Research Paper Track

AAMAS 2026, May 25-29, 2026, Paphos, Cyprus

Approximating Nash Equilibria in General-Sum Games via

Meta-Learning
David Sychrovsky Christopher Solinas Revan MacQueen
Charles University & EquiLibre University of Alberta Alberta Machine Intelligence Institute
Technologies Edmonton, Canada Edmonton, Canada

Prague, Czechia
sychrovsky@kam.mff.cuni.cz

Kevin Wang
Brown University
Providence, United States
kevin_a_wang@brown.edu

solinas@ualberta.ca

James R. Wright
University of Alberta
Edmonton, Canada
james.wright@ualberta.ca

revan.macqueen(@amii.ca

Nathan R. Sturtevant
University of Alberta
Edmonton, Canada
nathanst@ualberta.ca

Michael Bowling
University of Alberta
Edmonton, Canada
mbowling@ualberta.ca

ABSTRACT

Nash equilibrium is perhaps the best-known solution concept in
game theory. Such a solution assigns a strategy to each player
which offers no incentive to unilaterally deviate. While a Nash
equilibrium is guaranteed to always exist, the problem of finding
one in general-sum games is PPAD-complete, generally consid-
ered intractable. Regret minimization is an efficient framework for
approximating Nash equilibria in two-player zero-sum games. How-
ever, in general-sum games, such algorithms are only guaranteed
to converge to a coarse-correlated equilibrium (CCE), a solution
concept where players can correlate their strategies. In this work,
we use meta-learning to minimize the correlations in strategies
produced by a regret minimizer. This encourages the regret mini-
mizer to find strategies that are closer to a Nash equilibrium. The
meta-learned regret minimizer is still guaranteed to converge to a
CCE, but we give a bound on the distance to Nash equilibrium in
terms of our meta-loss. We evaluate our approach in general-sum
imperfect information games. Our algorithms provide significantly
better approximations of Nash equilibria than state-of-the-art regret
minimization techniques.
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1 INTRODUCTION

The Nash equilibrium is one of the most influential solution con-
cepts in game theory. A strategy profile is a Nash equilibrium
if it has the guarantee that no player can benefit by unilaterally
deviating from it. The robustness of this guarantee means that
Nash equilibria have applications in many domains ranging from
economics [33, 47] to machine learning [22]. Finding an efficient
algorithm for computing Nash equilibria has attracted much at-
tention [11, 25, 31, 34, 41]. However, it was shown that, in its full
generality, finding a Nash equilibrium is PPAD-complete [13, 39].
Many related decision problems, such as ‘Is a given action in the
support of a Nash equilibrium?’, are NP-complete [21].

Despite these negative results, computing Nash equilibria in
special classes of games, in particular two-player zero-sum games,
is tractable. In this setting, regret minimization has become the
dominant approach for finding Nash equilibria [38]. This framework
casts each player as an independent online learner who repeatedly
interacts with the game, selecting strategies according to dynamics
that lead to sublinear growth of their accumulated regret. Regret
minimizers guarantee convergence to Nash equilibria in two-player
zero-sum games, and are the basis for many significant results in
imperfect information games [4, 5, 7, 10, 35, 42].

Outside the two-player zero-sum setting, regret minimization
algorithms are no longer guaranteed to converge to a Nash equilib-
rium. Instead, a regret minimizer’s empirical distribution of play
converges to a coarse-correlated equilibrium (CCE) [23, 24]. The
CCE is a relaxed equilibrium concept, which gives a distribution
over the outcomes of the game such that it isn’t beneficial for any
player to deviate from it. If this distribution is uncorrelated, mean-
ing it can be expressed as a profile of independent strategies, it is
also a Nash equilibrium. As such, Nash equilibria form a subset
of CCEs, for which the outcome distribution can be marginalized
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into strategies of the individual players. The degree to which a
CCE is correlated, or how much a player can infer about the ac-
tions of other players given their action, can be formalized by total
correlation [48].

