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ABSTRACT
We study an online contextual learning problem, where an agent
repeatedly observes independent and identically distributed (IID)
contexts 𝑐𝑡 ∈ R𝑑 and selects actions 𝑥𝑡 ∈ R𝑘 to maximize its cu-
mulative reward 𝑟 (𝑥𝑡 , 𝑐𝑡 ) over 𝑇 rounds. The reward function is
Lipschitz continuous in contexts, so good actions for a given context
are also reasonably good for similar contexts. Current algorithms
that leverage this structure are practically infeasible due to large
runtime or memory complexity. In this paper, we propose Congrad,
a simple kernel-based projected gradient ascent algorithm, which
maintains𝑂 (𝑛) memory and𝑂 (𝑛(𝑘+𝑑)) computational complexity
per iteration by projecting policies onto a fixed 𝑛-dimensional func-
tion space. Congrad utilizes a kernel that at each turn updates the
actions for contexts 𝑐 near the observed 𝑐𝑡 . The kernel initially has
a large bandwidth to enable fast global learning, and progressively
narrows for local refinement. We prove an expected regret bound
of 𝑂 (𝑇

𝑑+1
𝑑+2 ), independent of the action space dimension 𝑘 .
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1 INTRODUCTION
For many applications, the Markov Decision Process (MDP) frame-
work considered by reinforcement learning is unnecessarily general,
as the problem is more structured. One common structured case
is contextual learning [23]. In contextual learning, there is a state
in every round, called a context, that the agent can observe before
taking its action, which affects its reward. However, the agent’s
actions do not affect this context. This models many applications,
such as recommendation systems [3, 8, 14, 16] where the context
is the features of the customer under consideration, cyber-physical
systems [5, 9, 10, 13, 21] where the context can be a physical state
of the environment (e.g. weather, demand, or traffic), or healthcare
[6, 7, 24, 26] where the context represents the patient features.
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Most works on contextual learning have focused on discrete
action spaces [1, 2, 11, 12, 15, 22]. While discrete action spaces are
closer to the classical MDP model, they cannot capture scenarios
where the action is a location, velocity, probability vector, or con-
tinuous model parameter. Discrete actions also preclude the use of
classical and efficient optimization tools, such as gradient descent.

With a discrete context space, a naive contextual learning ap-
proach would be to run an independent algorithm for every context
when it appears. With a continuous context space, the natural exten-
sion of this scheme is to divide the context space into small enough
balls to approximate the optimal policy [17]. However, such an
algorithm is inefficient, as it does not exploit the similarity of the
rewards when the contexts are similar; the optimal action must
be similar for adjacent balls. Following the literature [4, 18, 19],
we encode the similarity between contexts by assuming that the
reward function and its gradients are Lipschitz continuous in 𝑐 .

State-of-the-art contextual learning algorithms [18, 25] are based
on splitting the context–action space adaptively (or an underlying
metric space), selecting the best action within each refined region.
These algorithms do not assume concave reward functions, and
thus must search directly over the high-dimensional action space,
yielding regret that inherently depends on the metric (or zoom-
ing) dimension of the action space. The computational complexity
depends on 𝑇 as the number of regions increases with 𝑇 . Instead,
we consider concave reward functions, which are natural in con-
trol and optimization and allow for gradient-based algorithms that
inherently have lower complexity than exhaustive search in high
dimensions. As with stochastic gradient descent, we only assume
that a noisy, unbiased gradient estimate is available at each turn.

In contextual learning [4, 19], gradient-based methods in con-
cave settings achieve regret bounds where the exponent of 𝑇 is
independent of the action space dimension 𝑘 . However, the multi-
plicative factor of this 𝑇 -dependent term still scales no better than
linearly with 𝑘 , as the number of regions ("bins") grows with 𝑘 , ren-
dering such methods impractical for even moderate dimensionality.
Our algorithm achieves a regret bound independent of 𝑘 , making it
appealing for high-dimensional action spaces common in practice.

More importantly, state-of-the-art gradient-based contextual
learning algorithms [4, 19] suffer from a linear memory complexity
in𝑇 . This memory explosion results from storing information from
all previous time steps, making them infeasible when 𝑇 is large.

To avoid exploding memory, we consider learning policies from
a function space. Instead of storing all past information, we project
the learned policy onto a fixed set of 𝑛 orthogonal basis functions
at each iteration. Consequently, the memory complexity of our
algorithm is𝑂 (𝑛), independent of𝑇 . Computing gradient steps and
projecting our learned policy results in a computational complexity
of 𝑂 (𝑛(𝑘 + 𝑑)) per iteration.
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2 PROBLEM FORMULATION
Consider an agent that takes actions in discrete time, receiving
a stochastic context in each round. Let C ⊂ R𝑑 be the compact
context set and X = R𝑘 the action set. The payoff function 𝑟 :
X × C → R is assumed to be concave in 𝑥 .

