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ABSTRACT
Multi-agent coordination without central control requires balanc-
ing safety and computational efficiency. We present a novel frame-
work that transforms Level-𝑘 cognitive reasoning from a descriptive
model of bounded rationality into a constructive planning algorithm
for agent coordination. Our key insight is to replace Level-𝑘 reason-
ing’s assumption of random Level-0 behavior with safety-oriented
baselines where all agents compute conservative trajectories. Safety
emerges naturally from the recursive structure: each reasoning level
inherits and strengthens the safety margins of lower levels, creating
cascading conservatism that prevents collisions without explicit
constraints. Beyond ensuring safety, this hierarchical conservatism
also provides a natural foundation for efficient planning. By inte-
grating this reconstructed hierarchy with Monte Carlo Tree Search
(MCTS), we achieve significant computational advantages through
two complementary mechanisms: a Dynamic Interaction Graph
that constrains candidate interactions and reduces complexity from
exponential to linear in agent count, and Safety-aware Pruning
within MCTS that eliminates infeasible actions before evaluation.
We evaluate our framework on symmetric multi-agent intersections,
demonstrating collision-free coordination and real-time efficiency
across scenarios of varying complexity, highlighting its scalability
and robustness for safety-critical planning.
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1 INTRODUCTION
Coordinating autonomous agents in symmetric scenarios is a key
challenge in multi-agent systems [27]. Consider eight agents simul-
taneously approaching an intersection from equidistant positions.
Perfect symmetry eliminates natural priorities, creating a coordina-
tion dilemma: without principled mechanisms, agents face deadlock
or collision, while the exponential joint action space renders central-
ized optimization intractable [35]. Such symmetric configurations
arise in practice, including urban intersections, parking facilities,
and warehouse automation systems [29].

The complexity of multi-agent coordination grows dramatically
with scale [9]. Consider an 𝑁 -agent intersection, where each agent
has a discrete action space A with |A| possible actions. For 𝑁 = 8
and |A| = 15, the joint action space contains 158 ≈ 2.5 × 109
possibilities per time step [19]. Over a 10-step planning horizon,
this yields 1580 ≈ 1094 potential trajectories, far beyond practical
computational limits for real-time systems [28]. This exponential
explosion, known as the curse of dimensionality, renders exhaustive
search infeasible and challenges even approximate methods [17].

Existing approaches to multi-agent coordination including game-
theoretic methods [25, 34], sampling-based planners [2, 4], and
learning-based techniques [31, 37], can be effective in certain set-
tings, but they often struggle with symmetric interactions, scalabil-
ity, or safety guarantees. In particular, classical Level-𝑘 reasoning
models [27] assume Level-0 agents behave randomly or naively.
While this assumption provides computational tractability, it ren-
ders Level-𝑘 reasoning unsuitable for safety-critical scenarios, as
naive Level-0 behavior can easily lead to collisions.

We address these limitations by reconceptualizing Level-𝑘 rea-
soning, transforming it from a descriptive model of human bounded
rationality into a constructive algorithm for multi-agent coordina-
tion. Instead of assuming naive Level-0 behavior, we define Level-0
as a conservative safety baseline that generates collision-free tra-
jectories. Higher-level agents recursively best-respond to these safe
lower-level trajectories, decomposing the exponential joint opti-
mization problem into sequential single-agent Markov Decision
Processes (MDPs) [1]. This reduces computational complexity from
O(|A|𝑁 ) to O(𝑁 · |A|) while preserving safety through cascading
conservatism across reasoning levels.

Building on the computationally tractable Level-𝑘 hierarchy,
our framework integrates Monte Carlo Tree Search (MCTS) [4] to
achieve efficient and scalable coordination. Safety-aware pruning
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reduces unnecessary exploration, while spatial-strategic filtering
focuses on relevant agents for interactions. Together, these mech-
anisms enable real-time planning, robustly handling diverse sce-
narios. The framework dynamically adjusts reasoning depth based
on interaction complexity, ensuring safe and coordinated behavior
without the need for scenario-specific reconfiguration.

We evaluate our framework on scenarios that represent some
of the most challenging decentralized coordination problems, in-
volving increasing agent counts and complex interaction patterns.
Our Level-𝑘 framework consistently outperforms baselines such as
vanilla MCTS. Beyond standard performance metrics, it provides
interpretable decisions through explicit reasoning traces, crucial
for safety-critical deployment. By repurposing cognitive models
of human limitations as computational tools for robots, we open
new directions for bridging behavioral economics and autonomous
systems. Our main contributions are as follows.

(1) We put forward a reconceptualized hierarchical cognitive
framework that transforms joint optimization into tractable
sequential single-agent MDPs, reducing complexity from
O(|A|𝑁 ) to O(𝑁 · |A|) while ensuring safety through cas-
cading conservatism.

(2) We show that the proposedMCTS-Level-𝑘 approach achieves
sub-100ms planning through safety-aware pruning and dual
spatial-strategic filtering, making it suitable for interpretable,
real-time multi-agent coordination.

(3) We evaluate the approach experimentally on symmetric
multi-agent intersections demonstrating that our framework
consistently outperforms vanilla MCTS and game-theoretic
methods, achieving superior safety, efficiency, and scalability
across scenarios with varying agent counts.

