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ABSTRACT

Consensus clustering seeks to combine multiple clusterings of
the same dataset, potentially derived by considering various
non-sensitive attributes by different agents in a multi-agent
environment, into a single partitioning that best reflects the overall
structure of the underlying dataset. Recent work by Chakraborty
et al. [COLT’25] introduced a fair variant under proportionate
fairness and obtained a constant-factor approximation by naively
selecting the best closest fair input clustering; however, their
offline approach requires storing all input clusterings, which is
prohibitively expensive for most large-scale applications.

In this paper, we initiate the study of fair consensus clustering
in the streaming model, where input clusterings arrive sequentially
and memory is limited. We design the first constant-factor algorithm
that processes the stream while storing only a logarithmic number of
inputs. En route, we introduce a new generic algorithmic framework
that integrates closest fair clustering with cluster fitting, yielding
improved approximation guarantees not only in the streaming
setting but also when revisited offline. Furthermore, the framework
is fairness-agnostic: it applies to any fairness definition for which
an approximately close fair clustering can be computed efficiently.
Finally, we extend our methods to the more general k-median
consensus clustering problem.
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1 INTRODUCTION

Clustering — the task of partitioning data points into groups based
on their mutual similarity or dissimilarity — lies at the core of unsu-
pervised learning and is pervasive across machine learning and data
analysis applications. In many settings, each data point represents
an individual endowed with protected attributes, which can be
encoded by assigning a specific color to each point. While traditional
clustering algorithms typically succeed in optimizing application-
specific objectives, they often fall short in ensuring fairness in their
outputs, risking the introduction or perpetuation of biases against
marginalized groups delineated by sensitive attributes such as gen-
der, ethnicity, and race [5, 25]. These biases often stem not from the
algorithms themselves, but rather from the historical marginaliza-
tion inherent in the data used for training. Consequently, mitigating
such biases to achieve fair outcomes has emerged as a central topic to
guarantee demographic parity [17] and equal opportunity [22], not
only in clustering but also in any machine learning driven process.

A seminal step toward ensuring fairness in several unsupervised
learning tasks is the notion of fair clustering introduced by [16],
where points are colored and each partition/cluster must maintain
a certain "balance" among various colored points. Intuitively, this
balance promotes fair representation and helps address disparate
impact. Motivated by this notion of fairness, recent work [12] has
initiated the study of the fair variant of the consensus clustering
problem. Consensus clustering (also referred to as median partition),
a fundamental problem in machine learning and data analysis, seeks
to aggregate a set of input clusterings — often derived from distinct,
non-sensitive attributes — into a single clustering that best captures
the collective structure of the data by minimizing the median
objective, i.e., the sum of distances to the inputs. Here, the distance
between two clusterings is measured by counting the pairs of points
co-clustered in one but not the other. This problem is particularly
relevant in applications such as gene integration in bioinfor-
matics [19, 20], data mining [33], and community detection [27].
However, the problem is NP-hard [26, 32] and even APX-hard —
precluding any (1+¢)-approximation for arbitrary £ >0 — even with
only three input clusterings [6]. The best-known approximation
factor to date is 11/7 [1], although several heuristics have been
proposed that are known to work well in practice (e.g., [21, 28, 35]).

The standard consensus clustering procedures do not explicitly
ensure fairness, whether it is proportional fairness or statistical
fairness, in the aggregated clustering. For instance, consider commu-
nity detection in social networks: valid partitions might arise from
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non-sensitive attributes, such as age groups or food preferences; yet,
the final consensus partition should be fair, with each community
reflecting an appropriate representation across protected attributes,
like race or gender. The known standard consensus algorithms,
whether being approximation algorithms or heuristics, fail to
achieve such fairness. Addressing this gap, recent work [12] has
initiated the incorporation of fairness constraints into consensus
clustering and provided constant-factor approximation algorithms
for two colors, which was later extended to multiple colors in [11].

However, modern large-scale applications, ranging from
federated learning systems to continuous data collection on online
platforms, rarely permit full access to the entire input at once. This
motivates the study of space-efficient algorithms in the streaming
model, where the input arrives sequentially and the algorithm
processes points on the fly while retaining only a small subset or a
compact sketch of the data. At the end of the stream, all downstream
computation is performed using this sketch. This naturally raises
the question: can we maintain fairness efficiently in the streaming
setting, achieving sublinear, ideally logarithmic, space per reported
output, while preserving strong approximation guarantees? Al-
though multiple passes over the stream can sometimes be permitted,
single-pass algorithms are preferred because additional passes are
often cost-prohibitive in real-world applications (see [2, 29]).

