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ABSTRACT

Coordinating multiple large language models (LLMs) to solve com-
plex tasks collaboratively poses a fundamental trade-off between
computational costs and collective performance when compared
with individual models. We introduce a novel, game-theoretically
grounded reinforcement learning (RL) framework, the Multi-Agent
Cooperation Sequential Public Goods Game (MAC-SPGG), to sys-
tematically incentivize cooperation in multi-LLM ensembles. In
MAC-SPGG, LLM agents move in sequence, observing predecessors’
outputs and updating beliefs to condition their own contributions.
By redesigning the public-goods reward, effortful contributions
become the unique Subgame Perfect Nash Equilibrium (SPNE),
which eliminates free-riding under traditional SPGG or PGG. Its
sequential protocol replaces costly round-based information ex-
changes with a streamlined decision flow, cutting communication
overhead while retaining strategic depth. We prove the existence
and uniqueness of the SPNE under realistic parameters and empiri-
cally demonstrate that MAC-SPGG-trained ensembles outperform
single-agent baselines, chain-of-thought prompting, and other coop-
erative methods, achieving comparable performance to large-scale
models across various tasks, including reasoning, math, code gen-
eration, and NLP. Our results highlight the power of structured,
incentive-aligned MAC-SPGG cooperation for scalable and robust
multi-agent language generation. Appendix and code can be found
at https://github.com/YunhaoLiang/MAC-SPGG.

KEYWORDS

Multi-LLM Collaboration; Public Goods Games; Reinforcement
Learning

ACM Reference Format:

Yunhao Liang, Yuan Qu, Jingyuan Yang, Shaochong Lin, and Zuo-Jun Max
Shen. 2026. Everyone Contributes! Incentivizing Strategic Cooperation in
Multi-LLM Systems via Sequential Public Goods Games. In Proc. of the 25th
International Conference on Autonomous Agents and Multiagent Systems
(AAMAS 2026), Paphos, Cyprus, May 25 — 29, 2026, IFAAMAS, 19 pages.
https://doi.org/10.65109/SJPO2377

Proc. of the 25th International Conference on Autonomous Agents and Multiagent Systems
(AAMAS 2026), C. Amato, L. Dennis, V. Mascardi, J. Thangarajah (eds.), May 25 — 29,
2026, Paphos, Cyprus. © 2026 International Foundation for Autonomous Agents and
Multiagent Systems (www.ifaamas.org). https://doi.org/10.65109/SJPO2377

This work is licensed under a Creative Commons Attribution Inter-
national 4.0 License.

Yuan Qu
The University of Hong Kong
Hong Kong, China
yuanqu@hku.hk

772

Jingyuan Yang
George Mason University
Fairfax, VA, USA
jyang53@gmu.edu

Zuo-Jun Max Shen

The University of Hong Kong
Hong Kong, China
maxshen@hku.hk

1 INTRODUCTION

Recent advancements in large language models (LLMs) have demon-
strated impressive capabilities across various reasoning and decision-
making tasks, especially within multi-agent scenarios. Emerging
research [59] explores diverse interaction paradigms among multi-
ple LLMs, from competitive debating and strategic reasoning [14,
19, 31, 41, 67] to cooperative decision-making and collaborative
problem-solving [9, 33, 38, 39, 49, 65]. Multi-LLM ensembles are
promising because they combine complementary reasoning strate-
gies, diversify knowledge sources, and enhance robustness and
accuracy compared to single-model systems.

However, achieving these benefits crucially depends on effec-
tively coordinating the ensemble, especially from the perspective
of information sharing. Existing frameworks predominantly rely
on two communication strategies: simultaneous and sequential.
In the simultaneous setting, LLMs act independently and concur-
rently, requiring a central coordinator to aggregate outputs. This
single-point bottleneck raises communication costs and limits dy-
namic, information-driven interaction within the ensemble [30, 68].
Conversely, sequential communication enables information shar-
ing among agents, allowing each model to condition its action on
preceding outputs. However, without careful strategic design, un-
restricted sequential information exchange accumulated among
all agents can lead to significant communication overhead and
computational complexity [8, 40, 42].

Hence, a critical challenge arises: how can we achieve high-
performance multi-LLM ensembles while reducing communication
and computational overhead? Inspired by game theory, where all
the players contribute rationally with only a common knowledge
of the game rules, we adopt the idea of Public Goods Game (PGG)
for multi-LLM ensemble learning. Here, our goal is to introduce a
public-goods-inspired incentive mechanism tailored to multi-LLM
coordination, rather than to resolve the classical public goods prob-
lem in its general economic sense. PGG is a canonical paradigm
extensively examined in economics and behavioral sciences [4, 25],
which characterizes scenarios where individuals contribute to a
collective good, balancing private costs against shared public ben-
efits. Prominent real-world examples include crowdfunding plat-
forms [5], open-source collaborations [26, 58], and public infras-
tructure funded by taxation [17].