2 RELATEDWORK
Game-theoretic approaches.

Game-theoretic frameworks provide principled solutions for
multi-agent coordination throughNash equilibrium computation [25,
34, 39], ensuring that no agent can improve its outcome via unilat-
eral deviation [6]. However, even when equilibria exist, they may
not be discoverable or computable in practice [8]. Computing equi-
libria requires exploring the full joint action space, which quickly
becomes intractable beyond 2–3 agents [10]. Symmetric scenarios
exacerbate the problem, as multiple equilibria exist and additional
selection mechanisms may be needed, often conflicting with safety
objectives [14]. Hierarchical game solvers [7, 15] decompose prob-
lems into subgames but remain limited by the exponential growth
of joint action spaces [20].
Sampling-based methods. Sampling-based planning, particularly
Monte Carlo Tree Search (MCTS), reduces computational burden
by selectively exploring promising branches [2, 4]. Upper confi-
dence bound heuristics guide search toward high-value actions [38].
Yet, vanilla MCTS typically assumes static or randomly acting op-
ponents [18], resulting in optimistic predictions that fail under
multi-agent interactions [26]. Extensions incorporating opponent
modeling either require centralized coordination [21, 27] or scale
poorly, as maintaining beliefs over all agents’ policies becomes
infeasible with increasing agent numbers.

Learning-based methods. Multi-agent reinforcement learning
(MARL) enables agents to learn coordination strategies from sim-
ulation [31, 37], discovering emergent behaviors without explicit
communication. However, learned policies often lack generaliza-
tion: architectures and state representations tuned for small agent
sets fail in larger or dynamically varying configurations [11, 12].
Retraining for each scenario is required, limiting applicability in
real-time or open-world deployments [5].
Level-𝑘 reasoning. Level-𝑘 reasoning from behavioral economics
models bounded rationality [27], providing a middle ground be-
tween optimal but intractable game-theoretic solutions and naïve
sampling or learning approaches. Agents recursively predict others’
actions based on lower-level reasoning [22, 32], breaking symmetry
and decomposing joint optimization into sequential single-agent
problems [36]. Classical Level-𝑘 assumes Level-0 agents act ran-
domly, which is unsafe for critical scenarios and insufficient for
real-time performance [23]. This motivates extensions integrating
conservative initialization, predictive models, and scalable planning,
forming the basis of our MCTS-Level-𝑘 framework.

3 PROBLEM FORMULATION
We consider a symmetric multi-agent coordination problem where
𝑁 agents simultaneously approach an unsignalized intersection
from four directions. Each direction has two lanes, with agents
placed equidistant from the center, creating a perfectly symmet-
ric configuration. This setup poses three key challenges: First, the
lack of natural ordering leads to simultaneous conflicts at the in-
tersection center. Second, the joint action space scales as O(|A|𝑁 ),
where A is the action space of a single agent, making centralized
optimization intractable. Third, the symmetry increases deadlock
risk, as no agent has inherent priority—agents may either all yield
or move simultaneously, risking collision.

To address these challenges, we adopt a decentralized frame-
work where each agent plans locally based on its observations
and limited communication. Decision making follows a recursive
Level-𝑘 reasoning process where Level-𝑘 agents anticipate the be-
haviors of agents with lower reasoning levels (< 𝑘). Reasoning
levels are assigned dynamically based on interaction complexity.
Level-0 initializes each agent’s conservative baseline trajectory using
constant-velocity predictions for other agents, instead of the random or
rule-based behaviors assumed in classical formulations [3]. This pre-
dictable baseline provides a safe foundation for higher-level reasoning,
enabling cascading safety through the recursive Level-𝑘 structure. For
a Level-𝑘 agent 𝑖 (𝑘 ∈ {1, 2}), the planning problem is formulated
as:

a(𝑘 )∗
𝑖
(𝑡) := argmax

a𝑖 (𝑡 )
R (𝑘 )
𝑖
(a𝑖 (𝑡) | 𝑆 (𝑡), a(<𝑘 )−𝑖 (𝑡))

s.t. a𝑖 (𝑡) ∈ A𝐻 , 𝑠𝑖 (𝑡 + 𝑗) ∈ S𝑖safe, ∀𝑗 ∈ [0, 𝐻 ]
, (1)

where a(𝑘 )∗
𝑖
(𝑡) denotes the optimal solution under Level-k reason-

ing, a𝑖 (𝑡) = {𝑎𝑖 (𝑡), ..., 𝑎𝑖 (𝑡 + 𝐻 − 1)} is the action sequence over
horizon 𝐻 , 𝑆 (𝑡) is the global state, S𝑖safe denotes the safe state space
for agent 𝑖 , A𝐻 is the 𝐻 -step action space, and a(<𝑘 )−𝑖 (𝑡) represents
actions of lower-level agents. The reward function R (𝑘 )

𝑖
(·) encodes

safety, efficiency, and comfort objectives. Detailed state representa-
tion and dynamics are formalized in Section 4.
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4 AGENT MODELING AND INTERACTIONS
In this section, we present the mathematical formulation of our
agent modeling and interaction framework, which serves as the
foundation for the MCTS-Level-𝑘 framework.

4.1 State, Dynamics, and Collision Modeling
The state of agent 𝑖 at time 𝑡 is defined as:

𝑠𝑖 (𝑡) = [𝑥𝑖 (𝑡), 𝑦𝑖 (𝑡), 𝑣𝑖 (𝑡),𝜓𝑖 (𝑡)]⊤ ∈ S𝑖 ⊂ R4, (2)

where (𝑥𝑖 (𝑡), 𝑦𝑖 (𝑡)) is the position, 𝑣𝑖 (𝑡) ∈ [0, 𝑣max] the velocity,
and 𝜓𝑖 (𝑡) ∈ [−𝜋, 𝜋] the heading angle. The global state is 𝑆 (𝑡) =
{𝑠1 (𝑡), . . . , 𝑠𝑁 (𝑡)} ∈ S𝑁 . Each agent selects from a discrete action
spaceA𝑖 consisting of 15 control primitives, combining longitudinal
acceleration 𝑎𝑖 (𝑡) and angular velocity 𝛿𝑖 (𝑡). This size balances
expressiveness and computational tractability, providing sufficient
maneuver options while keeping planning efficient.

