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ABSTRACT

We study diversity in approval-based committee elections with
incomplete or inaccurate information. We define diversity accord-
ing to the Maximum Coverage problem, which is known to be
NP-complete, with a best attainable polynomial time approxima-
tion ratio of 1 — 1/e. In the incomplete information setting, voters
vote only on a small portion of the candidates, and we prove that
getting arbitrarily close to the optimal approximation ratio w.h.p.
requires Q(m?) non-adaptive queries, where m is the number of
candidates. This motivates studying adaptive querying algorithms,
that can adapt their querying strategy to information obtained from
previous query outcomes. In that setting, we lower this bound to
only Q(m) queries. We propose a greedy algorithm to match this
lower bound up to log-factors. We prove the same ©(m) bound
for the generalized problem of Maximum Coverage over a matroid
constraint, using a local search algorithm. Specifying a matroid of
valid committees lets us implement extra structural requirements
on the committee, like quota. In the inaccurate information setting,
voters’ responses are corrupted with a small probability. We prove
O(nm) queries are required to attain a (1—1/e)-approximation with
high probability, where n is the number of voters. While the proven
bounds show that all our algorithms are viable asymptotically, they
also show that some of them would still require large numbers of
queries in instances of practical relevance. Using real data from
Polis as well as synthetic data, we observe that our algorithms
perform well also on smaller instances, both with incomplete and
inaccurate information.
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1 INTRODUCTION

Consensus has grown among political scientists, democracy prac-
titioners, and decision makers alike, that effective involvement of
citizens in policy decisions should be regarded as a high priority
for democratic institutions at all levels, from local, to national, to
regional [21, 25]. Currently, it is on digital democracy platforms
especially that research efforts are concentrating [5, 14], in order
to provide citizens with effective civic participation tools [26].

A wealth of these types of digital democracy tools have been
developed and deployed around the world in the last decade: Liquid-
Feedback [2], Consul, YourPriorities, Decidim, Polis [35], to men-
tion a few.! In different forms, all these applications allow users to
provide free-text input to public deliberations and enable them to
express their own opinions on the input of others. Supporting such
processes involves the use of algorithms for information-processing
problems. One such problem concerns how to effectively summarize
the current state of the deliberation: how does ‘the group’ currently
think about the issues being deliberated upon?

One approach to this problem, which is followed for instance
in Polis, consists of selecting sets of statements proposed by users,
based on how much support the statements have elicited from other
users. As Halpern, Kehne, Procaccia, Tucker-Foltz and Wiithrich
[15] already noticed, this approach can be conceptualized as an
approval-based committee election problem [10, 20], as studied
in computational social choice [4]: users ‘vote’ for other users’
statements by expressing whether they approve/support them. Ap-
proaching the problem from this point of view has two main ad-
vantages. First, it can guarantee summaries that are representative
of the discussion in a rigorous sense. Second, properly designed
algorithms can enhance transparency of the decision-making pro-
cess, which can in turn increase participants’ trust in this same

!See www.liquidfeedback.org; www.consulproject.org; www.citizens.is; www.decidim.
org; www.pol.is.
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process [27]. Vice-versa a non-transparent process may generate
distrust, while individuals with more political distrust tend to show
less interest in politics and lower rates of civic participation [9].

Unlike in standard approval based committee elections, infor-
mation about who supports which statements is now sparse, as
no user can possibly express whether they agree or disagree with
every single statement contributed by their peers. For the same
reason, voters can become inaccurate in representing their true be-
liefs, when having to answer many questions. Such a deliberation
summarization problem can thus be thought of as an approval-
based committee election problem in which ballots are incomplete
or inaccurate, or both. From this perspective, Halpern et al. [15]
focused on the problem of designing selection algorithms yielding
summarizations that meet specific forms of proportional represen-
tation proposed in the computational social choice literature [1],
while querying users’ opinions as efficiently as possible.

Our work builds on the approach put forth by Halpern et al.
[15], but focuses on the property of diversity instead. Diversity
has received less attention than proportional representation in
the committee election literature but, we argue, is an important
objective for deliberation summarization, as already mentioned in
Lackner and Skowron [20]. First, diverse summaries can guarantee
higher inclusivity, an attribute one could desire in and of itself.
Second, an inclusive summary can show more participants that
their input is taken into account. This increases people’s trust in the
system at hand [26], which motivates to participate also in future
instances. Third, a diverse summary gives a broad, informative view
of ‘the group’s’ opinion. This is especially valuable in deliberation
summarization contexts, where the number of candidates may be
very large. Fourth, cognitive diversity is argued, e.g., by Landemore
[21], to also be of epistemic value from a crowd-wisdom perspective.
This is relevant because the selected statements typically serve as
a basis for further discussions.

