the optimal model and

costs for experiments for other models.

Optimization method selection. Modern large-scale optimization

tasks often present a dilemma: the most suitable algorithm for a

given problem is unknown a priori. While theoretical convergence

rates are well established, practical performance depends heavily on

the structural properties of the data, such as sparsity, condition num-

ber, and feature space dimensionality. In this regime, researchers

face trade-offs among model and solver classes. For instance, in

high-dimensional settings, one must often choose between an ℓ1-

regularized model solved via FISTA [4] and a dense counterpart

utilizing variance-reduction techniques such as SVRG [18]. The

efficiency of such choices hinges on the underlying signal sparsity,

which is typically not observable before training.

A prominent example of such complexity is found in optimal

transport, where large-scale problems admit multiple formulations

and a wide array of solvers [41]. The choice among primal-dual

accelerated methods, Sinkhorn-based iterations, and stochastic ap-

proaches often depends on the desired precision and the strength

of regularization.

Convex relaxations. Our framework is applicable if a complex

original problem admits a convex relaxation. Such approximations

are vital for a broad spectrum of tasks, including the weighted

maxmin dispersion problem [15], optimal distributed control [13],

mixed-integer programs [32], and polynomial optimization [19].

Since these convex relaxations are solved using iterative optimiza-

tion methods, their performance is governed by analytical conver-

gence bounds, such as 𝑂 (1/𝑡2) for accelerated gradient schemes

if objective function is 𝐿-smooth. Our F-LCB algorithm leverages

these properties to evaluate the quality of a relaxation “on the fly”,

enabling the early identification of the most promising problem

formulation and the optimal allocation of computational resources.

2.5 Notation for function classes
We summarize here the main notation and function classes used

throughout the paper. For each 𝑖 ∈ {1, . . . , 𝐾}, let 𝑓𝑖 be the objective
function defined on a convex domain X𝑖 ⊂ R𝑛𝑖 and optimized by

a base algorithm A𝑖 . We denote 𝑓 ∗ = min1≤𝑖≤𝐾 min𝑥∈X𝑖 𝑓𝑖 (𝑥),
and let 𝑖∗ be the corresponding optimal index. The diameter of X𝑖
is denoted by 𝑅𝑖 = sup𝑥,𝑦∈X𝑖 ∥𝑥 − 𝑦∥2, and we also define the

global diameter 𝑅 = max1≤𝑖≤𝐾 𝑅𝑖 .
For each convex function 𝑓𝑖 , we assume that

𝜇𝑖

2

∥𝑥−𝑦∥2
2
≤ 𝑓𝑖 (𝑦)−𝑓𝑖 (𝑥)−⟨𝑓 ′𝑖 (𝑥), 𝑦−𝑥⟩ ≤ 𝐿𝑖

2

∥𝑥−𝑦∥2
2
+𝑀𝑖 ∥𝑥−𝑦∥2,

where 𝜇𝑖 ≥ 0 is the strong convexity constant, 𝐿𝑖 ≥ 0 is the smooth-

ness parameter, and𝑀𝑖 ≥ 0 is the Lipschitz constant of 𝑓𝑖 . Different

combinations of (𝜇𝑖 , 𝐿𝑖 , 𝑀𝑖 ) correspond to different standard classes
of convex optimization problems:

• if𝑀𝑖 > 0, 𝜇𝑖 = 0, 𝑓𝑖 is convex𝑀𝑖 -Lipschitz function

• if 𝐿𝑖 > 0 and 𝜇𝑖 = 0, 𝑓𝑖 is 𝐿𝑖 -smooth convex function

• If 𝜇𝑖 > 0,𝑀𝑖 > 0, 𝑓𝑖 is 𝜇𝑖 -strongly convex and𝑀𝑖 -Lipschitz

• If 𝜇𝑖 > 0, 𝐿𝑖 > 0, 𝑓𝑖 is 𝜇𝑖 -strongly convex and 𝐿𝑖 -smooth.

For convenience, we introduce the following global parameters:

𝑀 = max

𝑖
𝑀𝑖 , 𝐿 = max

𝑖
𝐿𝑖 , 𝜇 = min

𝑖
𝜇𝑖 , 𝜅 = max

𝑖

𝐿𝑖

𝜇𝑖
.

3 LOWER BOUNDS FOR DETERMINISTIC
SETUPS

We present minimax lower bounds for FMAB and BFI problems

in deterministic settings. The idea is to reduce these problems to

standard optimization tasks with known lower bounds [26, 27].
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We use F to denote a class of optimization problems defined by a

family of objective functions {𝑓𝑖 }𝐾𝑖=1, their corresponding domains

{X𝑖 }𝐾𝑖=1, and oracle types. We assume that all problems belong to

the same class F , i.e. they share the same structural properties (e.g.,

convexity, smoothness, strong convexity) and oracle complexity.

Consider a family of optimization problems P𝑖 :
min

𝑥∈X𝑖
𝑓𝑖 (𝑥), 𝑖 = 1, . . . , 𝐾, (4)

where all 𝑓𝑖 belong to the same class F and have the oracles with

the same complexity. For such problems, the classical minimax

lower bound states that for any algorithm A and any 𝑡 ∈ N there

exists a problem instance such that

𝑓 (𝑥𝑡 ) − min

𝑥∈X
𝑓 (𝑥) ≥ 𝑔(𝐻, 𝑡), (5)

where 𝑔(𝐻, 𝑡) is the complexity function depending on 𝐻 = (𝑓 ,D).
For many standard classes, 𝑔(𝐻, 𝑡) factorizes as

𝑔(𝐻, 𝑡) = 𝜙 (𝐻 ) 𝑡−𝛼 , (6)

allowing us to define the class-wide hardness function

𝑔(𝑡) = inf

𝐻
𝑔(𝐻, 𝑡), (7)

typically of order Ω(𝑡−𝛼 ).