A recently proposed learning not to regret framework allows one
to meta-learn a regret minimizer to optimize a specified objective,
while keeping regret minimization guarantees [44]. Their goal was
to accelerate the empirical convergence rate on a distribution of
black-box tasks. In this work, we meta-learn predictions that opti-
mize an alternative meta-objective: minimizing correlation in the
players’ strategies. The resulting algorithm is still guaranteed to
converge to a CCE, and is meta-learned to empirically converge to
a Nash equilibrium on a distribution of interest. If the support of
the distribution doesn’t include all general-sum games, the problem
of finding Nash may be tractable even if PZPPAD. We further show
this approach is sound by providing a bound on the distance to
a Nash equilibrium in terms of our meta-objective. We evaluate
our approach in general-sum imperfect information games. Our
algorithms provide significantly better approximations of Nash
equilibria than state-of-the-art regret minimization techniques.

1.1 Related Work

The Nash equilibrium is one of the oldest solution concepts in
game theory. Thanks to its many appealing properties, developing
efficient algorithms for approximating Nash equilibria has seen
much attention [3, 14-16, 26, 30]. Furthermore, it was shown that,
unless P = NP, polynomial algorithms for finding all Nash equilibria
cannot exist [21]. This negative result suggests that there are games
for which finding a Nash equilibrium requires enumerating all
possible strategies — an amount exponential in the number of
actions.

The Lemke-Howson algorithm [29] is one such algorithm, which
provably finds a Nash equilibrium of two-player general-sum games
in normal-form. It works by constructing a path on an abstract poly-
hedron, which is guaranteed to terminate at the Nash equilibrium.
Similar to the simplex method [37], the path may be exponentially
long in some games. However, such games are empirically rare [12].
Several modifications of the Lemke-Howson algorithm were pro-
posed to improve its empirical performance [12, 19]. However, the
algorithm cannot work with games in extensive-form. When con-
verted to normal-form, the size of the game increases exponentially,
making these algorithms scale very poorly.

Regret minimization is a powerful framework for online con-
vex optimization [38, 51], with regret matching as one of the most
popular algorithms in game applications [24]. Counterfactual re-
gret minimization enables the use of regret matching in sequen-
tial decision-making, by decomposing the full regret to individual
states [52]. In two-player zero-sum games, regret minimization al-
gorithms are guaranteed to converge to a Nash equilibrium. Many
prior works explored modifications of regret matching to speed up
its empirical performance in two-player zero-sum games, such as
CFR* [45], Linear CFR [6], PCFR* [17], Discounted CFR [8], and
their hyperparameter-scheduled counterparts [50].

Despite the lack of theoretical guarantees in general-sum games,
regret minimization algorithms empirically converge close to Nash
equilibria on many standard benchmarks [10, 20, 40]. Recently,
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some theoretical advancements have been made to understand this
empirical performance. If the game has a special ‘pair-wise zero-
sum’ structure, then the regret minimizers are guaranteed to find a
Nash equilibrium [11]. Moreover, if a game is ‘close’ to such ‘pair-
wise zero-sum’ games, the regret minimizers converge ‘close’ to a
Nash equilibrium [32].

A recently introduced extension of regret matching, predictive
regret matching [18], forms a continuous class of algorithms with
regret minimization guarantees. Subsequently, [44] introduced the
‘learning not to regret’ framework—a way to meta-learn the predic-
tions while keeping regret minimization guarantees.

1.2 Main Contribution

In this work, we extend the learning not to regret framework to
encourage convergence to Nash equilibria in general-sum games.
Our approach penalizes correlations in the average empirical strat-
egy profile found by the regret minimizer. While our meta-learned
algorithms do not guarantee convergence to a Nash equilibrium, we
find that our algorithms empirically converge to CCEs with low cor-
relations in the players’ strategies, and provide significantly better
approximations of Nash equilibria than prior regret minimization
algorithms.

