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ABSTRACT

Challenge the Champ is a simple tournament format, where an
ordering of the players — called a seeding — is decided. The first
player in this order is the initial champ, and faces the next player.
The outcome of each match decides the current champion, who
faces the next player in the order. Each player also has a popularity,
and the value of each match is the popularity of the winner. Value
maximization in tournaments has been previously studied when
each match has a deterministic outcome. However, match outcomes
are often probabilistic, rather than deterministic. We study robust
value maximization in Challenge the Champ tournaments, when
the winner of a match may be probabilistic. That is, we seek to max-
imize the total value that is obtained, irrespective of the outcome of
probabilistic matches. We show that even in simple binary settings,
for non-adaptive algorithms, the optimal robust value — which we
term the VNAR, or the value not at risk — is hard to approximate.
However, if we allow adaptive algorithms that determine the order
of challengers based on the outcomes of previous matches, or re-
strict the matches with probabilistic outcomes, we can obtain good
approximations to the optimal VNAR.
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1 INTRODUCTION

Tournaments are a fundamental mechanism for structuring com-
petition. Beyond their well-established role in organizing play in
sports and e-sports, where both competitive fairness and enter-
tainment value matter, they also arise in other decision-making
contexts, such as elections, where pairwise comparisons are mean-
ingful [10, 21, 23, 31].

In tournaments, some matches naturally generate more audience
interest than others — either because they feature a marquee player
who is highly popular or because the matchup, such as between
arch-rivals, is anticipated to be dramatic. Organizers of sporting
events, as well as competitive platforms more broadly, often try to
structure play to maximize such engagement value, and in turn the
revenue. An especially simple yet versatile format is the Challenge
the Champ (CtC) tournament: a fixed “champion seat” is defended
against a sequence of challengers whose order — the seeding — is
chosen by the organizer. The seeding strongly shapes the tourna-
ment’s trajectory, and thus, by choosing the seeding, the organizer
significantly influences the excitement it generates.

Formally, a CtC tournament, is a permutation of the players,
called the seeding. The first player is the initial champion and is
challenged by the second player. The winner of this match then
plays the third player, and so on. With n players, a winner (i.e., the
final champion) is determined in n — 1 matches. CtC is a specific
instance of single-elimination tournaments, historically used in
boxing, martial arts, and other combat sports where challengers
rise to take on the current champion (or master).

A major goal of tournament organizers is to maximize the value
— this could be the revenue, total viewership, tickets sold, etc. While
there are many tournament value functions studied, typically each
possible match has a value, and the value of the tournament is the
sum of the values of the matches played. If outcomes were per-
fectly predictable, this design question would then be easy to state:
choose a seeding that maximizes the total value of the tournament.
In real-world scenarios, some pairwise results may be essentially
certain, perhaps due to a large skill gap, while others are inherently
uncertain and are modeled by probabilities. This probabilistic set-
ting is a natural way to model real-life competitions, a fact that
was noted in earlier papers [2, 9, 31]. Existing works on designing
CtC tournaments, and more general ones, have either assumed full


https://doi.org/10.65109/TEVB4201
https://doi.org/10.65109/TEVB4201
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.65109/TEVB4201

Research Paper Track

determinism [5] or aimed to optimize expectation-based metrics
such as expected wins or revenue [32]. But expectation alone can be
misleading: a seeding that is strong on average may fail to produce
enough, or any, exciting games if a few upsets occur. This motivates
the search for a robust guarantee in tournament design.

In this paper, we introduce a risk-averse alternative, called the
VALUE NoT AT Risk (VNAR), defined as the minimum total value an
algorithm can obtain, over all realizations of the uncertain matches.
The VNAR measures the value the organizer can guarantee, no
matter how the uncertain games turn out. This parallels risk-aware
reasoning in finance, where measures such as VALUE AT Risk (VAR)
quantify the guaranteed part of a portfolio’s return: instead of
maximizing average value, the designer secures a safe baseline
excitement level even under unfavorable outcomes.

Our contribution in this work is two-fold: Conceptually, we pro-
pose VNAR as a natural, risk-averse tournament design objective for
the realistic setting where game outcomes are not fully predictable.
Algorithmically, we present the first study of VNAR-maximization
in CtC tournaments, and present a comprehensive set of results.
For non-adaptive algorithms, we first establish the computational
hardness of the problem even under severe restrictions, including
additive and multiplicative approximation hardness and propose
almost matching polynomial-time approximation algorithms. We
then study adaptive algorithms, where decisions regarding future
matches are deferred until earlier game outcomes are known, and
show that good approximations can indeed be obtained. We note
that adaptive tournament formats are used in real-world tourna-
ments also, such as the FIDE Grand Swiss Tournament, where the
contestants are paired to ensure that each player plays an opponent
with a similar running score without playing the same opponent
more than once. Match pairing for each round is done after the
previous round has ended and depends on its results.

In the past, CtC tournaments, also known as stepladder tourna-
ments in prior work, have been studied from multiple perspectives.
These include satisfying axiomatic notions of fairness [1] and char-
acterizing strength graphs under which a designated favorite player
can win the tournament [30, 33]. When the strength graphs are
probabilistic, Mattei et al. [22] studied how players could be bribed
to lower their chances of beating the initial champion, aiming to
maximize the champion’s overall probability of winning while stay-
ing within a given budget. Building on this, Chaudhary et al. [13]
explored the problem further from the perspective of parameterized
complexity. In this paper, we study adaptivity in the presence of
probabilistic events. It is worth noting that adaptivity in knockout
tournaments, a form of single-elimination tournament, has been
examined recently by Chaudhary et al. [12], though primarily from
the perspective of coalition manipulation. In that setting, coali-
tion players can strategically decide in each round which games to
throw, depending on the outcomes of the previous matches. To the
best of our knowledge, this is the first work on probabilistic CtC
tournaments, where the goal is to maximize an objective function
that quantifies the number of valuable games.

