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ABSTRACT

Stochastic games have become a prevalent framework for study-
ing long-term multi-agent interactions, especially in the context
of multi-agent reinforcement learning. In this work, we compre-
hensively investigate the concept of constant-memory strategies in
stochastic games. We first establish some results on best responses
and Nash equilibria for behavioral constant-memory strategies, fol-
lowed by some discussion on the computational hardness of best
responding to mixed constant-memory strategies.1
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1 INTRODUCTION

Various real-world situations that involve long-term interactions
among a group of participants can be modeled as stochastic games,
such as negotiation between multiple stakeholders [1, 2, 8], bidding
and mechanism design in repeated auctions [3, 11, 12, 14, 27, 30],
multi-agent teamwork [20, 26, 29], and even human-robot collab-
oration [22, 34]. Stochastic games, also known as Markov games,
model the interactions under these multi-agent systems as a Markov
chain over a set of states, where the transitions are triggered by
joint actions and are potentially stochastic.

The formalization of stochastic games was first proposed in
Shapley’s seminal work [25]. The existence of equilibria formed by
stationary strategies in n-player general-sum stochastic games was
later proven by Fink [9] and Takahashi [31], under mild assump-
tions. Despite being highly restricted in terms of expressiveness,
the notion of stationary strategies has enabled the community to
practically investigate some complex real-world applications, partic-
ularly by resorting to multi-agent reinforcement learning (MARL)
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techniques, as advocated by Littman [16] and implemented in a line
of subsequent work [10, 17, 23, 33].

Notably, one would naturally expect strategies in other less re-
stricted forms that can encode a broader class of behavioral patterns,
hoping to achieve better payoff outcomes. For example, in the Iter-
ated Prisoner’s Dilemma (IPD), with the ability to remember only
one past action played by the opponent, the well-known Tit-For-Tat
(TFT) strategy (start with cooperation) can be devised. One can eas-
ily see that if both players adopt the TFT strategy, they will follow
a trajectory of both cooperating throughout the game, resulting in
a Nash equilibrium with the highest possible payoff. Apart from
other forms of representation, such as strategies represented as
finite automata [4, 24, 36] and even Turing machines [7, 15, 19, 21],
we focus our main effort on investigating the notion of constant-
memory strategies, i.e., mappings from history segments of bounded
lengths to actions, mainly because it directly relates to the concept
of bounded rationality [28] in general, and is highly implementable
in practice. Note that this notion has been preliminarily investigated
by Chen et al. [6] and Wang and Lin [32]. However, they only focus
on behavioral strategy best responses under repeated games, with-
out further discussion on either Nash equilibria or mixed strategies
under games with multiple states.

In this paper, we comprehensively study the theoretical proper-
ties associated with constant-memory strategies in stochastic games.
We start by presenting a characterization of best responses to be-
havioral constant-memory strategies, as well as the existence result
of Nash equilibria. Then, we provide some negative results for
computing best responses to mixed constant-memory strategies.

While not elaborated in this short paper, we report some ex-
perimental results in the full paper on several sequential decision-
making testbeds, including the Iterated Prisoner’s Dilemma, the Iter-
ated Traveler’s Dilemma, and the Pursuit domain, aiming to enhance
the understanding of theoretical issues in single-agent planning
under multi-agent systems, and uncover the connection between
decision models in single-agent and multi-agent contexts. The code
is available at https://github.com/Fernadoo/Const-Mem.

2 PRELIMINARIES

The long-horizon interaction of multiple agents is modelled as a
stochastic game (SG). An SG is a 5-tuple (N, S, A, T, R),
(1) N is a finite set of n agents.
(2) S is a finite set of (environmental) states.
(3) A=Ay X XAy is a set of joint actions, where A; is the
action set of agent i.
4) T:SXxA X+ Ap — A(S) defines stochastic transitions.
(5) Ri : S X Ay X --- Ap — R denotes the rewards for agent i.
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In memory-restricted cases, an agent can only devise strategies
based on past memories of finite lengths. We denote the space of all
possible histories of length K € Nas HX £ (SxA)K. In particular,
when K = 0, we have H® = 0 meaning that no history can be
utilized. Given any non-negative integer K, a behavioral K-memory
strategy for agent i is a mapping from all possible histories with
lengths less then or equal to K and the current states to (possibly
randomized) actions, mathematically defined as

i CHIK xS A(A;),

where H=K £ Uf:()?'{k. Let HIK denote the set of all such K-
memory strategies for agent i. For convenience, we let H®
(8 x A)* denote the set of complete histories that an agent with
perfect recall can possibly memorize, and therefore, IT3” is the set
of all possible behavioral infinite-memory strategies for agent i of
the form 7; : (8 X A)* xS — A(A;). A direct consequence is
that HIK c Hg(/ C II7° for any non-negative K < K’. Among them,
one of the most popular class of strategies is H?, termed as the
stationary strategies.