We demonstrate the feasibility of our approach by conducting
experiments in multiplayer general-sum games. We start with a
distribution of normal-form games, where prior regret minimization
algorithms overwhelmingly converge to a strictly correlated CCE.
Next, we shift our attention to Leduc poker, a standard extensive-
form imperfect information benchmark. We show that, after a small
modification of the rules (to make the game general-sum), prior
regret minimizers no longer reliably converge to a Nash equilibrium.
When trained on this distribution, our meta-learning framework
produces a regret minimizer that reach significantly closer to a
Nash equilibrium. Finally, we demonstrate that our framework can
even be used to obtain better approximations of a Nash equilibrium
on a single general-sum game rather than just a family of games.
We choose the three-player Leduc poker, obtaining, to our best
knowledge, the closest approximation of a Nash equilibrium of this
game.

2 PRELIMINARIES

We briefly introduce the formalism of incomplete information
games we will use. Next, we describe regret minimization, a general
online convex optimization framework. Finally, we discuss how
regret minimization can be used to find equilibria of these games.

2.1 Games

We work within a formalism based on factored-observation sto-
chastic games [27] with terminal utilities.

Definition 1. A game is a tuple (N, W, wO A, T, u,0), where
e N ={1,...,n} is a player set. We use symbol i for a player

and -i for its opponents.
o W is a set of world states and w° € ‘W is a unique initial

world state.
e A=A XX Ay is a space of joint actions. A world

state with no legal actions is terminal. We denote the set of
terminal world states as Z.
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o After taking a (legal) joint action a at w, the transition func-
tion T determines the next world state w’, drawn from the
probability distribution T (w, a) € A(W).

o u;(z) is the utility player i receives when a terminal state

z € Z is reached.
e O = (01,...,0,) is the observation function specifying

both the private and public observation that players receive
upon the state transition.

The space S; of all action-observation sequences can be viewed
as the infostate tree of player i. A strategy profile is a tuple o =
(o1, ..., 0n), where each player’s strategy o; : s; € S; — 0;(s;) €
AP GDI gpecifies the probability distribution from which player i
draws their next action conditional on having information s;. We
denote the space of all strategy profiles as X. A pure strategy p;
is a deterministic strategy: i.e. 0;(s;, ;) = 1 for some a; € A;(s;).
A selection of pure strategies for all players p = (p1,...pn) is a
pure strategy profile and the set of all pure strategy profiles is P.

Let A(X) denote the set of distributions over a domain X. A joint
strategy profile § € A(P) is a distribution over pure strategy
profiles. As such, every strategy profile is also a joint strategy
profile. However, the opposite is not true in general: only some joint
strategy profiles are “marginalizable” into an equivalent strategy
profile, while those with correlations between players’ strategies
are not.

The expected utility under a joint strategy profile 8 is u;(8) =
E,-s ui(z), where the expectation is over the terminal states z € Z
and their reach probability under 8. The best-response to the
joint strategy of the other players is 6r(8.;) € argmax,, u;(0;, 8.;),
where 6.;(p.;) = Zpieﬂi S(pi, p-i)-

We may measure the distance of a strategy profile o from a Nash
equilibrium by its NashGap: the maximum gain any player can
obtain by unilaterally deviating from o

NashGap(o) = mz}\),( [ui(br(02), 0.) —ui(o)] .

A strategy profile is a Nash equilibrium if its NashGap is zero.!
The coarse correlated equilibrium (CCE) [36, 38] is a generaliza-
tion of Nash equilibrium to joint strategy profiles that allows for
correlation between players’ strategies. A CCE is a joint strategy
profile such that any unilateral deviation by any player doesn’t
increase that player’s utility, while other players continue to play
according to the joint strategy. We define the CCE Gap as

CCE Gap(6) = ng\)/{ [u;i (br(8-), 6-;) —ui ()] .

A joint strategy profile 8 is a CCE if and only if its CCE Gap is
non-negative. If a joint strategy profile has zero CCE Gap, and
can be written in terms of its marginal strategies for each player
6 = (o01,...,0,), then its marginals o; are a Nash equilibrium. In
general, CCEs do not admit this player-wise decomposition of the
joint strategy profile—see Section 4.1 for an example.