Related Work. Starting with the influential work of Vu et al. [31],
anumber of tournament formats have been widely adopted and sys-
tematically studied, including the knockout format [9, 16, 28, 30], the
round-robin format [24, 27], the double-elimination format [3, 26],
and the Swiss system [25, 29]. Each of these formats represents a
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distinct organizational principle, offering particular advantages and
limitations in terms of ranking outcomes and elimination proce-
dures. We note that across these various tournament models the
goal is often to determine if there is a seeding that allows a par-
ticular player to win, or to study the effects of bribery, winner
determination, etc. Quite naturally, one of the primary goals of
tournaments is to maximize revenue, generated either through ad-
vertising, sale of tickets, sale of broadcast rights, and so on. This
aspect of tournaments is studied in prior work on knockout tour-
naments [11, 15, 17] and is now being studied for CtC tournaments
as well [5].

Vu et al. [31] define the probabilistic tournament fixing question,

where the input consists of a set of players, of which one is dis-
tinguished and the probability value p;; associated with a game
involving players i and j. The paper presented a recursive formula
to calculate the winning probability of a player, and for the case of
a balanced tournament, showed NP-hardness of deciding whether
the distinguished player wins with at least some probability, even
under additional restrictions. Subsequently, Aziz et al. [2] and Blazej
et al. [9] have furthered the study of probabilistic tournament fixing
in the knockout format.
Our Setting. We study tournament value maximization when the
outcome of matches can be uncertain. We focus on CtC tournaments
when the value of each match is either 1 or 0, determined by the
popularity of the winner (this is termed player-popularity-based
tournament values). Our input thus consists of a popularity (1 or
0) for each player, as well as a strength graph where additionally
each directed edge, say (pi, p2), has a weight in [0, 1], indicating
the probability of the outcome determined by the edge direction.
Thus, if edge (i, j) has weight p;; € [0, 1], then in a match between
these players, player i beats player j with probability p;;, while j
beats i with probability 1 — p;;. If the weight on an edge is 1, such
a match (and the corresponding edge) is called deterministic, while
a weight strictly less than 1 is an uncertain edge and the resulting
outcome is said to be probabilistic. We say a player i beats j (or j is
beaten by i) to mean that i beats j deterministically, i.e., p;; = 1.

Define % as the set of popular players, U as the set of unpopular
players that are beaten by at least one popular player, and ‘W be
the set of remaining unpopular players. Let np = || and n, = |U]|.
Prior work by Bhaskar et al. [5] shows that in CtC tournaments, in
the absence of uncertainty (i.e., when every match is deterministic),
the optimal seeding — the sequence of matches that maximizes the
value — can be obtained in polynomial time. In fact, if n, is the
number of players with value 1 (termed popular players) and ny,
is the number of players with value 0 (termed unpopular players)
that are beaten by at least one popular player, then the optimal
tournament value is exactly np +ny — 1.

Value not at Risk. In this work, where some matches are uncertain,
we focus on maximizing the total value obtained (equivalently, the
number of matches won by popular players) in the worst case with
probability 1. Our objective is thus to maximize the total value for
a risk-averse tournament organizer. Formally stated, for a seeding
o, the value not at risk (the VNAR(0)) is the total value obtained
with probability 1. That is, for any possible outcomes of uncertain
matches, the total value obtained is at least the VNAR. Our primary
objective is to obtain a seeding with maximum possible VNaR. Note
that this may require uncertain matches to be played. See Figure 1
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for an illustration. The following proposition shows that, as in the
deterministic setting, the unpopular players in ‘W do not contribute
to the optimal value.!

PROPOSITION 1.1 (&). The optimal VNAR obtainable by any algo-
rithm is at most np + ny — 1.

If VNAR* denotes the optimal VNAR of a given instance, we say

an algorithm is an f-additive approximation if the value obtained
for any outcome is at least VNAR* — f. Similarly, an algorithm is
an f-multiplicative approximation if the value obtained for any
outcome is at least f - VNAR".
Our Contribution. We first note that a non-adaptive seeding with
VNAR 1y + [Z—:] —1is easily obtained as follows. Let a;, be a popular
player that beats the maximum number of unpopular players in U,
say k. Clearly, k > [ny/np]. In the seeding, we first put a,, followed
by the k unpopular players beaten by a,. This is followed by the
remaining popular players, and finally, all the other players. Under
this seeding, the first np + k — 1 matches are all won by popular
players, yielding a value of at least np, + Z—“ —1. From Proposition 1.1,
if ny < ¢ - np, a multiplicative max{1/np, 1/(c + 1) }-approximate
non-adaptive seeding is thus readily obtainable.

We start with studying non-adaptive algorithms that output a
fixed seeding without seeing any probabilistic outcomes. Even in
this simple setting of binary values, we show strong negative results.
In fact, our negative results hold when the optimal VNAR is ny +
ny — 1, the maximum possible. These results imply that computing
a fixed seeding that obtains a large value with probability 1 is hard,
even when the optimal VNAR is actually the largest possible value,
np +ny — 1

Our first hardness result is the following.