We adopt the following point-mass kinematics model as it is
widely used for agent decision making [16]:

𝑥𝑖 (𝑡 + 1) = 𝑥𝑖 (𝑡) + 𝑣𝑖 (𝑡) cos(𝜓𝑖 (𝑡))Δ𝑡, (3a)
𝑦𝑖 (𝑡 + 1) = 𝑦𝑖 (𝑡) + 𝑣𝑖 (𝑡) sin(𝜓𝑖 (𝑡))Δ𝑡, (3b)
𝑣𝑖 (𝑡 + 1) = 𝑣𝑖 (𝑡) + 𝑎𝑖 (𝑡)Δ𝑡, (3c)
𝜓𝑖 (𝑡 + 1) =𝜓𝑖 (𝑡) + 𝛿𝑖 (𝑡)Δ𝑡, (3d)

where Δ𝑡 is the discrete time step.
To ensure safe operation, each agent’s feasible states satisfy three

requirements: (i) collision avoidance, (ii) road boundary adherence,
and (iii) longitudinal speed limits. In practice, each agent is repre-
sented as an oriented rectangle of length 𝑙𝑖 and width𝑤𝑖 , extended
to 𝑙𝑖 + Δ𝑙 and 𝑤𝑖 + Δ𝑤 to account for a safety margin. Given an
agent state 𝑠𝑖 (𝑡), the four vertices of the occupied rectangle are

v𝑗
𝑖
= (𝑥𝑖 (𝑡), 𝑦𝑖 (𝑡)) + R(𝜓𝑖 (𝑡)) · p𝑗 , 𝑗 ∈ {1, 2, 3, 4}, (4)

where (𝑥𝑖 (𝑡), 𝑦𝑖 (𝑡)) is the center position, R(𝜓𝑖 (𝑡)) is the rotation
matrix, and p𝑗 are the corner offsets. Collisions between agents 𝑖
and 𝑗 are then checked via the Separating Axis Theorem (SAT) [33]:

Collision(𝑖, 𝑗) = SAT(V𝑖 ,V𝑗 ), V𝑖 = {v1𝑖 , v2𝑖 , v3𝑖 , v4𝑖 }. (5)

The agent polygon must remain within the drivable area and
respect speed bounds. Combining these with collision avoidance,
the safe state space is defined as

S𝑖safe =
𝑠𝑖 ∈ S𝑖

�������
hull(V𝑖 (𝑠𝑖 )) ⊂ Rvalid,

𝑣𝑖 ∈ [0, 𝑣max],
Collision(𝑖, 𝑗) = false,∀𝑗 ≠ 𝑖

 , (6)

where hull(V𝑖 (𝑠𝑖 )) denotes the convex hull (i.e., rectangular poly-
gon) formed by the four vertices V𝑖 = {v1𝑖 , v2𝑖 , v3𝑖 , v4𝑖 } at state 𝑠𝑖 , and
Rvalid represents the drivable road area.

4.2 Dynamic Interaction Graph
To address the scalability challenge, we propose a dynamic interac-
tion graph with improved computational efficiency by considering
only strategically and spatially relevant interactions, using a filter-
ing mechanism based on spatial proximity and reasoning levels.

Time-varying graph formulation. As agents move through
the intersection, their spatial relationships evolve dynamically: in-
teraction edges appear when agents approach potential conflict

Figure 1: Dynamic interaction graph: (a) Complete graph
showing all potential interactions. (b) Filtered graph at time
𝑡 with active edges in 𝐸𝑡 (shown by non-zero entries in𝑊 𝑡 ).

zones and disappear once conflicts are resolved. We represent
this as a time-varying directed graph 𝐺𝑡 = (𝐴, 𝐸𝑡 ,𝑊 𝑡 ), where
𝐴 = {1, 2, . . . , 𝑁 } is the set of agents, 𝐸𝑡 ⊂ 𝐴×𝐴 is the time-varying
edge set at time 𝑡 , and𝑊 𝑡 = [𝑤𝑡𝑖 𝑗 ] is the weighted adjacency matrix.

Spatial Filtering. An interaction edge ( 𝑗, 𝑖) ∈ 𝐸𝑡 exists if and
only if agent 𝑗 influences the decision-making of agent 𝑖 at time
𝑡 , determined by analyzing potential conflicts within a prediction
horizon:

( 𝑗, 𝑖) ∈ 𝐸𝑡 ⇐⇒ ∃𝑡 ′ > 𝑡 : Conflict(𝑖, 𝑗, 𝑡 ′) = 1. (7)

The conflict between agents 𝑖 and 𝑗 is detected by analyzing the
intersection of their predicted future trajectories as follows:

Conflict(𝑖, 𝑗, 𝑡 ′) =

1, if (B𝑡 ′𝑖 ∩ B𝑡

′
𝑗 ≠ ∅)

∧ (|𝑡arr𝑖 − 𝑡arr𝑗 | < 𝜏)
0, otherwise

, (8)

where B𝑡 ′𝑖 represents the predicted boundary of agent 𝑖 at time 𝑡 ′,
𝑡arr𝑖 is the arrival time of agent 𝑖 at the potential conflict point, and
𝜏 is a temporal threshold for collision risk.