2.2 Regret Minimization

An online algorithm m for the regret minimization task repeatedly
interacts with an environment through available actions A;. The
goal of a regret minimization algorithm is to maximize its hindsight
performance (i.e., to minimize regret). For reasons discussed in the

IThis is because then the individual strategy profiles are mutual best-responses.
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Algorithm 1: Neural Predictive Regret Matching [44]
1 R® — 0eRM, x* —0ecRH

2 e; < embedding of state s

3 function NEXTSTRATEGY()

. §t - [Rt—l +Pt]+

s | if & >0

6 return o’ — &'/ ||€'|

7 return o’ « arbitrary point in Al
s function OBSERVEREWARD(x', e;)

9 R « R ! +r(ot, x%)

0 | p*l—a(r(ct,xt) + n(r(ct, x'), R, e]0))

following section, we will describe the formalism from the point of
view of player i acting at an infostate s € S;.

Formally, at each step ¢t < T, the algorithm submits a strat-
egy o (s) € AFiG)! | Subsequently, it observes the expected re-
ward x! € RIS at the state s for each of the actions from
the environment, which depends on the strategy in the rest of
the game. The difference in reward obtained under o/ (s) and any
fixed action strategy is called the instantaneous regret r;(a’,s) =
xt(6")—(0o!(s), x!(o"))1. The cumulative regret throughout time
tis Ri(s) = Xt ri(a7,s).

The goal of a regret minimization algorithm is to ensure that
the regret grows sublinearly for any sequence of rewards. One way
to do that is for m to select o7*!(s) proportionally to the positive
parts of R(s), known as regret matching [2].

2.3 Connection Between Games and Regret
Minimization
In normal-form games, or when S; is a singleton, if the external

regret Rth’T = maxgeq; R (a) grows as O(VT) for all players,

then the empirical average joint strategy profile ST def % Zthl ol x
-+ X ol converges to a CCE as O(1/NT) [38].

In extensive-form games, in order to obtain the external regret,
we would need to convert the game to normal-form. However, the
size of the normal-form representation is exponential in the size
extensive-form representation. Thankfully, one can upper-bound
the normal-form regret by individual (i.e. per-infostate) counter-
factual regrets [52]

SR <3S max (R (5)]. 0}

ieN ieNseS;

The counterfactual regret is defined with respect to the counter-
factual reward. At an infostate s € S;, the counterfactual rewards
measure the expected utility the player would obtain in the game
when playing to reach s. In other words, it is the expected utility
of i at s, multiplied by the opponent’s and chance’s contribution
to the probability of reaching s. We can treat each infostate as a
separate environment, and minimize their counterfactual regrets
independently. This approach converges to a CCE [52].

In two-player zero-sum games, the empirical average strategy &
is guaranteed to converge to a Nash equilibrium [52]. In fact, any
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mg(s1) s - - - ———-— > Th(s) ->/my(s1) - - - - - - - - > B T >/ mg(s1)
1 1 t+1 t+1

ma(aa)| — - - - _ _1‘_(52)1_;{_1((522)), o~ mg(sg) | - - - - r* 152)7_1:?:1_((3) - = = >{mg(s2)
l \ ma(sy) - — - —> 77777J77\7‘7777>m5(s'2)~777> 77771 7777777 > mg(sh)

! Sl QA O A, I A > N

4 / z > t ; N~ g Z tpr T' T ; N e z
\ I — d(a") 2 d(o”) , \ I ;d(a) ;d(a )T—l\ I —

| I(¢Y) ;H(wé) kX ;H(wé) - > 1(5)
> >(+) > = +
/7 Player 1 D Player 2 Terminal Mutual ()
States States States Information

Figure 1: Computational graph of NPCFR(*) for a simple extensive form game. The algorithm m, produces a strategy in each
infostate using the regret r’, R’, and its hidden state h’, see Algorithm 1. Each terminal state z € Z accumulates its empirical
average reach probability % >!_, d(o7)(z). Marginalizability I is computed between this accumulated average reach and the
reach probability under the empirical average strategy profile in the game tree. The meta-loss is the average mutual information
experienced over T steps, according to (1). Its gradient is propagated through all edges.

CCE of a two-player zero-sum game is guaranteed to be marginal-
izable [38]. Intuitively, any correlations will be beneficial for one of
the players, which makes it irrational for the opponent to follow it.