Building upon this paradigm, we propose the two-phase game-
theoretical reinforcement learning (RL) framework, Multi-Agent
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Figure 1: Comparison of coordination mechanisms across
LLM-based multi-agent systems.

Cooperation Sequential Public Goods Game (MAC-SPGG), as a theo-
retical foundation for systematically coordinating multi-LLM en-
sembles. While SPGG is established in the game-theory litera-
ture [4, 4, 27], its implications for LLM ensembles remain under-
explored. Our MAC-SPGG explicitly models sequential decision-
making, where agents observe their predecessors’ contributions
before acting—a scenario that naturally aligns with multi-LLM
frameworks, such as cascading prompting [69] and iterative refine-
ment [10]. Different from existing coordinator-based multi-LLM
ensembles [19, 39], which typically vary in their approaches to
dynamically sharing information during simultaneous agent con-
tributions but still require a central coordinator to aggregate and
evaluate the final outputs, our MAC-SPGG enables each model to
evaluate prior contributions sequentially. See Figure 1. By incen-
tivizing the sequential coordination process, MAC-SPGG eliminates
the need for a central coordinator, substantially reduces associated
costs, and enhances collaboration among agents. In this paper, we
formally develop and validate the effectiveness of our SPGG-based
multi-LLM coordination mechanism.

In our framework, we prove that a unique Subgame Perfect Nash
Equilibrium (SPNE) can be found under reasonable conditions in
the inference phase, the SPGG part. Each agent conditions its strat-
egy on observed actions, revising its beliefs to maximize expected
utility. By adjusting the incentives in traditional PGG, the equilib-
rium shifts from free-riding to positively cooperative participation.
Our theoretically guaranteed equilibrium behaviors are largely ab-
sent from existing debate-, voting-, or heuristic-based coordination
methods [11, 13, 19, 39]. Empirically, our sequential protocol can
reduce communication overhead relative to some other baseline
methods, as shown by token usage comparisons in our experiments.

Theoretically, to address the lack of theoretical grounding in
current multi-agent LLM systems, we introduce a game-theoretic
framework based on the SPGG. Prior coordination methods—such
as debate, voting, or heuristic prompting—often exhibit promising
empirical performance but remain theoretically underexplored, of-
fering no formal guarantees of equilibrium behavior [11, 13, 19, 39].
In contrast, the SPGG-based coordination mechanism enables us to
rigorously analyze the strategic dynamics of multi-agent collabora-
tion in LLM-based systems. Specifically, we prove the existence and
uniqueness of an SPNE under reasonable conditions, ensuring that
each agent contributes meaningfully and that the group collectively
achieves the desired outcome without central coordination. We also
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provide comparative statics and numerical verification, confirming
the Pareto Optimality.

In experiments, MAC-SPGG robustly directs multi-LLM ensem-
bles toward cooperative equilibria, consistently outperforming single-
agent baselines, Chain-of-Thought (CoT) prompting [61], and other
cooperative frameworks across four diverse tasks, including code
generation (HumanEval), factual knowledge (MMLU), mathemati-
cal reasoning (GSM8K), and natural language understanding (Sum-
mEval). We evaluate our framework under two information-sharing
regimes, Partial Observation (PO) and Full Observation (FO), to
explore how inter-agent information transparency affects perfor-
mance.

Our key contributions are summarized as follows:

e We propose a theoretically grounded MAC-SPGG framework
for structured multi-LLM cooperation. The existence and
uniqueness of the SPNE provide theoretical foundations for
equilibrium-driven cooperation.

o We empirically test MAC-SPGG across varied tasks and abla-
tion tests, which consistently outperforms other single-agent
and cooperative benchmarks. We find some strategic insights
for future multi-agent communication protocols, where opti-
mal information sharing is context-dependent, and minimal
transparency may yield superior outcomes.

2 RELATED WORK

Our work synthesizes insights from multi-agent collaboration and
mechanism design in LLM systems.

Multi-Agent Collaboration with LLMs. Recent research exten-
sively explores frameworks enabling effective collaboration among
multiple LLM agents, aimed at addressing complex cognitive and
decision-making tasks [22, 38, 70]. A prominent paradigm involves
mimicking human collaborative dynamics through explicit “role-
playing” mechanisms, where LLM agents are assigned specialized
functions corresponding to organizational roles [33], while Chen
et al. [13] explore multi-agent collaboration via prompting-based
interactions. Alternative frameworks further enrich multi-agent col-
laboration through voting and consensus mechanisms [39, 48, 60],
collective reasoning or discussion-based methodologies [9], and
structured agentic debate approaches [19, 41], aiming at enhancing
factual accuracy and logical consistency.

Prevalent multi-LLM collaboration frameworks lack theoretical
grounding and offer no guarantees of convergence, stability, or
cooperation. Our MAC-SPGG framework introduces PGG-inspired
incentives to enable collaboration via utility-aligned rewards and
structured inter-agent reasoning.