Theorem 3.1 (Minimax lower bound for BFI). For any BFI
algorithm and any 𝑇 ∈ N, there exists a family {𝑃𝑖 }𝐾𝑖=1 ⊂ F such
that

𝑅𝐵 (𝑇 ) ≥ 𝑔−1
(
𝑇

𝐾

)
, (8)

where 𝑔−1 is the functional inverse of 𝑔.

Theorem 3.2 (Minimax lower bound for FMAB). For any
FMAB algorithm and any 𝑇 ∈ N, there exists a family {𝑃𝑖 }𝐾𝑖=1 ⊂ F
such that

𝑅𝑂 (𝑇 ) ≥ inf

{𝑘𝑖≥0:
∑𝐾
𝑖=1 𝑘𝑖=𝑇 }

𝐾∑︁
𝑖=1

𝐺 (𝑘𝑖 ), (9)

where

𝐺 (𝑚) =
𝑚∑︁
𝑠=1

𝑔(𝑠). (10)

For homogeneous problems (all 𝑃𝑖 have the same hardness 𝑔),

this yields the following orders:

• Convex 𝑀-Lipschitz: 𝑔(𝑠) = Ω(𝑀𝑅/
√
𝑠) ⇒ 𝑅𝑂 (𝑇 ) =

Ω(𝑀𝑅
√
𝑇 ),

• 𝐿-smooth convex: 𝑔(𝑠) = Ω(𝐿𝑅2/𝑠2) ⇒ 𝑅𝑂 (𝑇 ) = Ω(𝐿𝑅2),
• 𝜇-strongly convex, 𝑀-Lipschitz: 𝑔(𝑠) = Ω(𝑀2/(𝜇𝑠)) ⇒
𝑅𝑂 (𝑇 ) = Ω

(
𝑀2

𝜇 log𝑇
)
,

• 𝜇-strongly convex,𝐿-smooth:𝑔(𝑠) = Ω(𝑅2𝑒−𝑠/
√
𝜅 ) ⇒ 𝑅𝑂 (𝑇 ) =

Ω(𝑅2).
These lower bounds match, up to logarithmic factors, the upper

bounds we derive later for the proposed F-LCB algorithm.

Remark 1. Unlike static "explore-first" schedules that are optimal
only for indistinguishable worst-case scenarios, F-LCB adaptively
focuses computational effort on promising arms. It reacts immediately
when an arm’s LCB becomes suboptimal, avoiding the resource waste
inherent in static allocations.

4 F-LCB ALGORITHM
This section presents the novel F-LCB algorithm to solve the stated

FMAB (2) and BFI (3) problems and proof of the corresponding re-

gret rates. However, for the reader’s convenience, we first introduce

the necessary notations important for further presentation.

Definition 4.1. An algorithm

𝑥𝑘+1 = A (𝑥0,O(𝑥0), . . . , 𝑥𝑘 ,O(𝑥𝑘 ))
An algorithm is called a 𝑔(𝑘, 𝛿)-bounded algorithm if, for any 𝑘 ∈ N
and 𝛿 > 0 inequality

𝑓 (𝑥𝑘 ) − 𝑓 (𝑥∗) ≤ 𝑔(𝑘, 𝛿)
holds with a probability of at least 1 − 𝛿 . If there exists a function
𝑔(𝑘) such that 𝑓 (𝑥𝑘 ) − 𝑓 (𝑥∗) ≤ 𝑔(𝑘), we say that the algorithm A
is 𝑔(𝑘)-bounded.

Function 𝑔(𝑘, 𝛿) (or 𝑔(𝑘) in the deterministic case) represents the

convergence rate for algorithmA. The notation𝑔(𝑘) is more conve-

nient for deterministic algorithms with exact oracles, while 𝑔(𝑘, 𝛿)
is more appropriate for stochastic methods or methods utilizing

inexact oracles. Now, we are ready to present our F-LCB algorithm

for both FMAB and BFI problems, taking 𝑔(𝑘, 𝛿)- or 𝑔(𝑘)-bounded
algorithms as the main ingredient; see Algorithm 1.

Algorithm 1 F-LCB algorithm

Require: number of functions 𝐾 , 𝑔𝑖 (𝑘, 𝛿)-bounded optimization

method A𝑖 for 𝑖 = 1, . . . , 𝐾 , period 𝑇 , initial estimates

𝑥
P1

0
, . . . , 𝑥

P𝐾
0

, parameter 𝛿 (𝛿 = 0 for deterministic setup).

1: Run A𝑖 for each function 𝑖 (𝑖 = 1, . . . , 𝐾) to compute 𝑥
P𝑖
1

=

A𝑖 (𝑥P𝑖
0
,OP𝑖 (𝑥

P𝑖
0

)).
2: For each function 𝑖 (𝑖 = 1, . . . , 𝐾) set 𝑘𝑖 = 1 and initialize

𝐿𝐶𝐵𝑖 (𝑘𝑖 , 𝛿) = 𝑓𝑖 (𝑥P𝑖
1

) − 𝑔𝑖 (𝑘𝑖 , 𝛿).
3: for 𝑡 = 1, . . . ,𝑇 do
4: Choose function 𝑖𝑡 = argmin

1≤𝑖≤𝐾
𝐿𝐶𝐵𝑖 (𝑘𝑖 , 𝛿).

5: Compute

𝑥
P𝑖𝑡
𝑘𝑖𝑡 +1

= A𝑖𝑡 (𝑥
P𝑖𝑡
0

,OP𝑖𝑡 (𝑥
P𝑖𝑡
0

), . . . , 𝑥P𝑖𝑡
𝑘𝑖𝑡

,OP𝑖𝑡 (𝑥
P𝑖𝑡
𝑘𝑖𝑡

)) .