3 META-LEARNING FRAMEWORK

We aim to find a regret minimization algorithm my with some
parameterization 6 which tends to converge close to a Nash equi-
librium on a distribution of games G. In this section, we describe
the regret minimization algorithm and formalize our meta-learning
objective.

3.1 Neural Predictive Counterfactual Regret
Minimization (NPCFR)

We work in the learning not to regret framework [44], which is built
on the predictive regret matching (PRM) [18]. PRM is an extension
of regret matching [24] which additionally uses a predictor about
future reward. PRM provably enjoys O(VT) bound on the external
regret for arbitrary bounded predictions [18].

Neural predictive regret matching is an extension of PRM which
uses a predictor 7, parameterized by a neural network 0 [44]; see
Algorithm 1. At each step ¢ and each infostate s € S;,i € N, the
predictor 7(-|0) makes a prediction about the next observed regret
r!*1. This prediction is then used when selecting the strategy, as
if that regret was in fact observed. The strategy is then selected
as if this predicted regret was observed. Network parameters 6
are shared across all infostates s € S;,i € N,anda € Risa
hyperparameter, see Appendix B in the full version for more details.
The e; denotes some embedding of the infostate s; see Section 4.

Since we make the predictions bounded, the predictor can be
meta-learned to minimize a desired objective while maintaining
the regret minimization guarantees [44], which makes the algo-
rithm converge to a CCE. We use a novel meta-objective, which is
introduced in the following section, to encourage the algorithm to
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converge to a Nash equilibrium. Applying the algorithm to counter-
factual regrets at each infostate allows us to use it on extensive-form
games. This setup is referred to as neural predictive counterfactual
regret minimization (NPCFR).

3.2 Meta-Loss Function

Any instance of NPCFR is a regret minimizer and is therefore guar-
anteed to converge to a CCE. Since any Nash equilibrium is a CCE
for which player strategies are uncorrelated, we propose a meta-loss
objective that penalizes correlation in the CCE found by NPCFR.
Informally, these correlations measure the mutual dependence of
players’ strategies. Or in other words, how much a player can infer
about the actions of other players given their action.

One could express this measure of correlation as the mutual
information of the CCE.2 However, for extensive-form games, this
leads to an exponential blow-up in the size of the game, since there
are exponentially more pure strategies than infostates. Instead, we
exploit the structure of extensive-form games to define an equiva-
lent meta-loss that does not suffer from this blow-up.

Formally, let y7 = (o* )?:1 be a sequence of strategy profiles
selected by a regret minimizer. Let d(o) be the distribution of reach
probabilities of terminals z € Z under o, where d(o)(z) is the
reach probability of z. d(o) can be decomposed into a product
of player’s (and chance’s) contribution of reaching z: d(o)(z) =
dc(z) [1;en di(0)(2) where d.(2) is chance’s contribution to reach-
ing z and d; (o) (z) is the product of o;(s, a) for infostates s € S; on

the path to z.
def

The average distribution over terminals across /7 is d(y7) =
% Zthl d(c"). We define the marginal across terminals p(y") for

¢ as a distribution across terminals under the empirical average

2We describe this measure in more detail in Appendix A in the full version.
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’ NashGap ‘ ‘ CFR™)

PCFR® | DCFR | LCER | SPCFR™) | Hedge || NPCFR™)

1072 0.78 10.09 | 1 0.09 | 0.09 0.42 1 0.09 | 1 0.36 || 1 1
1073 0.09 | 0.02 | 0.91 | 0.02 | 0.02 0.02 1 0.02 | 1 0.06 || 1 1
1073 0 0 0.02 |0 0 0 0.11 |0 02510 0.14 |1

Table 1: The fraction of games from biased_shapley each algorithm can solve to a given NashGap within 2!* = 16,384 steps. For
the algorithms marked (*), the left column shows the standard version, while the right shows the ‘plus’. See also Table 3 in

Appendix D in the full version.

strategy in the game. Formally,

T
@[5 dia".

ieN t=1

def

p@"(2)

In words, this is the distribution on terminals induced by each
player’s empirical average strategy in the game tree. The sequence
T is uncorrelated if d(7) and p(y") have no mutual dependence.
This is formally captured by taking the KL divergence across ter-
minals between d(¢7) and u(¢/7). We denote this KL as I(y/), since
it is equal to mutual information for the two-player case and total
correlation for the n-player case [48].