Strategic Filtering. To reduce planning complexity, we introduce
strategic filtering within the Level-𝑘 reasoning hierarchy. Agents
are dynamically assigned to operational Levels 1–2 based on in-
teraction complexity, including proximity to conflict zones, traffic
density, and trajectory conflicts. Note that Level-0 is not an actual
agent type but an initialization procedure that generates conser-
vative baseline trajectories. For each active level 𝑘 , we collect all
agents assigned to that level into the set

L𝑘 = {𝑖 ∈ 𝐴 : 𝑘𝑖 = 𝑘}, 𝑘 ∈ {1, 2}. (9)

Here,𝐴 is the set of all agents, and 𝑘𝑖 denotes the reasoning level of
agent 𝑖 . The setL𝑘 provides the pool of agents at level 𝑘 fromwhich
each agent 𝑖 forms its level-specific interaction set N (𝑘 )

𝑖
, selecting

which agents influence its reasoning based on the dual filtering:

N (𝑘 )
𝑖

=

{
∅, if 𝑘 = 0
{ 𝑗 ∈ 𝐴 : (𝑘 𝑗 < 𝑘) ∧ (( 𝑗, 𝑖) ∈ 𝐸𝑡 )}, if 𝑘 ∈ {1, 2}

. (10)

The first case (𝑘 = 0) is included for completeness, though Level-0
agents do not perform strategic planning. The resulting interaction
graph (Fig. 1) includes only Levels 1 and 2, where higher-level agents
consider lower-level ones for anticipatory planning. This dual fil-
tering significantly reduces computational complexity. Specifically,
for each Level-𝑘 agent 𝑖 , the complexity reduces from 𝑂 ( |A𝑖 |𝑁 ) to
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𝑂 ( |A𝑖 | |N
(𝑘 )
𝑖
| ), where |N (𝑘 )

𝑖
| ≪ 𝑁 represents the number of inter-

action neighbors. For instance, in Fig. 1, Level-2 agent 𝐴1 considers
only Level-1 agents 𝐴4 and 𝐴5, reducing the action space while
preserving solution quality.

4.3 Multi-Agent Interaction Model
To solve the optimization problem as defined in (1), we formulate
the multi-agent coordination as a partially observable stochastic
game. For each agent 𝑖 with Level-𝑘 reasoning, the cumulative
reward over a finite horizon 𝐻 is:

R (𝑘 )
𝑖
(a𝑖 (𝑡) | 𝑆 (𝑡), a(<𝑘 )−𝑖 (𝑡)) =
𝐻−1∑︁
𝑗=0

𝛾 𝑗 · 𝑟𝑖 (𝑆 (𝑡 + 𝑗), 𝑎𝑖 (𝑡 + 𝑗), 𝑎−𝑖 (𝑡 + 𝑗)), 𝛾 𝑗 ∈ (0, 1] (11)

where 𝑎𝑖 (𝑡 + 𝑗) ∈ A𝑖 denotes the action taken by agent 𝑖 at time
𝑡 + 𝑗 , 𝑎−𝑖 (𝑡 + 𝑗) = {𝑎𝑚 (𝑡 + 𝑗)}𝑚≠𝑖 denotes the joint actions of all
other agents, and 𝑟𝑖 (·) is the instantaneous reward function of agent
𝑖 . The state evolution follows the system dynamics (3).

The reward function that encodes task-specific priorities includ-
ing safety, efficiency, and comfort, is structured as:
𝑟𝑖 (𝑆 (𝑡), 𝑎𝑖 (𝑡), 𝑎−𝑖 (𝑡)) =
𝑤s · 𝑟 𝑖s (𝑆 (𝑡)) +𝑤e · 𝑟 𝑖e (𝑠𝑖 (𝑡)) +𝑤d · 𝑟 𝑖d (𝑠𝑖 (𝑡)) +𝑤c · 𝑟 𝑖c (𝑎𝑖 (𝑡)),

(12)

where𝑤 · represent weights balancing safety, efficiency, trajectory
tracking, and comfort objectives. The safety reward 𝑟 𝑖s (𝑆 (𝑡)) en-
courages maintaining safe distances from other agents and road
boundaries:

𝑟 𝑖s (𝑆 (𝑡)) = −
∑︁
𝑗≠𝑖

exp(−𝑑2𝑖 𝑗/2𝑑2safe) −
∑︁
𝑏∈B𝑟

exp(−𝑑2
𝑖𝑏
/2𝑑2safe), (13)

where𝑑𝑖 𝑗 is the inter-agent distance computed via SAT (5),𝑑𝑖𝑏 is the
distance to the road boundary 𝑏 ∈ B𝑟 , and 𝑑safe is the safety thresh-
old. The efficiency reward encourages maintaining the reference
velocity:

𝑟 𝑖e (𝑠𝑖 (𝑡)) = −|𝑣ref − 𝑣𝑖 (𝑡) |, (14)
where 𝑣ref is the reference velocity for traffic flow. The trajectory
tracking reward encourages following the reference path:

𝑟 𝑖d (𝑠𝑖 (𝑡)) = − min
𝑝∈P𝑖
∥ [𝑥𝑖 (𝑡), 𝑦𝑖 (𝑡)]𝑇 − 𝑝 ∥2, (15)

whereP𝑖 denotes the set of reference path points for agent 𝑖 , and 𝑝 ∈
P𝑖 represents an individual point. The comfort reward discourages
abrupt control changes:

𝑟 𝑖c (𝑎𝑖 (𝑡)) = −∥𝑎𝑖 (𝑡) − 𝑎𝑖 (𝑡 − 1)∥22 . (16)

These components collectively define each agent’s objectives. How-
ever, joint optimization remains intractable due to the exponential
growth of the joint action space

∏𝑁
𝑖=1A𝑖 or simply A𝑁 .

4.4 Level-k Solution Framework
To address the computational intractability of joint optimization,
we employ the Level-𝑘 reasoning framework, which transforms
the multi-agent problem into a hierarchy of tractable subproblems
through bounded rationality assumptions. Building upon the inter-
action structure established in Section 4.2, we now formalize how
each agent determines its optimal trajectory.