Mechanism Design and Game Theory in LLMs. Integrating
mechanism design and game-theoretic insights into multi-agent
LLM systems is increasingly investigated.

LLM’s rationality has been primarily tested. Mao et al. [44] rigor-
ously evaluated LLM strategic behaviors across game-theoretic sce-
narios, while Pan et al. [47] showed that Bayesian reasoning frame-
works encourage cooperative strategies in repeated games among
LLM agents, demonstrating cooperative behaviors under suitable in-
centives in structured games like Public Goods Games (PGGs) [55].
Recent work further introduces structured game-theoretic work-
flows to improve LLMs’ strategic rationality in both complete- and
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incomplete-information games [34]. Some empirical studies also
indicate LLMs exhibit rational behaviors in strategic settings, em-
phasizing historical context in shaping interactions [1, 6, 24, 43].

While prior work utilizes game-theoretic tasks to evaluate LLM
rationality, the integration of game theory and LLM research has
not been thoroughly investigated. Recent studies have developed
tailored incentive mechanisms, such as token auctions, promoting
collaboration among agents [21]. Cheng et al. [14] embedded games
to enhance the intrinsic reasoning capabilities of LLMs, demonstrat-
ing significant performance improvements across various reason-
ing benchmarks. Methods like multi-stakeholder alignment signif-
icantly enhance LLM output alignment in value-conflict environ-
ments [54].

We propose a new multi-agent collaboration framework grounded
in the strategic structure of the SPGG, which demonstrates strong
empirical and theoretical effectiveness across diverse tasks.

3 METHOD

In this section, we first introduce the fundamental formulation
of our MAC-SPGG design, the inference phase in our framework.
We then propose the crucial reward structure, followed by the
theoretical guarantee of MAC-SPGG. Lastly, we describe the MAC-
SPGG learning framework and its optimization phase, as shown in
Figure 2. The training process is concluded in Algorithm 1, and a
comprehensive notation table is summarized in Appendix A.

3.1 MAC-SPGG Formulation

To model multi-agent collaboration among n LLM agents perform-
ing a shared textual task g, we assume that the cooperation process
follows a finite-horizon, sequential, and decentralized setting. Each
agent i sequentially provides exactly one contribution 7; toward the
final collective outcome,

7 = Ti(hi,q). 1

Here, the function T; represents the LLM base model of agent i,
while h; represents the historical information that is observable
to agent i. We name the observable history and task information
(hi, q) as local knowledge, where all participants make their own
contributions based on it.

For the history h;, we have two modes of observations under
the MAC-SPGG framework: (1) Partial Observation (PO): The
agent i can observe only the contribution from the immediately
preceding agent (if any), hf O = {£;_,}, and (2) Full Observation
(FO): The agent i can observe all contributions made by previous
agents, hfo ={r1, 72, ..., Ti—1}.

In the PO schema, agent i only observes the immediate predeces-
sor’s contribution 7;_1, following the SPGG [4, 28] setting, which
is similar to the sense of Markov decision process. In contrast, the
agents under the FO regime have full access to the complete history
of prior contributions. Both types of observation settings exist in
multi-agent LLM studies [19, 62]. Although the coordinator-free
mechanism of MAC-SPGG saves computation resources, the FO
mode would consume more tokens than the PO mode. Such a dif-
ference in information availability and resource usage will lead to
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distinct comprehensibility in various types of tasks in our experi-
ment.!

After all agents have committed their contribution, the contri-
bution 7; of each agent will be evaluated by a task-specific metric,
the score, ¢;(7;, q), and a model-related metric, the cost, £ (z;, g, T;).
The score indicates the performance of the contribution, which is
evaluated by a given task-specific function &, ¢; = &(1;, ). For
instance, in multiple-choice tasks, the score represents the accuracy
of the test; in more complex tasks, such as a generation task, the
score is evaluated by a fine-tuned evaluator; see training details in
Appendix D. We denote the score by c;(7;, g) to show its relevance
to 7; and g. For the cost part, under the usage of LLM, the number of
consumed tokens would be a straightforward measure of cost, and
different base models T will lead to various levels of token usage.

We denote the final task score used to assess success by C(7, q),
defined as the last agent’s contribution:

C(7,q) = cn(tn, q)- (2)

The task q succeeds if the final score C(7, q) surpasses a prede-
fined threshold B(g). Our objective is to maximize the final score
C, rather than merely exceeding the threshold B on task g, by effi-
ciently utilizing LLM agents to collaborate on the shared task.