Definition 2. We say that /T is e-extensive-form marginalizable
(e-EFM) if

def
1Y) Diw (d™) 1 uy")) < e M
When a sequence of strategies of a regret minimizer is close
to extensive-form marginalizable, it provably converges close to
a Nash equilibrium. Formally, let &' be the average strategy pro-

file of yT.

TuroreM 1. If T was produced by an external regret minimizer
with regret bounded by O(NT) after T iterations and Y/ is e-EFM,
then

NashGap(ET) < O(1/NT) + 2MV2e, 2)

where M = max;e y maX ez |U;i(2)].

ProoF SKETCH. In normal-form, the statement can be obtained
by using Pinsker’s inequality. For an extensive-form game con-
sider its normal-form representation. This representation is expo-
nentially larger, and many normal-form strategies have the same
extensive-form equivalent. However, some of these strategies in-
troduce additional correlations not present in the extensive-form.
Considering the normal-form representation with the minimum
mutual information extends the theorem to extensive-form. See
Appendix A in the full version for the complete proof. O

Importantly, since the extensive-form marginalizability can be
computed fully in the extensive-form, we can avoid the exponential
blow-up caused by converting the game to normal-form. This is a
major disadvantage of the classical algorithms, which are limited
to the normal-form.

For a given horizon T, we define the meta-loss of NPCFR to be
the average mutual information of the average terminal reach of
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the strategies selected up to T on games g ~ G

L(0)= E
geG

1 T
= Iy |-
T ; 0 ]

Note minimizing this loss is different from directly minimizing the
extensive form marginalizability after T steps. We do this to en-
courage the iterates to be marginalizable as well. This is analogous
to minimizing ZtT:l f(x!) rather than f(x7) as in [1], where the au-
thors meta-learned a function optimizer. The computational graph
of NPCFR is shown in Figure 1. The gradient of (3) originates in the
cumulative mutual information and propagates through the game
tree, the regrets r’, R’ and the hidden states h’. The gradients accu-
mulate in the predictor 7(-|0), which is used by the algorithms mgy
at every information state s € S; and every step ¢, see Algorithm 1.

4 EXPERIMENTS

We conduct our experiments in general-sum games where regret
minimizers are not guaranteed to converge to a Nash equilibrium.
Starting in the normal-form setting, we present a distribution of
games for which standard regret minimization algorithms con-
verge to a strictly correlated CCE. We then apply our meta-learning
framework to the extensive-form settings, showing we can obtain
much better approximate Nash equilibria than prior algorithms.
Finally, we illustrate that the meta-learned algorithms may lose
their empirical performance when used out-of-distribution.

We minimize (3) for T = 32 iterations over 256 epochs using
the Adam optimizer. The neural network uses two LSTM layers
followed by a fully-connected layer. We performed a small grid
search over relevant hyperparameters, see Appendix B in the full
version. The meta-learning can be completed in about ten minutes
for the normal-form experiments, and ten hours for the extensive-
form games on a single CPU. See Table 4 in the full version for the
memory requirements of all algorithms used.

We compare the meta-learned algorithms to a selection of cur-
rent and former state-of-the-art regret minimization algorithms.
Each algorithm is used to minimize counterfactual regret at each
infostate of the game tree [52]. Specifically, we use regret matching
(CFR) [24], predictive regret matching (PCFR) [18], smooth predic-
tive regret matching (SPCFR) [17], discounted and linear regret
minimization (DCFR, LCFR) [9], and Hedge [28]. Whenever appli-
cable, we also investigate the ‘plus’ version of each algorithm [46].
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(c) PCFR
[ ] ]
HE NN
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(f) NPCFR+

s

0.00 0.05 0.10

0.15

0.20 0.25 0.30

Figure 2: The empirical average joint strategy profiles found by regret minimizers ST (left) and its marginalized version (right)
found on a random sample drawn from biased_shapley(0, 1/2) after T = 2!* steps; see Eq. (5). Darker colors indicate higher

=T
probability under § , and minimal differences between left and right figures imply the joint strategy is marginalizable. The
remaining algorithms are shown in Figure 5 in Appendix C.1 in the full version.

