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ABSTRACT
Adversarial Team Games (ATG), as introduced by von Stengel and

Koller, model strategic interactions in which a team of agents –

sharing a common objective but unable to coordinate their actions

– faces a single adversary. While computing an exact Nash Equi-

librium (NE) in ATGs has been shown to be CLS-complete, a fully

polynomial-time approximation scheme (FPTAS) has been devel-

oped, enabling the efficient computation of approximate NE in

time polynomial in both the natural parameters of the game and

the inverse of the approximation error. However, existing results

only apply to single-adversary scenarios, leaving the common case

of multiple independent adversaries — prevalent in applications

such as anti-poaching, robotic planning, and hider-seeker games

— largely unexplored. This paper bridges this gap by introducing

the Multi-Adversarial Team Game (MATG) framework, a natural

generalization of ATGs to scenarios involving several independent

adversaries. Our main contribution is to generalize techniques from

the single-adversary setting to develop an FPTAS for computing NE

in the more general class of MATGs. Beyond our theoretical contri-

butions, we present the first empirical evaluation of this family of

algorithms in both ATGs and MATGs, demonstrating the scalability

to many adversaries.
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1 INTRODUCTION
Adversarial Team Games (ATGs), as introduced by von Stengel

and Koller [30], model situations where a team of agents faces a

single adversary; the team shares a common objective but are un-

able to coordinate their actions. This inability to coordinate their

actions models real-world considerations where communication

is prohibited (e.g. by game rules), impractical (e.g. by security) or

too expensive (e.g. in large organisations). For ATGs, the literature

This work is licensed under a Creative Commons Attribution Inter-

national 4.0 License.

Proc. of the 25th International Conference on Autonomous Agents and Multiagent Systems
(AAMAS 2026), C. Amato, L. Dennis, V. Mascardi, J. Thangarajah (eds.), May 25 – 29,
2026, Paphos, Cyprus. © 2026 International Foundation for Autonomous Agents and

Multiagent Systems (www.ifaamas.org). https://doi.org/10.65109/TBAX6220

has studied two main solution concepts: (1) Nash Equilibrium (NE),

where no agent can improve their utility by unilaterally deviating

from the equilibrium; and (2) Team-Minmax Equilibrium (TME),

which is the NE that yields the highest utility for the team.

The TME has been extensively studied due to its appealing proper-

ties: it always exists, it is unique (except in degenerate cases), and it

can lead to team payoffs arbitrarily higher than those of any other

NE. However, computing a TME is intractable (FNP-hard) [3, 14],

even for approximate solutions. In contrast, [1] showed that ATGs

admit a Fully Polynomial-Time Approximation Scheme (FPTAS) for

computing NE. This is a notable result, as only a few multi-player

(>2 players) games classes are known to admit polynomial-time

algorithms for approximating NE – namely, zero-sum polymatrix

games [5], potential games [24], and, since [1], ATGs. However,

although [1] identified the extension of ATGs to a broader family

of polynomial-time solvable games as an important but non-trivial

perspective, no subsequent work has succeeded on pushing this

frontier beyond the single-adversary case. It is worth noting that

the broader class of two-team games [18], which generalizes ATGs

by allowing multiple adversaries that form a second team, have

been proven instead computationally intractable.

Against this background, this work focuses on generalizing ATGs

by considering multiple independent adversaries – a setting that has

remained unexplored in the literature despite being very common

in real-world scenarios. For instance, in anti-poaching scenarios —

a problem modeled by Green Security Games [29, 32, 33] — rangers

need to detect several potential poachers within the same protected

area [20, 21]. Similarly, in robotic planning [23], different adver-

saries may control different aspects of the environment. Lastly, in

hider-seeker games [13], a team may need to locate not one but

multiple independent hiders. In this context, this paper addresses

this unexplored multi-adversary setting, focusing on the following

research question: Can we design polynomial-time algorithms for
approximating NE in adversarial team games with several indepen-
dent adversaries?

Related work.1,2 For NE, [1] showed that computing an approx-

imate NE (i.e., not necessarily the TME) in ATGs is CLS-complete

(even in the case of an ATG with two teammates [2]). Importantly,

their constructive proof yielded an algorithm for 𝜖-NE with polyno-

mial complexity in all natural game parameters and 1/𝜀. Adversarial
two-team games [17, 28] are generalisations of ATGs where the

adversaries also form a team. [15] analyzed NE computation in two-

team zero-sum polymatrix games (i.e. with pairwise utilities for

1
Additional related work is included in Appendix A.

2
All appendices are available at https://hal.science/hal-04917907.
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all agents), including a special case with independent adversaries,

which they prove is CLS-complete. Other works [6–8, 16, 19, 34]

studied ATGs as Markov or Extensive-form games. In contrast, this

paper focuses on normal-form MATGs with independent adver-

saries—a setting not previously studied in either normal-form or

sequential extensions, leaving the latter as future work.

Original contributions. Our contributions are three-fold. First,
we formalise Multi-Adversarial Team Games (MATGs), a generali-

sation of (single) Adversarial Team Games, enabling the modeling

of interactions between a team and multiple independent adver-

saries. Second, building upon the work of [1], we develop a fully

polynomial-time approximation scheme (FPTAS) for approximating

NE inMATGs. Our algorithm extends the one proposed in [1] for the

single-adversary case, preserving its polynomial time complexity in

the inverse of the approximation error and the natural parameters

of the game, even in the presence of multiple adversaries and so

overcoming the curse of multi-agents also for the adversarial side.

Finally, we provide the first empirical evaluation of this family of

algorithms for NE computation in both ATGs and MATGs, demon-

strating the algorithm’s capability to effectively approximate NE in

benchmarks with many adversaries.

2 MULTI-ADVERSARIAL TEAM GAMES
A Multi-Adversarial Team Game (MATG), represented in normal

form, is defined by a tuple Γ =

(
N ,M, (A𝑖 )𝑖∈N ,

(
B𝑗

)
𝑗∈M ,

(
𝑈 𝑗

)
𝑗∈M

)
.

Γ consists of a finite set of N = {1, .., 𝑛} of team agents and a fi-

nite setM = {1, ..,𝑚} of adversarial agents. Each team member

𝑖 ∈ N has a finite and non empty set of available actions (i.e. pure

strategies)A𝑖 , so thatA :=
∏

𝑖∈N A𝑖 denotes the set of all possible

action profiles of the team. Similarly, each adversary 𝑗 ∈ M has

a finite and nonempty set of actions (i.e. pure strategies) B𝑗 . We

denote by a = (𝑎1, . . . , 𝑎𝑛) ∈ A the action profile of the team, and

by b = (b1, . . . , b𝑚) ∈ B :=
∏

𝑗∈M B𝑗 the action profile of the ad-

versaries. Each adversary 𝑗 ∈ M has a payoff function
3
denoted by

𝑈 𝑗 : A×B𝑗 → [0, 1]. All teammembers 𝑖 ∈ N have identical payoff

functions 𝑈𝑖 : A × B → R where 𝑈𝑖 (a, b) := 𝑈𝑡𝑒𝑎𝑚 (a, b),∀𝑖 ∈ N .

The game is zero-sum in the sense

∑
𝑗∈M 𝑈 𝑗 (a, b𝑗 )+𝑈𝑡𝑒𝑎𝑚 (a, b) = 0.