Further, in the insertion-only streaming model, which is the most
commonly studied setting for clustering (e.g., [7, 15, 30, 31]), points
from an underlying metric space arrive one by one, and deletions are
disallowed. In this paper, we initiate the study of fair consensus clus-
tering in the streaming model. While [12] provides constant-factor
algorithms for fair consensus, their approach effectively computes
a closest fair clustering for each input clustering, evaluates the
median objective for each of these candidates, and returns the best -
necessitating explicit storage of all input clusterings and their closest
fair clusterings and thus precluding sublinear-space streaming
computation. It raises a natural question: can we obtain comparable
approximation guarantees in a streaming model using only sublinear
space? We answer this in the affirmative: with a single pass over the
input, we obtain constant-factor approximations for fair consensus
clustering not only for the (1-)median objective, as in [12], but also
for the more general k-median objective. Informally, k-median
(fair) consensus clustering seeks k (fair) representative partitions,
generalizing the standard (fair) consensus clustering framework.
As a natural extension, it has been applied to model selection
and clustering ensemble summarization, image segmentation
ensembles, bioinformatics, and community detection [4, 10, 27, 34].
We elaborate more on related works in the full version.!

1.1 Our Contribution

Fair Consensus Clustering. In this problem, we are given a
collection of input clusterings 7 = {Cy,Cs, ...,Cp,} defined on a
common ground set V (where |V| = n), arriving sequentially in
a stream, together with a fairness constraint . The objective is
to compute a fair consensus clustering C that minimizes the total
distance between C and each input clustering in 7, while satisfying
the fairness constraint £ and using small space. Formally, we
establish the following result:

IThe full version of the paper is available at https://arxiv.org/abs/2602.11500
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e Suppose there exists a y-approximation algorithm for the
closest fair clustering problem under constraint £, for some
parameter y > 1. Then there exists a randomized polynomial
time streaming algorithm that, given the input clusterings
I, computes a fair clustering # in O(n log(mn)) space,
achieving a (y + 1.995)-approximation with probability at
least 1-1/poly(m).

It is worth noting that since an intended output of the fair consen-
sus clustering problem is a clustering on V, it is of size Q(n). Further-
more, it follows from a simple counting argument that the number
of fair clusterings, even in the equi-proportionate case, is n*(™), and
thus a standard information-theoretic (encoding-decoding based)
argument shows that the space requirement must be Q(nlogn) bits.
So the space usage of our streaming algorithm is nearly optimal.

k-Median Fair Consensus Clustering. Next, we consider a
more general setting where, instead of finding a single representative
clustering, the goal is to identify a collection of k representative
clusterings S ={S;,....Sk } that together minimize the total distance
between each input clustering and its nearest representative, while
ensuring that each representative S; satisfies the fairness constraint
#. Formally, we show the following:

e Suppose there exists a y-approximation algorithm for the
closest fair clustering problem under constraint £, for some
y > 1. Then there exists a randomized polynomial time stream-
ing algorithm that, given the input clusterings 7, computes a
k-median fair consensus clustering S in O(k?npolylog(mn))
space, achieving a (1.0151y +1.99951)-approximation with
probability at least 1—1/poly(m).

To the best of our knowledge, this is the first work to study fair con-
sensus clustering in the streaming model, and also the first to address
its more general variant, k-median fair consensus clustering. In fact,
for the offline version of the k-median fair consensus clustering prob-
lem, we obtain an improved approximation guarantee of (y+1.92).

Building on the recent results of [12], which study the closest
fair clustering problem under two-color fairness constraints, as a
corollary, we obtain the following approximation guarantees for
the k-median fair consensus clustering problem in the streaming
model: a 3.01461-approximation when the population is equi-
proportionate; a 19.25621-approximation when the population ratio
(of two colored groups) is p : 1 for any positive integer p > 1; and
a35.49781-approximation for the general case where the population
ratio is p:q where p,q> 1 are positive integers.

We further remark that our proposed algorithms are robust to
the specific definition of the fairness constraint. This is because the
fair component is used in a black-box manner: as long as there
exists a good exact or approximation algorithm for the underlying
closest fair clustering problem under a given fairness constraint,
our streaming framework remains applicable. Consequently, the
approach generalizes naturally to various settings, such as those
involving an arbitrary number of colors (even with potentially
overlapping colored groups), heterogeneous population ratios, or
alternative notions like statistical fairness. In fact, our framework
works for any constraint, not necessarily for fairness constraints,
provided we have an algorithm to find an (approximately) closest
constrained clustering (a nearest neighbor in the constrained set).
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Framework Overview. To design our algorithms, we introduce a
new two-phase framework for fair consensus clustering, adapting the
frameworks of [13, 14]. In the first phase, we construct a candidate set
of consensus clusterings by combining two ideas: cluster fitting and
closest fair clustering, and then select the one minimizing the over-
all objective. The primary challenge is adapting this process to the
streaming setting, where it is not possible to store all the input cluster-
ings simultaneously. To overcome this, we use the power of uniform
sampling that retains only a logarithmic number of input clusterings
while still guaranteeing a good approximation to the true consensus.
Moreover, we show that using an additional uniformly sampled sub-
set of the input, again of only logarithmic size, is sufficient to reliably
identify the best candidate consensus clusterings. This results in a
sublinear-space algorithm that stores only a logarithmic number of
inputs while maintaining strong approximation guarantees.

Further to ensure fairness, our approach treats any available
closest fair clustering algorithm as a black box, integrating it
seamlessly into our consensus framework. This modularity ensures
that our overall approximation inherits the fairness-approximation
factor of the underlying subroutine. Consequently, whenever the
closest fair clustering subroutine admits an exact or improved
approximation (e.g., in the equi-proportionate two-color case due
to [12]), our overall algorithm immediately yields a more efficient
and tighter approximation.