We use the established formalization of diversity in commit-
tee elections based on the Chamberlin-Courant score [7] and the
Maximum Coverage problem [28, 34]. Our focus thus lies on the
computational problem of constructing summarizations that max-
imize the coverage of voters, while querying users’ opinions as
efficiently as possible.

2 RELATED WORK AND CONTRIBUTION

Diverse committees and the Maximum Coverage problem. In com-
mittee election theory, the diversity of a committee is commonly
quantified by the Chamberlin-Courant score [7]. In approval-based
committee elections, a voter’s representative in an elected commit-
tee W then is any one candidate in W they approve of, and the
approval-based Chamberlin-Courant (going forward: Chamberlin-
Courant) score of W equals the number of voters that have a rep-
resentative in W. Portraying candidates by their set of approving
voters, we see this problem amounts to selecting a set of candidates
that maximizes the number of ‘covered’ voters: the approval-based
Chamberlin-Courant problem is equivalent to the unit-weight Max-
imum Coverage problem.

An instance of the unit-weight Maximum Coverage problem,
Max Cover going forward, consists of a set V of n elements v;, a
family C € P (V) of m subsets c;, and a natural number k. The goal
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is to select k subsets so that | U?:l c;j| is maximized. Hochbaum
and Pathria [16] proved, by reduction from Set Cover, that the
Max Cover decision problem is NP-complete, and that a greedy
algorithm is (1 — 1/e)-approximate. Shortly after, Feige [11], using
a reduction from approximating Max 3SAT-5, proved that for any
€ > 0, Max Cover cannot be approximated in polynomial time
within a ratio of 1 — 1/e+¢, unless P = NP; the simple greedy
algorithm is thus optimal. Many years later, Cohen-Addad, Gupta,
Kumar, Lee and Li [8] showed that under the Gap Exponential Time
Hypothesis?, for any € > 0, there exists no FPT-approximation
algorithm for parameter k that approximates Max Cover within
factor 1—1/e + €. Manurangsi [23] improved the running time lower
bound from f(k) - (m+ n)kpdy“/e) for any function f and € > 0, to
f(k)-(m+ n)°(®) | which is tight. Essentially, this shows a brute-
force approach going over all size-k subsets is the best we can do if
we insist on obtaining an approximation ratio better than 1 — 1/e.

Peters [30] proved that maximizing the Chamberlin-Courant
score can be efficiently done on the Candidate Interval (CI) domain,
an approval-based version of the Single-Peaked domain. Peters and
Lackner [31] extended this result to circular preference domains
and Sornat, Williams and Xu [36] extended it to nearly CI domains.
Skowron and Faliszewski [34] made boundedness assumptions on
the number of sets an element appears in. When any element ap-

pears in at most p sets, optimizing over the largest [% + k7 sets

yields a f-approximate solution in FPT time (in k). When any ele-

ment appears in at least p sets, the greedy algorithm achieves an
pk
improved approximation ratio of 1 — e ol Finally, a gener-

alization of the problem was studied by Filmus and Ward [12], who
presented a local search algorithm that is (1 — 1/e)-approximate for
Max Cover over a matroid constraint. The greedy algorithm attains
only ratio 1/2 in this generalized setting.

— max{

Incomplete or inaccurate information. Single-winner voting with
incomplete information received some attention over the years in
the computational social choice literature [3]. More recent work
has addressed the issue of achieving proportional representation in
committee elections under incomplete information [13, 15, 17], or
of maximizing arbitrary scoring rules for ranking candidates, sub-
ject to the satisfaction of the Justified Representation criterion [32].
Among these contributions, the work of Halpern et al. [15] is closest
to what is our focus in this paper. The authors study proportionality
in approval-based committee elections under incomplete informa-
tion. The paper presents a version of local search Proportional
Approval Voting that queries voters and, using O(mk® log k log m)
queries, finds a solution that satisfies Extended Justified Represen-
tation [1] and Optimal Average Satisfaction (based on the notion of
average satisfaction [38]) with high probability. The result extends
to an a-approximate version of both axioms, in which case the
query complexity decreases by a factor k®. The same study presents
a lower bound of Q(m!!) for the query complexity of algorithms
that cannot adapt their querying strategy to information obtained
from previous queries (non-adaptive algorithms).