We assume that each adversary 𝑗 ∈ M maximises their individual

rewards𝑈 𝑗 , while the team minimises

∑
𝑗∈M 𝑈 𝑗 .

A team mixed strategy profile is defined as x = (x𝑖 )𝑖∈N , where
x𝑖 ∈ X𝑖 = Δ(A𝑖 ) is the team member 𝑖’s mixed strategy and Δ(A𝑖 )
is the set of all probability distributions over A𝑖 . Similarly, an

adversary mixed strategy profile is defined as y = (y𝑗 ) 𝑗∈M , where

y𝑗 ∈ Y𝑗 = Δ(B𝑗 ) is the adversary member 𝑗 ’s mixed strategy. For

convenience, we will write X :=
∏

𝑖∈N X𝑖 and Y :=
∏

𝑗∈M Y𝑗 for

the space of mixed strategy profiles of the team and the adversaries,

respectively. Finally, we overload notation so that 𝑈 𝑗 is not only

the payoff function of adversary 𝑗 but also the mixed extension of

such payoff:𝑈 𝑗 (x, y𝑗 ) = E(a,b𝑗 )∼(x,y𝑗 ) [𝑈 𝑗 (a, b𝑗 )]. We will also write

poly(Γ) for factors that are polynomial in the natural parameters

of the game Γ. As is customary, −𝑖 denotes the set containing all

the team members except agent 𝑖 .

3
Without loss of generality, we assume adversary payoffs belong to [0, 1].

In terms of solution concepts, we focus on computing a set of

approximate best responses that form an approximate Nash Equi-

librium, defined as follows.

NE-GAP. For each joint strategy (x, y), we define the Nash

Equilibrium Gap (NE-GAP) of some team member’s strategy x𝑖 for
some 𝑖 ∈ N (resp. y𝑗 for some adversary 𝑗 ∈ M) as

NE-GAP
𝑡𝑒𝑎𝑚
𝑖 (x, y) = max

a𝑖 ∈A𝑖

(𝑈𝑡𝑒𝑎𝑚 (a𝑖 , x−𝑖 , y) −𝑈𝑡𝑒𝑎𝑚 (x, y)) (1)

NE-GAP
𝑎𝑑𝑣
𝑗 (x, y𝑗 ) = max

b𝑗 ∈B𝑗
(𝑈 𝑗 (x, b𝑗 ) −𝑈𝑖 (x, y𝑗 )) (2)

The NE-GAP of the joint strategy is then defined as

NE-GAP(x, y) =max

{
max

𝑖∈N
NE-GAP

𝑡𝑒𝑎𝑚
𝑖 (x, y),

max

𝑗∈M
NE-GAP

𝑎𝑑𝑣
𝑗 (x, y𝑗 )

}
(3)

Approximate best response (𝜀-BR). A mixed strategy x𝑖 of
team agent 𝑖 is an 𝜀-best response (𝜀-BR) to a strategy profile

(x−𝑖 , y) iff NE-GAP
𝑡𝑒𝑎𝑚
𝑖 (x𝑖 , x−𝑖 , y) ≤ 𝜀. Similarly, a mixed strat-

egy y𝑗 of adversary 𝑗 is an 𝜀-BR to a team strategy profile x iff

NE-GAP
𝑎𝑑𝑣
𝑗 (x, y𝑗 ) ≤ 𝜀. We denote by 𝐵𝑅𝑖 ((x−𝑖 , y); 𝜀) the set of 𝜀-

BR strategies of team agent 𝑖 to (x−𝑖 , y), and 𝐵𝑅 𝑗 (x; 𝜀) the set of
𝜀-BR strategies of adversary 𝑗 to x.

𝜀-Nash Equilibrium. The strategy profile (x, y) ∈ X × Y is an

𝜀-Nash Equilibrium of a MATG Γ for an 𝜀 ≥ 0 if and only if the

strategy of every agent is an 𝜀−BR to the strategies of other agents.

Formally, ∀𝑖 ∈ N , x𝑖 ∈ 𝐵𝑅𝑖 ((x−𝑖 , y); 𝜀) and ∀𝑗 ∈ M, y𝑗 ∈ 𝐵𝑅 𝑗 (x; 𝜀).
Equivalently, a strategy (x, y) is an 𝜀-NE iff NE-GAP(x, y) ≤ 𝜀.

Table 1: Payoff tables for the first adversary (top) and second
adversary (bottom) for a MATG with 2 teammates, 2 adver-
saries, 2 actions each.

b1
𝑎1, 𝑎2

0,0 0,1 1,0 1,1

0 0 2/5 2/5 4/5
1 1/5 1/10 1/10 0

b2
𝑎1, 𝑎2

0,0 0,1 1,0 1,1

0 0 1/5 1/5 2/5
1 3/5 3/10 3/10 0

Example MATG (payoffs shown in Table 1): a team of 𝑛 = 2

agents defends 2 locations against𝑚 = 2 adversaries. Each adver-

sary has distinct rewards for each location. Capturing an adversary

requires both team agents to be in the same cell; if only one is

present, the adversary escapes with a reduced reward. The strate-

gies 𝑥1 = [4/5, 1/5] = 𝑥2, 𝑦1 = [4/5, 1/5], 𝑦2 = [0, 1] form a 0-NE (i.e.

an exact NE).

3 FPTAS FOR APPROXIMATE NE IN MATGS
This section presents the Multi-Adversarial Team Games Gradient

Descent Max (MATG-GDM) algorithm that computes approximate

NE in MATGs. It also states our main theoretical result: MATG-

GDM computes an 𝜀−NE with computational complexity that is
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polynomial in the natural parameters of the game and in 1/𝜀. This
result is formalised in Theorem 3 and proved in Section 4.

The proposed Algorithm 1 takes as input a MATG Γ, an approx-

imation error 𝜀 > 0, a learning rate 𝜂 > 0, and some initial team

strategy profile x(0) ∈ X.
Each iteration starts by calculating the best responses of each

adversary (b(𝑡 )
𝑗
) 𝑗∈M , based on the current team strategy profile

(Lines 3-5). Next, each team member takes a projected gradient

descent step (Lines 6-8) using the adversary best responses. Note

that ΠX𝑖 (·) denotes the Euclidean projection onto X𝑖 .
Now, based on the updated team strategy x(𝑡 ) , the adversaries’

response is computed by ExtendNE(x(𝑡 ) ), which returns the val-

ues of the vector variables y = (yj (b𝑗 )) 𝑗∈M,b𝑗 ∈B𝑗 , solution to the

following LP:

max

y,{z𝑖 }𝑖∈N

∑︁
𝑖∈N

z𝑖 (4)

s.t. z𝑖 −
∑︁
𝑗∈M

∑︁
b𝑗 ∈B𝑗

yj (b𝑗 ) ·𝑈 𝑗 (a𝑖 , x(𝑡 )−𝑖 , b𝑗 ) ≤ 0,∀𝑖 ∈ N , a𝑖 ∈ A𝑖 ,∑︁
b𝑗 ∈B𝑗

yj (b𝑗 ) = 1, ∀𝑗 ∈ M,

yj (b𝑗 ) ≥ 0, ∀𝑗 ∈ M, b𝑗 ∈ B𝑗 .

Lastly, MATG-GDM checks if the strategy (x(𝑡 ) , y(𝑡 ) ) is an 𝜀-NE,

terminating if it is the case (Lines 10-11).