The objective for each agent is to maximize its accumulated
discounted rewards. We let R; ; denote the reward signaled to
agent i at step ¢, similarly for S; and a; ;, then the overall utility
under a strategy profile (7, 7—;) starting from any state S € S is

(o]
ui(S; mis i) = B, 1)) [ Z YtRi,t‘SO = S] (1)
t=0

7 is said to be the best response of 7_;, denoted as 7; € BR(r—;), if
VS €S, mf e 177, ui(S; i, moi) > ui(S; ), m_;) (2)

requiring that a 7z; must outperform any other in I1{° to serve as
the best response.

3 MAIN RESULTS

3.1 Best Responses to Behavioral Strategies

We first characterize the best responses of an agent when all the
other opponents are using behavioral constant-memory strategies,
followed by the existence result of equilibria.

THEOREM 3.1. Given j € 1'[5.( withK € Z forallj # i, i.e., all the
other agents are adopting constant-memory strategies with the same
finite memory length K, there must exist a pure K-memory strategy
for agent i as a best response.

COROLLARY 1. Given 7j € HJI.Q with each Kj € Z forall j + i,
i.e., all the other agents are adopting constant-memory strategies but
with varying memory lengths, there must exist a pure (max;x; {K;})-
memory strategy for agent i as a best response.

DEFINITION 1 (NAsH EQUILIBRIUM). A strategy profile {n] };c n
is a Nash equilibrium (NE) if 7} € BR(r",), for everyi € N.

THEOREM 3.2. There exists an NE when the agents are all adopting
K-memory strategies, for any arbitrary non-negative finite K.

3.2 Best Responses to Mixed Strategies

When an agent i is said to adopt a behavioral K-memory strat-
egy, it means that agent i will select one strategy 7; € Hf just
before a match begins. Once the agent has “confirmed” its strategy,
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it will not deviate to any other strategies during the match until
the termination. Slightly different from a behavioral strategy, a
mixed strategy (for agent i and of K-memory) specifies its support
set Hf* C Hf , where each behavioral strategy 7; € Hf* will
be selected with a positive probability p,, before each match be-
gins. Thus, we use a tuple (H{( *,p) to denote a mixed strategy for
agent i. Intuitively, when an agent is playing against a mixed strat-
egy (H{( *.p), it simply means this particular agent will encounter
an opponent using the behavioral strategy 7; € HIK * for a fraction
p. of the whole time. The overall utility will be calculated as the
expected payoff over all possible matches.

One may be particularly interested in a specific type of strategies,
namely the behavioral strategy obtained by state-wise randomiza-
tion over the actions according to the probability distribution pro-
vided by the mixed strategy. Unfortunately, this induced strategy
may not lead to the same outcome as the original mixed strategy
in general, although the equivalence happens to hold for repeated
games with stationary strategies.

DEFINITION 2 (MIXED-STRATEGY-INDUCED BEHAVIORAL STRAT-
EGY). Given a mixed strategy (Hf(*, p), we define oK+ 7) as the
behavior strategy induced by this mixed strategy. Formallly, for each
(H,S) e HSK x 8,

w(ng<+,5)(ai|H, S) = Zpl - mrj(ai|H,S)
L

THEOREM 3.3 (UtILITY EQUIVALENCE DOES NoT HOLD FOR GEN-
ERAL STOCHASTIC GAMES). In general, when a stochastic game in-
volves multiple states, an agent i’s overall utility when playing against
a mixed stationary strategy (Ho_*l.',ﬁ) is not necessarily the same as

the utility against the induced behavioral strategy OOt 5

We also show that computing the best response against a mixed
K-memory strategy is as hard as optimally solving infinite-horizon
Contextual MDPs (CMDPs) [5, 13]. So far, the common conjecture
is that CMDPs are not significantly easier to solve than POMDPs
in general; and it is proven that optimally solving infinite-horizon
POMDPs is undecidable [18]. We prove the above result by present-
ing a two-way reduction.

THEOREM 3.4. Given a mixed strategy profile (Hlff,ﬁ) of the op-
ponents, computing the best response for agent i can be reduced to
optimally solving a special case of infinite-horizon POMDPs.

THEOREM 3.5. Optimally solving a CMDP can be reduced to com-
puting the best response for an agent i against a profile of mixed
zero-memory strategies (H‘:T, p) adopted by its opponents.

4 CONCLUSION

In this work, we develop a theoretic framework to study constant-
memory strategies. The notion of best responses and equilibria are
well-established. In particular, we highlight that best responding to
mixed constant-memory strategies may be computationally hard,
possibly even not computable. These results can be seen as an
extension of both [6, 32] (from repeated games to stochastic games)
and [35] (from stationary strategies to K-memory ones). In the full
paper, we also report some experimental results conducted on two
well-known social dilemmas as well as a multi-robot domain to
verify those theoretic insights.
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