6: Update LCB index of the played function and preserve others:

𝐿𝐶𝐵𝑖𝑡 (𝑘𝑖 + 1, 𝛿) =
{
𝐿𝐶𝐵𝑖 (𝑘𝑖 , 𝛿), 𝑖 ≠ 𝑖𝑡 ,

𝑓𝑖𝑡 (𝑥
P𝑖𝑡
𝑘𝑖𝑡 +1

) − 𝑔𝑖𝑡 (𝑘𝑖𝑡 + 1, 𝛿), 𝑖 = 𝑖𝑡 .

7: if 𝑔𝑖𝑡 (𝑘𝑖𝑡+1, 𝛿) < 𝜀
2
then

8: return 𝑓𝑖𝑡
9: end if
10: Increase iteration counter for the played arm: 𝑘𝑖𝑡 := 𝑘𝑖𝑡 + 1.

11: end for

The main idea of Algorithm 1 is to treat base optimization algo-

rithm’s convergence rate as confidence intervals to construct the

lower confidence bound on the objective value of the chosen arm.

So, the overall scheme is as follows: each optimization problem P𝑖
defined by (𝑓𝑖 ,X𝑖 ) equipped with 𝑔𝑖 (𝑘, 𝛿)-bounded algorithm A𝑖 ,

suitable for P𝑖 problem class. Then, at each time step 𝑡 , our algo-

rithm chooses the 𝑖𝑡 -th arm. Therefore, we run an iteration of A𝑖𝑡
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based on the current optimistic estimation 𝐿𝐶𝐵𝑖 (𝑥P𝑖𝑡 ) of the corre-
sponding objectives’ optimal values 𝑓 ∗

𝑖𝑡
.

Remark 2. If 𝑓𝑖 (𝑥), 1 ≤ 𝑖 ≤ 𝐾 , is accessed by an inexact ora-
cle O𝑖 , the oracle should be sampled multiple times at each point. The
corresponding algorithm A𝑖 usually controls the number of samples.

Remark 3. In F-LCB, each iteration simultaneously reduces un-
certainty and expected regret. Thus, the LCB index acts as a unified
criterion that is both regret-optimal and information-optimal (up to
logarithmic factors), allowing the BFI stopping criterion to integrate
naturally without distinct exploration phases.

This is a direct application of ideas introduced in the seminal

paper [3] if one uses convergence rates for optimization algorithms

instead of concentration rates of statistical estimators. This ap-

proach was proposed in [10] for MAB with heavy tails. Note that

one could use different base optimization algorithms A𝑖 for differ-

ent 𝑖 . Next, we present the regret rates for the F-LCB algorithm in

Table 1, which are proved formally in Sections 4.1.

Table 1: Summary of regrets 𝑅𝑂 and 𝑅𝐵 rates for BFI and
FMAB problems in the deterministic setup. The proofs for
these rates are follows from Theorem 4.3. Here, we assume
that functions 𝑓𝑖 belong to the same class and base optimizers
A𝑖 are the same and equal to those reported in column 2.
PGD denotes Projected Gradient Descent, and AGD denotes
Accelerated Gradient Descent, and 𝜅 = 𝐿

𝜇 .

Function Base optimizer 𝑔(𝑘) # iter for 𝑅𝐵 ≤ 𝜀 𝑅𝑂 (𝑇 )

Convex𝑀-Lipschitz PGD 𝑅𝑀√
𝑘

𝐾∑
𝑖=1

⌈
𝑀2

𝑖 𝑅
2

𝑖

max(𝑓 ∗
𝑖
−𝑓 ∗− 𝜀

2
, 𝜀
2
)2

⌉
𝑂

(√︃
𝑇 · ∑𝐾

𝑖=1𝑀
2

𝑖
𝑅2
𝑖

)
Convex 𝐿-smooth AGD 𝐿𝑅2

𝑘2

𝐾∑
𝑖=1

⌈√︂
𝐿𝑖𝑅

2

𝑖

max(𝑓 ∗
𝑖
−𝑓 ∗− 𝜀

2
, 𝜀
2
)

⌉
𝑂

(
𝐾∑
𝑖=1

𝐿𝑖𝑅
2

𝑖

)
𝜇-strongly convex𝑀-Lipschitz PGD 𝑀2

𝜇𝑘

𝐾∑
𝑖=1

⌈
𝑀2

𝑖

𝜇𝑖 max(𝑓 ∗
𝑖
−𝑓 ∗− 𝜀

2
, 𝜀
2
)

⌉
𝑂

((
𝐾∑
𝑖=1

𝑀2

𝑖

𝜇𝑖

)
log𝑇

)
𝜇-strongly convex 𝐿-smooth AGD 𝑅2 exp{− 𝑘√

𝜅
}

𝐾∑
𝑖=1

⌈√
𝜅 log

(
𝑅2

𝑖

max(𝑓 ∗
𝑖
−𝑓 ∗− 𝜀

2
, 𝜀
2
)

)⌉
𝑂

(
𝐾∑
𝑖=1

𝑅2

𝑖

exp

{
1√
𝜅𝑖

}
−1

)

4.1 Determenistic case
This section presents the regret bounds for FMAB and BFI problems

in terms of the convergence rates 𝑔𝑖 (𝑘) for the base optimizers A𝑖

equipped with the deterministic oracles. After that, the substitution

of the particular forms of 𝑔𝑖 (𝑘) = 𝑔(𝑘) corresponding to the base

optimizer (AGD or PGD) leads to the regret bounds from Table 1.

FMAB. This paragraph focuses on the deterministic FMAB prob-

lem, which aims to minimize the regret 𝑅𝑂 (2). Lemma 4.2 shows

how to bound 𝑅𝑂 in general for 𝑔𝑖 (𝑘)-bounded base optimizers.

Theorem 4.3 specializes this result to the case where all functions

𝑔𝑖 (𝑘) decrease at the same polynomial rate, i.e., scale with a com-

mon convergence rate 𝑟 .