THEOREM 1.2. Unless P=NP, there is no non-adaptive polynomial-
time algorithm that obtains a seeding that additively approximates
the optimal VNAR with a factor of (np)'~¢/(1 + a) for any fixed
0<e<landa>0.

Under the Exponential-time Hypothesis (ETH) [19], we have a
stronger statement of hardness if n; > (f(np)/Z)log2 np.

THEOREM 1.3. Assuming the ETH, there is no non-adaptive
polynomial-time algorithm that obtains a seeding that additively
approximates the optimal VNAR with a factor ——2——, for an

pp P fe Flup) log np for any

polynomial-time computable and non-decreasing function f € w(1).

Furthermore, we show that unless P=NP, no non-adaptive
polynomial-time algorithm can multiplicatively approximate the
optimal VNAR by a factor better than 1/4/n,.

THEOREM 1.4. Unless P=NP, there is no non-adaptive polynomial-
time algorithm that obtains a seeding that multiplicatively approxi-

mates the optimal VNAR with a factor nll,g for any fixed 0.5 < ¢ < 1.
»

Let OPT denote the optimal VNAR of an instance. We note that
Theorem 1.2 rules out a polynomial-time algorithm that obtains a
seeding of VNAR at least OPT — (np)l_“/(l +a), where 0 <a <1,
while Theorem 1.4 rules out one with VNAR at least OPT/(np)l_b,
where 0.5 < b < 1. Thus, when np is sufficiently large, the latter
gives a stronger inapproximability guarantee than the former.

!Statements marked & are proved in the full version of the paper [6].
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Given the negative results for non-adaptive algorithms, we then
study adaptive algorithms that can obtain, by deferring the decision
about who is introduced next, a large value with probability 1. Thus
such an algorithm constructs a seeding adaptively, depending on
the outcome of previous matches. For adaptive algorithms, we are
able to show an additive approximation to the optimal VNAR that
depends on the chromatic number of a certain graph.? In particular,
let Gp = (Vp, Ep) be the subgraph of the strength graph such that
Vp is the set of popular players and Ej, is the set of uncertain edges
incident on V).

THEOREM 1.5. Given a proper coloring of G, with k colors, there
is a polynomial-time adaptive algorithm that obtains VNAR at least
(np+ny—1)—(k-1).

We note that, in general the chromatic number is hard to approx-
imate [20] but if the number of uncertain edges is small (say g), one
can indeed compute the chromatic number of G, in time O*(49),
where the O* notation hides polynomial factors [8].

Observing that k < ny, and combined with the deterministic
seeding that obtains VNAR ny,+[ny /n,1—1, we obtain the following
result, demonstrating the large gap between adaptive and non-
adaptive algorithms for this problem.

THEOREM 1.6 (&). There is an adaptive algorithm that obtains
VNAR at least (np +ny, — 1) /2.

1.1 Notation and Preliminaries

Let n = |[N|, where N denotes the set of players in the input. The
strength graph G = (N, E) has a directed edge between every pair of
players, and a weight in [0, 1] for each edge. We assume the match
outcomes are independent.

Recall that a seeding (usually denoted o) is a permutation of
the players, that determines the order of challengers in a CtC tour-
nament. The player (1) is the initial champion, and o(2) is the
first challenger. The winner of this match is challenged by player
0(3), and so on. Hence, there are exactly n — 1 matches. The value
of a match is determined by the popularity of the winner of the
match, and the value of a seeding is the sum of the values of the
matches played. Note that certain matches may have uncertain out-
comes, and hence the value of a seeding — as well as the sequence
of matches played —may be probabilistic.

Sub-seedings. A seeding oy is said to be a sub-seeding of ¢ if oy
is a contiguous sub-permutation of o. It is helpful to describe a
sub-seeding using intervals on players. That is, for two players
a,b € N, we use g[a, b] to denote the sub-seeding that includes all
players between a and b in the permutation (including a and b).
The sub-seedings o[a, b), o(a,b], o(a, b), exclude b, a, and both a
and b respectively. For a player a € N, we use o[*, a) to denote the
set of all players introduced until a, excluding a. The sub-seedings
ola,*], 0(a, *], and o[+, a] are defined analogously.

Arborescences and Backbones. A caterpillar arborescence (ar-
borescence, in short) is a directed graph where removing all ver-
tices with out-degree zero yields a directed path. A seeding o of the
players induces several spanning arborescences among the players,

2The chromatic number of a graph is the minimum number of colors required to obtain
a proper coloring of the graph, i.e., an assignment of colors to the vertices of such that
no two adjacent vertices receive the same color.
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Figure 1: Illustration of a strength graph, and a spanning
arborescence. The instance contains two popular players, a
and b, and eight unpopular players x1,...,x4 and yy,...,ys.
Solid(dashed) edges are deterministic(uncertain). Edges be-
tween unpopular players are uncertain and omitted for clar-
ity. The backbone of the arborescence is formed by the ver-
tices {b, y2,y1, a}. The VNAR is 7, and is witnessed by the seed-
ing (a, x1, X2, X3, X4, Y1, Y2, b, y3, ys)-

depending on the outcomes of the probabilistic games. Note that if
the seeding results only in deterministic games, then the spanning
arborescence is unique. It is important to note that an arborescence
implies a seeding as well as a sequence of match outcomes, some of
which may be probabilistic. This observation is used critically in
our hardness proof.