We further extend this framework to the k-median fair consensus
clustering problem, where the goal is to output k fair representative
clusterings rather than one. Here, we develop a more carefully
structured sampling method to ensure sufficient representation
across all k clusters, along with fairness enforcement for each
representative. Furthermore, to identify the best k-representative
clusterings, we employ a more sophisticated technique, monotone
faraway sampling [9] which, once again, requires only a logarithmic
number of input samples. The combination of these sampling and
fairness components yields the first streaming algorithms providing
constant-factor approximations for both 1-median and k-median
fair consensus clustering.

2 PRELIMINARIES

In this section, we define key terms and concepts that are essential
for understanding the proofs and algorithms presented.

Definition 2.1 (Fair Clustering). Given a set of points V and a
fairness constraint , we call a clustering ¥ of V' a Fair Clustering
if every cluster F € ¥ satisfies the constraint $.

For example, Chierichetti et al. [16] considered the case where
the set V is partitioned into two disjoint groups (or colors), red and
blue, denoted by R and B, respectively. In this setting, the fairness
constraint P requires that each cluster F € ¥ preserves the global
color ratio, i.e.,

|[FOR| _|R|

|FAB| ~ |B|’
Equivalently, every cluster must contain the same proportion of
red and blue points as in the entire dataset.

For two clustering C and C’ of V we define dist(C,C’) as the
distance between two clustering C and C’. The distance is measured
by the number of pairs (u,v) that are together in C but separated
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by C’ and the number of pairs (u,v) that are separated by C but
together in C’. More specifically,
dist(C.C") =|{{uv} luo eV, [u~coru+c o]
V[urcoAu~c v]}’

where u ~¢ v denotes whether both u and v belong to the same
cluster in C or not.

Definition 2.2 (Closest Fair Clustering). Given an arbitrary
clustering D, a clustering N* is called a closest Fair Clustering to
D if for all Fair Clustering N we have dist(D,N) > dist(D,N*).

We denote a closest Fair Clustering by N*.

y-close Fair Clustering. We call a Fair Clustering N a y-close
Fair Clustering to a clustering O if

dist(D,N) <ydist(D,N™).

Definition 2.3 (1-median Consensus Clustering problem). Given
a set of clusterings 7 ={Cy,C,,...,Cn }, the goal is find a clustering
C such that it minimizes the total distance between each input clus-
tering and C. Formally, we seek to minimize the following objective

Obj(Z.C)= ) dist(CiC)
Cijel

The above objective is called the median objective. In addition
to the objective, when we want the clustering to be fair, it is called
the 1- median fair consensus clustering problem.

Definition 2.4 (k-median Consensus Clustering problem). Given
a collection of input clusterings 7 ={Cy,...,Cy, }, the objective is to
construct a set of k representative clusterings

Zz{zl,...,Zk}

that minimizes the total distance between each input clustering and
its nearest representative. Formally, we seek to minimize

Z ?inzdist(ci,zj).

Ciel i€

Obj(1,2) =

In addition to the objective, when we want the clustering to be
fair, we call it the k-median fair consensus clustering problem.

(B, k)-approximate Fair Consensus Clustering. : A set of repre-
sentatives Z = {Z, ..., L} such that each Z; is fair is called a
(B,k)-approximate Fair Consensus Clustering if the following is true

Obj(Z,Z) < pObj(1,Z%)

where Z* ={Z *,...,ZZ} be the set of optimal representatives.
Let us now define our streaming models.

Streaming Model. In this paper, we consider an insertion-only
streaming model. The input is a sequence of triples (p,j,b), where:

e p=(u,) is an unordered pair of verticesin V,

o je[m] identifies a clustering C; € I, and

e be{0,1} indicates whether u and v lie in the same cluster in
the clustering C; (b=0) or in different clusters (b=1).

Here, a triple ((u, v), j, b) refers an information about the

clustering C;. For each clustering C;, we have n® such tuples, hence

the length of the stream is mn?.
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In the insertion-only streaming framework commonly used in
clustering, elements or points of a metric space are revealed sequen-
tially. In consensus clustering, the metric space is the set of clus-
terings, so each clustering is treated as a single point in that space.
Accordingly, following standard practice, we assume the stream de-
livers each clustering as a contiguous unit. We formalize this assump-
tion by introducing a contiguity property in our streaming model.
Contiguity Property: For every j € [m], all triples referring to
clustering C; appear consecutively in the stream. Formally, if

(pasjaaba), (Pﬂ:jﬂ»bﬁ)> (Py:jyaby)
are three triples with « < § <y and j, = j, =i, then jg =i as well.
Equivalently, the stream can be viewed as a concatenation of m
blocks, one for each clustering:

(Pr1.J1:b1,1)5(PL1y ajlsbl,tl )

By
(P2,1,42:b2,1)50- (P21, J2:02,1,)

B,

(pm,l:jm:bm,l)sn-:(Pm,tm sjmsbm,tm)

Bm

where block B; contains all O(n?) triples associated with C;,
where j; € [m].