REMARK 1 (CUMULATIVE EFFECT). Although other agents’ con-
tribution is not on the surface of ¢, (7p, q), we still denote the final
score C as a function of all the contributions 7 due to the cumulative
effect of the MAC-SPGG. Unlike PGG, where the final performance
is calculated by summing up all the contributions, the nature of
multi-agent LLM tasks and prompting necessitates a summary step
instead of concatenating the Al-generated content (AIGC) directly.
In ECON [68] or other coordinator-based frameworks, a summary
agent in the last step would absorb all the others’ outputs and gen-
erate the final answer. In our MAC-SPGG framework, predecessors’
outputs have already been embedded into the sequential process.
For instance, if we are under the FO mode, where ¢, = T, (hp, q),
hy, contains all the previous 7; information. If we are under the PO
mode, we can regard the final score as

C(7, q) =cn (Tn(tn-1.9), q)
=cn (Tn (Tn-1(tn-2,9),9) » Q)
=cn (Tn (Tn-1(-- - (T1(9), @) -+, @), q) -

In such a context, the impact of each contribution z; on the final
score is not explicit, but in an iterative way.

3.2 Reward Structure and Equilibrium

Our reward design is rooted in the classic threshold public goods
game (TPGG) [4, 28, 29, 37] rather than an ad-hoc construction. In a
TPGG, each player i privately chooses a contribution y; > 0, and the
public good is provided only if the total contributions ?:1 Xj reach
a provision point B > 0; otherwise, the project fails. A canonical
expected utility can be written as

p
Ui=—-t(yi)+— E i—1
i i (xi) n : Xj :

n
)(j<B - P,
=1

'When h; = 0, agents act independently on g, reducing to a simultaneous-move
PGG [3, 57]. This “no-observation” regime parallels ECON [68] but is incompatible
with the sequential, coordinator-free MAC-SPGG.
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Figure 2: MAC-SPGG Framework. Top: The Inference Phase, where LLM agents act in sequence, conditioned on (Partial/Full)
observation regimes. Bottom: The Optimization Phase, where SPGG rewards drive PPO updates for policy and value networks.

where ¢;(x;) is the private cost of contribution, the second term
represents the equal-sharing return from the successfully provided
public good, and the last term captures the outcome when the
threshold is not met (e.g., refund, no-refund, or penalty depending
on the mechanism variant).

Notation mapping. To connect this formulation to our multi-LLM
collaboration setting, we establish the following correspondence:

xiet Y xeCEe, BoB, t(n) o t(ngT).
J

Thus, each agent’s textual output 7; is viewed as its effective con-
tribution, and the evaluator’s final score C(7, q) represents the col-
lective provision level.

Since the classical public goods game admits a Nash equilib-
rium in which all players optimally choose zero contribution, we
introduce a cooperation-incentive term to break this degenerate
equilibrium and encourage positive participation. This addition pre-
serves the threshold structure of the original TPGG while explicitly
promoting cooperative behavior among sequential agents.

DEFINITION 1 (REWARD WITH COOPERATION INCENTIVE). The
reward for agent i € {1,...,n} in the MAC-SPGG is defined as a
threshold-PGG payoff augmented by an explicit cooperation incentive:

Ri=| = ti(rq.T) + 2 C(7.q) - P1(C(E ) < B())

classical threshold-PGG payoff
¢i(zi, q)

By (7

—_—
cooperation incentive

Ye
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Here, B(q) serves as the provision point: the final score C(7, q)
must exceed B(q) for the shared reward to materialize. The y,-
weighted cooperation term extends the standard group return by
linking an agent’s own contribution c; to the realized group perfor-
mance C(7, q), thus aligning individual incentives with collective
success. Consequently, the MAC-SPGG reward remains a threshold-
PGG structure augmented by an explicit cooperation incentive,
rather than a redesigned objective.

AssUMPTION 1 (SCORE AsSUMPTION). Foreachagenti € {1,...,n},
the individual score c; is positive, bounded, and finite:

¢i € [Cmin, Cmaxl> where 0 < Cmin < Cmax < 0.

The upper bound cmax is defined as
cmax = sup {en(tn(tn-1(-~ (71(q). @) ). ). q) }.

T

and may exceed the task-specific threshold, i.e., cmax > B(q).

This assumption reflects an empirical property of large language
models (LLMs): when prompted with a question, they do not pro-
duce null responses. Hence, each agent contributes at least a mini-
mal amount to the collective output, represented by the positive
lower bound ¢pin.

AssUMPTION 2 (CosT AsSUMPTION). Foreachagenti € {1,...,n},
the individual cost of producing an output with quality level c; is de-
noted by £;(c;). The cost function is strictly convex and twice continu-
ously differentiable over the feasible range [cmin, Cmax], representing
increasing marginal effort as output quality improves.

Formally,
t’i”(ci) >0 and {’i’(ci) >0, Y ¢i € [Cmin» Cmax]-

The function ¢;(-) captures the computational and cognitive re-
sources (explicit inference cost, attention span, or token usage)
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required for the agent’s model T; to generate higher-quality con-
tributions, consistent with empirical scaling observations in large
language models [15, 35].

The assumptions underlying our framework are not arbitrary,
but rather grounded in a long line of research on public goods
games and mechanism design, which involves payments or taxation.
These mechanisms aim to internalize externalities, either positive
or negative, so that individually rational agents collectively achieve
socially efficient outcomes, which are historically developed in
economics and network routing theory [4, 29, 50, 51].