Algorithm 1MATG-Gradient Descent Max

1: Input:MATG Γ, approximation error 𝜀 > 0, learning rate 𝜂 > 0,

initial team strategies x(0) ∈ X.
2: repeat
3: for 𝑗 ∈ M do
4: b(𝑡 )

𝑗
← argmaxb𝑗 ∈B𝑗 𝑈 𝑗 (x(𝑡−1) , b𝑗 )

5: end for
6: for 𝑖 ∈ N do

7: x(𝑡 )
𝑖
← ΠX𝑖

(
x(𝑡−1)
𝑖

− 𝜂∇x𝑖
∑

𝑗∈M
𝑈 𝑗 (x(𝑡−1) , b(𝑡 )𝑗 )

)
8: end for
9: (y(𝑡 )

𝑗
) 𝑗∈M ← 𝐸𝑥𝑡𝑒𝑛𝑑𝑁𝐸 (x(𝑡 ) )

10: until (x(𝑡 ) , (y(𝑡 )
𝑗
) 𝑗∈M ) is an 𝜀-NE

11: return (x(𝑡 ) , (y(𝑡 )
𝑗
) 𝑗∈M )

In order to prove that each iteration of the algorithm runs in

polynomial time, we assume that the utilities of mixed strategies can

be computed in polynomial time. In general multi-player games, the

representation of each player’s payoffs scales exponentially with

the total number of players. We thus restrict our analysis to games

with the Polynomial Expectation Property, formalised in Assumption

1. This assumption is known to hold for most classes of succintly

representable games [25].

Assumption 1 (Polynomial Expectation Property). For any
(mixed) joint strategy profile (x, y𝑗 ) ∈ X×Y𝑗 , 𝑗 ∈ M we can compute
(exactly) the expectation 𝑈 𝑗 (x, y𝑗 ) = E(a,b𝑗 )∼(x,yj )𝑈 𝑗 (a, b𝑗 ) in time
poly(𝑛,∑𝑖∈N |A𝑖 |, |B𝑗 |, |x|, |y𝑗 |).

Then, we can show the following proposition:

Proposition 2. Under Assumption 1, every iteration of MATG-
GDM can be computed in time 𝑝𝑜𝑙𝑦 (Γ).

Proof. Lines 3-5 compute a best response for each adversary 𝑗

by computing maxb𝑗 ∈B𝑗 𝑈 𝑗 (x(𝑡−1) , b𝑗 ), taking |B𝑗 | calls. Therefore,
this remains polynomial in Γ.
Lines 6-8 perform a projected gradient descent step for each team

member 𝑖 ∈ N . By multi-linearity of 𝑈 𝑗 (x(𝑡−1) ), we have that

𝜕
𝜕x𝑖 (a𝑖 )𝑈 𝑗 (x(𝑡−1) , b(𝑡 )𝑗 ) =𝑈 𝑗 (a𝑖 , x(𝑡−1)−𝑖 , b(𝑡 )

𝑗
). This can be computed

in polynomial time by Assumption 1. In addition, computing ΠX𝑖
takes O(|A𝑖 | log |A𝑖 |) time [31]. Repeating this step for every

𝑖 ∈ N still takes poly(Γ) time.

In Line 9, 𝐸𝑥𝑡𝑒𝑛𝑑𝑁𝐸 solves a LP with

∑
𝑗∈M |B𝑗 | + 𝑛 variables and∑

𝑖∈N |A𝑖 | +
∑

𝑗∈M |B𝑗 | +𝑚 constraints. Moreover, computing each

coefficient𝑈 𝑗 (a𝑖 , x(𝑡 )−𝑖 , b𝑗 ) takes polynomial time under Assumption

1. Therefore, the LP can be constructed and solved in poly(Γ) time.

Line 10 checks whether (x(𝑡−1) ,y(𝑡−1) ) is an 𝜀−NE. Using the defini-
tion of a NE-gap, this can be checked in polynomial time by virtue

of Assumption 1. □

We are now ready to formulate our main theoretical result:

Theorem 3 (FPTAS). Consider any precision 𝜀 > 0. For any MATG
Γ, MATG-GDMwith a learning rate 𝜂 = Θ

(
𝜀2

)
yields an 𝜀-NE after at

most poly(Γ)/𝜀4 iterations. Further, by Proposition 2, each iteration of
MATG-GDM, under Assumption 1, can be implemented in polynomial
time.

4 PROOF OF THE MAIN THEOREM
In this section, we demonstrate that Algorithm 1, as stated in Theo-

rem 3, is an FPTAS for approximating NE in MATGs. The proof is

structured as follows.

First, in Section 4.1 we prove that, for any 𝜀 ≥ 0, an 𝜀-NE of an

MATG Γ can be computed by marginalising an 𝜀-NE of a correlated-
adversaries transformed game. This correlated-adversaries game,

denoted Γ𝑐𝑎 , is an ATG where all adversaries in the MATG correlate

actions and share payoffs i.e. this is equivalent to playing with a

single macro-adversary.

Since a correlated-adversariesMATG is an ATG, we can use Gradi-

entDescentMax (GDM) [1] to compute an 𝜀-approximate NE in time

poly(Γ𝑐𝑎)/𝜀4. However, the action space of the macro-adversary

in Γ𝑐𝑎 grows exponentially with the number of adversaries in the

original MATG, and so, GDM should take exponential time.

We therefore show in Section 4.2 that for correlated-adversaries
MATG, GDMwill terminate after a number of iterations bounded by

poly(Γ)/𝜀4 (and not poly(Γ𝑐𝑎)/𝜀4), hence overcoming the exponen-

tial dependence on the number of adversaries. Then, in Section 4.3,

we show that MATG-GDM applied to Γ produces identical iterates

as GDM applied to Γ𝑐𝑎 , allowing us to prove Theorem 3.

4.1 Correlated-adversaries transformation
This section establishes that any 𝜀-Nash equilibrium (for 𝜀 ≥ 0) of

the correlated-adversaries transformation of a MATG induces an

𝜀-Nash equilibrium of the original MATG. Let us first define the

correlated-adversaries MATG (CA-MATG) for a given MATG:

Definition 1 (Correlated-Adversaries MATG). Given MATG
Γ =

(
N ,M, (A𝑖 )𝑖∈N ,

(
B𝑗

)
𝑗∈M ,

(
𝑈 𝑗

)
𝑗∈M

)
we define its CA-MATG
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Γ𝑐𝑎 =

(
N , (A𝑖 )𝑖∈N ,B𝑐𝑎 =

∏
𝑗∈M B𝑗 ,𝑈

𝑐𝑎
: A × B𝑐𝑎 → R

)
where

𝑈 𝑐𝑎 (a, b) = ∑
𝑗∈M 𝑈 𝑗 (a, b𝑗 ) and 𝑈 𝑐𝑎

𝑡𝑒𝑎𝑚 (a, b) = −𝑈 𝑐𝑎 (a, b), in which
all adversaries play correlated strategies and share payoffs additively.

Table 2: Payoff table for the correlated adversary in the CA-
transformation of the MATG in Table 1.

b𝑐𝑎
𝑎1, 𝑎2

0,0 0,1 1,0 1,1

0,0 0 3/5 3/5 6/5
0,1 3/5 7/10 7/10 4/5
1,0 1/5 3/10 3/10 2/5
1,1 4/5 2/5 2/5 0

To illustrate this transformation, Table 2 presents the payoff

table of the correlated adversary for the CA-MATG of the MATG

in Table 1.