Lemma 4.2. Assume A𝑖 (𝑖 = 1, . . . , 𝐾) be 𝑔𝑖 (𝑘)-bounded base
algorithms. Then for Algorithm 1 for all 𝜏 ∈ 1,𝑇 holds:

𝑅𝑂 (𝜏) ≤
𝜏∑︁
𝑡=1

𝑔𝑖𝑡 (𝑘𝑖𝑡 ,𝑡 ) =
𝐾∑︁
𝑖=1

𝑘𝑖,𝜏∑︁
𝑘=1

𝑔𝑖 (𝑘), (11)

where 𝑘𝑖,𝑡 is a number of calls for the 𝑖-th function by time 𝑡 .

Proof. Let 𝑖𝑡 be the arm selected at time 𝑡 . Then, its LCB value

is the smallest one among the arms. That is, for all 𝑗 :

𝐿𝐶𝐵𝑖𝑡 (𝑘𝑖𝑡 ,𝑡 ) = 𝑓𝑖𝑡 (𝑥𝑖𝑡 ,𝑘𝑖𝑡 ,𝑡 ) − 𝑔𝑖𝑡 (𝑘𝑖𝑡 ,𝑡 ) ≤

≤ 𝑓𝑗 (𝑥 𝑗,𝑘 𝑗,𝑡 ) − 𝑔 𝑗 (𝑘 𝑗,𝑡 ) ≤ 𝑓 ∗𝑗 .

In particular, this holds w.r.t. the best arm, yielding an estimate

of the per-step regret:

𝑓𝑖𝑡 (𝑥𝑖𝑡 ,𝑘𝑖𝑡 ,𝑡 ) − 𝑔𝑖𝑡 (𝑘𝑖𝑡 ,𝑡 ) ≤ 𝑓 ∗ ⇒ 𝑓𝑖𝑡 (𝑥𝑖𝑡 ,𝑘𝑖𝑡 ,𝑡 ) − 𝑓 ∗
(★)
≤ 𝑔𝑖𝑡 (𝑘𝑖𝑡 ,𝑡 ).

(12)

Summing up inequality (★) for 𝑡 = 1, . . . , 𝜏 we get regret rate:

𝜏∑︁
𝑡=1

𝑓𝑖𝑡 (𝑥𝑖𝑡 ,𝑘𝑖𝑡 ) − 𝑓 ∗
(1)
≤

𝜏∑︁
𝑡=1

𝑔𝑖𝑡 (𝑘𝑖𝑡 )
(2)
=

𝐾∑︁
𝑖=1

𝑘𝑖,𝜏∑︁
𝑡=1

𝑔𝑖 (𝑡) . (13)

Equality (2) is obtained by grouping terms over arms. □

Theorem 4.3. Let 𝑟 > 0. Assume A𝑖 (𝑖 = 1, . . . , 𝐾) are 𝑔𝑖 (𝑘)-
bounded base algorithms with 𝑔𝑖 (𝑘) = 𝛽𝑖

𝑘𝑟
. Then for Algorithm 1, for

all 𝜏 ∈ 1,𝑇 the following regret bounds hold:

• if 𝑟 ∈ (0, 1): 𝑅𝑂 (𝜏) ≤ 𝑂
((∑𝐾

𝑖=1 𝛽
1

𝑟

𝑖

)𝑟
𝜏1−𝑟

)
;

• if 𝑟 = 1: 𝑅𝑂 (𝜏) ≤ 𝑂
(∑𝐾

𝑖=1 𝛽𝑖 log𝜏

)
;

• if 𝑟 > 1: 𝑅𝑂 (𝜏) ≤ 𝑂
(∑𝐾

𝑖=1 𝛽𝑖

)
.

Proof idea. The bounds follow from summing the convergence rates∑
𝛽𝑖𝑘

−𝑟
𝑖

and applying Hölder’s inequality subject to the budget

constraint

∑
𝑘𝑖 ≤ 𝜏 for each regime of 𝑟 .

BFI. This paragraph focuses on the deterministic BFI problem,

which aims to minimize the regret 𝑅𝐵 (3). Theorem 4.4 shows how

many steps are required for Algorithm 1 to get 𝑅𝐵 smaller than 𝜀

from the selected 𝑔𝑖 (𝑘)-bounded base optimizers.

Theorem 4.4. Consider a deterministic BFI problem. We denote by
𝑓 ∗ = min

1≤𝑖≤𝑘 𝑓
∗
𝑖
. To achieve regret 𝑅𝐵 (𝑇 ) = min

𝑥∈D𝐽𝑇

𝑓𝐽𝑇 (𝑥)− 𝑓 ∗ ≤ 𝜀,

Algorithm 1 requires at most

𝑇 = 1 +
𝑘∑︁
𝑖=1

𝑔−1𝑖
(
max

[
𝑓 ∗𝑖 − 𝑓 ∗ − 𝜀

2

,
𝜀

2

] )
(14)

iterations, where 𝑔−1
𝑖

(𝜀) ≜ min{𝜏 | 𝑓𝑖 (𝑥𝑡 ) − 𝑓 ∗𝑖 ≤ 𝜀, ∀𝑡 ≥ 𝜏}.