4.4.1 Recursive Best Response. The key insight of our Level-𝑘
framework is that each agent with reasoning level 𝑘 treats all lower-
level agents as predictable, effectively converting the intractable
multi-agent game into a single-agent optimization problem. Based
on the reward functional in (11) and the interaction sets N (𝑘 )

𝑖
de-

fined in (10), each Level-𝑘 agent (𝑘 ∈ {1, 2}) solves a recursive
best-response problem:

a(𝑘 )∗
𝑖
(𝑡) = argmax

a𝑖 (𝑡 )
R (𝑘 )
𝑖
(a𝑖 (𝑡) | 𝑆 (𝑡), a(<𝑘 )−𝑖 (𝑡)),

s.t. (3), (6), a𝑖 (𝑡) ∈ A𝐻 , 𝑠𝑖 (𝑡 + 𝑗) ∈ S𝑖safe,∀𝑗 ∈ [0, 𝐻 ]
, (17)

where the predicted behaviors a(<𝑘 )−𝑖 (𝑡) are obtained recursively:
Level-1 agents assume all others follow Level-0 trajectories (treating
others as static obstacles), while Level-2 agents anticipate Level-
1 behaviors. This recursive structure breaks symmetry through
reasoning-level differentiation, creating an implicit ordering for
conflict resolution. Since Level-0 generates conservative baselines
rather than random behaviors, each subsequent level inherits and
amplifies these safety buffers, resulting in system-wide robustness
to prediction errors without requiring explicit coordination.

4.4.2 Induced Single-Agent MDP Formulation. Given fixed oppo-
nent strategies a(<𝑘 )−𝑖 from lower-level agents within the interaction
set N (𝑘 )

𝑖
, agent 𝑖’s planning problem reduces to an induced MDP:

M (𝑘 )
𝑖

= (S𝑖 ,A𝑖 , 𝑃 (𝑘 )𝑖
, 𝑟
(𝑘 )
𝑖
, 𝐻 ), (18)

where 𝐻 is the planning horizon, and 𝑟 (𝑘 )
𝑖

is the induced reward
function that incorporates predicted opponent behaviors. The in-
duced dynamics are obtained by marginalizing over predicted op-
ponent actions:

𝑃
(𝑘 )
𝑖
(𝑠′𝑖 |𝑠𝑖 , 𝑎𝑖 ) =

∑︁
𝑎−𝑖

𝜋
(<𝑘 )
−𝑖 (𝑎−𝑖 |𝑠−𝑖 )𝑃 (𝑠

′
𝑖 |𝑠𝑖 , 𝑎𝑖 , 𝑎−𝑖 ), (19)

where 𝑠′𝑖 is the next state of agent 𝑖 , and 𝜋
(<𝑘 )
−𝑖 represents the pre-

dicted policies of lower-level agents. The corresponding induced
reward function is:

𝑟
(𝑘 )
𝑖
(𝑠𝑖 , 𝑎𝑖 ) =

∑︁
𝑎−𝑖

𝜋
(<𝑘 )
−𝑖 (𝑎−𝑖 |𝑠−𝑖 )𝑟𝑖 (𝑆, 𝑎𝑖 , 𝑎−𝑖 ), (20)

where 𝑆 = {𝑠𝑖 }∪{𝑠 𝑗 : 𝑗 ∈ N (𝑘 )𝑖
} represents the joint state of agent 𝑖

and its interaction neighbors defined in (10), and 𝑟𝑖 (𝑆, 𝑎𝑖 , 𝑎−𝑖 ) is the
instantaneous reward from (12). This hierarchical decomposition
reduces computational complexity from𝑂 ( |A𝑖 |𝑁 ) to𝑂 ( |A𝑖 | |N

(𝑘 )
𝑖
| )

by transforming multi-agent planning into a single-agent MDP
under fixed opponent strategies [30], enabling standard methods
like MCTS to achieve real-time planning.

5 MCTS-LEVEL-K DECISION-MAKING
To enable tractable planning under recursive reasoning, we adopt
Monte Carlo Tree Search (MCTS) as a sampling-based solver for
the Level-𝑘 optimization problem defined in (17).

5.1 MCTS-Level-k Optimization
Building on the induced MDP formulation (Section 4.4), MCTS
performs a forward search to find optimal action sequences, as
illustrated in Fig. 2, by directly maximizing the cumulative reward
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Figure 2: Illustration of the safety-aware MCTS framework.

defined in (11). For each Level-𝑘 agent 𝑖 , we first define the state-
action value function for a single action:

𝑄 (𝑠, 𝑎) = E
[ 𝐻−1∑︁
𝑗=0

𝑟𝑖
(
𝑆 (𝑡 + 𝑗), 𝑎𝑖 (𝑡 + 𝑗),

𝑎−𝑖 (𝑡 + 𝑗)
) �� 𝑠0 = 𝑠, 𝑎0 = 𝑎], (21)

where 𝑟𝑖 (·) is the instantaneous reward from (12). To evaluate action
sequences, we define the sequence value function:

𝑉 (a𝑖 | 𝑆 (𝑡), a(<𝑘 )−𝑖 ) =
𝐻−1∑︁
𝑗=0

𝑟𝑖
(
𝑆 (𝑡 + 𝑗), 𝑎𝑖 (𝑡 + 𝑗), 𝑎 (<𝑘 )−𝑖 (𝑡 + 𝑗)

)
, (22)

where a𝑖 = {𝑎𝑖 (𝑡), . . . , 𝑎𝑖 (𝑡 +𝐻 − 1)} denotes the action sequence
over horizon 𝐻 , and a(<𝑘 )−𝑖 represents the predicted strategies of
Level-(< 𝑘) opponents in N (𝑘 )

𝑖
. MCTS then solves the following

optimization problem:

a(𝑘 )∗
𝑖

= arg max
a𝑖 ∈A𝐻

𝑉 (a𝑖 | 𝑆 (𝑡), a(<𝑘 )−𝑖 ) . (23)

In the receding horizon framework, only the first action of the
optimal sequence a(𝑘 )∗

𝑖
, i.e., 𝑎 (𝑘 )∗

𝑖
(𝑡), is executed, and planning is

repeated at each subsequent time step.