It will also be useful to translate back and forth between corre-

lated strategies of the CA-MATG and independent mixed strategies

of adversaries in the original MATG. To do so, we define correlated
and marginalised adversary strategies :

Definition 2 (Correlated adversary strategies). Given a
mixed strategy profile

(
yj

)
𝑗∈M ∈ Y for adversaries in an MATG, we

define the corresponding correlated adversary strategy as y = ⊗𝑗∈Myj
defined as: y(b) = ∏

𝑗∈M yj (b𝑗 ), ∀b = (b1, . . . , b𝑚) ∈ B.

Definition 3 (Marginalised adversary strategies). Given a
(mixed) correlated strategy y ∈ Y𝑐𝑎 for adversaries in a CA-MATG,
we define the set of marginalised adversary strategies as ỹ = (ỹ𝑗 ) 𝑗∈M
defined as: ỹ𝑗 (b𝑗 ) =

∑
b− 𝑗 ∈B− 𝑗 y(b𝑗 , b− 𝑗 ),∀𝑗 ∈ M,∀b𝑗 ∈ B𝑗 .

We first show that for the adversaries, the value of any mixed

strategy in a CA-MATG equals the sumof the values of themarginalised

strategies in the original MATG.

Proposition 4. Let a MATG Γ and its CA-MATG Γ𝑐𝑎 be given.
Further, let any mixed strategy (x, y) ∈ X × Y𝑐𝑎 of Γ𝑐𝑎 be given.
Then,

𝑈 𝑐𝑎 (x, y) =
∑︁
𝑗∈M

𝑈 𝑗 (x, ỹ𝑗 ) . (5)

Proof.

𝑈 𝑐𝑎 (x, y) =
∑︁
𝑗∈M

𝑈 𝑗 (x, y)

=
∑︁
𝑗∈M

∑︁
a∈A

x(a)
∑︁

b∈B𝑐𝑎
y(b) ·𝑈 𝑗 (a, b𝑗 )

=
∑︁
a∈A

x(a)
∑︁
𝑗∈M

∑︁
b𝑗 ∈B𝑗

∑︁
b− 𝑗 ∈B− 𝑗

y(b𝑗 , b− 𝑗 ) ·𝑈 𝑗 (a, b𝑗 )

=
∑︁
a∈A

x(a)
∑︁
𝑗∈M

∑︁
b𝑗 ∈B𝑗

ỹ𝑗 (b𝑗 ) ·𝑈 𝑗 (a, b𝑗 )

=
∑︁
𝑗∈M

𝑈 𝑗 (x, ỹ𝑗 )

□

We also have the following corollary:

Corollary 5. Given anMATG Γ, its CA-MATG Γ𝑐𝑎 and the mixed
strategies

(
x,

(
yj

)
𝑗∈M

)
∈ X × Y, we have that

𝑈 𝑐𝑎 (x, y = ⊗𝑗∈Myj) =
∑︁
𝑗∈M

𝑈 𝑗 (x, yj) . (6)

Proof. This follows from Proposition 4 and by noting that the

marginal strategies of y = ⊗𝑗∈Myj are (yj) 𝑗∈M . □

The next step is to show that for each adversary in an MATG,

we can build an 𝜀-BR from a correlated 𝜀-BR in the corresponding

CA-MATG.

Proposition 6. Consider for any 𝜀 ≥ 0, an MATG Γ and its CA-
MATG Γ𝑐𝑎 . Let x ∈ X be a team strategy profile, y ∈ Y𝑐𝑎 be a
(correlated) 𝜀-BR to x in Γ𝑐𝑎 and (ỹj) 𝑗∈M be the set of marginalised
strategies of y. Then, for all adversaries 𝑗 ∈ M, ỹj is an 𝜀-BR of
adversary 𝑗 to x in Γ.

Proof. Given that y is an 𝜀-BR to x in Γ𝑐𝑎 it satisfies:

𝑈 𝑐𝑎 (x, y) ≥ 𝑈 𝑐𝑎 (x, y′) − 𝜀 ∀y′ ∈ Y𝑐𝑎
(7)

which by Proposition 4 is equivalent to:∑︁
𝑗∈M

𝑈 𝑗 (x, ỹ𝑗 ) ≥
∑︁
𝑗∈M

𝑈 𝑗 (x, ỹ′𝑗 ) − 𝜀 ∀y′ ∈ Y𝑐𝑎, (8)

where the

(
ỹ𝑗

)
𝑗∈M and

(
ỹ′𝑗

)
𝑗∈M

are the marginalised strategies

of y and y′ respectively. Now, for some𝑘 ∈ M, define y′ = (y′
𝑘
, ỹ−𝑘 )

for any arbitrary deviation y′
𝑘
∈ Y𝑘 . Noting that y′ (b) = y′

𝑘
(b𝑘 ) ×∏

𝑗∈M\{𝑘 } ỹj (b𝑗 ), we have∑︁
𝑗∈M

𝑈 𝑗 (x, ỹ′𝑗 ) =
∑︁
𝑗≠𝑘

𝑈 𝑗 (x, ỹ𝑗 ) +𝑈𝑘 (x, y′𝑘 ) . (9)

Then, by subtracting

∑
𝑗≠𝑘 𝑈 𝑗 (x, ỹ𝑗 ) in both sides of (8), we get:

𝑈𝑘 (x, ỹ𝑘 ) ≥ 𝑈𝑘 (x, y′𝑘 ) − 𝜀,∀y
′
𝑘
∈ Y𝑘 . (10)

That is, ỹk is an 𝜀-BR of adversary 𝑘 to x in Γ, ∀𝑘 ∈ M. □

Finishing the example given by Table 2, the NE of this CA-MATG

is (𝑥1, 𝑥2, 𝑦𝑐𝑎), where 𝑦𝑐𝑎 = [0, 4/5, 0, 1/5]. It is straightforward to

verify that the marginalized adversary strategies from 𝑦𝑐𝑎 are the

NE adversary strategies of the original MATG in Table 1.

Finally, we state and prove the main result of this Section.

Theorem 7. Consider any 𝜀 ≥ 0. Let a MATG Γ and let an 𝜀-NE
(x, y) of its CA-MATG, Γ𝑐𝑎 . Then, x and the marginalised adversary
strategies derived from y, ỹ, form an 𝜀-NE of Γ.

Proof. (x, y) is an 𝜀-NE of Γ𝑐𝑎 implies that ∀𝑖 ∈ N : x𝑖 ∈
𝐵𝑅𝑖 ((x−i, y); 𝜀) in Γ𝑐𝑎 . Since (e.g. from Prop. 4), the values of the

team are identical in Γ and Γ𝑐𝑎 , ∀𝑖 ∈ N : x𝑖 ∈ 𝐵𝑅𝑖 ((x−𝑖 , ỹ); 𝜀) in Γ.
Then, from Prop. 6, we get that ∀𝑗 ∈ M : ỹj ∈ 𝐵𝑅 𝑗 (x; 𝜀) in Γ. □

By Theorem 7, and noting that a CA-MATG is an ATG, GDM can

compute an 𝜀-NE for MATGs in poly(Γ𝑐𝑎)/𝜀4 time (Refer Corollary

3.2, [1]). However, the adversary action space in a CA-MATG, B =∏
𝑗∈M B𝑗 , grows exponentially with the number of adversaries

in the original MATG. Consequently, both the sufficient number

of iterations and the per-iteration complexity of GDM become

superpolynomial in the size of the original MATG. In the following
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sections, we show how to overcome these limitations by leveraging

the structural properties of CA-MATGs.