We will simply call any streaming model that satisfies the contigu-
ity property an insertion-only stream. On the other hand, a model that
does not satisfy this property — where triples can arrive in a fully arbi-
trary order — will be referred to as a generalized insertion-only stream.

In this paper, we provide an algorithm for the k-median fair
consensus clustering in the insertion-only streaming model.
Furthermore, for a special case of k = 1, i.e., the standard fair
consensus clustering problem, our algorithm works even in the
generalized insertion-only streaming model.

3 FAIR CONSENSUS CLUSTERING:
ANEW ALGORITHMIC FRAMEWORK

In this section, we provide a generic framework for solving the
1-median fair consensus clustering problem. Let V be a set of n
colored points, and let 7 = {Cy,C,,...,Cp} be an input set of m
clusterings over V. The goal of a fair consensus clustering problem is
to find a fair clustering ¥ that minimizes the total distance between
¥ and all clusterings in 7, that is, Obj(Z, %) =X, 2, dist(C,,F).

THEOREM 1. Suppose that there is an y-approximation closest
fair clustering with running time t,(n), then there is a (y + 1.92)-
approximation algorithm for fair consensus clustering that runs in
time O(m*n®+m3t;(n)).

Theorem 1 is implied from our following key technical result,
which is a framework leveraging on algorithms for closest fair
clustering and fair correlation clustering.

THEOREM 2. Fix parametersy>0,n>0,a>0,0<f<1,andc>1.
Suppose there exists an algorithm that, given a clustering over n points,
computes a y—close fair clustering in time t,(n), and suppose there
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exists a n—approximation algorithm for fair correlation clustering on
a graph with n vertices that runs in time t,(n).

Then, for any collection of m clusterings over n points, there exists
an algorithm running in time

O(m4n2+mt1(n)+m3t2(n))

that outputs an (r,1)—approximate fair consensus clustering, where

r:max{1+3(r7+ a,

y+2-(y+1)B

+2 2a
Y P

4

+2+(y+1)—=-2
yr2z+(y+1) ——

1
(1-2)e}.
c

We remind the reader that in a fair correlation clustering problem,
we are given as input a complete graph G = (V,E*(G) U E~(G)),
where any two vertices are connected by an edge that is either in
E*(G) (labeled “+”) or in E~(G) (labeled “-”). The goal is to find
a fair clustering ¥ minimizing the correlation cost, cost(¥), that is,
the number of pairs of vertices connected by a “+” edge but placed
in different clusters, and the number of pairs of vertices connected
by a “~” edge but placed in the same cluster.

Description of the algorithm. We next present the algorithm
that, given a closest fair clustering algorithm for any definition
of fairness, obtains a strictly better approximation guarantee
for the fair consensus clustering problem. At a high level, our
algorithm ( Algorithm 2) first forms a candidate set consisting of
fair clusterings, and selects from this set a clustering with minimum
objective value, among the candidates. We establish this candidate
set by iterating through each input clustering, and add to this set
a fair clustering that is close to this input. A y-close fair clustering
to each input clustering C; € C can be found by employing a
y-approximation algorithm for closest fair clustering.

Additionally, we also include in this set a fair clustering con-
structed as follows: for every triple of input clustering {C;,C;,Cx },
we produce a fair clustering that maximizes the number of point
pairs whose clustering relation (whether they are in the same
cluster or in different clusters) agrees with the majority of the three
clustering {C;,C;,Cx }.

Let us elaborate. A fair clustering produced from such a triple
is obtained by applying the procedure ClusterFitting (Algo-
rithm 1). This procedure takes as input a set of three clusterings
T ={C;,C;,Cx}, and constructs a graph G with vertex set V and edge
set E(G)=E*(G)UE™ (G), where

E*(G)={(ab)|abeV,aand b are together
in at least two clusterings}, and

E™(G)={(ab)|abeV,aandb are separated

in at least two clusterings}.

Procedure ClusterFitting (T) computes a fair clustering T by
running a fair correlation clustering algorithm on G.
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Algorithm 1: ClusterFitting(T)
Input :Clusterings T={C;,C;,Cr}
Output: A fair clustering T
V(G)«V
2 EY(G) «
{(a,b)|a,beV, aand b are together in at least 2 clusterings}
E~(G)«{(ab)|abe
V, aand b are separated in at least 2 clusterings}
1 Te—a n-approximation
fair correlation clustering of G=(V(G),E* (G)UE™ (G)).
return T

[

@

w

In summary, Algorithm 2 computes a candidate set F, defined as
%:{‘fﬂ‘ﬁ is a y-close fair clustering to C; € 7'}
U{ﬂ T= ClusterFitting(T), for each T C 7 such that |T|=3}. (1)

The output of Algorithm 2 is a clustering in this candidate set
minimizing the objective value Obj(1).

Algorithm 2: A generic framework for fair consensus
clustering

Input :Alist of clusterings 7 =C;,C;,...,.Cp over V
Output:A fair clustering 7

1 Initialize an empty set Fs

2 for eachC; €7 do

3 L F;i < a y-close fair clustering to C; ;

4

F—FU{FR} ;
5 for each triple T ={C;,C;,Cx} of I do
6 T « ClusterFitting(T);
7 L?‘V—%U{T}

8 return argmin_zObj(Z,F)

We provide the analysis in the full version.

