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ABSTRACT

Non-bipartite matching problems arise naturally in many multi-
agent systems, yet they face a fundamental challenge absent from
classical bipartite markets: even under strict preferences, stable
matchings need not exist. This non-existence requires a careful
combinatorial study of preference structures, and calls for the de-
sign of advanced algorithms when aiming for alternative fairness or
relaxed stability guarantees in such settings. I study the structural
origins of instability in non-bipartite preference systems, develop
new optimality criteria inspired by both classical social choice the-
ory and by real-world requirements, and design efficient algorithms
for the computation of matchings satisfying such criteria if possible.
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1 INTRODUCTION

Centralised matching schemes play a key role in many real-world
matching markets, such as organ donation or exchange programs,
team formation, and specialised job markets. In practice, trade-offs
often need to be made between the size, fairness, and efficient com-
putation of desirable matchings [32]. Furthermore, the incentives
of participating agents, and thus the strategic implications for the
matching criteria, need to be considered. One criterion that is often
used in practice is stability, that is, the absence of two agents who
could be better off by being matched to each other instead of one
of their allocated partners (or they have free capacity) [14]. Stable
matching theory combines foundational concepts from economics
(such as cooperative game theory and fairness), mathematics (such
as graph theory and discrete optimisation), and computer science
(such as efficient algorithm design and computational complexity)
[32]. Much progress has been made in characterising the structure
of stable matchings and classifying the complexity of practically-
motivated optimisation problems, usually in domains where agents
or resources of one type are matched to agents or resources of
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a different type (e.g., workers to firms or houses to applicants) —
giving rise to bipartite matching problems [32]. In contrast, non-
bipartite matching problems involving the allocation of agents or
resources of the same type to each other (e.g., partners to each
other, donor-recipient pairs to each other, or other peer-to-peer
markets) are often much less well-behaved, exhibiting a more chal-
lenging structure, and can lead to computationally harder problems
[27, 32, 34]. These weaker guarantees and stronger challenges often
require a more sophisticated design and analysis, as well as novel
solution concepts. Thus, in the next sections, we will discuss gaps,
new results, and ongoing challenges concerning such non-bipartite
(stable) matchings, starting with the one-to-one setting (in which
every agent can have at most one partner), and continuing with
the many-to-many setting, where agents have an integral capacity
indicating the maximum number of partners that they can have.
We conclude with a thesis plan and future work.

2 ONE-TO-ONE MATCHING

Algorithmics and Structure of Stability. The fundamental limi-
tation in the non-bipartite setting was identified already in the
seminal work by Gale and Shapley [14]: even under strict com-
plete preference lists, a stable matching might not exist. On the
positive side, Irving [29] provided an efficient algorithm to find a
stable matching, if one exists, and the structure of stable matchings
has been characterised extensively [26, 27, 30, 32]. Tan [36, 37],
on the other hand, characterised the preference structures leading
to the non-existence of stable matchings through a combinatorial
structure that he referred to as a stable partition. In Glitzner and
Manlove [17, 24], we provide new structural and algorithmic results
for stable partitions, further characterising stable and “unstable”
preference structures, and providing a better understanding of fair
stable half-integral matchings [13]. Furthermore, in Glitzner and
Manlove [18], we provide new insights on the likelihood and size
of unstable preference structures, as well as resulting implications
for various other key solution concepts. Based on comprehensive
simulations, we conclude, for example, that removing one percent
of the agents from the instance typically leads to the existence of
stable matchings.

Almost-Stability and Beyond. When forced to accept some in-
stability, existing work on so-called almost-stable matchings has
largely focused on aggregate instability measures that, for exam-
ple, minimise the total number of blocking pairs or minimise the
number of agents involved in at least one blocking pair [3, 32]. Un-
fortunately, most such optimisation problems turn out to be highly
computationally intractable [1, 4, 5]. Eriksson and Haggstrom [11]
argued that counting blocking pairs is the most indicative measure
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of instability, as each such pair has both the incentive and the oppor-
tunity to deviate. However, in Glitzner and Manlove [21], we argue
that aggregate approaches can permit large concentrated instability
on a few individuals. Thus, both from the perspective of individ-
ual fairness, as well as from a robustness perspective, this appears
problematic: if each blocking pair represents a legitimate injustice
and causes a realistic potential for deviations and unravelling, why
should we allow blocking pairs to accumulate in a few individuals?
We introduce and study a new minimax notion of almost-stability,
which requires that the maximum number of blocking pairs that
any agent finds themselves in is minimal. We establish that even
deciding the existence of a matching in which no agent is in more
than one blocking pair is NP-complete, although we provide effi-
cient algorithms for the case where preference lists are very short.
In follow-up work [22], we also provide an efficient approximation
algorithm and integer linear programming-based algorithms for
this problem, and establish experimentally that a well-balanced
(from a minimax perspective) almost-stable matching is likely to
exist for instances with uniformly random preferences.