For an arborescence, the backbone refers to the path obtained
after the removal of the leaves. Note that the players in the backbone
are those that win at least one game in the tournament. Any player
who loses a game upon introduction has out-degree zero in the
arborescence and is called the child of the player it is beaten by.
Convention about backbone. We note that an edge u — v on the
backbone indicates the following: player v was the champion when
player u was introduced, and u subsequently defeated v. In all
figures, we position player u to the left of player v.
Arborescence with the Minimum Value. Note that for a given
seeding, there can be many resulting arborescences as a result of the
sequence of probabilistic outcomes. The one that yields the lowest
value is of special interest to us. In fact, when we refer to the VNaR
score of a seeding, we are actually referring to the value obtained
by the least value arborescence. Thus, VNAR of the tournament 7 is
the maximum VNAR score among all possible seedings.

Mathematically, let o be a seeding and let A (o) denote the set
of all arborescences that can result from ¢ under different realiza-
tions of the probabilistic games. We use score(A) to denote the
value of an arborescence A; that is, the sum of the values of the
matches played. Moreover, the score of a sub-seeding o of ¢ in the
arborescence/outcome Ay is the sum of the popularity values of the
matches played by players in oy in the outcome A,. The VNAR score
of o is defined as VNAR(0) = minge 5(4) score(A). The VNAR of
the tournament is then defined as VNAR(7) = maxgex VNAR(0),
where X is the set of all possible seedings.

The following result about the minimum-value arborescence is a
critical tool in our analysis.

Lemma 1.7 (#). For any given seeding o, a minimum-value arbores-
cence can be computed in time O(n?).
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2 THE HARDNESS OF MAXIMIZING VNAR

In the HAMILTONIAN PATH problem, we are given a directed graph
and the goal is to decide if there is a path that visits each vertex
exactly once (such a path is called a Hamiltonian path). This prob-
lem has been shown to be NP-hard even in simple digraphs [4],
where any two vertices have at most one edge between them.>.
We prove the hardness of maximizing VNAR via a reduction from
HAMILTONIAN PATH.

Let D = (V, E) be an instance of HAMILTONIAN PaTH where D is
a simple directed graph on 7 vertices. We construct an instance 7~
with strength graph G = (V,, UV, E) as follows.
e V, = {vp: v € V} and all players in V}, have popularity 1. They
form the set of popular players. Note that the number of popular
players nj, = 1. For the sake of simplicity, we sometimes refer to
popular players and the popular vertices interchangeably;
e V, = {vy: v € V} and all players in V;, have popularity 0. They
form the set of unpopular players. The player v, is called the un-
popular copy of vp, and vy, is called the popular copy of vy;
e For eachov € V, add up > oy to E (that is, Up beats vy,);
e For each pair {a,b} C V, add a, — by to E;
e For each pair {a,b} C V,

(1) ifa—>b EE,Weaddap — by to E,

(2) else (there is no edge between a and b in E, and) we add an
uncertain edge between ap and bp to E;
e For any pair {a, b} C Vp UV, that has not been considered before,
we add an uncertain edge between a and b to E.

The following lemma establishes the equivalence between HamIL-
TONIAN PATH and maximizing VNAR.

Lemma 2.1 (%). D has a Hamiltonian path if and only if there is a
seeding in T with VNAR > 2n, — 1.

In the following sections, we show that the above reduction estab-
lishes the hardness of finding even approximately good solutions.
Our hardness results rely on the following result by Bjérklund,
Husfeldt, and Khanna [7, Theorem 4], on finding long paths.

ProPOSITION 2.2 ([7]). Unless P=NP, there is no deterministic,
polynomial-time algorithm that finds a path of length (i — 1) /Al ~¢
for any fixed 0 < ¢ < 1 even in simple* directed graphs on i vertices
where a Hamiltonian path is guaranteed to exist.

2.1 Additive Hardness of Approximation

Let D = (V, E) be a simple directed graph on 7 vertices where a
Hamiltonian path is guaranteed to exist. We construct an instance
7 with strength graph G = (V, U V,,,E) on n = 7 + fi players
following the same reduction that establishes Lemma 2.1. Note
that n, = ny = fi. Observe that in the reduced instance 7, it
is straightforward to find a seeding with VNAR n, — 1 by first
introducing the popular players in an arbitrary order, followed by
the unpopular players in an arbitrary order. Towards establishing
the hardness of finding an approximately good seeding, we study
the interesting case where the computed seeding has a score strictly

3We note that Theorem 6.1.3 in [4] shows that the closely related HAMILTONIAN CYCLE
is hard, and a simple modification (removal of certain edges) gives us the desired result.
4Though not explicitly stated so, one can observe that the given reductions involve
only simple directed graphs.
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greater than n, — 1. Suppose that a polynomial-time algorithm
computes a seeding o with VNAR n, — 1+ y for some y > 0.

The following lemmas on the structure of a minimum-value
arborescence A, (obtained by applying Lemma 1.7) allow us to
establish the inapproximability.

Lemma 2.3 (%). There are at least y — 1 popular players on Ay that
have their unpopular copies as a child.

Lemma 2.4 (&). There are at most np — y unpopular players on the
backbone of As-.

Lemma 2.5 (&). Suppose that ap, by are two popular players such
that in A, ap is introduced after by, and both ay, is a child of a;, and
by, is a child of by. Suppose that only popular players are introduced
in As(ay, by), and let X denote that set. Then, there is a deterministic
path P from a to b in D with intermediate vertices corresponding to
those from X alone, that is, P C X U {a, b}. Moreover, such a path
can be computed in polynomial time.