In the context of network routing, for instance, taxation mech-
anisms penalize overuse of congested links, thereby steering self-
interested agents toward equilibria that align with global efficiency.
Analogously, public-goods mechanisms reward contributions that
benefit others, ensuring cooperation is individually rational.

Building on these classical foundations, we extend the incentive-
alignment logic into the LLM era.

Large language models (LLMs) differ from human or classical
agents in several structural aspects. Given the properties of LLM,
they cannot produce a null response when prompted with a ques-
tion; in other words, if we abstract a prompt as a task, there always
exists a minimal level of effort or cost, denoted as ¢, which
corresponds directly to Assumption 1.

The computational cost of large language models is typically
strictly convex, as the inference complexity of Transformers scales
quadratically with respect to the context length, i.e., O(n?-d), where
n denotes the number of tokens and d the hidden dimension. Conse-
quently, the overall cost of LLM inference exhibits a strictly convex
relationship with token usage, consistent with Assumption 2.

Although LLMs are not perfectly rational agents in the clas-
sical economic sense, prior studies have demonstrated that they
can exhibit quasi-rational behavior under well-structured environ-
ments and incentive signals [34, 55]. Consequently, the adherence
of LLMs to the proposed reward structure in our framework is en-
forced through a combination of prompt engineering and reward-
based training. These mechanisms effectively guide model behavior
toward equilibrium-consistent strategies, thereby supporting the
practical validity of the proposed framework.

Therefore, our MAC-SPGG framework is not a departure from
classical public-goods reasoning, but rather a modern instantiation
of it—recasting established cooperative mechanisms within the
computational substrate of large language models.

Given the mathematical support from Assumptions 1 and 2, we
have

THEOREM 1 (EQUILIBRIUM). Under a reasonable cooperation coef-
ficient y. and failure penalty P, where

p > n-max {’i’ (cmax)»
1

[]i(cmax) “B(q) —p/n
¢min/B(q)

P> (mlax {[l/ (Cmax)} +Ye gr(n;x) + %) - (cmax — Cmin)>

Ye > max
k=2,...n

, an

there exists a joint strategy c; = (c],...,cy,) that constitutes a unique
Subgame Perfect Nash Equilibrium (SPNE),

¢} € argmax {SPNE under R;},
c
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where every agent i € {1,...,n} contributes positively, c; > 0, and
the overall task would succeed C(7,q) > B(q).

Theorem 1 demonstrates the existence and uniqueness of the
SPNE under our MAC-SPGG framework, which ensures the ratio-
nality of LLM agents. Under SPNE, each agent contributes positively
to cooperation, thereby operating within the successful provision
region C(7, q) > B(q).

To examine the sensitivity of equilibrium behavior and welfare
outcomes to incentive parameters in our theoretical MAC-SPGG
framework, we conduct a comparative statics analysis. via the en-
velope theorem [7].

THEOREM 2 (COMPARATIVE STATICS OF WELFARE). Let the total
welfare under the MAC-SPGG equilibrium be defined as

n
W (e, p. B) = ) Ri(c}sye. p, B,

i=1

where we denote c;(7;, q) as the effective contribution level and c; as
its equilibrium realization, and R; is as defined in Definition 1. Then,
under any equilibrium with ¢; > 0 and C(7,q) = B(q), the following
comparative-statics relationships hold:

aw aw

0, — < 0.
e op

These monotonic results indicate that stronger cooperation in-
centives (y.) and larger public-good sharing rates (p) jointly en-
hance system-level welfare, while a higher task threshold (B) in-
creases collective difficulty and reduces achievable welfare. Detailed
derivations of Theorems 1 and 2 are provided in Appendix B, with
numerical verification in Appendix C.

3.3 RL as a Meta-Control Framework

To operationalize the theoretical SPGG formulation, we instantiate
each agent’s generation function G; through a two-phase process
illustrated in Figure 2. At the Inference Phase, a foundational lan-
guage model T; produces textual outputs guided by the MAC-SPGG
mechanism. At the Optimization Phase, a reinforcement learning
(RL) based meta-policy 7y, is trained to synthesize high-level strate-
gic configurations from belief representations, enabling adaptive
and coordinated behaviors among agents. Each agent employs an
independent Proximal Policy Optimization (PPO) learner [53] under
the synergy-aligned reward function defined in Definition 1, trans-
lating the SPGG’s theoretical payoff formulation into actionable
feedback for RL.

The generation process for agent i is cast as a hierarchical control
problem given a prompt of the task g. First, the agent constructs
an enhanced belief state vector b; = [®(q); &;; J;] by concatenating
a task embedding ®(q), context features &; containing historical
performance and environmental information, and a position embed-
ding 6;. This belief b; informs the agent’s meta-policy p,, which
generates a generative configuration vector, ¢; ~ 7g, (-|b;). As a
result, this vector serves as a local policy to direct the global collab-
oration. Finally, the LLM produces the agent’s contribution 7; as
Eq. (1) under this strategic guidance T;(q, h;|Si).