5.2 Tree Structure and Action Selection
The search tree T𝑖 for agent 𝑖 consists of nodes representing state-
action pairs. Each node 𝑛 ∈ T𝑖 maintains:

𝑛 := {𝑠 (𝑛), 𝑎(𝑛), 𝑑 (𝑛), 𝑄 (𝑛), 𝑁 (𝑛), C(𝑛)}, (24)

where 𝑠 (𝑛) is the state, 𝑎(𝑛) is the action leading to this node, 𝑑 (𝑛)
is the depth, 𝑄 (𝑛) and 𝑁 (𝑛) are the node-level value estimate and
visit count, C(𝑛) is the set of child nodes, and for each edge (𝑛, 𝑎)
we additionally record action-specific statistics𝑄 (𝑛, 𝑎) and 𝑁 (𝑛, 𝑎).

During the selection phase, the algorithm traverses the tree from
root to a leaf node using the Upper Confidence Bound applied to
Trees (UCT) [13] criterion:

𝑎∗ = arg max
𝑎∈Asafe (𝑛)

{
𝑄 (𝑛, 𝑎)
𝑁 (𝑛, 𝑎) + 𝑐

√︄
ln𝑁 (𝑛)
𝑁 (𝑛, 𝑎)

}
, (25)

where 𝑐 is the exploration constant. Importantly, the maximization
is restricted to the safe action set

Asafe (𝑛) = {𝑎 ∈ A𝑖 : Φsafe (𝑠 (𝑛), 𝑎) = true}, (26)

where Φsafe is a Boolean predicate that returns true only if state
feasibility constraints (6) are satisfied. This early pruning reduces
the search space without compromising optimality, as unsafe tra-
jectories cannot belong to any feasible solution.

5.3 Rollout with Level-k Predictions
From each leaf node reached during tree expansion, we perform
rollouts to estimate future rewards. The rollout value from a leaf
node with state 𝑠leaf is:

𝑉rollout (𝑠leaf) =
𝐻−𝑑∑︁
ℎ=0

𝛾ℎ𝑟𝑖 (𝑆 (𝑡leaf+ℎ), 𝑎𝑖 (𝑡leaf+ℎ), 𝑎−𝑖 (𝑡leaf+ℎ)), (27)

where 𝑠leaf is the state at the leaf node, 𝑡leaf is the corresponding
time step,𝑑 is the current tree depth,𝛾 ∈ (0, 1] is the discount factor,
𝑎𝑖 (𝑡leaf + ℎ) ∼ 𝜋default follows a default policy, while 𝑎−𝑖 (𝑡leaf + ℎ)
are sampled from predicted Level-(< 𝑘) strategies.

5.4 Value Backup and Action Selection
After each simulation, the rollout return 𝑉new =𝑉rollout (𝑠) from the
reached leaf node is propagated back through the traversed path:

𝑄 (𝑛) ← 𝑄 (𝑛) + 𝑉new −𝑄 (𝑛)
𝑁 (𝑛) + 1 , 𝑁 (𝑛) ← 𝑁 (𝑛) + 1. (28)

After 𝐾iter iterations, the optimal action sequence is extracted by
following the highest-value path from root to leaves:

a(𝑘 )∗
𝑖

= {𝑎∗ (𝑛0), 𝑎∗ (𝑛1), . . . , 𝑎∗ (𝑛𝐻−1)}, (29)

where 𝑎∗ (𝑛ℎ) = argmax𝑎∈C(𝑛ℎ ) 𝑄 (𝑛ℎ, 𝑎) for each depth ℎ. Consis-
tent with the receding horizon principle and (23), we execute only
the first action 𝑎∗ (𝑛0), and the entire planning process repeats at the
next time step with updated state information, enabling adaptive
responses to the dynamic interaction environment.

6 EVALUATION
Setup. To validate the effectiveness and scalability of the proposed
framework, we design representative scenarios with increasing
agent counts (from four to eight), which induce progressively higher
interaction complexity. These scenarios include symmetric inter-
sections with dense crossing conflicts as well as heterogeneous
maneuvers that create asymmetric and tightly coupled interactions.
Baseline. We compare our method against several advanced op-
timization algorithms, including the Stackelberg game [10], Nash
equilibrium [8], and MCTS [24] approaches.
Metrics. To provide a quantitative comparison of different meth-
ods, we report standard metrics including collision rate (%), arrival
rate (%), computation time (ms), and maximum iterations. These
capture safety, efficiency, and computational cost at a coarse level.
In addition, to assess coordination quality and robustness, we also
analyze trajectory deviation, temporal evolution of agent states, and
minimum distance distribution between agents. These metrics offer
detailed insights into multi-agent interaction behaviors and the
effectiveness of Level-𝑘 reasoning in handling complex scenarios.

6.1 Case 1: Four-Agent Left-Turn Scenario
Scenario description. This symmetric intersection scenario (Fig. 3)
involves four agents approaching from orthogonal directions, each
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(a) (b)

(c) (d)

Figure 3: Comparison of agent coordination in Case 1. Top
row (a-b): Our method shows smooth coordination with min-
imal trajectory deviation. Bottom row (c-d): Vanilla MCTS
exhibits larger deviations and longer delays.

starting 18m from the center and executing left turns. The setup
creates dense crossing conflicts at the intersection center, requiring
sophisticated coordination.
Qualitative comparison. Figure 3 compares the temporal evo-
lution of our MCTS-Level-𝑘 framework (top) and vanilla MCTS
(bottom). At 𝑡 = 2 s, our method shows anticipatory coordination:
A3 and A4 maintain moderate speeds (5.6, 7.0m/s) for upcoming
left turns, while A1 and A2 adjust to 4.8 and 4.6m/s to establish
an implicit passing sequence. This results in conflict-free, coordi-
nated trajectories through Level-𝑘 reasoning. In contrast, vanilla
MCTS is reactive and inconsistent (4.9, 3.5, 6.3, 5.6m/s), suggesting
imminent conflicts. By 𝑡 = 4 s, our method enables A1 and A2 to
clear the intersection smoothly (7.1, 7.2m/s), with A3 and A4 en-
tering precisely (6.9, 6.6m/s), achieving synchronized motion via
cognitive hierarchy. Vanilla MCTS fails critically: A2 and A3 nearly
stop (0.2, 0.5m/s), while A1 proceeds at 7.1m/s, causing risky
differentials and potential deadlock. This contrast illustrates our
framework’s strength: recursive Level-𝑘 reasoning enables implicit,
communication-free coordination in symmetric left-turn scenarios.