Now, we are ready to prove our result. Applying the pigeonhole
principle on Lemmas 2.3 and 2.4, we obtain a sequence S of (y —
1)/(np — y) popular players such that there is no unpopular player
on the backbone between any two players in S. After repeated
application of Lemma 2.5 (on adjacent players in S), we obtain a
deterministic path of length (y — 1)/(np — y) — 1 in the graph D.
Setting y = (1+np6)/(1+5) where § = 1+(np — 1)/n},_£, we obtain
a deterministic path of length (n, - 1)/n11,_g in D, that is NP-hard to
find. So unless P=NP, there is no polynomial-time algorithm that
can find a seeding with score at least np —1+y = (2np—1) = (np —y).

Recall that D is assumed to contain a Hamiltonian path. By
Lemma 2.1, we know that the reduced instance has VNAR 2n;, —
1. Thus, we rule out a polynomial-time additive approximation
algorithm of factor at most n, —y. Moreover, we show the following
which completes the proof of Theorem 1.2.

Lemma 2.6 (&). Forany0 < ¢ <1 and a > 0 and sufficiently large
np € N, we have n},_f/(l +a) <np—y.

Bjorklund, Husfeldt, and Khanna [7] also showed that assuming
the ETH [19] (a stronger conjecture than P # NP), no polynomial-
time algorithm can find a path of length f(n,) log? ny, for any
polynomial-time computable and non-decreasing function f €
(1) even in simple directed graphs on n, vertices where a Hamil-
tonian path is guaranteed to exist. Fix any such function f. Ob-
serve that f/2 € w(1). Setting y = (1 + npd)/(1 + ) where
0=1+(f(np)/2) log? np, we obtain a deterministic path of length
(f(np)/2) log? ny, in D, that is hard to find. Following the same argu-
ments as before, we rule out approximation factors that are at most
np—y=(np—1)/(2+(f(np)/2) log? ny). In particular, we rule out
factorny /f(np) log2 np < (np=1)/(2x(f(np)/2) log2 np) < np-y.
Observe that when nf, > (f(np)/2) log2 ny, the approximation fac-
tor ruled out by assuming ETH is higher than the approximation
factor ruled out by assuming P # NP. Thus, we get a stronger
inapproximability result depending on the choice of f. Overall, we
have proved Theorem 1.3.

2.2 Multiplicative Hardness of Approximation

In this subsection, we establish a different hardness of approxi-
mation, via a slightly different reduction compared to the one in
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Section 2.1. Let D = (V, E) be a simple directed graph on # vertices
where a Hamiltonian path is guaranteed to exist. Let d = A%, We
construct an instance 7~ with strength graph G = (V,, UV, E) on
n = n + nd players as follows.

o V,, = {up: v € V} and all players in V), have popularity 1. They
form the set of popular players; note that n), = 7);
o V, ={vyi:v € V,ie [d]}and all players in V;, have popularity
0. They form the set of unpopular players. For each v € V, we call
the players in {v,,;: i € [d]} as the unpopular copies of v;
e Foreachov € Vandi € [d], add vp — vy,; to E (that is, v, beats
its unpopular copies);
e For each pair {a,b} C V,

(1) ifa—b eﬁ",weaddalJ — bp to E;

(2) else (there is no edge between a and b in E, and) we add an
uncertain edge between a,, and b, to E.
e For any pair {a,b} C V, UV, that has not been considered before,
we add an uncertain edge between a and b to E.

Suppose that a polynomial-time algorithm computes a seeding
o with VNAR at least £d + np — 1 for some £ = (np) where £ > 0.5.
Note that the VNAR of a seeding can be computed in polynomial
time, Lemma 1.7. Let A; denote the spanning arborescence of o
that corresponds to the (sequence of) following probabilistic events:

o whenever there is a probabilistic game between an unpopular
and a popular player, the unpopular player wins.

By construction, we have the following equivalent description of
the probabilistic events that generate the arborescence Ay: a game
between a popular player v, and an unpopular player wy in A is
won by vy implies that v = w (that is, the latter is a copy of the
former), else it is won by wy,. We begin with the following property.

Observation 2.7. Any popular player in the backbone of Ax who
has an unpopular child must be the latter’s copy.

Due to the definition of o, it follows that it has a prefix whose
VNAR is exactly ¢d +np — 1. Our argument will focus on this prefix.
Formally, we proceed as follows.

Let og be the minimal-prefix sub-seeding of o, such that the
partial arborescence A, obtained from A; by only considering the
players in oy has score exactly £d + n, — 1. In what follows, we
will establish a set of structural properties about the sub-seeding
oo and the corresponding arborescence Ag,. These properties will
enable us to obtain a sufficiently long path in D which establishes
the inapproximability of VNAR. For the ease of exposition and to
aid modularity, we break the analysis into paragraphs.

Decomposing the seeding into blocks. We will begin by decom-
posing the seeding into blocks punctuated by popular players that
satisfy certain specific properties. The underlying idea is that these
blocks allow us to identify deterministic paths, which are either
present in the backbone or must be inferred from the uncertain
edges. In certain scenarios, there is a large score increase if certain
probabilistic outcomes are different. This score increase, in turn, al-
lows us to identify a deterministic path such that the score increase
is proportional to the length of that path in D.