4 STREAMING 1-MEDIAN FAIR CONSENSUS

In this section, we present an algorithm for the 1-median fair
consensus clustering problem in the streaming setting. Recall that,
in 1-median fair consensus clustering, we are given a set of input
clusterings 7 = {Cy,C;, ...,Cn} defined over a common ground
set V (with |V| = n). The goal is to output a fair clustering ¥ that
minimizes the objective Y. ¢, ¢ 7 dist(C;, ¥ ), where dist(-,-) denotes
the distance between a candidate clustering and an input clustering.

THEOREM 3. Suppose that here is an y-approximation closest
fair clustering with running time t;(n), then there is a (y + 1.995)-
approximation algorithm for fair consensus clustering in the
generalized insertion-only streaming model, that uses O(nlog m)
space, and has a query time of O(n’log*m+t; (n)log>m).

The above theorem follows from fixing parameters in the follow-
ing lemma; the setting of parameters is provided in the full version.

Lemma 4.1. Suppose there is an algorithm with running time
t1(n) that, given a clustering over n points, computes a y—close
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fair clustering, and let there be a n—approximation fair correlation
clustering algorithm with running timet,(n) on a graph withn vertices.
Leta>0,1>f>0,c>1,s>1andg>s be fixed parameters such that
sc—s—2c > 0. Then, there exists an algorithm that, for any set of m
clusterings over n points and € € (0,1), with probability at least 1— #

outputs a (£r,1)-approximate fair consensus clustering, where

1-¢
r:max{(y+2— (y+1)p),

B(g—s)+s 2a
g(s=1) _?)’

B(g(2c+s)—sc)+sc
gles—s—2c) -

(y+2+(y+1)

11
(y+2+(y+1) 2(1————
S Cc

(1+3(q+1)a)}.

Moreover, the algorithm runs in time

O(n’log*m+t; (n)logm+t,(n)log’m) (2)

and uses O (nlogm) space.

Algorithm Description. We work in the generalized insertion-only
stream described in Section 2. Let us now describe our streaming
algorithm for the (1-median) fair consensus clustering, st-1Med.
The pseudocode and complexity analysis are presented in the
full version.

The algorithm maintains two memory structures in parallel:

(1) Sampled Store 1 (M;): Prior to the arrival of the stream, we
independently sample 4glogm indices ji. ..., jaglogm from [m].
For these sampled indices, all their corresponding triples that
appear in the stream are stored in M;.

(2) Sampled Store 2 (My): Similarly, before the stream starts,
we sample 64c72 log m indices ky, ..., k; from [m], where
t =64¢ %logm and 0 < ¢ < 1. For these sampled indices, all
their triples are stored in M; as they appear in the stream.

After the stream ends.

(1) We use union-find, to construct the clusterings C;,.....C iogm
from its triples stored in M;. Then we apply a subroutine
find-candidates on these [log m] clusterings to get
a candidate set of fair clusterings F. The subroutine
find-candidates assumes access to a y-close fair clustering
algorithm.

(2) We use union-find, to construct the clusterings Cy, ...
from its triples stored in M,. Let, W ={Cx,.....Cx, }-

We use W to find the best fair clustering ¥ € F with respect
to ‘W, more specifically we find

F =argmin Z dist(C;, ")
FeF CieW

:Ck,

(3) Return F.

Analyzing the approximation factor. If there is a constant g such
that at least % clusterings C; satisfy |I;| < (1— ) AVG, then with high
probability, our algorithm will sample at least one such clustering.
Let ¥ be a y-close fair clustering to such sampled clustering, we
can show that Obj(Z,F) < (y + 2 — (y + 1) 5)OPT. Hence, in the
remaining part of the analysis, we assume that the number of
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clusterings C; with |I;| < (1—- ) AVG is less than %. More specifically,
we have the following ordering

L] LB <. L < (1=B)AVG < |Ip41]| <+ < |,

©)
where t < % <t+1.
Lemma 4.2. Suppose that (3) holds. For anyt <h< 7, we have

Plg=s)+s
g9(s=1)
ProoF. Representing OPT=mAVG as the sum off all I;’s, we get
that

1A (1+ )AVG.

mAVG=i|Ii|> Z III+ZIII

i=1 i=t+1

> (h—t—1)(1—ﬂ)AVG+(m—h+1)|Ih|.

This implies
L] < m—(1-p)(h—t— 1)
h m—h+1
h—1 t(1—
(14 202D HOZD) )y,
m—h+1 m-h+1
As h< %, we have ﬂ(hhjz (Lﬂ)_ < ’f Moreover, using ¢ < 2 9
-1
we obtaln
t m/g P
m-h+1 m-m/s+1~ g(s—1)"
Since 0 < § < 1, we have fi:’lﬂ < ;((ls:'f)) Combining these two
bounds, we get
|1,,|<(1 b sa ﬁ))AVG
g(s—1)
+
:( ﬂ(g s) S)AVG.
g9(s=1)

]

Lemma 4.3. Suppose that (3) holds. If there is a clustering Cy, with
t<h< % satisfying |Sp| > 7, then

B(g=s)+s
g(s=1)
PrROOF. As (3) holds, applying Lemma 4.2 with h< %

[ < (1+ ﬁ(?s Si)ﬂ)AVG. Moreover, we have

Obj(Z,7%) < (y+2+(y+1) 2()‘)OPT
c

, we obtain

Obj(f,msZum+<y+1>|1h|—zum1h|)

i=1

<OPT+(y+1)(1+‘B;g( 5 )OPT ISk |22 AVG
(y+2+(y+1)ﬁ(g(s_s)l;s ZC“)OPT.