4.2 Bounding the number of iterations
This section (in Theorems 10 and 11) extends the proof of [1] –

specifically Theorems 3.1 and 3.3 therein – to the case of CA-MATGs.

Finally, Corollary 12 states that a polynomial number of iterations

(in the size of Γ and in 1/𝜀) of GDM suffices to compute an 𝜀-NE in

CA-MATGs.

Consider a MATG Γ and its CA-MATG Γ𝑐𝑎 . We define the team’s

objective function to minimize, 𝜙 , as:

𝜙 (x) =max

y∈Y
𝑈 𝑐𝑎 (x, y) =max

y∈Y

∑︁
𝑗∈M

𝑈 𝑗 (x, y𝑗 ) (11)

Next Lemmas establish that 𝑈 𝑐𝑎
is 𝐿-Lipschitz continuous and

ℓ-smooth (Lemma 8), and that the Moreau envelope of 𝜙 is bounded

by poly(Γ) factors (Lemma 9). Proofs are deferred to Appendix
2
B.1.

Lemma 8. Consider any MATG Γ and its CA-MATG Γ𝑐𝑎 . Then,
function𝑈 𝑐𝑎 (x, y) is 𝐿-Lipschitz continuous and ℓ-smooth, with 𝐿 =(∑

𝑗∈M
√︁∑

𝑖∈N |A𝑖 | + |B𝑗 |
)
and ℓ =

(
𝑚 ·∑𝑖∈N |A𝑖 | +

∑
𝑗∈M |B𝑗 |

)
.

Then we define the Moreau envelope of function 𝜙 (·) with pa-

rameter 𝜆 = 1

2ℓ
as:

𝜙/2ℓ (x) = min

x′∈X
𝜙 (x′) + ℓ | |x − x′ | |2

2
(12)

Lemma 9. Consider any MATG Γ and its CA-MATG Γ𝑐𝑎 . Then,
𝜙/2ℓ (x) is bounded by poly(Γ) := poly(𝑚,

∑
𝑖∈N |A𝑖 |,

∑
𝑗∈M |B𝑗 |).

Next, Theorem 10 refines the proof of the extendability of an

approximate stationary point to an 𝜀-NE given in [1] (Theorem 3.1

therein), showing that for a CA-MATG, the approximation depends

on constants that are polynomial in the natural parameters of the

original MATG Γ. Building on this extendability result, Theorem

11 then establishes that the Moreau envelope evaluated along two

consecutive per-iteration solutions of GDM before termination
4

decreases monotonically by a factor
5 Ω(𝜀4). Then, Corollary 12

concludes that, since the Moreau envelope is bounded by poly(Γ)
factors, themaximumnumber of GDM iterations before termination

is polynomial in Γ and 1/𝜀.

Theorem 10. Consider a MATG Γ and its CA-MATG Γ𝑐𝑎 . Let
x∗ ∈ X be a sufficiently small (𝜀/𝑝𝑜𝑙𝑦 (Γ))-near stationary point of
function 𝜙 . Then, there exists a strategy for the adversary y∗ ∈ Y so
that (x∗, y∗) is an 𝜀-NE in Γ𝑐𝑎 .

Proof. Since Γ𝑐𝑎 is an ATG, Theorem 3.1 from [1] applies di-

rectly: any sufficiently small (𝜀/poly(Γ𝑐𝑎))-near stationary point

extends to an 𝜀-NE in Γ𝑐𝑎 . Crucially, the poly(Γ𝑐𝑎) factor in the the-

orem arises only from the ℓ-smoothness and 𝐿-Lipschitz constants

of𝑈 𝑐𝑎
, which, for a CA-MATG, are bounded by poly(Γ) rather than

poly(Γ𝑐𝑎), as established in Lemma 8 above. □

4
Termination here refers to the stopping condition of GDM over a CA-MATG.

5𝑂 ( ·) , Ω ( ·) and Θ( ·) are the usual notations for (tight) upper-bound, lower-
bound and upper-and-lower-bound in asymptotic analysis.

Theorem 11. Consider any 𝜀 > 0, x(0) ∈ X and any MATG Γ and
its CA-MATG Γ𝑐𝑎 . Then GDM applied to (Γ𝑐𝑎, 𝜀, 𝜂 = Θ

(
𝜀2

)
, x(0) ),

satisfies

𝜙/2ℓ (x(𝑡 ) ) ≤ 𝜙/2ℓ (x(𝑡−1) ) − Ω
(
𝜀4

)
(13)

for any iteration 𝑡 prior to termination4.

Since the proof closely follows the argument of Theorem 3.3

in [1] – additionally showing that in the case of a CA-MATG all

poly(Γ𝑐𝑎) factors can be replaced by poly(Γ) factors – we provide

a sketch of the proof, with full details deferred to Appendix
2
B.1.

Proof. Since Γ𝑐𝑎 is an ATG, Theorem 3.3 from [1] applies di-

rectly. Now, the proof in [1] relies solely on: (i) Theorem 10, which

shows that an (𝜀/𝑝𝑜𝑙𝑦 (Γ))-near stationary point can be extended

to an 𝜀-NE. (ii) the ℓ – smoothness and 𝐿-Lipschitz continuity of

𝑈 𝑐𝑎
– proved in Lemma 8 both bounded by 𝑝𝑜𝑙𝑦 (Γ). □

Corollary 12. Consider a MATG Γ and its CA-MATG Γ𝑐𝑎 . Let
𝜀 > 0, and x(0) ∈ X. Then GDM applied to (Γ𝑐𝑎, 𝜀, 𝜂 = Θ

(
𝜀2

)
, x(0) ),

will terminate after at most poly(Γ)/𝜀4 iterations.

Proof. The proof follows from: (1) Theorem 11 states that the

Moreau-envelope 𝜙/2ℓ of GDM per-iteration solutions has a de-

crease per iteration ofΩ(𝜀4) until termination
4
; and (2) fromLemma 9

that states that function 𝜙/2ℓ is bounded by poly(Γ). □

4.3 Per-Iteration solutions of MATG-GDM and
GDM

In this section, we show that applying MATG-GDM on Γ yields

identical iterates as a similarly initialised GDM algorithm applied

to Γ𝑐𝑎 . This allows us to finally prove Theorem 3.

Proposition 13. Consider a MATG Γ and its CA-MATG Γ𝑐𝑎 . Let
𝜀 > 0, 𝜂 > 0 and x(0) ∈ X. Then, for any iteration 𝑡 before termi-
nation, the team strategy profiles, x(𝑡 ) , computed by MATG-GDM
applied to (Γ, 𝜀, 𝜂, x(0) ) are identical to those computed by GDM ap-
plied to (Γ𝑐𝑎, 𝜀, 𝜂, x(0) ).