Proof. Assume without loss of generality that 𝑓 ∗ = 𝑓 ∗
1
. Let 𝑘𝑖,𝑡

denote the total number of times 𝑓𝑖 is updated in Algorithm 1

(line 6) by iteration 𝑡 . Then, since in every iteration of Algorithm 1

only one function is updated, the number of iterations 𝑇 can be

computed as 𝑇 =
∑𝐾
𝑖=1 𝑘𝑖,𝑇 . Note that from the definition 4.1 it

follows that for all 𝑘1,𝑡 ≥ 1, we have 𝑓1 (𝑥1,𝑡 ) − 𝑔1 (𝑘1,𝑡 ) ≤ 𝑓 ∗
1

=

𝑓 ∗. At step 𝑇 − 1 =
∑𝐾
𝑖=1 𝑘𝑖,𝑇−1, there exists a subproblem P𝑗

such that the corresponding function 𝑓𝑗 was updated at least 𝑘∗
𝑗
=

𝑔−1
𝑗

(max(𝑓 ∗
𝑗
− 𝑓 ∗ − 𝜀

2
, 𝜀
2
)) times, i.e. 𝑘 𝑗,𝑇−1 ≥ 𝑘∗

𝑗
, since, otherwise,∑𝑘

𝑖=1 𝑘𝑖,𝑇−1 < 𝑇 − 1. Note that if 𝑘 𝑗,𝑡 ≥ 𝑘∗𝑗 , then

𝑔 𝑗 (𝑘 𝑗,𝑡 ) ≤ 𝑔 𝑗 (𝑘∗𝑗 ), (15)

which means the larger the number of iterations, the smaller the

gap between 𝑓𝑗 and 𝑓
∗
𝑗
.
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Let us show that if Algorithm 1 selects function 𝑓𝑗 (line 6) after
making exactly 𝑘 𝑗,𝑡 = 𝑘

∗
𝑗
corresponding updates, then it reaches the

stopping criterion (lines 7-9) and returns 𝑓𝑗 such that 𝑓 ∗
𝑗
− 𝑓 ∗ ≤ 𝜀.

According to lines 4 in Algorithm 1 the following inequality holds:

𝑓𝑗 (𝑥 𝑗,𝑡 ) − 𝑔 𝑗 (𝑘 𝑗,𝑡 ) ≤ 𝑓1 (𝑥1,𝑡 ) − 𝑔1 (𝑘1,𝑡 ) ≤ 𝑓 ∗
1
= 𝑓 ∗ . (16)

If 𝑓 ∗
𝑗
− 𝑓 ∗ > 𝜀, then max(𝑓 ∗

𝑗
− 𝑓 ∗ − 𝜀

2
, 𝜀
2
) = 𝑓 ∗

𝑗
− 𝑓 ∗ − 𝜀

2
and

𝑔(𝑘∗
𝑗
) = 𝑓 ∗

𝑗
− 𝑓 ∗ − 𝜀

2
. Taking into account the inequality (15), we

have the following inequalities:

𝑓𝑗 (𝑥 𝑗,𝑡 ) − 𝑔 𝑗 (𝑘 𝑗,𝑡 ) ≥ 𝑓𝑗 (𝑥 𝑗,𝑡 ) − 𝑔 𝑗 (𝑘∗𝑗 ) =

= 𝑓𝑗 (𝑥 𝑗,𝑡 ) − (𝑓 ∗𝑗 − 𝑓 ∗
1
− 𝜀

2

) = 𝑓 ∗
1
+ (𝑓𝑗 (𝑥 𝑗,𝑡 ) − 𝑓 ∗𝑗 ) +

𝜀

2

≥

≥ 𝑓 ∗
1
+ 𝜀

2

.

(17)

Thus, we have a contradiction with inequality (16), and conclude

that 𝑓 ∗
𝑗
− 𝑓 ∗ ≤ 𝜀. Therefore, max(𝑓 ∗

𝑗
− 𝑓 ∗ − 𝜀

2
, 𝜀
2
) = 𝜀

2
, 𝑘∗
𝑗
= 𝑔−1

𝑗
( 𝜀
2
)

and the stopping criterion (lines 7-9) holds. So, we demonstrate

that 𝑘𝑖,𝑡 ≤ 𝑘∗𝑖 , 𝑖 = 1, . . . , 𝐾 . Thus, if the stopping criterion was not

reached before iteration 𝑇 − 1, then Algorithm 1 made exactly 𝑘∗
𝑖

updates of function 𝑓𝑖 for 𝑖 = 1, . . . , 𝐾 by the iteration 𝑇 − 1. After

that, in the iteration𝑇 , Algorithm 1 selects and returns 𝑓𝑗 such that

𝑘 𝑗,𝑇−1 = 𝑘∗𝑗 , and the stopping criterion holds. □

Corollary 4.5 (BFI polynomial). If for each base algorithm

𝑔𝑖 (𝑘) = 𝛽𝑖
𝑘𝑟

with 𝑟 > 0, 𝛽𝑖 > 0. Then 𝑔−1
𝑖

(𝜀) = min

{
𝜏 | 𝛽𝑖𝜏𝑟 ≤ 𝜀

}
=⌈(

𝛽𝑖
𝜀

)
1/𝑟 ⌉

, and to achieve 𝑅𝐵 (𝑇 ) ≤ 𝜀 Algorithm 1 requires at most 𝑇

iterations, where 𝑇 = 1 + ∑𝑘
𝑖=1

⌈(
𝛽𝑖

max

{
𝑓 ∗
𝑖
−𝑓 ∗− 𝜀

2
, 𝜀
2

} )
1/𝑟 ⌉

.

4.2 Stochastic case
This section presents bounds for regrets 𝑅𝑂 and 𝑅𝐵 , if 𝑔𝑖 (𝑘, 𝛿)-
bounded base optimizers use inexact oracles. After that, we consider

particular classes of functions 𝑓𝑖 , select the corresponding 𝑔(𝑘, 𝛿)-
bounded base optimizers, and derive the final regret bounds.