We define
m m
My ={Cj|h<j<h+—+—:|[;N];| <aAVG},
C S
Fnj ={C;I|[; NIy| < ¢AVG and |I; NI < AVG}.
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Lemma 4.4. Suppose that (3) holds. If for some h< = with |Sp| < 2

there exists a clustering Cy. € Ny, such that |ghk| <, then
R P(g(2c+s) —sc)+sc) 1 1
Obj(I,F) < (y+2+(y+1) W —2(1— 5 ;)a)OPT.

PROOF With Cr € My, by definition of A}, it follows that
k<h+Z+% m, where the last inequality is obtained by
using the assumption h< 7. Applying Lemma 4.2 with k < 7.
we get |Ie| < (1 + —ﬁ(g(ﬁjjsz sehiec )AVG

We now turn to give a lower bound for |Sg|. Note that by
definition of F ., for every clustering C; € 1, if C; € Fp ., then at
least one of |Ij ﬂIhl > aOPT or |I]~ ﬂIk‘ > @OPT must hold. In other
words, it must be the case that C; € S, or C; € Sk (or both) holds.
Hence, |Sp|+|Sk| > |I|—|?h,k|. Using the assumptions [Sy| < % and

m

|Fhi] < &, we obtain |Sg|2m—2 -2

o< (1
|Sk|=2m—" — 7, we have

Obj(Z,%%)

B(g(2c+s)—sc)+sc

90c=s=20) ) AVG and

Finally, using

< > UL+ (1) [Tl 2150 e )
i=1
B(g(2c+s)—sc)+sc

<OPT+(y+1)|1+
- ( )( gles—s—2c)

)OPT— |Sk|22AVG
1 1
—2(1—7— 7)a)OPT.
S c

Lemma 4.5. Suppose that st-1Med sampled two clusterings Cy,
and Cy. such that k € N, and |5Fh,k| > . Then, with probability at
least 1 — m™*,st-1Med also sampled a clustering C; such that, for
T =ClusterFitting({C.C.C; }), the following holds:

P(g(2c+s)—sc)+sc

< (y+2+(y+1) g(es—s—20)

O

Obj (I,T) <(1+3(y+1)a)OPT.

PROOF SKETCH. Since ’Jh k| >, the probability that at least one
clustering Cp in i is sampled is at least

>1-m™4

1— 1_4¢ﬂ ° >1—e dglogm/s _1_
m m49/s

By definition of /#}, and F, k., for all r,s € {h,k,£}, we have |, NL| <
aAVG. Using this, we can show that Obj (IT) <(1+3(n+1)a)OPT.

A detailed proof'is provided in the full version. O

Proor oF LEMMa 4.1. If the number of clusterings C; with
IIi| < (1 = B)AVG is at least %, then with probability at least
1—m™, our algorithm samples at least one such clustering. Let
¥ be a y-close fair clustering to such sampled clustering, we have
Obj(I,¥)<(y+2—(y+1)5)OPT.

It remains to consider the case when the number of such cluster-
ings C; is less than %. With probability at least 1—m~*1=5/9) our al-
gorithm samples at least one clustering Cy with % <h < 2. 1f|Sp[ 2 2,
then by Lemma 4.3, let 7}, be a y-close fair clustering to C, we have

B(g—s)+s
g(s—1)

2a

Obj(Z,Fp) <|y+2+(y+1)————— OPT.
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If |Sy| < 2, then |4}, > % Tt follows that with probability at least
1-m Y95 we sample a clustering Cy € A}, If |9h,k‘ < 7, then
by Lemma 4.4, let 7 be a y-close fair clustering to Cy, we have

. —l)a)OPT.
c

Obj(],?"k)S(y+2+(y+l)w—2(l 5

g(cs—s—2c)

If ’Pih,k’ > 7, then by Lemma 4.5, with probability at least
1- m~*, there exists a sampled clustering C; such that, for
T =ClusterFitting({Cp,Ck,C; }), we have

Obj(I,T) <(143(5+1)a)OPT.

Combining all the cases, with probability at least 1- m~3, there
is a fair clustering # € F such that Obj(Z,%) <rOPT, where

r:max{(y+2— (y+1)p),

B(g(2c+s)—sc)+sc) 1 1
(y+2+(y+l)w—2(l— 3 ;)a),
(1+3(;7+1)a)}.