We begin our formal discussion by identifying a scenario where
a deterministic path in D can be easily identified. Let v} be the
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Figure 2: Illustration of a tagged block due to partners
(01,012,). Here, the bold circles represent the popular back-
bone players, and the normal circles are unpopular players.
The solid(dashed) arrows represent the deterministic (uncer-
tain) edges between players.

last-introduced (in A, ) unpopular child of vjl, and 02 be the first-

introduced (in A,) unpopular child of UIZ,.

Definition 2.8. We define a clean pair to be a pair of popular
players (v}, 012,) if they satisfy the following properties in Ag:

(i) both are on the backbone of A5, with 012) introduced after v 11,;
(ii) each of them has at least one unpopular child;
(iii) there is no other popular player on the backbone between
them who has an unpopular child; and
(iv) either the backbone between them contains only popular
players, or there is a deterministic path from 1)12J to v‘}, inD
such that the intermediate vertices correspond to the popular

players introduced between v}, and v2 in oy.

Moreover, the sub-seeding o [0}, v2] is called a clean block.

P’
The following lemma identifies a scenario when a deterministic
path is easy to detect: the existence of a clean block.

Lemma 2.9 (%). Let (vi’1 i’z) denote a clean block. Let X denote the

set of popular players introduced in ao(vu ,Uu %). Then, there exists a
deterministic path P from v>? tov>! in D such that the intermediate
vertices correspond to those from X alone, that is, P C X U {v;,’l, 0;,’2}.
Moreover, such a path can be computed in polynomial time.

We will show that Ay, consists of several consecutive clean
blocks which allow us to identify a sufficiently long path. Towards
that, we analyze the possibility that between two popular players
in the backbone, whose respective children are their unpopular
copies, there exists an unpopular player in the backbone.

Definition 2.10. We define a tagged pair as a pair of popular
players (vil,, viz,), illustrated in Figure 2, if they satisfy the following
properties in Ag:

(i) both are on the backbone of Ay, with UIZJ introduced after 011,;

(ii) each of them has at least one unpopular child;

(iii) there is no other popular player on the backbone between

them who has an unpopular child; and

(iv) the backbone between them contains at least one unpopu-

lar player, and there is no path in the graph D from 012, to

u}, where the intermediate path vertices correspond to the

popular players introduced between v}, and v2 in .
Moreover, the members of a tagged pair are called the (tagged)

partners, and the sub-seeding o [0} U, 0 02] is called a tagged block.

Let {(0;;1, uji,’z) }i>1 denote the set of tagged pairs in 0y, indexed in
the order in which they are introduced in 0y. Note that condition (iii)
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ensures that these pairs cannot interleave. Additionally, we will call
the members of a tagged palr to be (tagged) partners.

Consider a tagged pair (U ) from now on, we call it the i
pair. As in the case of clean blocks, we will use o} to denote the
last-introduced (in A, ) unpopular child of 011, and v2 to denote the
first-introduced (in Ag) unpopular child of 012].

Let x denote e1ther vp or the last popular player that is intro-

duced between vu and Uu such that there is a deterministic path
in the graph D from the vertex x* to v>! in which the intermediate
vertices of the path correspond to the popular players introduced
between the tagged partners in op. (Note that this deterministic path
also exists in the reduced instance within the subgraph induced on
the popular players.)

We identify a special player w' depending on who is the cham-
pion right after the introduction of x . In the followmg definition,
we consider the champion, denoted by c, right after xp is introduced.
Thus, c is either x;, or whoever is the champion right before the
introduction of x;,. We define w! as follows.

o If x;, is not deterministically beaten by the previous cham-
pion, we set w' = x;,.
e Else, w! =c.
Note that, irrespective of what value it takes, w’ is a popular player.
We first prove the following result.

2
, Xp» Ull,l )
such thaty # w'. Then playery either deterministically loses to w'
or has an uncertain edge to w'.

Lemma 2.11 (%). Consider any player y introduced in oo x;}

We prove the following result, which allows us to analyze an
alternate event in which the score of a tagged block may increase.

Lemma 2.12 (%). Thereisa probabzllstlc event in which w' beats
everyone from its introduction till vu and then loses to Uuz.

Winning the block. We refer to the condition of w! beating ev-
eryone till the introduction of uu and then losing to uuz, as w'
winning the block.

Since w' is a popular player, w’ winning the block ensures that,
in the resulting arborescence, every game after the introduction of
w! up to the introduction of v»? gives value. Thus, the score up to
here is at least as much as the score obtained by A, . But, there is
zero score after the introduction of vf;z, since the unpopular player

Lz wins all the remaining games.

In what follows, we will analyze the score increase due to w'
winning the block. We will argue that if the score increases, due
to w! winning the block, is upper-bounded, then the score of the
seeding up to the start of that block is lower bounded, Lemma 2.13.
This allows us to identify a prefix of the seeding in which all tagged
blocks have large score increases.

Let s* denote the change in score from the original arborescence
Ag, to the one when w' is winning the block. If s < £d/2 + ny —1,
then we call i a low-scoring block.

The following result, Lemma 2.13, allows us to bound the value of
the score inside a tagged block. We use the property of w! winning
the block to give an estimate of the score that can be obtained
within a tagged block. At the heart of this argument is the fact
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E o

Figure 3: A figure illustrating the key ideas used thus far
in the proof of Theorem 1.4. Here we represent A, using
the same conventions as Figure 2. The and

ovals denote clean blocks and high-scoring tagged blocks,
respectively. The first low-scoring tagged block starts with

U]Pc’l. The red area is the removed portion because of a low-

scoring tagged block.

that in A, only the popular players on the backbone between
the tagged partners contribute to the score by playing each other.
But since there are unpopular players in the backbone, the score
obtained from within a tagged block can actually be higher, such as
when w! wins the block. This insight allows us to bound the score
of the sub-seeding up to the introduction of the first partner of the
first low-scoring (tagged) block, Lemma 2.14.