In each round 𝑡 , a context 𝑐𝑡 ∈ C is drawn independently from a
fixed distribution 𝐷𝑐 on C, independent of past contexts and the
agent’s actions. The probability density function of 𝐷𝑐 is denoted
by 𝑝𝑐 . The agent selects an action 𝑦𝑡 ∈ X and observes an unbiased
estimate of the gradient:

∇𝑥𝑟 (𝑦𝑡 , 𝑐𝑡 ) + 𝜖𝑡 (1)
where 𝜖𝑡 is the IID noise in the gradient at turn 𝑡 , modeling data-
dependent gradients and estimation or measurement errors.

Our goal is to design an algorithm that learns an optimal policy
𝜋∗ ∈ argmax𝜋∈Π E

[
𝑟 (𝜋 (𝑐), 𝑐)

]
from a predesigned function space

Π, where the expectation is with respect to 𝑝𝑐 . The expected regret
measures how efficiently an algorithm learns the optimal policy:

𝑇∑︁
𝑡=1

E
[
𝑟 (𝜋∗ (𝑐𝑡 ), 𝑐𝑡 ) − 𝑟 (𝜋𝑡 (𝑐𝑡 ), 𝑐𝑡 )

]
, (2)

where the expectation is over (𝑐1, . . . , 𝑐𝑇 ) and the noise 𝜖𝑡 .
Our function space is defined by the orthogonal basis functions

𝜙1, . . . , 𝜙𝑛 : C → R𝑘 and a bound on the coefficients𝑀 :

Π =

{
𝜋 (·) =

𝑛∑︁
𝑖=1

𝛾𝑖𝜙𝑖 (·)
����� ∥𝛾 ∥∞ ≤ 𝑀

}
⊂ 𝐿2 (C, 𝜇;R𝑘 ), (3)

where 𝐿2 (C, 𝜇;R𝑘 ) is the space of square-integrable R𝑘 -valued
functions on C with respect to the uniform (normalized Lebesgue)
probability measure 𝜇 on C.

The effective action set XΠ := {𝜋 (𝑐) | 𝜋 ∈ Π, 𝑐 ∈ C} that the
policy can implement is compact, since each 𝜋 ∈ Π is a finite linear
combination of bounded continuous basis functions with bounded
coefficients, and C is compact.

The following assumption is common for context distributions
[14, 19, 20]. The context space can also be a finite union of compact
components if this assumption holds for each component.
Assumption 1. Each context 𝑐𝑡 ∈ C ⊂ R𝑑 is drawn i.i.d. from a
distribution 𝐷𝑐 with a density 𝑝𝑐 that satisfies

𝑝𝑚𝑖𝑛 ≤ 𝑝𝑐 (𝑐) ≤ 𝑝𝑚𝑎𝑥 , ∀𝑐 ∈ C, 0 < 𝑝𝑚𝑖𝑛 ≤ 𝑝𝑚𝑎𝑥 < ∞.
The next assumptions are standard in stochastic optimization.

Assumption 2. The noise satisfies E[𝜖𝑡 ] = 0 and E[∥𝜖𝑡 ∥2] < ∞.

Assumption 3. ∥∇𝑥𝑟 (𝑥, 𝑐)∥ ≤ 𝐺 ′, ∀𝑥 ∈ XΠ, 𝑐 ∈ C.
Our assumptions about the reward function are given next.

Assumption 4. For all 𝑐 ∈ C, the function 𝑟 (·, 𝑐) is concave.
Assumption 5. 𝑟 (𝑥, ·), ∇𝑥𝑟 (𝑥, ·) are Lipschitz continuous ∀𝑥 ∈ XΠ .

The following assumption on the basis {𝜙𝑖 } of Π ensures that
𝜋𝑡 remains Lipschitz continuous at every 𝑡 . This assumption is
satisfied, for example, if each 𝜙𝑖 is twice continuously differentiable.
Classical basis families such as Fourier series and polynomial bases
meet this condition, for the compact context set.
Assumption 6. Each basis function 𝜙𝑖 : C → R𝑘 is 𝐿′-Lipschitz
continuous for some 𝐿′ < ∞.