As our algorithm uses a set ‘W of Q(e~?logm) input clusterings
sampled uniformly at random as a evaluation set, according to aresult
developed by Indyk [23], [24, Theorem 31], with probability at least
1- L our algorithm outputs a clustering ¥~ such that Obj(Z,¥") <
(1+¢)Obj(I,F). Therefore, with probability at least 1— %, our algo-
rithm outputs a fair clustering ¥ with Obj(Z, ) < (1+¢)rOPT. O

5 k-MEDIAN FAIR CONSENSUS CLUSTERING

In this section, we formally introduce and study the k—-median
Consensus Clustering problem. Given a collection of input clusterings
I ={Cy,....C,}, the objective is to construct a set of k representative
clusterings Z = {Zj, ..., Zi} that minimizes the total distance
between each input clustering and its nearest representative.
Formally, we seek to minimize

Obj(I,Z)= Z min dist(C;, Z;).
Ciel Zjez

In Section 3, given a y-close fair clustering algorithm, we
generated a (y+1.92) approximation to the fair consensus clustering
problem. The high-level idea of the algorithm was to generate a
set of candidate fair clusterings % which contained the union of
all closest fair clusterings to each input clustering C; € I and the
set of clusterings we obtain through our cluster-fitting algorithm
(Algorithm 1). We proved that one of these candidate clusterings
would give us (y + 1.92) approximation. So, we find the best
clustering C € F that is argmin_zObj(7,F).

Similar to this algorithm, we provide an algorithm that achieves
a (y+1.92) approximation to the k-median fair consensus clustering
problem by considering k-sized tuples from the candidate list.
Consequently, we have the following theorem, the proof of which
is deferred to the full version. We improve the running time in the
next section when we describe the streaming variant.
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THEOREM 4. Suppose we have a t;(n) time y-close fair clustering
algorithm and t,(n) time algorithm to find a n-approximate fair corre-
lation clustering, then there exists an algorithm that, given a set of clus-
terings I ={Cx,...Cm} finds a set of representatives Z={Z,... <y} in

O(mt; (n)+m> (n*+1,(n)) +m**1n?)
time such that
Obj(I,Z) < (y+1.92)0bj(1,Z")
whereZ* = {Z*,,..,ZZ} is the optimal set of representatives.

6 STREAMING k-MEDIAN FAIR CONSENSUS

In this section, we present an algorithm for the k—-median fair
consensus clustering problem in the insertion-only streaming model.

THEOREM 5. Suppose that there is an y-approximation closest fair
clustering with running time t,(n), then there is a (1.0151y+1.99951)-
approximation algorithm for k—median fair consensus clustering in
the insertion-only streaming model, which uses O (k?npolylog(mn))
space, has an update time of O((km)°(Vn?logn), and a query time
of O((klog(mn))°®) n? +k3 (n+t; (n))log'?mlog®n).

We achieve this result by developing the following technical
theorem.

THEOREM 6. Suppose there is an algorithm with running time
t;(n) that, given a clustering over n points, computes a y—close
fair clustering, and let there be a n—approximation fair correlation
clustering algorithm with running time t,(n) on a graph with n
vertices. Let « > 0,1 > > 0, and ¢,e; > 0 be fixed parameters such
that a/2 > 2B(1 + B)/(1 — B). Then, for any set of m clusterings
over n points, there exists a streaming algorithm that outputs
((1+¢&)(r+e1).k)-approximate fair consensus clustering, where

r:max{2+y—(ﬁ—)\.)(1+y),
2p°

+ —

1-p

ap
2(+1)
(1+3(y+1)(p+1)a)}.
The algorithm uses a space complexity of O(k*n polylog(mn)),

has update time O((km)°Wn? log n), and query time
O((klog(mn))°®) n2 +k3t, (n)log?mlog>n).

24 A+y(14+4+1) -

+0m(1),

Prior to presenting the algorithm, we introduce a few tools that
will be used in the algorithm and its analysis.

Definition 6.1 ((k, ¢)-coreset). Consider 7 a set of points over
a metric space M equipped with a distance function dist(.,.), and
an implicit set X € M (of potential median), a weighted subset
P C I (with a weight function w:P —R) is a (k,¢)-coreset of 7 with
respect to X for the k-median if for any set Y C X of size k
(1-2) D\ dist(Cp,Y) < ) w(P)dist(Y,P) < (1+¢) . dist(C1,Y)

Ciel PeP Ciel

@

We use the following coreset constructions.

THEOREM 7 ([3, 8, 18]). There is an algorithm that, given a set I
of m points of an arbitrary metric space M and an implicit set X C M
(without loss of generality assume I C X), outputs a e-coreset of I
with respect to X for the k—median problem, of size O(¢~2log|X]).
The algorithm succeeds with probability at least 1 — # and runs in

time O(¢~2mlog|X]).
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By combining Theorem 7 with the framework provided in [7],
we obtain the following streaming coreset construction.

Lemma 6.2. There is a (randomized) streaming algorithm that,
given a set I of m points of an arbitrary metric space M, arriving
in an insertion-only streaming model, and an implicit set X € M
(without loss of generality assume I C X ), maintains a e-coreset of
I with respect to X for the k—median problem, by storing at most
O(e %k log |M|log m) points of I. The algorithm has worst-case
update time of (e~ 'klogm)© (V).

Another sampling technique we use is the monotone faraway
sampling introduced by [9].