We train each agent’s meta-policy 7g, using a decentralized ac-
tor—critic framework based on PPO. The synergy-aligned reward R;
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Algorithm 1 MAC-SPGG Framework

Require: Initial prompt g; base models {T;},; evaluator &; game
parameters p,y, P, B(q); max episodes Tmax; early stopping
thresholds Ry, Crarget, €

Ensure: Optimized policy and value function parameters
(0.1

1: Initialize {0}, ¢;}_,, encoder Og, buffer D, and history H

2: for episode t = 1 to Tppax do

3: Reset D «— 0, H «— 0

4: for agenti = 1to n do > Sequential rollout

5 Extract task embedding ®(q), context features & and
position embedding §;

6: Construct b; « [®(q); &; i)

7: Sample configuration ; ~ 7, (- | b;)

8 Generate output 7; « T;(q, h; | §;)

9: Store (bj, &i, 7i) in D, update H «— H & 1;

10: end for

11 for agenti=1tondo > Reward computation

12: Evaluate quality ¢; <« &(7i, q)

13: Compute reward R;, advantage A; = R; — yéi (b;)

14: Store (Rj, A;) in D

15: end for

16: Final integration: obtain overall output 7, and evaluate
final score

Ct — Efinal(tn, 9), R?nal — Ry

17: for agent i = 1 to ndo > PPO update

18: Update 0;, ¢; via gradient descent on —Lppo (0;)

19: end for

2. if Rl > Ry and C; > Crarget and

21: |R£inal - Rf‘fal‘ll < eand |C; — C;—1| < € then

22: break > Early stopping based on final integrator’s
score

23: end if

24: end for

. % L \N
25 return {07, 7},

defined in Definition 1 serves as the optimization target, linking the
SPGG’s game-theoretic payoff structure to reinforcement signals.
In each episode, agent i observes its belief state b;, samples a
continuous configuration vector &;, and generates a textual contri-
bution through its base LLM. The policy network is updated using
the immediately observable part of R;.
The value function over belief states is defined as:
VP (b1) = Eng, [Rilbi], 3)
where R; is the total episodic reward in Definition 1. We estimate
the advantage via the standard Generalized Advantage Estima-
tion (GAE) [52]. Since the MAC-SPGG environment is a one-step

episodic setting, the next-state term Vl.q5 (bjt+1) corresponds to the

terminal value and vanishes (Vi¢(bi+1) = 0), thus GAE naturally
reduces to the one-step advantage:

Abi &) = Ri = VP (by). @)
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where V;’ﬁ(biﬂ) is the terminal value, typically set to zero under
the one-step assumption.

Hence, each agent’s PPO objective is defined in the standard max-
imization form for clarity; in practice, gradient descent is performed
on its negated loss during implementation. Formally,

Lppo(0i) =By, z, [min (R(6:) - A(b3, Gi), clip, (R(6:)) ’A(bi,§i))]

- Avalue ' (Vl¢(bl) - Ri)z,
®)
where the importance-sampling ratio is defined as
7, (Gi | bi)
7g,,i (Gi | bi)
Here, R(6;) represents the ratio between current and previous poli-

R(6;) = (6)

cies, A(b;, ;) is the estimated advantage, and Vi¢ (b;) denotes the
learned value function. The coefficient A, ,1,e controls the contribu-
tion of the value loss in the overall objective.

To ensure efficient optimization and convergence, we adopt an
early stopping mechanism aligned with the theoretical success
criterion of the MAC-SPGG framework. Specifically, training is
terminated once two external conditions are jointly satisfied. First,
the final integrator’s reward R, exceeds a predefined threshold,
Ry > Ry, Second, the evaluator-assessed collective score of the
final output, C; = Egnal(7n, 9), meets or surpasses a target value,
Ct 2 Crarget- These criteria ensure that early stopping depends
on the overall task success rather than intermediate averages, in
accordance with the theoretical formulation in Definition 1. To
guarantee convergence stability, we further require both the final
reward and the collective score to remain within a small tolerance
across consecutive episodes, |R£lnal —R?f*l‘” <eand|C;—C;—1| < e
This mechanism halts training only after the cooperative system
achieves sustained task-level improvement and stabilizes in both
reward and quality.

4 EXPERIMENT

This section outlines the experimental setup, reports effectiveness
performance comparisons with various benchmarks, sequential
ordering effect analysis, and presents ablation studies on base model
combinations and heterogeneity.

4.1 Datasets

We evaluate our workflow on four standard benchmarks span-
ning diverse capabilities: HumanEval [12] for code generation
(Python tasks with unit-test evaluation), MMLU [32] for general
knowledge and reasoning (57 subjects across STEM and humani-
ties), GSM8K [16] for multi-step arithmetic problem solving (grade-
school math word problems), and SummEval [23] for natural lan-
guage understanding (human-annotated summaries rated on co-
herence, consistency, fluency, and relevance). For SummEval, we
train a reinforcement learning-based evaluator aligned with human-
centric metrics; see Appendix D.1.