Table 1: Performance comparison in Case 1

Method Collision Travel Computation Max.
Rate (%) Time (s) Time (ms) Iters

Stackelberg 18.2 ± 6.6 9.7 ± 2.2 54.4 ± 14.1 1000
Nash 14.1 ± 6.3 9.1 ± 1.7 74.6 ± 12.2 1000
MCTS 10.7 ± 5.2 8.5 ± 2.6 60.4 ± 17.5 1000
Ours 0 5.3 ± 1.3 21.2 ± 6.3 300

Quantitative results. Table 1 reports the performance of all meth-
ods in the left-turn task. Our MCTS-Level-𝑘 framework achieves
0% collision rate, significantly outperforming Stackelberg (18.2 ±
6.6%), Nash (14.1 ± 6.3%), and vanilla MCTS (10.7 ± 5.2%). It com-
pletes the maneuver in 5.3 ± 1.3s—about 40% faster than baselines
(8.5–9.7s)—by breaking symmetry and establishing implicit passing
orders. Despite using only 300 iterations, it runs in 21.2± 6.3ms, re-
ducing compute time by 65–71%. These results highlight the safety,
efficiency, and practicality of the framework.

(a) (b)

Figure 4: Statistical analysis in Case 1.

Statistical analysis. We conduct 10 trials to evaluate the per-
formance and robustness of our framework in ensuring safe and
efficient multi-agent coordination.

(i) Trajectory deviation (Fig. 4(a)) Our method yields the lowest
mean deviation at 0.196m, improving over vanilla MCTS (0.250m,
22%), Nash (0.265m, 26%), and Stackelberg (0.305m, 36%). Stackel-
berg shows the worst performance due to its rigid leader-follower
assumption breaking down under symmetric scenarios.

(ii) Temporal evolution (Fig. 4(b)) During the critical conflict
phase (𝑡 = 2–5 s), our method (green) maintains deviations be-
low 0.25m, demonstrating stable coordination. In contrast, Nash
(blue) and Stackelberg (orange) exhibit peaks up to 0.55m around
𝑡 = 3–4 s, indicating coordination breakdown, while vanilla MCTS
peaks around 0.38m. The shaded confidence intervals highlight the
superior stability of our approach.

(iii) Minimum distance distribution (Fig. 4(c)) The minimum dis-
tance distribution measures each agent’s closest approach to others,
providing a direct safety indicator. With 𝐻 = 9, our method yields
only 1.7% near-collision events and a median separation of 7m,
demonstrating safe and consistent behavior. The 𝐻 = 4 variant
shows 5.0% violations. In contrast, Stackelberg exhibits 21.7% vi-
olations, while Nash and vanilla MCTS reach 15.0% and 13.3%,
respectively. These results confirm that Level-𝑘 reasoning with suf-
ficient horizon provides superior safety margins while maintaining
coordination stability and efficiency.
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(e) (f)

Deadlock

(g) (h)

Collision

Figure 5: Comparison of agent coordination in Case 2. Top row (a-d): Our method successfully coordinates all agents through
the intersection. Bottom row (e-h): Vanilla MCTS exhibits failure modes: deadlock (e-f) or collision (g-h).

Table 2: Performance comparison in Case 2: Heterogeneous Maneuvers in Symmetric Intersection

Method Average Trajectory Minimum Collision Arrival Travel Computation Maximum
Speed (m/s) Deviation (m) Distance (m) Rate (%) Rate (%) Time (s) Time (ms) Iterations

Stackelberg 3.94 ± 1.78) 0.423 ± 0.418 5.439 ± 2.926 47.8 ± 21.8 34.7 ± 26.3 14.3 ± 2.3 72.23 ± 21.10 1000
Nash 4.17 ± 1.73 0.398 ± 0.354 5.069 ± 2.985 35.2 ± 16.8 53.1 ± 17.2 13.8 ± 2.2 89.23 ± 22.46 1000
MCTS 3.89 ± 1.65 0.266 ± 0.164 5.518 ± 3.204 21.6 ± 7.7 65.1 ± 10.6 13.2 ± 2.4 117.18 ± 23.24 1000
Ours 5.20 ± 2.15 0.191 ± 0.113 6.804 ± 3.408 0 95.3 ± 4.1 9.8 ± 1.8 61.35 ± 12.79 300

6.2 Case 2: Heterogeneous Maneuvers
Scenario description. This scenario introduces maneuver diver-
sity: inner-lane agents (A1, A3, A5, A7) turn left, while outer-lane
agents (A2, A4, A6, A8) go straight. Despite geometric symme-
try, this mix induces asymmetric crossings and tighter interaction
timing, increasing the difficulty of coordination.
Qualitative comparison. Figure 5 compares coordination in het-
erogeneous scenarios with mixed turn and straight maneuvers. The
Level-𝑘 framework (top row) enables proactive coordination: turn-
ing agents adapt trajectories to straight agents’ intentions, while
straight agents adjust speeds in anticipation. This mutual reasoning
yields efficient passing patterns, for example, by 𝑡 = 4 s, A5–A6
proceed while A1–A2 slow to 0.3m/s, establishing safe sequences.
Cascading safety margins from Level-0 initialization ensure turning
agents complete 90◦ rotations by 𝑡 = 6 s without blocking straight
paths. In contrast, vanilla MCTS (bottom row) suffers from reactive
limitations. Lacking anticipation, agents fail to form passing orders,
causing deadlock (A3–A4 nearly stop at 𝑡 = 6 s) or collisions (at
𝑡 = 4 s). Its 21.6% failure rate versus our 0% highlights the value of
cognitive hierarchy: Level-𝑘 reasoning turns joint optimization into