4.1 Normal-Form Games

The Shapley game
1 0 0 0 1 0
u(o)=0/ |0 1 0| 02 w(o)=0a]-[0 0 1] 02
0 0 1 1 0 0
4

was used as a simple example where the best-response dynam-
ics doesn’t stabilize [43]. Indeed, it cycles on the elements which
are non-zero for one player. The empirical average joint-strategy
converges to a CCE

1 1 0
1
=-lo 1 1 5
. )
1 0 1

Clearly, 8" is not a Nash equilibrium, as it cannot be written as
o010, . However, thanks to the symmetry of the game, the marginals
of &%, or the uniform strategy, turn out to be a Nash equilibrium.

In order to break the symmetry, we perturb the utility of one
of the outcomes of the game. Specifically, we give payoff n € R to
both players when the first player selects the first, and the second
their last action, see Appendix C.1 in the full version. To preserve
that 6* is a CCE, the perturbation 5 needs to be bounded. We show
in Appendix C.1 in the full version that for n < 1/2, §* is a CCE.
Furthermore, there is a unique Nash equilibrium, which is non-
uniform for n # 0. We denote the distribution over biased Shapley
games for n ~ U(a,b) as biased_shapley(a, b).

To quantify the performance of the regret minimization algo-
rithms, we study the chance that they find a solution with a given
NashGap. We present our results in Table 1. All the prior regret
minimization algorithms fail to reliably find the Nash equilibrium.
The ‘plus’ non-meta-learned algorithms exhibit particularly poor

2379

performance in this regime, typically converging to a strictly corre-
lated CCE. However, they don’t all converge to 8" either, see Fig-
ure 2 for an illustration of the joint strategy profiles each algorithm
converges to. In contrast, NPCFR(*) exhibit fast convergence and re-
markable generalization. We show the convergence comparison of
the regret minimization algorithms on biased_shapley(0,1/2) in
Figure 4 in Appendix D.1 in the full version. Despite being trained
only for T = 32 steps, our meta-learned algorithms are able to
minimize NashGap past 10* steps.

4.2 Extensive-Form Games

In the sequential setting, we use the Leduc poker [49], see also
Appendix C.2 in the full version.

4.2.1 Two-Player Leduc Poker. Since Leduc poker is a zero-sum
game, regret minimizers are guaranteed to converge to a Nash
equilibrium in the two-player version. Under standard rules, players
split the pot in the case of a tie, receiving a payoff equal to their
total amount bet. We break the zero-sum property by modifying
tie payoffs such that players only receive a f-fraction of their bets.
This change disincentives betting to increase the size of the pot, but
only if the players have the same card ranks, potentially leading to
correlations in players’ strategies.

We define biased_2p_leduc as a distribution over such games,
where f ~ U(0,1/2). To quantify the performance of regret mini-
mization algorithms, we plot the expected NashGap for each algo-
rithm on biased_2p_leduc in Figure 6 in the full version. While the
performance averaged over the domain is similar for all algorithms,
the meta-learned algorithms obtain much better approximations of
Nash equilibria in each run. To show this, we investigate the chance
that they find a solution with at most a given NashGap. Table 2
shows the chance for thresholds 1072, 1073, and 107>. With some
exceptions, non-meta-learned algorithms generally fail to find a
solution with a NashGap of 1072. The ‘plus’ variants perform better
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’ NashGap ‘ ‘ CFR™)

PCFR® | DCFR | LCER | SPCFR™) | Hedge || NPCFR™)

1072 0 1 0.03 |1 0.13 0 054 |1 0 0.29 || 0.84 | 1
1073 0 0 0 0.87 | 0 0 0 0.72 | 0 0 0.73 | 0.98
1073 0 0 0 0.16 | 0 0 0 0.11 |0 0 0.73 | 0.96

Table 2: The fraction of games from biased_2p_leduc each algorithm can solve to a given NashGap within 2! = 262, 144 steps.
For the algorithms marked (*), the left column shows the standard version, while the right shows the ‘plus’. See also Table 3 in

Appendix D.1 in the full version.

empirically but still struggle to obtain solutions close to a Nash
equilibrium as reliably as NPCFR*). NPCFR* performs the best
overall.