4.2 Comparison Methods

We compare MAC-SPGG against several widely adopted strong
baselines: (1) Zero-shot CoT prompting [36]: Directly asks the model
to reason step-by-step without any examples. (2) Few-shot CoT
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System Category Configuration #Params HumanEval MMLU GSM8K SummEval (Avg)
SmolLM2-1.7B-Instruct 1.7 24.4 (-49.38) 29 (-46) 45(-50)  4.607 (-0.12)

Zero-Shot COT Single-Agent  Llama3.1-8B-Instruct 8 59.76 (-14.02) 57 (-18) 88 (-7) 4.638 (-0.09)
Qwen3-8B 8 64.63 (-9.15) 66 (-9) 89 (-6) 4.677 (-0.05)
SmolLM2-1.7B 1.7 29.9 (-43.88) 41(-34) 52 (-43) -

Few-Shot COT Single-Agent  Llama3.1-8B 8 72.6 (-1.18) 70 (-5) 90 (-5) -
Qwen3-8B 8 72.0 (-1.78) 67 (-8) 92 (-3) -
Majority Voting 17.7 - 71 (-4) 84 (-11) -

. . Multi-Agent Debate 17.7 - 66 (-9) 86(-9) -

Multi-Agent Baselines CAMEL 16 4878 (-24.99) 42 (-33) 88 (-7) -
ECON 257 70.73(-3.05) 64 (-11) 89 (-6) 4.590 (-0.14)
MAC-SPGG (PO) 177 67.07(-6.71) 75() 95() 4.449 (-0.28)

MAC-SPGG Framework (Ours) /1 o spGG (FO) 17.7 7378 () 69 (-6) 93(-2) 4.728 (-)

«_»

Note. “-” indicates not applicable, e.g., voting-based methods cannot generate coherent outputs for HumanEval or SummEval. Ordering used in both PO and FO

settings: Smol — LLaMA — Qwen.

Table 1: Performance on four benchmarks with delta (in parentheses) relative to the best MAC-SPGG setup. Metrics: HumanEval
in Pass@1 (%), MMLU and GSM8K in accuracy (%), and SummEval in the averaged evaluator-predicted human score (0-5).

prompting [61]: Provides a few worked-out examples to guide the
model’s step-by-step reasoning. (3) Majority Voting-based multi-
agent ensemble [39]: Multiple independent agents generate answers
in parallel, and the final output is selected via majority vote or
other aggregation strategies. (4) Multi-Agent Debate-style prompt-
ing [19]: Agents engage in argumentation or critique each other’s
outputs before converging on a final decision. (5) CAMEL-style role-
based collaboration [38]: Agents are assigned distinct roles (e.g., user,
assistant, critic) to simulate structured dialogues. (6) ECON [68]:
Agents act independently without observing each other, controlled
and manipulated by one coordinator.

4.3 MAC-SPGG Setups

In our experiments, we instantiate the MAC-SPGG framework us-
ing three sequentially interacting language models. The training
details are provided in Appendix D.2. We focus primarily on training
and evaluating small-scale language models under the MAC-SPGG
setting. As heterogeneous model integration has been shown to en-
hance multi-agent reasoning and strategic capabilities [48, 56], we
specifically employ Qwen3-8B [63], SmolLM2-1.7B [2], and LLaMA
3.1-8B [20] to effectively exploit model heterogeneity.

4.4 Main Results

We show the performance of each method across four represen-
tative evaluation tasks spanning code generation (HumanEval),
factual knowledge (MMLU), mathematical reasoning (GSM8K), and
natural language understanding (SummEval) in Table 1. The MAC-
SPGG, under both PO and FO regimes, consistently outperforms
most single-agent and multi-agent baselines, particularly excelling
on complex reasoning tasks such as GSM8K and MMLU. To provide
reference points for upper-bound performance, we include GPT-3.5
Turbo [66], GPT-4-0613 [46], and Qwen2.5-72B-Instruct [63] in a
zero-shot setting, without fine-tuning. We find that our MAC-SPGG
achieves competitive performance with significantly fewer total

Accuracy (%)
Qualty Score (0-5)

Benchmarks

Figure 3: Performance comparison across four benchmarks:
HumanEval, MMLU, GSM8K, and SummEval. MAC-SPGG
(ours) achieves competitive performance with significantly
fewer total parameters.

parameters. Details could be found in Section 4.5. These results high-
light the effectiveness of our cooperative mechanism in MAC-SPGG:
by strategically leveraging multiple smaller models and incentiviz-
ing collaboration through game-theoretic design, our framework
achieves strong performance with substantially fewer parameters.
For a detailed case study, we refer readers to Appendix E.