tractable sequential planning, ensuring safety through conservative
initialization rather than post hoc constraints.
Quantitative results. Table 2 confirms robustness in heteroge-
neous scenarios: we achieve 0% collision rate and 95.3% arrival
rate, significantly outperforming MCTS (21.6% collisions, 65.1%
arrivals) and Stackelberg (47.8% collisions). Despite handling mixed
left-turn and straight trajectories, our method maintains an average
speed of 5.2m/s with a computation time of 61.35ms. This is 48%
faster than vanilla MCTS while using 70% fewer iterations (300
compared to 1000), demonstrating both safety and efficiency in
complex multi-agent coordination.
Statistical analysis. In this heterogeneous maneuvers scenario, we
additionally examine control inputs and velocity profiles to reveal
coordination strategies.

(i) Temporal dynamics and control analysis (Figure 6) Figure 6 illus-
trates coordination complexity undermixedmaneuvers. The control
heatmap (Figure 6(a)) shows temporal sequencing: A5–A7 begin
decelerating at 𝑡 = 2, s (−3 to −5,m/s2) for early left turns, while
A1–A3 delay to 𝑡 = 3–4, s, forming natural separation. Straight-
going agents (A2, A4, A6, A8) maintain moderate inputs, briefly
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(a) Heatmap of control inputs for all agents over time.

(b) Velocity profiles of all agents over time.
Figure 6: Temporal dynamics and control analysis in Case 2.

yielding when turning vehicles cross. Although 18% of actions ex-
ceed 3,m/s2 (vs. 12% for uniform maneuvers), extremes remain
under 5%, confirming anticipatory rather than reactive control.
The velocity profiles (Figure 6(b)) further reflect this sequencing:
turning agents decelerate to 2.0–2.5,m/s during 90◦ turns before re-
covering to 6–7,m/s, while straight-going agents sustain 4–5,m/s
with minimal variation. Level-𝑘 reasoning thus naturally sequences
conflicting trajectories, enabling collision-free navigation.

(ii) Trajectory deviation (Figure 7(a)) Our method achieves the
lowest deviation at 0.191m, improving over MCTS (0.266m, 28%)
and Stackelberg (0.423m, 52%), despite the complexity of coordi-
nating 90◦ turns with straight paths.

(iii) Temporal evolution (Figure 7(b)) The temporal profile shows
our method maintains deviations below 0.4m during the critical
turning phase (𝑡 = 3–5 s), while Nash and Stackelberg spike to
1.0–1.2m due to coordination failures.

(iv) Minimum distance distribution (Figure 7(c)) The minimum dis-
tance distribution further validates safety: our approach yields only
3.6% violations, compared to 15.9% (MCTS), 27.5% (Stackelberg),
and 18.8% (Nash), with a median separation of 6m. These results
confirm the robustness of Level-𝑘 reasoning in mixed-trajectory
coordination, achieving a 77% reduction in safety violations.

6.3 Complexity Analysis
To better illustrate the efficiency of our method, Table 3 contrasts
its computational complexity with common baselines.

Joint optimization over 𝑁 = 8 agents and horizon𝐻 = 9 requires
exploring O(|A|𝑁𝐻 ) ≈ 1085 possible trajectories. Our approach
achieves a 21-order complexity reduction through two key mecha-
nisms: (i) Level-𝑘 decomposition (17) transforms the exponential
joint problem into𝑁 sequential single-agent problems, each solving
an induced MDP (18) with complexity O(𝐾iter ·𝐻 ); (ii) Safety-aware
pruning based on constraints (6) removes ∼ 70% of infeasible ac-
tions, reducing the effective branching factor to 𝑏eff ≈ 4.5. This

(a) (b)

Figure 7: Statistical analysis in Case 2.

Table 3: Theoretical Computational Complexity Comparison

Method Complexity Formula Operations
Joint Optimization 158×9 ≈ 1085
Game-Theoretic Nash O(1572 · 𝐼Nash) > 1087
Level-𝑘 (Exhaustive) 8 × 159 ≈ 3.1 × 1011
Level-𝑘 + MCTS 8 × 300 × 15 × 9 ≈ 3.2 × 105
Level-𝑘 + MCTS + Pruning 8 × 300 × 4.5 × 9 ≈ 9.7 × 104

enables sub-100ms planning cycles while maintaining optimality,
as pruned unsafe actions cannot be part of optimal trajectories.

7 CONCLUSION
In this paper, we have shown that cognitive models originally devel-
oped to explain human bounded rationality can be repurposed as
effective algorithms for multi-agent coordination. By reconceptual-
izing Level-𝑘 reasoning and replacing the traditional random Level-
0 assumption with a safety-aware initialization, our framework
allows safety to emerge organically through recursive reasoning
rather than relying on explicit constraints. When integrated with
MCTS, augmented with safety-aware pruning and dual filtering,
the approach achieves real-time performance while maintaining
structural safety properties. Our method reduces computational
complexity by 81 orders of magnitude (from ∼ 1085 to ∼ 104 op-
erations), enabling sub-100ms planning. Experiments show that
the framework delivers robust, interpretable coordination without
requiring communication, adapts seamlessly to varying agent den-
sities, and outperforms vanilla MCTS and game-theoretic methods.

The success of this approach suggests that other bounded ratio-
nality models may be repurposed for practical coordination. The
framework currently assumes global observability. Future work will
address partial observability, asynchronous planning, and mixed
human-robot settings, where cognitive modeling can further en-
hance safety, interpretability, and scalability.
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