FMAB. To prove the bound for 𝑅𝑂 regret, we define a clean event
as follows: E

clean
≜

⋂
𝑖∈[𝐾 ],𝑡 ∈[𝑇 ]

{
𝑓𝑖 (𝑥𝑖,𝑡 ) − 𝑓 ∗𝑖 ≤ 𝑔(𝑘𝑖,𝑡 , 𝛿)

}
The probability of this event can be bounded from below. Indeed,

if the concentration inequality P
[
𝑓𝑖 (𝑥𝑖,𝑡 ) − 𝑓 ∗𝑖 ≥ 𝑔(𝑘𝑖,𝑡 , 𝛿)

]
≤ 𝛿

holds, then applying the union bound, we get: P[E
clean

] ≥ 1−𝑇𝐾𝛿 .

Conjecture 4.6. Functions 𝑓𝑖 are bounded above, i.e.
max1≤𝑖≤𝐾 max𝑥𝑖 ∈𝐷𝑖 𝑓𝑖 (𝑥𝑖 ) ≤ 𝐴.

With Assumption 4.6, we get the following regret bound:

E[𝑅𝑂 (𝑇 )] ≤ E[𝑅𝑂 (𝑇 ) | E
clean

] + 𝐾𝑇 2𝐴𝛿. (18)

Lemma 4.7. Assume A𝑖 be 𝑔𝑖 (𝑘, 𝛿)-bounded algorithms for the
corresponding problem min𝑥∈D𝑖 𝑓𝑖 (𝑥) for each 1 ≤ 𝑖 ≤ 𝐾 . Then for
Algorithm 1 the following inequality holds:

E [𝑅𝑂 (𝑇 )] ≤ E


𝐾∑︁
𝑖=1

𝑘𝑖,𝑇∑︁
𝑡=1

𝑔𝑖 (𝑡, 𝛿)
�����Eclean

 + 𝛿𝐾𝑇 2 · 𝐴, (19)

where 𝐴 = max1≤𝑖≤𝐾 max𝑥𝑖 ∈𝐷𝑖 𝑓𝑖 (𝑥𝑖 ).

Proof idea. Expected regret (18) under a complement to a clean

event is lower than 𝛿𝐾𝑇 2𝐴. In the conditions of a clean event, for

all realizations of the optimization process, the regret is bounded

as in Theorem 4.2. It only remains to add them up according to (11).

Here, expectation is over realization in a clean event. □
(The complete proof is presented in Appendix B.1 in [11].

Theorem 4.8. Let 𝑟 > 0. Assume A𝑖 (𝑖 = 1, . . . , 𝐾) are 𝑔𝑖 (𝑘, 𝛿)-
bounded base algorithms with 𝑔𝑖 (𝑘, 𝛿) = 𝛽𝑖

𝑘𝑟
𝑐 (𝛿). set 𝛿 = 1

𝐾𝑇 2𝐴
. Then

for Algorithm 1, for all 𝜏 ∈ 1,𝑇 the following regret bounds hold:

• if 𝑟 ∈ (0, 1): 𝑅𝑂 (𝜏) ≤ 𝑂
((∑𝐾

𝑖=1 𝛽
1

𝑟

𝑖

)𝑟
𝜏1−𝑟𝑐 ( 1

𝐾𝑇 2𝐴
)
)
;

• if 𝑟 = 1: 𝑅𝑂 (𝜏) ≤ 𝑂
(∑𝐾

𝑖=1 𝛽𝑖 log(𝜏)𝑐 (
1

𝐾𝑇 2𝐴
)
)
;

• if 𝑟 > 1: 𝑅𝑂 (𝜏) ≤ 𝑂
(
(∑𝐾

𝑖=1 𝛽𝑖 )𝑐 (
1

𝐾𝑇 2𝐴
)
)
.

The multiplier 𝑐 (𝛿) typically grows at most polylogarithmically

with respect to
1

𝛿
, i.e. 𝑐 (𝛿) = polylog

(
1

𝛿

)
, as is standard in high-

probability convergence bounds for stochastic first-order methods

(see, e.g., [22, 31]). Consequently, 𝛿 can be chosen to decay poly-

nomially with 𝑇 to ensure that the additive term 𝛿𝐾𝑇 2𝐴 remains

negligible compared to the main regret term, while only affect-

ing 𝑐 (𝛿) by a logarithmic factor.

Further, we consider algorithms from [22, 31] with known con-

vergence rates 𝑔(𝑡, 𝛿). These algorithms are developed for uncon-

strained stochastic optimization problems that typically appear in

applications [42]. Logarithmic factors in the complexity bounds

are omitted for clarity. Convergence guarantees of considered algo-

rithms rely on the following assumptions.

Conjecture 4.9. The algorithm A𝑖 has access to the unbiased
stochastic first-order oracle, returning𝐺𝑖 (𝑥, 𝜉). There exists a setX𝑖 ∈
R𝑑 and values 𝜎 ≥ 0, 𝛼 ∈ (1, 2] such that for all 𝑥 ∈ X𝑖 :
E𝜉 [∥𝐺𝑖 (𝑥, 𝜉) − ∇𝑓𝑖 (𝑥)∥𝛼 ] ≤ 𝜎𝛼 .

Conjecture 4.10. For any 𝑥 we have:
E exp{∥𝐺𝑖 (𝑥, 𝜉) − ∇𝑓𝑖 (𝑥)∥2/𝜎2𝑖 } ≤ 1.

The resulting 𝑅𝑂 regret bounds for the stochastic setup are sum-

marized in Table 2. The proofs for these bounds are based on Theo-

rem 4.8, available 𝑔(𝑘, 𝛿) in base optimizers.

Remark 4. In the stochastic assumptions, 𝛼 ∈ (1, 2] characterizes
the noise distribution. For the considered base algorithms, the conver-
gence rate parameter 𝑟 is an explicit function of 𝛼 : for clipped-SSTM
(convex problems) 𝑟 = 1 − 1

𝛼 , and for R-clipped-SSTM (strongly

convex problems) 𝑟 = 2

(
1 − 1

𝛼

)
.

5 NUMERICAL EXPERIMENTS
To illustrate the performance of the proposed approach, we consider

synthetic test cases for convex smooth and nonsmooth functions.