Proof. We proceed by induction on 𝑡 . The base case (𝑡 = 0)

trivially holds since both algorithms are initialized with the same

strategy x(0) . For some inductive step 𝑡 ≥ 1, assume the strategies at

the previous step are equal (to x(𝑡−1) ). At iteration 𝑡 , both algorithms

perform a projected gradient descent step with respect to the same

function

∑
𝑗∈M 𝑈 𝑗 (x(𝑡−1) , b(𝑡 )𝑗 ), where b

(𝑡 )
𝑗

is the adversary 𝑗 BR to

x(𝑡−1) . Notice that

max

b∈B

∑︁
𝑗∈M

𝑈 𝑗

(
x(𝑡−1) , b𝑗

)
=

∑︁
𝑗∈M

max

b𝑗 ∈B𝑗
𝑈 𝑗

(
x(𝑡−1) , b𝑗

)
. (14)

The values𝑈 𝑗

(
x(𝑡−1) , b(𝑡 )

𝑗

)
are the same in GDM and MATG-GDM

at iteration 𝑡 , and consequently, the resulting updates produced by

the projected gradient step are also identical (to x(𝑡 ) ). □

Proposition 14. Consider a MATG Γ and its CA-MATG Γ𝑐𝑎 . Let
x(𝑡 ) ∈ X be any team strategy profile. Let ((y∗𝑗 ) 𝑗∈M , z∗ = (z∗𝑖 )𝑖∈N)
be an optimal solution to LP (4) from ExtendNE(x(𝑡 ) ) in MATG-GDM.

Research Paper Track AAMAS 2026, May 25–29, 2026, Paphos, Cyprus

942



Then (y∗ = ⊗𝑗∈My∗𝑗 , z
∗) is an optimal solution to the following LP

(15) from ExtendNE(x(𝑡 ) ) in GDM:

max

y,(z𝑖 )𝑖∈N

∑︁
𝑖∈N

z𝑖 (15)

s.t. z𝑖 −
∑︁
b∈B

y(b) ·𝑈 𝑐𝑎 (a𝑖 , x(𝑡 )−𝑖 , b) ≤ 0, ∀𝑖 ∈ N , a𝑖 ∈ A𝑖∑︁
b∈B

y(b) = 1 and y(b) ≥ 0, ∀b ∈ B

Proof. Let ((y∗𝑗 ) 𝑗∈M , z∗ = (z∗𝑖 )𝑖∈N) be an optimal solution to

LP (4). First, remark that (y∗ = ⊗𝑗∈My∗𝑗 , z
∗ = (z∗𝑖 )𝑖∈N) is also a

solution of LP (15), since∑︁
b∈B

y∗ (b)𝑈 𝑐𝑎 (a𝑖 , x(𝑡 )−𝑖 , b) =
∑︁
𝑗∈M
b𝑗 ∈B𝑗

y∗𝑗 (b𝑗 )𝑈 𝑗 (a𝑖 , x(𝑡 )−𝑖 , b𝑗 ),

from Proposition 4. Furthermore, y∗ is a normalized probability

distribution over B.
In the other direction, let (y, z = (z𝑖 )𝑖∈N) be any solution of

LP (15) and let (ỹ𝑗 ) 𝑗∈M be the marginalized strategies of y. By
Proposition 4, we also have∑︁

b∈B
y(b)𝑈 𝑐𝑎 (a𝑖 , x(𝑡 )−𝑖 , b) =

∑︁
𝑗∈M
b𝑗 ∈B𝑗

ỹ𝑗 (b𝑗 )𝑈 𝑗 (a𝑖 , x(𝑡 )−𝑖 , b𝑗 ).

Thus, ((ỹ𝑗 ) 𝑗∈M , z = (z𝑖 )𝑖∈N) satisfies the constraints of LP (4).

From this fact,

∑
𝑖∈N z∗𝑖 ≥

∑
𝑖∈N z𝑖 . In other terms, (y∗, z∗) = (⊗𝑗∈M

(y∗𝑗 ), (z∗𝑖 )𝑖∈N) is an optimal solution to LP (15). □

We are ready to prove Theorem 3.

Proof. (Theorem 3). Let Γ𝑐𝑎 be the CA-MATG of Γ. By Corol-

lary 12, for a sufficiently large number of iterations𝑇 = poly(Γ, 1/𝜀),
there exists an iteration 𝑡∗ ≤ 𝑇 of GDM applied to (Γ𝑐𝑎, 𝜀, 𝜂, x(0) )
such that (x(𝑡∗ ) , y(𝑡∗ ) ) is an 𝜀-NE of Γ𝑐𝑎 – where y(𝑡

∗ )
is a solution

to LP (15) instantiated with x(𝑡
∗ )
. Now, by Proposition 13, MATG-

GDM applied to (Γ, 𝜀, 𝜂, x(0) ) computes at iteration 𝑡∗ the same per-

iteration team strategy profile than GDM, i.e. x(𝑡
∗ )
. Let (y(𝑡

∗ )
𝑗
) 𝑗∈M

be the set of adversary strategies computed by MATG-GDM to ex-

tend x(𝑡
∗ )
at iteration 𝑡∗ – i.e.

(
y(𝑡
∗ )

𝑗

)
𝑗∈M

is an optimal solution to

LP (4) instantiated with x(𝑡
∗ )
. Then, by Proposition 14, ⊗𝑗∈My(𝑡

∗ )
𝑗

is a solution to LP (15) instantiated with x(𝑡
∗ )
. (x(𝑡∗ ) , ⊗𝑗∈My(𝑡

∗ )
𝑗
)

is thus an 𝜀-NE of Γ𝑐𝑎 and, by Theorem 7, it is also an 𝜀-NE of the

original MATG Γ, completing the proof. □

5 IMPLICATION FOR TWO-TEAM
ADVERSARIAL GAMES

A Two Team Adversarial Game (TTAG) [1], is a normal-form game

defined by the tuple Γ𝑇𝑇 = ⟨N ,M, (A𝑖 )𝑖∈N, (B𝑗 ) 𝑗∈M ,𝑈 ⟩ where a
Team A of 𝑛 = |N | agents (the minimisers) plays against a Team

B of 𝑚 = |M| agents (the maximisers). Minimiser 𝑖 ∈ N (resp.

maximiser 𝑗 ∈ M) has action set A𝑖 (resp. B𝑗 ). The game is two-
team adversarial in that every maximiser receives identical reward

𝑈𝐵 (a, b) = 𝑈 (a, b), while minimisers try to minimize 𝑈 (a, b), i.e.
they receive𝑈𝐴 (a, b) = −𝑈 (a, b). A mixed strategy of a minimiser

𝑖 ∈ N is a distribution x𝑖 ∈ Δ(A𝑖 ). Similarly, a mixed strategy of a

maximiser 𝑗 ∈ M is a distribution y𝑗 ∈ Δ(B𝑗 ). As usual, an 𝜀-NE

in a TTAG is a joint mixed strategy

(
(x𝑖 )𝑖∈N, (y𝑗 ) 𝑗∈M

)
from which

no team member or adversary has interest (more than 𝜀) to deviate.

In this Section, we partially address the following remark from

[1] regarding the case of correlated adversaries strategies:

Remark 15 (Correlated Adversaries, [1], Remark 3). Another
notable application of having a single adversary is the case where
the adversary team has multiple players, but with the twist that the
adversaries are allowed to correlate their strategies—i.e., the team is
facing a “virtual” player. However, in that case the action space of that
virtual player grows exponentially with the number of adversaries
𝑚, and so establishing polynomial-time algorithms with𝑚 requires
further work.

Let us consider the subclass of TTAGs in which the utility table

factorises additively over themaximisers:𝑈 (a, b) = ∑
𝑗∈M 𝑈 𝑗 (a, b𝑗 ).