Lemma 2.13 (&). The score obtained by the sub-seeding oy [v;,’l, x|
when w' wins the block is at most s* + ny —1.

The next proof is crucial to our proof of detecting sufficiently
long paths in D. We do so by showing that there is a prefix with
large score and no low scoring tagged blocks. More specifically, we
show that there is prefix of oy, namely og[*, v’;’l), where k is the
first low scoring block, that must have a large score.

b 05’2] denotes the first low-

scoring block in As,. Then, the score obtained in As, due to the sub-

seeding o [ *, 05’1) is at least £d /2 — nyp.

Lemma 2.14 (%). Suppose that oy [vk’1

Now we are ready to obtain a prefix o1 of oy (and thus, of o as
well) that does not contain any low-scoring blocks. If o does not
contain any low-scoring blocks, then we set 01 = 0p. Otherwise, we
set o1 = ap[*, v];’l), where k denotes the first low scoring tagged
block. From now on, we use A, to denote the partial arborescence
obtained from Ag, by only considering the players in o1. Applying
Lemma 2.14, we have the following.

COROLLARY 2.15. There is a prefix o1 of 0p, such that the score
obtained by the arborescence Ay, is at least £d/2 — np,. Moreover, if
there is a tagged block i in o1, thens' > ¢d/2 + ny — 1.

Consequently, what remains to be shown is how the existence
of a prefix with a large score allows us to obtain a path of a certain
length. Figure 3 illustrates a snapshot of the arborescence at this
point in the proof.

Computing a Long Path. Using Lemma 2.9, we know that in clean
blocks, there are deterministic paths connecting the two popular
partners of the block with intermediate vertices from the block
itself. By stitching together these paths, we can find a longer path
in the graph D. However, it is not clear how to deal with tagged
blocks — pairs of popular players who have their unpopular copies
as children but do not have a deterministic path.

2416

AAMAS 2026, May 25-29, 2026, Paphos, Cyprus

In the following lemma, we address this matter based on the
fact that the score of Ay, is at least £d/2 — ny. The critical idea in
the proof is to pin-point a sub-seeding of o1 which does not have
a tagged block, and the backbone does not have any unpopular
players and has a large number of popular players who beat each
of their unpopular copies. Such a sub-seeding implies a directed
path, as shown earlier in Lemma 2.5.

Lemma 2.16 (&). For large enough ny, there exists an ¢’ > 0 such
that in polynomial time we can find in D a path of length at least n;’.

Recall that the input digraph D is assumed to contain a Hamilton-
ian path, and it is NP-hard to find a path of length (n, — 1)/n},_€’l <

nf,/ for an appropriately chosen ¢’ given ¢’ (Proposition 2.2). Com-
bining Lemma 2.16 with the fact that the VNAR of o is at least
td +np — 1 where £ = nf, with 0.5 < ¢ < 1, we have proved our
hardness of approximation, Theorem 1.4.

3 ALGORITHMS FOR THE VNAR

We first show a non-adaptive algorithm for a special case where
each uncertain edge in the strength graph is either between two
popular players, or two unpopular players. Thus, any edge between
a popular and an unpopular player is deterministic. We establish
a lower bound on VNAR in terms of the chromatic number of the
graph G, = (Vj, Ep), which is a subgraph of the strength graph
where V), is the set of popular players and E, is the set of uncertain
edges incident on V},.

THEOREM 3.1. Suppose that for each uncertain edge in the strength
graph, the end points are either both popular or both unpopular. There
is a seeding with VNAR at least (np +ny — 1) — (k — 1), wherek is
the chromatic number of Gp.

ProoF. As before, we say a player p beats p’ if p beats p’ deter-
ministically. We describe our algorithm for the required seeding.

(1) Let Cy,...,Cy be a proper k-coloring of Gp. Note that there is
no edge between two vertices in any set/color class C;. In particular,
there is no uncertain edge between any two vertices in C;.

(2) For eachi € [k], let P; be a Hamiltonian path in the strength
graph restricted to the vertices of C;; note that such a path exists
(and can be found in polynomial time) because the considered graph
is a complete directed graph. Let f; and ¢; denote the first and last
vertices of P;, respectively. We will process the color classes in the
increasing order of their label.

(3) We construct the seeding by introducing the player #; first, and
then sequentially introducing each unpopular player beaten by ¢
(in an arbitrary order), one at a time. After this, we introduce the
next popular player along the Hamiltonian path, and then each
unpopular player beaten by it (who has not played before). Con-
tinuing in this manner we place all the vertices in Cy, and all the
unpopular players beaten by at least one player in P;. Observe that
the champion after all players in C; have played is fi.

(4) We consider the relationship between #; and fi. If £, beats fi,
we proceed by introducing £, then each unpopular player beaten
by it, and so on following Step 3. Otherwise, either fi beats £, or
there is an uncertain edge between fi and #,. Let X be the set of
unpopular players that are beaten by #. One of the following two
scenarios must occur:
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(a) There exists an unpopular player v € X that beats fi. Then,
we first introduce v in the seeding, followed by f,, and then the
remaining vertices in X (if any); and then move along the path P,
following Step 3.