The case of smooth convex functions with inexact first-order oracles

is also included in our experimental evaluation. Finally, we consider

the CIFAR100 image classification task and use the F-LCB algorithm

to automatically identify the best neural network from the given

candidate set. We share the source code in the repository at https:

//github.com/IAIOnline/FMAB to reproduce the presented results.
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Table 2: Regret bounds for FMAB problem in the stochas-
tic case. All algorithms require Assumption 4.6. SSTM algo-
rithms [31] require Assumption 4.9 (𝛼 ∈ (1, 2]). AGD [22]
requires Assumption 4.9 (𝛼 = 2) and Assumption 4.10.

Function Base optimizer 𝑅𝑂 (𝑇 )

Convex 𝐿-smooth clipped-SSTM 𝑂

(
max

[
𝐾𝐿𝑅2, 𝛼𝜎𝑅𝐾1− 1

𝛼 𝑇
1

𝛼 log(𝐴𝐾𝑇 )
] )

𝜇-strongly convex, 𝐿-smooth R-clipped-SSTM 𝑂

(
max

[
𝐾

√︃
𝐿
𝜇 ,
𝜎2

𝜇 𝐾
2
𝛼−1
𝛼 𝑇

2

𝛼
−1

log(𝐴𝐾𝑇 )
] )

𝜇-strongly convex,𝑀-Lipschitz AGD 𝑂

(√
𝐾𝑇𝜎𝑅 log (𝐴𝐾𝑇 )

)
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Figure 1: Dependence of cumulative regret (upper left), con-
vergence rate (upper right), and function values (bottom) on
iterations of F-LCB algorithms for FMAB setup with smooth
convex functions (20). Regret stops increasing after 75 itera-
tions, and F-LCBminimizes only 𝑓1 with 𝑓 ∗

1
< 𝑓 ∗

2
and 𝑓 ∗

1
< 𝑓 ∗

3
.

5.1 FMAB: smooth convex functions
We consider the following set of smooth convex functions:

𝑓𝑖 (x) =
√︃
1 + (x − x∗

𝑖
)⊤𝚺𝑖 (x − x∗

𝑖
) + 𝑐𝑖 , (20)

where 𝚺𝑖 = diag(𝜎1, . . . , 𝜎𝑑 ) is a diagonal matrix, where 𝜎𝑖 > 0. We

set 𝜎1 = 1 and 𝜎𝑖 = exp(−5𝜉), where 𝜉 ∼ 𝑈 [0, 1] for 𝑖 = 2, . . . , 𝑑 .

Here, functions are not strongly convex but have a Lipschits gra-

dient with 𝐿𝑖 = max𝑖=1,...,𝑑 𝜎𝑖 . We use accelerated gradient de-

scent [27, 37] as a base optimizer in this setup. According to [38],

the function 𝑔 has the following form for this base optimizer:

𝑔𝑖 (𝑡) = 2𝐿𝑖 ∥x0,𝑖−x★∥2
𝑡2+5𝑡+6 and hense the regret is bounded by constant

𝑂 (𝐾𝐿𝑅2). We generate 𝐾 = 3 instances of functions with 𝑑 = 20

and run the algorithm for𝑇 = 200 steps. Figure 1 shows that F-LCB
algorithm automatically selects the function with the smallest opti-

mal value. After some iterations, it minimizes only this function,

while the target variables for other functions are not updated. The

stepwise decreasing of 𝑓3 in Figure 1c illustrates such behavior.

Thus, F-LCB identifies the smooth convex function 𝑓1 among other

similar functions {𝑓2, 𝑓3} such that 𝑓 ∗
1
< 𝑓 ∗

2
and 𝑓 ∗

1
< 𝑓 ∗

3
.
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Figure 2: Dependence of cumulative regret (upper left), con-
vergence rate (upper right), and functions values (bottom)
on the number of iterations of F-LCB for FMAB setup with
nonsmooth convex functions (21). The function 𝑓1 with the
smallest minimal value is identified, and the smallest mini-
mum 𝑓 ∗

1
= 0.5 is achieved. Spikes in plots (b) and (c) indicate

the switching between the minimization of {𝑓1, 𝑓2, 𝑓3}.

5.2 FMAB: nonsmooth convex functions
To illustrate the performance of our algorithm in the nonsmooth

convex setup, we consider piece-wise linear functions with feasible

sets 𝐷𝑖 = [−4, 4]𝑑 and 𝑑 = 20:

𝑓𝑖 (x) = max

𝑘=1,...,𝑝
(a⊤
𝑘𝑖
x + 𝑏𝑖

𝑘
) + 𝑐𝑖 . (21)

We consider 𝐾 = 3 functions and run the algorithm for 𝑇 = 1000

steps. We use 𝑝 = {5, 10, 12} linear functions for given minimal

values {0.5, 1, 1.5} respectively. We use the Subgradient Method

with Triple Averaging [28] as a base optimizer for such functions.

For this base optimizer, we have 𝑔𝑖 (𝑡) = 𝑀𝑖𝑅𝑖√
𝑡
. Hence, cumulative

regret is bounded by𝑂

(
𝑅𝑀

√
𝐾𝑇

)
. The resulting cumulative regret

and function values are presented in Figure 2. The convergence of

F-LCB demonstrates that the minimization process for the target

objective function 𝑓1 leads to faster convergence to the minimum.