Let Γ𝑇𝑇 = ⟨N ,M, (A𝑖 )𝑖∈N, (B𝑗 ) 𝑗∈M ,𝑈 ⟩ be a member of this

class. From Γ𝑇𝑇 we can naturally define MATG

Γ =

(
N ,M, (A𝑖 )𝑖∈N ,

(
B𝑗

)
𝑗∈M ,

(
𝑈 𝑗

)
𝑗∈M

)
and the corresponding

CA-MATG Γ𝑐𝑎 =

(
N , (A𝑖 )𝑖∈N ,B𝑐𝑎 =

∏
𝑗∈M B𝑗 ,𝑈

)
.

Note that Γ𝑇𝑇 and Γ𝑐𝑎 only differ by the fact that adversaries

should use independent mixed strategies in Γ𝑇𝑇 , while they can use

joint mixed strategies in Γ𝑐𝑎 . However, using the above results, we

can prove that MATG-GDM, applied to Γ can be used to provide

an 𝜀-NE of Γ𝑇𝑇 in polynomial time:

Proposition 16. Let Γ𝑇𝑇 be a two-team adversarial game with
maximisers allowed to correlate and Γ be the corresponding MATG.
MATG-GDMapplied to Γ provides an 𝜀-NE of Γ𝑇𝑇 in time poly(Γ𝑇𝑇 )/𝜀4.
A complete proof of Proposition

6
16 is provided in Appendix

2
B.2.

6 EXPERIMENTAL EVALUATION
We conducted experiments on random MATGs in which adversary

payoffs were independently uniformly sampled within the interval

[0, 1]. Each game configuration, denoted as 𝑛v𝑚/𝑎, corresponds to

an MATGwith 𝑛 team agents,𝑚 adversaries, and 𝑎 available actions

per agent. Reported values correspond to the mean and standard

deviation computed over 10 independent instances.

MATG-GDMwas implemented in Python 3.11 using the JAX and

Optax libraries [4, 10]
7
, initial team strategies x(0) were set to uni-

form random distributions and two learning rates 𝜂 ∈ {10−2, 10−3}
were evaluated. Experiments were run on a Linux machine with an

Intel i7-12700 processor and 64GB of RAM.

6.1 Comparison with existing solvers
This section compares the capabilities and limitations of existing

state-of-the-art solvers in computing NE forMATGswith that of the

proposed MATG-GDM algorithm. For this comparison, we consider

two representative state-of-the-art algorithms: Iterated Polymatrix

Approximation (IPA [12], implemented in Gambit [27]) and the

Wilson algorithm [11], implemented in GT-Nash
8
.

IPA, an approximate solver, belongs to the class of algorithms

that operate on the normal-form game representation. As detailed

6
Referred to as Corollary B.8 in Appendix.

7
Code provided at [22].

8
https://forge.inrae.fr/game-theory-tools-group/gtnash
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Table 3: Comparison of IPA, Wilson, and MATG-GDM. # reports the number of instances (out of 10) completed within the
30-minute timeout, and Runtime the mean ± standard deviation over the solved instances. NE-Gap is the average 𝜀-NE of IPA
solutions; Wilson gap omitted (exact solutions); MATG-GDM reported on two fixed gaps 𝜀 = {10−3, 10−4}.

Game

IPA (Gambit) Wilson (GT-Nash)

MATG-GDM (ours)

(𝜀 = 10
−3, 𝜂 = 10

−2
)

MATG-GDM (ours)

(𝜀 = 10
−4, 𝜂 = 10

−3
)

# Runtime (s) NE-Gap # Runtime (s) # Runtime (s) # Runtime (s)

2v1/2 10 (1.78 ± 0.44) × 10−4 (8.64 ± 9.83) × 10−8 9 0.86 ± 0.31 10 2.74 ± 0.32 10 6.11 ± 2.95
2v1/4 10 (5.90 ± 1.28) × 10−4 (1.22 ± 0.43) × 10−7 8 22.27 ± 1.03 10 4.40 ± 1.2 10 30.53 ± 23.87
2v1/6 10 (1.35 ± 0.22) × 10−3 (1.40 ± 0.58) × 10−7 5 451.81 ± 448.04 10 6.91 ± 1.33 10 78.42 ± 59.35
2v3/2 10 (5.33 ± 1.45) × 10−4 (0.98 ± 1.26) × 10−7 6 40.58 ± 37.14 10 3.41 ± 0.57 10 7.21 ± 4.97
2v3/4 10 (1.07 ± 0.32) × 10−2 (1.55 ± 0.76) × 10−7 0 - 10 8.51 ± 3.50 10 89.67 ± 80.12
2v3/6 8 0.20 ± 0.28 (2.08 ± 1.15) × 10−7 0 - 10 12.57 ± 4.54 10 175.86 ± 113.80
2v6/2 8 (5.29 ± 1.41) × 10−3 (2.75 ± 1.06) × 10−7 0 - 10 3.45 ± 0.35 10 7.61 ± 3.81
2v6/4 1 23.81 ± 0.0 (2.38 ± 0.0) × 10−7 0 - 10 6.07 ± 2.05 10 56.84 ± 84.95
2v6/6 0 - - 0 - 10 15.08 ± 5.66 10 172.04 ± 110.43

in Appendix
2
C.1, representing a MATG in normal form requires

space exponential in the total number of players (i.e., 𝑛 team mem-

bers plus𝑚 adversaries). Like all solvers relying on the normal-form

representation, IPA is severely limited by this exponential growth

in representation size. For instance, when using float64 represen-

tations for the payoffs, encoding a 3v6/6 MATG in normal form

requires approximately 1GB of memory, compared to only 52KB in

the original MATG representation.

In contrast to IPA, Wilson is an exact solver for hypergraphical

games, a representation which retains the same size as the original

MATG representation (See Appendix
2
C.1). However, its computa-

tional complexity is doubly-exponential in the maximum number

of players in any local game of the hypergraphical representation

(Proposition 5.4 in [11]). For an MATG, this corresponds to 𝑛 + 1.
Given the limitations of existing solvers for MATGs, our com-

parative analysis is restricted to games with the minimal team size

(𝑛 = 2). Within this setting, we evaluate the impact of varying the

number of adversaries (𝑚 ∈ {1, 3, 6}) and the number of actions per

player (𝑎 ∈ {2, 4, 6}). Results are summarized in Table 3.

The first key observation is that both IPA andWilson fail to scale

with respect to either the number of adversaries or the number of

actions, as indicated by execution times that grow exponentially

in both parameters. In particular, we observe that Wilson, which

computes exact NEs, solves most 2v1 instances in roughly 30 sec-

onds; however, it already times out on instances larger than 2v3/4.

On the other hand, IPA produces solutions with a negligible gap

(NE-Gap ≈ 10
−7
) for instances solved before timeout and is much

faster than Wilson and MATG-GDM. However, it times out on all

2v6/6 instances.

Finally, MATG-GDM, as an approximate algorithm that guar-

antees finding an 𝜀-NE in polynomial time, achieves a favorable

empirical trade-off between the approximation error 𝜀 and runtime.

In particular, MATG-GDM finds solutions with a gap of at most

𝜀 = 10
−3

within seconds, and with a gap of at most 𝜀 = 10
−4

in a

few minutes for all tested instances.