4.5 Comparison with Large LLMs

To further assess the efficiency of MAC-SPGG parameters, Fig-
ure 3 compares its performance with strong proprietary models,
including GPT-3.5-Turbo [66], GPT-4-0613 [46], and Qwen2.5-72B-
Instruct [63]. Despite comprising only three smaller LLMs totaling
17.7B parameters, MAC-SPGG achieves performance comparable to
or even exceeding these large-scale systems on certain benchmarks.

778



Research Paper Track

4.6 Agent Sequential Ordering Effects

From Table 2, we observe three insights: (i) Sequencing matters:
under PO, LLaMA — Smol — Qwen attains the highest MMLU
accuracy (78%), while Smol — LLaMA — Qwen leads on GSM8K
(95%), indicating task-dependent optima shaped by task complexity
and model capabilities. (ii) Avoid “poor” summarizer: performance
often degrades when ending with the smallest model, as the last
agent bears greater responsibility in cumulative decision-making
and, under PO, has limited backward correction, constraining its
ability to refine complex outputs. (iii) More context is not always
better: FO’s full access does not guarantee superior results, as PO can
outperform FO when excess information introduces redundancy or
distractions, echoing a “less is more” effect. Together, these findings
highlight the nuanced effects of agent ordering and offer actionable
guidance for multi-agent design.

Obs. Agent Order MMLU GSMSK
Qwen — LLaMA — Smol 56 66
Qwen — Smol — LLaMA 74 91

PO Smol — Qwen — LLaMA 76 91
LLaMA — Smol — Qwen 78 93
LLaMA — Qwen — Smol 43 71
Smol — LLaMA — Qwen 75 95
Qwen — LLaMA — Smol 49 61
Qwen — Smol — LLaMA 77 90

FO Smol — Qwen — LLaMA 76 90
LLaMA — Smol — Qwen 72 96
LLaMA — Qwen — Smol 44 72
Smol — LLaMA — Qwen 69 93

Table 2: Ablation Study of Agent Ordering under Partial Ob-
servation (PO) and Full Observation (FO) Settings.

4.7 Efficiency Analysis

We also conducted a cost efficiency analysis by comparing the token
usage per task across different collaboration frameworks, as shown
in Figure 4. Token counts include both input and output tokens used
in each episode. The results indicate that MAC-SPGG consistently
achieves lower token consumption in both PO and FO settings
compared to other baselines. Specifically, the MAC-SPGG mech-
anism under PO achieves the lowest token usage, demonstrating
significant efficiency gains. This reduction in tokens highlights the
economic advantage of MAC-SPGG, as it effectively leverages struc-
tured collaboration, minimizing communication overhead while
maintaining or improving task performance.

4.8 Ablation Study

To understand the effectiveness of the MAC-SPGG mechanism and
the role of agent heterogeneity, we conducted an ablation study
presented in Table 3. First, enabling the MAC-SPGG mechanism
consistently improves performance across both PO and FO settings,
which highlights the efficacy of our framework. Second, we chose
to employ three Qwen models in our experiments due to their
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MMLU

GSMBK

o 10w

2000 3000 4000 5000 6000 7,000
“Tokens Per Task

Figure 4: Token usage per task across different collaboration
frameworks. MAC-SPGG significantly reduces token con-
sumption under both Full and Partial observation settings.

consistently superior performance across all evaluated benchmarks.
Using the strongest available model ensures that our observed
results accurately reflect the capabilities and potential benefits
of the MAC-SPGG framework, without introducing confounding
factors that may be introduced by model heterogeneity.

Obs. Agents Het. SPGG MMLU GSMS8K
LLaMA + Smol + Qwen v v 78 93

PO LLaMA + Smol + Qwen 72 79
Qwenx3 v 78 94
Qwenx3 71 77
LLaMA + Smol + Qwen v 72 96

FO LLaMA + Smol + Qwen v 71 77
Qwenx3 v 80 95
Qwenx3 68 74

Table 3: Ablation study on MAC-SPGG mechanism and agent
heterogeneity (accuracy %).

5 CONCLUSION

This paper presents a principled framework for structured coopera-
tion among LLM-based agents, grounded in the theory of Sequential
Public Goods Games (SPGG). By embedding incentive-compatible
mechanisms into the agent interaction protocol, our approach en-
ables conditional cooperation, belief propagation, and sequential
adaptation. These capabilities are rarely addressed in existing multi-
agent LLM systems. Through empirical evaluations, we show that
MAC-SPGG not only improves performance across diverse tasks
and observation regimes but also enhances cost efficiency by mini-
mizing redundant communication.

More broadly, this work advances the methodological founda-
tion for aligning autonomous language agents through economic
incentives and strategic reasoning. Rather than relying on ad-hoc
coordination heuristics or static voting rules, MAC-SPGG formal-
izes collaboration as a dynamic process shaped by information flow
and strategic interdependence.

Our findings invite further exploration into mechanism design
for large-scale multi-agent LLM systems. We believe this work
takes an essential step toward scalable, mechanism-grounded, and
adaptive cooperation among foundation models.
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