Lemma 6.3 (Monotone Faraway Sampling [9]). There is a
(randomized) streaming algorithm that, given a set I of m points of
an arbitrary metric space M, arriving in an insertion-only streaming
model, and parameters k,p € (0,1), samples a subset F C I of size
O(Kk?(ux)~logklog(1 + kxm)) such that the following holds: Let
C* ={C}, ,..,C]:} be an arbitrary optimum k—median of I, and let
M,...,My be the clustering of I induced from C*. Then for eachie€ [k],
there exists a C] € F satisfying

(i)

The algorithm requires both
O(k?(ux)~Hogklog(1+kxm)).

PT
3 dist(C'.C)) <2 OT.
CeM;

Z dist(C.C}) +p
CeM;

space and update time of

Algorithms in Lemma 6.2 and Lemma 6.3 succeeds with proba-
bility at least % Note that in our consensus clustering problem, the
underlying metric space M consists of the set of all clusterings over
V, and each input clustering (in J') is a point in the metric space M.

Description of the Algorithm. Our algorithm consists of four
components. The first three components process simultaneously
the input clusterings as they arrive in the stream to establish a
candidate set and construct a coreset. By using such sets, the last
component simulates the offline algorithm presented in Section 5
to output k fair clusterings as k-median.

oStep 1. We simultaneously do the following steps as the
clusterings from the input set I arrives in the stream.

Step 1A (Sampling Algorithm) We choose constants
A, © > 0, the value of which to be fixed later. For each
S {% %(1 + 1), %(l + 1), ...,n%} and p € {1, ﬁ m # ,
we construct a set Sy, C I as follows.
Step a For each arrived C;, discard it with probability 1—p.
Stepb If dist(C;,Cj) 2 A¢, forall C; € S; p, add C; to Syp.
Stepc If \S(,p| > klog®m, set Sip=2.
SetS= U(,pS(’,[r
Step 1B (Monotone Faraway Sampling) As the clusterings
from the input set I arrives in the stream, we run the algorithm
from Lemma 6.3 with parameters k =1/3 and a constant p > 0. Let
F be the output of this algorithm. Then, for any arbitrary optimal
k-median clusterings C* = {C*,...,C’;} of 7, and the corresponding
super-clusters Mj, ..., My, for each i € [k], there exists a C] € F
satisfying

OPT
Z dist(C,C/) <5 Z dist(C.C/)+p——.

k
CeM; CeM;
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Step 1C (Coreset Construction) We consider the candidate
set F as in (1). For each C; € 7, F contains Fi, a y-close fair
clustering to C;. For every triple T = (C;, Cj, Ck), F contains
T= ClusterFitting({T}).

As the clusterings from the input set 7 arrives in the stream,
we run the algorithm from Lemma 6.2 with a constant ¢ > 0 to build
a (k,e)-coreset (P,w) with respect to the implicit set F.

o Step 2 (Simulating the Offline Algorithm) We use a candi-
date set R by iterating through each clustering C; € SUF, including
i in R, where ¥; is a y-close fair clustering to C;. Moreover, for
every triple T = {C;,C;,Cx} € S, we include T= ClusterFitting (T)
in R. Finally, for each k-tuple Y =(M,,....%) € Rk we compute the
objective Obj(P,Y) and return the k-tuple minimizing this value.
We defer the entire analysis to the full version.

7 CONCLUSION AND FUTURE WORK

In this paper, we initiate the study of fair consensus clustering under
the k-median objective in the streaming model and present the first
constant-factor algorithm that operates in sublinear space. Relative
to prior work on fair consensus clustering [12], our contribution
advances the state of the art by handling streaming data with
sublinear memory and by delivering the first constant-factor guar-
antee for the more general k-median objective. We also introduce
anew generic algorithmic framework that works irrespective of the
specific fairness notion and the number of colored groups (whether
disjoint or not) — in fact, it works with any constraint — provided
the corresponding closest fair (constrained) clustering problem can
be efficiently approximated.

Improving space usage, particularly for the k-median variant, and
tightening approximation guarantees are among a few interesting
open directions. An exciting avenue is to narrow the gap between
the approximation factor achieved by our framework and the
best attainable for the closest fair clustering problem. However,
existing hardness results for fair consensus clustering, together
with exact algorithms for closest fair clustering in certain special
cases [12], preclude any fully generic fair consensus algorithm from
matching the approximation factor of the closest fair clustering
exactly. Another intriguing direction of research is to explore
learning-augmented approaches, leveraging machine-learned
predictors further to improve the approximation quality in fair
consensus clustering, at least empirically.

We would like to mention that in this paper we consider two
variants of the streaming model, one in which all the pairs for a
particular input clustering arrive together (in a stream), which we
refer to as an insertion-only stream, and then a general model where
pairs may appear in an arbitrary order, which we refer to as a gen-
eralized insertion-only stream. Our 1-median algorithm works for
this generalized model, while extension to the k-median only works
for the insertion-only model. Thus, designing a streaming algorithm
for the k-median variant in the generalized insertion-only model
would be an interesting open direction. It would also be intriguing to
study other possible streaming models in the context of consensus
clustering, and we leave this as a potential future direction.
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