(b) All players in X are beaten by fi. Then , we first introduce
all vertices in X, followed by #. If £, wins, we move along the
path P following Step 3; else, we repeat the same arguments while
comparing f; with the next player along the path P,, and continue
the above process on the remaining vertices in this color class, and
then on the remaining color classes.

Next, we complete the proof of the theorem by bounding the value
of the constructed seeding.

Lemma 3.5.1 (%). The constructed seeding has VNAR at least (np +
ny—1)—(k-1). |

Recall that we supposed that we have an instance in which for
each uncertain edge, the end points are either both popular or both
unpopular. Let VNAR* denote the optimal VNAR score in the given
instance. Note that the proof of Theorem 3.1 yields the following
result since each step can be executed in polynomial time.

Observation 3.2. Given a proper coloring of G, with k colors, a
seeding with VNAR at least (np +ny, —1) — (12 —1) > VNAR* — (I; -1)
can be computed in polynomial time.

Let VCpyop denote the size of a minimum vertex cover in Gp. It
is known that a vertex cover in Gy of size at most 2VCp,}, can be
computed in polynomial time. Let S denote such a vertex cover.
From S, we obtain a (|S| + 1)-proper coloring of G, as follows: |S|
many colors for each vertex in S and 1 color for the vertices in
Vp \ S. Applying Observation 3.2, we have the following.

THEOREM 3.3. Suppose that for each uncertain edge in the strength
graph, the end points are either both popular or both unpopular. A
seeding with VNAR at least np +ny, — 1 — (2VCpop — 1) 2 VNAR® —

2vC — 1) can be computed in polynomial time.
prob p poly

Beyond Polynomial Time. More generally, consider any graph
class C for which there is an algorithm, be it exact-exponential,
FPT or XP etc, to compute the chromatic decomposition with time
complexity Tc. Then, we can use that algorithm in conjunction
with our construction to create a seeding with a guaranteed score.

THEOREM 3.4. Suppose that a proper coloring of G that uses k
colors can be computed in time T(Gp). Then, there exists an algorithm
that computes a seeding with VNAR at least (np+ny,—1)—(k—1) in

time T(Gp)+n0(l), where n is the number of players in the instance.

Specifically, for classes for which an optimal chromatic decompo-
sition can be found efficiently, we have a polynomial time algorithm
that can compute a seeding of value at least (np+n,~1) = (x(Gp)-1).
Such classes include perfect graphs and bipartite graphs, where the
problem is polynomial-time solvable; bounded tree-width graphs,
where it is FPT w.r.t. k + tw [14]; and Ps-free graphs, where it is XP
w.r.t. k [18].

From now on, we consider the problem without any restric-
tions on the end points of uncertain edges. We note that the in-
stance in Figure 1 exhibits an example where the guarantees of
Theorem 1.5 do not hold. Observe that in that instance we have
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np = 2,ny, = 8y(Gp) = 2, and although the bound given by
Theorem 1.5 is 8, the VNAR is only 7, witnessed by the seeding
(@, x1, x2, X3, X4, Y1, Y2, b, Y3, Ya)-

3.1 Adaptive Algorithm

Recall that an algorithm is adaptive if it constructs a seeding adap-
tively, depending on the outcomes of earlier matches.

THEOREM 1.5. Given a proper coloring of G, with k colors, there
is a polynomial-time adaptive algorithm that obtains VNAR at least
(np+ny —1) = (k- 1).

ProOF. The first three steps of our algorithm are the same as that
in the proof of Theorem 3.1, and thus we describe the remaining
steps. We consider the relationship between ¢, and fj.

(4) If £, beats fi, we proceed by introducing £, then each unpopular
player beaten by £, and so on following Step 3. Otherwise, either
f1 beats £, or there is an uncertain edge between f; and #». Let X be
the set of unpopular players that are beaten by #,. Note that there is
no player in X that loses to fi. One of the following two scenarios
must occur:

(a) There exists an unpopular player v in X that beats fi. In this
case, we first introduce v in the seeding, followed by 2, and then
the remaining vertices in X (if any), and then move along the path
P, following Step 3.

(b) All players in X have an uncertain edge with f;. We introduce
the players in X (in an arbitrary order), and stop if any such player
beats fi. If one of the players beat fi, then we introduce ¢, and then
the remaining vertices in X (if any), and then move along the path
P, following Step 3. Else all players in X have been introduced and
fi is the champion, and we introduce #. If £, wins, we move along
the path P following Step 3; else, we repeat the same arguments
while comparing fi with the next player along the path P,, and
continue the above process on the remaining vertices in this color
class, and then on the remaining color classes.

The algorithm obtains VNAR at least (|np| + |ny| — 1) — (k — 1), via
a proof identical to Lemma 3.5.1 in Theorem 3.1. O

4 CONCLUSION

In this work, we introduced and studied the VNAR objective for
CtC tournaments. VNAR provides a robust guarantee, ensuring a
minimum achievable value regardless of the outcomes of uncertain
games. Our results include polynomial-time algorithms and nearly
matching hardness of approximation results.

Coping with this hardness is a direction for future work. Potential
approaches include exponential-time algorithms, exploration of pa-
rameters for fixed-parameter tractable algorithms, and algorithms
for specific input restrictions. Beyond VNAR, related objective func-
tions in tournaments with probabilistic outcomes include: maximiz-
ing expected value and maximizing the likelihood of achieving a
certain value. Finally, the scoring function too can be generalized
to allow player and round dependencies.
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