Algorithm 1 Congrad: Contextual Gradient-Based Learning
Input: Basis functions {𝜙𝑖 }𝑛𝑖=1, bound𝑀 > 0, learning rates {𝜂𝑡 },
bandwidths {𝜆𝑡 }, kernels {𝐾𝑡 }
Initialize: 𝛾1 ∈ [−𝑀,𝑀]𝑛 and 𝜋1 (·) =

∑𝑛
𝑖=1 𝛾𝑖,1𝜙𝑖 (·)

for 𝑡 = 1, 2, . . . ,𝑇 do
Observe context 𝑐𝑡 ∈ C
Compute action 𝑦𝑡 = 𝜋𝑡 (𝑐𝑡 ) =

∑𝑛
𝑖=1 𝛾𝑖,𝑡 𝜙𝑖 (𝑐𝑡 )

Play 𝑦𝑡 and receive noisy gradient 𝐺𝑡 := ∇𝑥𝑟 (𝑦𝑡 , 𝑐𝑡 ) + 𝜖𝑡
Compute 𝐾𝑡 (𝑐𝑡 ) =

∫
C 𝐾𝑡 (𝑐, 𝑐𝑡 ) 𝑑𝑐

For 𝑖 = 1, . . . , 𝑛, update the policy by updating the coefficients:

𝛾𝑖,𝑡+1 := 𝛾𝑖,𝑡 + 𝜂𝑡
∫
C

𝐾𝑡 (𝑐, 𝑐𝑡 )
𝐾𝑡 (𝑐𝑡 )

⟨𝐺𝑡 , 𝜙𝑖 (𝑐)⟩ 𝑑𝑐

𝛾𝑖,𝑡+1 := Proj[−𝑀,𝑀 ]
(
𝛾𝑖,𝑡+1

)
end for

3 CONGRAD: CONTEXTUAL PROJECTED
GRADIENT ASCENT

Congrad is described in Algorithm 1. Since Π is a linear subspace
(up to the box constraints), the kernel-smoothed gradient step can
be projected onto Π by updating the coefficients directly, thereby
avoiding an explicit projection of the full updated policy. The result-
ing 𝑑-dimensional integral can be approximated using a quadrature
or Monte Carlo rule, yielding a per-iteration complexity of𝑂 (𝑚𝑛𝑘)
for𝑚 evaluation points when 𝑑 is small.

We assume that our sequence of kernels 𝐾𝑡 have the form

𝐾𝑡 (𝑐, 𝑐0) = 𝜅
(
𝜆−1𝑡 ∥𝑐 − 𝑐0∥

)
, (4)

where𝜅 : [0,∞) → [0, 1] is a non-increasing functionwith compact
support, so that 𝐾𝑡 has compact support in the 𝑑-dimensional ball
of radius 𝜆𝑡 ; i.e., 𝜅 (𝑢) = 0 for all 𝑢 > 1. Consequently, 𝐾𝑡 (𝑐, 𝑐0) = 0
if ∥𝑐 − 𝑐0∥ > 𝜆𝑡 . An example is 𝐾𝑡 (𝑐, 𝑐0) = max(0, 1− 𝜆−1𝑡 ∥𝑐 − 𝑐0∥).

Assumption 7 (Kernel Mass Condition). For all 𝑡 ≥ 1 and all
𝑐0 ∈ C up to a set of measure zero:

𝑐𝑑𝜆
𝑑
𝑡 ≤

∫
C
𝐾𝑡 (𝑐, 𝑐0) 𝑑𝑐 ≤ 𝐶𝑑𝜆𝑑𝑡 , (5)

for constants 𝐶𝑑 , 𝑐𝑑 > 0 depending only on the context dimension 𝑑 .

Assumption 7 is needed since a kernel that is too narrow (i.e.,
assigning near-zero weight to most contexts) would hinder gener-
alization and slow down learning.

The kernel at round 𝑡 is normalized by 𝐾𝑡 (𝑐𝑡 ) =
∫
C 𝐾𝑡 (𝑐, 𝑐𝑡 ) 𝑑𝑐

so that updates have comparable magnitude even for contexts near
the boundary of C, where the unnormalized kernel mass is smaller.

Finally, we present our main theorem: an expected regret bound
for Congrad that is independent of the action space dimension.

Theorem 1 (Congrad Regret Bound). Suppose Assumptions 1-7
hold. Let the step size and kernel bandwidth sequences be defined by
𝜆𝑡 = 𝑡−

1
𝑑+2 and 𝜂𝑡 = 𝑡−

𝑑+1
𝑑+2 . Then, for every 𝑇 , the expected regret

satisfies
𝑇∑︁
𝑡=1

E
[
𝑟
(
𝜋∗ (𝑐𝑡 ), 𝑐𝑡

)
− 𝑟

(
𝜋𝑡 (𝑐𝑡 ), 𝑐𝑡

) ]
≤ 𝐵𝑇

𝑑+1
𝑑+2 (6)

where 𝐵 is a constant independent of 𝑘 and 𝑇 .
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