5.3 FMAB: smooth convex functions with
inexact oracle

To emulate the inexact oracle in the smooth convex setup, we

consider functions (20) but add noise to the gradients. The gra-

dient estimate is computed as 𝐺𝑖 (x, 𝜉) = ∇𝑓𝑖 (x) + 𝜎𝑖√
𝑑
𝜉 , where

𝜉 ∼ N(0, 𝐼 ). We use stochastic accelerated gradient descent as a

base optimizer and parameters from proposition 4.5 in [22] that give

E[𝑓 (x𝑡 )] − 𝑓 ∗ ≤ 𝑂 (1)
(
2𝛾𝑅 + 4

√
2(𝑀2+𝜎2 )

3𝛾

)
1√
𝑡
. We consider 𝐾 = 3

functions, 𝑇 = 1500 steps, dimension 𝑑 = 20 and 𝜎 = 2. Figure 3

shows that although gradient is inexact, our algorithm finds the best
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Table 3: Summary of se-
lected neural networks for
image clsssification task
used to evaluate the F-LCB.
The models are ranked ac-
cording to their Top-1 accu-
racy on the validation set.

Model top-1 acc, % # params, ·106

mobilenetv2_x1_4 75.98 4.50

mobilenetv2_x1_0 74.20 2.35

shufflenetv2_x1_5 73.91 2.58

mobilenetv2_x0_75 73.61 1.48

resnet56 72.63 0.86

shufflenetv2_x1_0 72.39 1.36

resnet44 71.63 0.67

mobilenetv2_x0_5 70.88 0.82

resnet32 70.16 0.47

resnet20 68.83 0.28

Table 4: Mean rank of the
best model selected by each
algorithm. The closer the
rank to one, the better the
algorithm works. F-LCB
algorithm demonstrates
strong performance for
tested budgets. The small-
est mean model ranks are
bold. SH denotes the Succes-
siveHalving algorithm.

Budget, 𝑇 Hyperband SH F-LCB

50 4.6 ± 2.7 2.5 ± 0.9 2.2 ± 2.7
100 3.4 ± 3.2 2.9 ± 0.5 1.1 ± 0.3
200 3.8 ± 2.9 1.1 ± 0.3 1.1 ± 0.3
350 1.7 ± 0.9 1.0 ± 0.0 1.0 ± 0.0
500 2.7 ± 2.2 1.0 ± 0.0 1.0 ± 0.0

function. In contract to the deterministic setup, the convergence

curves shown in Figure 3b are less distinguished. However, Fig-

ure 3c shows that F-LCB pays more attention to the minimization

of 𝑓1 rather than 𝑓2 or 𝑓3.
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Figure 3: Dependence of cumulative regret (upper left), con-
vergence rate (upper right), and functions values (bottom)
on iterations of the F-LCB algorithm in the FMAB setup for
smooth convex functions with inexact oracles. The best func-
tion is found automatically even if the initial guess is poor.

5.4 BFI: neural network selection
We compare the performance of our algorithmwith SuccessiveHalv-
ing [17] (denoted as SH) and Hyperband [24] methods. We evaluate

how well these algorithms can distinguish between neural net-

work architectures with similar performance. We consider models

for the image classification task and train them in the CIFAR-100

dataset [21] on the single GPU P100. The selected models have

fewer than 5M parameters and are represented as arms in the BFI

problem. Table 3 provides a summary of the selected models.

LCB estimation. In this setup, the pull of the 𝑖-th arm is 40 updates

of the 𝑖-th model parameters. After that, the validation loss and

accuracy are computed to update the corresponding LCBs. Since

training neural networks is a non-convex problem, convergence

guarantees do not directly apply. Therefore, to define the function 𝑔,

we use a heuristic approach inspired by the stochastic optimization

theory [22]. In particular, we define 𝑔(𝑡) =
2·𝑓𝑖 (𝑥1,𝑖 )√

𝑡
, where the

nominator estimates the maximum function deviation during the

training process, and 𝑥1,𝑖 is obtained after the first 40 updates. Since

the training process could lead to a large variance in validation

losses, we compute the LCBs based on the best validation loss for

each model computed before the current step. (More details about

the experimental setup and used hyperparameters are presented in

Appendix C of [11]).

Results. The experimental comparison of the F-LCB algorithm

is presented in Table 4, where the mean and standard deviation

of the selected model rank are reported. Each algorithm run is

repeated 10 times. These ranks demonstrate that F-LCB can iden-

tify the best model using a smaller training budget. The selected

models provide the smallest validation loss for each budget and

algorithm. In contrast to the competitors, F-LCB does not discard

models permanently. Since Hyperband runs SH multiple times and

splits the budget between them, it shows poor performance. The

parameters for Hyperband are chosen so that the total training

steps are approximately equal to the given budget.

6 CONCLUSION AND LIMITATIONS
This work investigates strategies for the functional multi-armed

bandit problem (FMAB) and for best function identification (BFI).

We propose a UCB-type algorithm that uses basic optimizers with

known large deviation bounds to construct LCB estimates. It es-

tablishes regret rate guarantees for FMAB and BFI problems that

match corresponding lower bounds up to a logarithmic factor. Ex-

tensive experimental evaluation demonstrates the efficiency of the

proposed F-LCB algorithm. First, our approach identifies the best

functions among smooth and non-smooth functions with base opti-

mizers equipped with deterministic oracles. Second, we show that

F-LCB can process the base optimizer with an inexact oracle for

smooth objective functions. Finally, we compare F-LCB with Suc-

cessiveHalving and Hyperband to identify the best neural network

for the given task. Our method outperforms competitors if a small

computing budget is available. In settings with moderate or large

budgets, F-LCB performs similarly to competitors and identifies

the best model for the task.

Limitations. Our approach requires the function 𝑔(𝑘, 𝛿) for the
base optimizer, since 𝑔(𝑘, 𝛿) is directly used for LCB computation.

Therefore, one must know the objective’s functional class and con-

vergence rates for the base algorithm in advance. One also needs

to observe objective values or their approximations. This require-

ment is satisfied for most classical ML models and corresponding

training algorithms. However, it often fails for NN-based models

since there are no convergence rates (in terms of objective value)

for algorithms used for NN training aligned with definition 4.1.
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