4.2.2 Three-Player Leduc Poker. Generally, meta-learning is ap-
plied over a distribution of problem instances. However, in our
setting, it is appealing even to apply it to a single instance of a
game. This is because regret minimization algorithms are not guar-
anteed to converge to a Nash equilibrium in general-sum games.
However, our meta-learning framework allows us to obtain better
approximations of Nash equilibrium.

We demonstrate this approach on the three-player version of
the Leduc poker; see Appendix C.2 for its description. We refer
to the game as three_player_leduc. There have been conflicting
reports in the literature as to the ability of regret minimization
algorithms to converge to a Nash equilibrium in this game [32,
40]. We found the performance of non-meta-learned algorithms
varied significantly, with those using alternating updates giving
approx. 4 — 6-times better results. The best approximation of a Nash
equilibrium we found among non-meta-learned algorithms using
alternating updates® was NashGap = 0.004, produced by CFR*.
Without alternating updates, we found NashGap = 0.027, produced
by CFR. Our meta-learned algorithms have been able to find a
strategy with NashGap = 0.012 for NPCFR, and NashGap = 0.001
for NPCFR*; see Table 6 and Figure 7 in Appendix D.3 in the full
version for details. To the best of our knowledge, this is the closest
approximation of Nash equilibrium of three_player_leduc.

To the best of our knowledge, the only theoretically sound way to
find a Nash equilibrium in this game is to use support-enumeration-
based algorithms such as the Lemke-Howson [29]. First, we would
need to transform it into a two-player general-sum game. This can
be done by having one of the players always best-respond, and
treating them as a part of chance.* However, all of these algorithms
work with the game in normal-form. For three_player_leduc,
the number of pure strategies per player is ~ 10*72, making these
approaches unusable in practice.

4.3 Out-of-Distribution Convergence

To illustrate that the meta-learned algorithms are tailored to a
specific domain, we evaluate them out-of-distribution. Specifically,
we run NPCFR™") | which were trained on biased_shapley(0,1/2),
on biased_shapley(—1,0). When evaluated out-of-distribution,

3 Among the algorithms we consider, this includes the ‘plus’ algorithms and DCFR.
DCFR is similar to CFR*, and was shown to outperform CFR* on two-player poker [8].
4This is the ‘inverse’ of the dummy player argument, which is normally used to show
that n-player zero-sum games are as hard to solve as n — 1-player general-sum games.
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the meta-learned algorithms lose the ability to converge to a Nash
equilibrium. See Figure 8 in Appendix D.4 in the full version for
more details.

5 CONCLUSION

We present a novel framework for approximating Nash equilibria
in general-sum games. We apply regret minimization, which is a
family of efficient algorithms, guaranteed to converge to a coarse-
correlated equilibrium (CCE). This weaker solution concept allows
players to correlate their strategies. We use meta-learning to search
a class of predictive regret minimization algorithms, minimizing the
correlations in the CCE found by the algorithm. The resulting algo-
rithm is still guaranteed to converge to a CCE, and is meta-learned
to empirically find close approximations of Nash equilibria. Experi-
ments in general-sum games, including large imperfect-information
games, reveal our algorithms can considerably outperform other
regret minimization algorithms.

Future Work. Our meta-learning framework might be useful for
finding CCEs with desired properties. For example, one can search
for welfare maximizing equilibria by setting the meta-loss to the
negative total utility of all players. We also see other domains, such
as auctions, as a promising field where our approach can be used.
One limitation of our approach is that it can be quite memory
demanding, especially for larger horizons. Training on abstractions
of the games is promising.
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