In Glitzner and Manlove [21] (and follow-up work in [23]), we
also consider another new perspective: say that we know that only
a specific subset D of deviator agents can “act” on blocking pairs and
initiate pairwise advantageous deviations. Can we decide efficiently
whether there exists a matching in which no agent in D has an
incentive to initiate such a deviation? We prove that the answer
is no (unless P=NP), even under strong restrictions. However, we
provide parametrised algorithms and polynomial-time algorithms
for instances with very short lists, and study related problems.

3 MANY-TO-MANY MATCHING

Stability and Near-Feasibility. Under strict preferences, the effi-
cient algorithm to find a stable matching (if one exists) was extended
to the many-to-many setting by Irving and Scott [31]. Furthermore,
Fleiner [13] showed how the many-to-many problem can be re-
duced to the one-to-one problem. While a great deal of structure is
known for the one-to-one setting, surprisingly little has been shown
for the many-to-many generalisation. In Glitzner and Manlove
[19, 20], we define stable partitions in this more general setting,
tightly characterise stable and unstable preference structures, and
develop an algorithm that modifies a few agents’ capacities to ar-
rive at an instance that admits stable matchings. This fits into an
important new paradigm of near-feasible stable matchings, which
had previously been studied in other settings [9, 33].

Unifying Perspectives. In Glitzner [15, 16], I embed this new
paradigm of near-feasibility into a formal framework that uni-
fies almost-stability (which gives rise to notoriously intractable
problems) and near-feasibility (which has led to many efficient al-
gorithms [7, 10, 20]), and study the compatibility and complexity of
finding optimal capacity modifications across individual and aggre-
gate criteria. Surprisingly, unlike the computation of almost-stable
matchings, where capacity modifications are not permitted, finding
a matching that simultaneously minimises capacity extensions and
agent incentives to deviate on both individual and aggregate levels
turns out to be polynomial-time solvable. Furthermore, we show ex-
perimentally that, on average, only very few capacity modifications
are necessary to arrive at an instance that admits stable matchings.
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4 CONCLUSION AND FUTURE WORK

Overall, non-bipartite stable matching problems suffer from a major
limitation: stable matchings do not always exist. Yet, non-bipartite
matching markets play a crucial role in today’s world, where peer-
to-peer problems are becoming increasingly common. In my thesis,
I plan to delineate the inherent tradeoffs between economically
desirable solutions and the computational complexity of finding,
verifying, and manipulating them, in general multi-agent matching
models, to answer: how should we design, compute, and evaluate
matching algorithms when stability is unattainable or insufficient?

For the remainder of my PhD, I plan to continue studying match-
ing under preferences through algorithmic and combinatorial the-
ory, as well as experimentation. I would like to investigate what can
be learned from non-bipartite (stable) matching theory for more
general multi-agent problems and computational social choice, and
vice versa. I will illustrate this with two ongoing research directions.

Justified Envy-Freeness. A key fairness criterion in fair division
is that of envy-freeness, or approximate versions thereof [35]. In
bipartite matching with two-sided preferences, a weakened no-
tion of justified envy-freeness can be considered. In the one-to-one
setting, stability and justified envy-freeness (together with non-
wastefulness) are equivalent [2]. However, the same need does not
hold for many-to-many matching settings, and, in fact, when ties
are permitted, then (under certain preference rules) a justified envy-
free matching might not exist at all. Still, approximately justified
envy-free matchings do, as Igarashi et al. [28] recently showed.

These new perspectives for the bipartite setting also motivate
the study of justified envy-freeness in the non-bipartite many-to-
many matching setting. Our preliminary results show that, under
strict preferences, any stable matching is justified envy-free, but the
converse need not hold. This is positive: although these instances
might not admit stable matchings, they can still admit justified
envy-free matchings. Now, can we decide the existence of a justified
envy-free matching in polynomial time? What approximations of
justified envy-freeness are guaranteed to exist?

Popular Matchings. Another well-studied alternative to stability
is popularity. Informally, a matching is popular if it does not lose in
a head-to-head election against any other matching, where agents’
votes depend only on their own partners [32]. Equivalently, popular
matchings are weak Condorcet winners [6]. It is well-known that,
under strict preferences, any stable matching is popular, although
the converse is not true in general. Similar to justified envy-freeness,
this means that a popular matching might exist even when stable
matchings do not. However, it is NP-complete to decide the ex-
istence of popular matchings in STABLE ROOMMATES [12, 25]. In
Csaji and Glitzner [8], we show in the bipartite setting that popular
matchings can give significant increases in matching size compared
to stable matchings, without introducing much instability. It would
be interesting to develop fast exponential-time or parametrised
algorithms to extend this study to the non-bipartite setting.
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