Importantly, unlike other benchmarked solvers, the runtime of

MATG-GDM appears independent of the number of adversaries — it

depends on the approximation parameter 𝜀, but not on𝑚. As shown

in Table 3, for configurations with the same number of actions 𝑎 and

approximation error 𝜀, the difference in runtime between instances

with 1 and 6 adversaries is minor (e.g., 2v1/6 instances are solved
in 6.9𝑠 on average, whereas 2v6/6 require about 15𝑠). Next section
analyses whether this scalability trend with respect to the number

of adversaries persists in larger instances, where existing solvers

are no longer applicable.

6.2 Scalability to many adversaries
Scalability of MATG-GDM with respect to the number of adver-

saries was evaluated on large random MATGs with team size 𝑛 = 4

and 𝑎 = 6 actions per agent, and adversaries𝑚 ∈ {1, 3, 6, 9}. The
algorithm was terminated after 𝑇 = 100,000 iterations. Additional

results for other configurations are provided in Appendix
2
C.

Results are reported in Figure 1 and Table 4. Figure 1 gives an

overview of the performance of MATG-GDM across the 100,000

iterations by plotting at each iteration 𝑡 ∈ {0, . . . ,𝑇 } the cumula-

tive minimum NE-GAP, denoted CNE-GAP(𝑡 ). Formally, given the

sequence of iterates {(x(𝑡 ′ ) , y(𝑡 ′ ) ) : 𝑡 ′ ∈ {0, . . . ,𝑇 }} produced by

MATG-GDM, the CNE-GAP at time 𝑡 is defined as

CNE-GAP(𝑡) =min

𝑡 ′≤𝑡
NE-GAP(x(𝑡 ′ ) , y(𝑡 ′ ) ) . (16)

Table 4 reports performance (mean and standard deviations of

the termination iteration 𝑡∗) for two fixed approximation errors

𝜀 ∈ {10−3, 10−4}. Results show that MATG-GDM converges sig-

nificantly faster for 𝜂 = 10
−2

compared to 𝜂 = 10
−3
, in all tested

configurations. This is likely due to the fact that 𝜂 = 10
−2

brings

(ten times) larger gradient steps than 𝜂 = 10
−3
. However, a risk

with choosing large gradient steps is that MATG-GDM oscillates

around a Nash equilibrium without never reaching a 𝜀-NE.

Unsurprisingly, our results indicate that smaller target approxi-

mation errors (i.e., smaller 𝜀) require a larger number of iterations to

reach termination. For instance, Table 4 shows that the number of it-

erations for 𝜀 = 10
−3

is substantially lower than for 𝜀 = 10
−4

across

all configurations. Nevertheless, MATG-GDM successfully finds

solutions within 𝜀 = 10
−4

for all tested instances within the maxi-

mum iteration limit. Moreover, Figure 1 shows that the NE-GAP
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(a) 4v1/6 : CNE-GAP(𝑡 ) (b) 4v3/6: CNE-GAP(𝑡 ) (c) 4v6/6: CNE-GAP(𝑡 ) (d) 4v9/6: CNE-GAP(𝑡 )

Figure 1: CNE-GAP(t) (mean and standard deviation) from running MATG-GDM on 10 random instances of 4v1/6, 4v3/6, 4v6/6
and 4v9/6 MATGs.

Table 4: Performance of MATG-GDM on MATGs with 𝑛 = 4 team agents, 𝑎 = 6 actions per player, with varying numbers
of adversaries𝑚 ∈ {1, 3, 6, 9}. The termination iteration 𝑡∗ gives the mean and standard deviation of iterations required by
MATG-GDM to reach 𝜀-NE solutions with 𝜀 ∈ {10−3, 10−4} under two learning rates, 𝜂 ∈ {10−2, 10−3}.

Game

MATG-GDM Termination Iteration 𝑡∗ (mean ± std)

NE-Gap(x(𝑡
∗ ) , y(𝑡

∗ )
) ≤ 10

−3
NE-Gap(x(𝑡

∗ ) , y(𝑡
∗ )
) ≤ 10

−4

𝜂 = 10
−2 𝜂 = 10

−3 𝜂 = 10
−2 𝜂 = 10

−3

4v1/6 5618 ± 1484 55889 ± 14995 39372 ± 54852 63504 ± 16292
4v3/6 3114 ± 1103 29731 ± 8533 35355 ± 58298 48443 ± 24436
4v6/6 2497 ± 1055 24468 ± 10406 36533 ± 56630 46148 ± 21458
4v9/6 1272 ± 623 12917 ± 6407 4094 ± 2941 23268 ± 13545

approaches zero, indicating that MATG-GDM produces solutions

close to optimal within the maximum iteration limit.

Finally, notice that these patterns are largely unaffected by the

number of adversaries. Figure 1a, which corresponds to a single

adversary, exhibits similar trends to Figure 1d, which corresponds

to nine adversaries. Surprisingly, the number of iterations required

for termination even decreases significantly with the number of

adversaries. For example, in Table 4 the termination iteration for

4v1/6 instances is substantially higher than for 4v9/6 instances. We

hypothesize that this is because the gradient step, 𝜂
∑

𝑗 ∇x𝑖𝑈 𝑗 (·, ·)
in MATG-GDM, is proportional to the number of adversaries, and

thus behaves as taking multiple gradient steps with one adversary.

Overall, the empirical results demonstrate that, unlike existing

solvers, MATG-GDM exhibits execution times that scale favorably

with the number of adversaries.

7 CONCLUSIONS AND FUTUREWORK
We introduce the Multi-Adversarial Team Games (MATG) frame-

work, generalizing the Adversarial Team Games (ATG) framework

to scenarios involvingmultiple independent adversaries. This frame-

work is particularly well-suited to model interactions between a

coordinated team of agents in competitionwith several independent

adversaries. Such interactions arise naturally in various domains,

including law enforcement problems and security games.

Our main contribution is to show that an 𝜀-Nash equilibrium

of an MATG can be computed in time polynomial in the game’s

natural parameters and in 1/𝜀, overcoming the multi-agent curse on

the adversary side. We also present the first empirical evaluation

of a polynomial-time algorithm for computing 𝜀-NE in MATGs and

ATGs. Our experiments corroborate the theoretical findings and,

importantly, demonstrate the practical applicability of MATG-GDM.

In particular, experiments show that MATG-GDM scales effectively

with the number of adversaries, enabling the computation of ap-

proximate NE in MATGs of sizes (e.g., 13 players: 4 team members

vs. 9 adversaries) beyond the reach of existing solvers.

Computing even approximate Nash equilibria in general normal

form games is a hard problem [9, 26]. Only a few classes of multi-

player games (> 2 players) are known to admit polynomial-time

algorithms for approximating Nash equilibrium: zero-sum polyma-

trix games [5], potential games [24] and Adversarial Team Games

(ATG) [1]. The latter notably overcome the curse of multi-agent

on the team side, but are limited to a single adversary. Extend-

ing the ATG family to a wider family of polynomial-time solvable

games is presented as an important, non-trivial perspective by [1].

It is worth noting that the broader class of two-team games [18],

which subsumes MATGs, is computationally intractable. Thus, our

contribution allows to narrow the uncertainty about the limit of

tractability of multiplayer games.

A natural extension of our work is the computation of approxi-

mate NE inmulti-adversarial extensions of Adversarial TeamMarkov
Games [16]. An open question is to determine the conditions under

which the independence of adversaries in this Markovian setting

enables the efficient computation of approximate NE, potentially

leveraging learning algorithms [19].
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