2For k > 3, define s; := inf{§ : 3 an algorithm that solves k-SAT in 2" time}.
ETH states that for k > 3, sg > 0; k-SAT cannot be solved in subexponential time,
for k > 3. ETH was first formulated by Impagliazzo and Paturi [18] and would imply
that P # NP.
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Table 1: Overview of query complexity bounds in m and n.

Incomplete Inaccurate
Adaptive Non-adaptive O(nm)
Matroid | No matroid Q(m?)
O(m) O(m)

Our contribution. We study diversity in approval-based commit-
tee elections when information elicited from voters is incomplete
or inaccurate. We measure the diversity of a solution with its Max
Cover, or equivalently, Chamberlin-Courant, score. For a large part,
our work combines the two lines of research outlined above, and
is based in particular on the work of Filmus and Ward [12] and
Halpern et al. [15]. We make three main contributions.

First, in a setting with incomplete information, we prove that
getting arbitrarily close to the optimal approximation ratio with
high probability (w.h.p.) requires Q(m?) non-adaptive queries (this
result is presented only in the full version of the paper?). This mo-
tivates studying adaptive querying algorithms, that can adapt their
querying strategy to information obtained from previous query out-
comes. In that setting, we lower this bound to only Q(m) queries.
We adapt the greedy algorithm to match this lower bound up to
log-factors (Theorem 2). We prove the same ©(m)* bound for the
generalized problem of Max Cover over a matroid constraint (Theo-
rem 5). Specifying a matroid of valid committees lets us implement
external diversity requirements, like upper and lower quota on
groups of candidates. Second, in the inaccurate information setting,
we prove that recovering the optimal approximation ratio w.h.p.
requires ©(nm) queries (Theorem 7). Despite these positive asymp-
totic bounds, summarized in Table 1, our results do involve sizeable
constant overheads for some of our algorithms, which make vi-
ability on real-world instances questionable. So, third, using real
data from Polis and synthetic data that we produced by adapting
methods from Szufa, Faliszewski, Janeczko, Lackner, Slinko, Sornat
and Talmon [37], we empirically show that our algorithms perform
considerably better than our worst-case analysis suggests. Impor-
tantly, this appears to hold even in situations in which votes are
both incomplete and inaccurate. All proofs are provided in the full
version of the paper.

3 PRELIMINARIES

An instance of an approval-based committee election problem con-
sists of a set V of n voters, a set C of m candidates, and a natural
number k. The goal is to elect a committee W C C of size k < m,
based on the opinions of the voters in V. An instance also contains
approval information: every voter approves of a subset of the can-
didates. Usually, this approval information is known upfront and
expressed in the form of an approval set A(i) for each voter v; € V.
The sequence of sets A = (A(1),...,A(n)) is called the approval
profile. We call this setting the perfect information setting. This paper

3https://arxiv.org/abs/2506.10843
“The notation ©(-) and similarly for Q, O, suppresses terms of the form log® " (n)
where n is the growing parameter.
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studies incomplete and inaccurate information settings; the respec-
tive models are detailed in the corresponding section. To measure
the diversity of a committee, we use the Chamberlin-Courant score.

DEFINITION 1 (CHAMBERLIN AND COURANT [7]). On any approval-
based committee election instance (V, C, A, k), the Chamberlin-Courant
(CC) score of a committee W C C, |W| =k is

1 n
cew) =~ 21 Vat) nw 20y (0. M
i=
In the Chamberlin-Courant decision problem, the input is an instance
(V,C, A k) and an integer x, and the question is whether it is possible
to achieve score = using k candidates. In the Chamberlin-Courant

problem, the input is an instance (V, C, A, k) and the task is to maxi-
mize the score using k candidates.

As previously mentioned, the approval-based Chamberlin-Courant
problem is equivalent to the unit-weight Maximum Coverage prob-
lem. For the rest of the paper, we use the terminology of the
Chamberlin-Courant optimization problem, with voters, candidates
and committees (as opposed to elements, sets and covers).

4 INCOMPLETE INFORMATION

In the incomplete information setting, the approval profile A =
(A(1),...,A(n)) isreplaced by a function A(i, j) := 1 {c;eA(i)} (i, )
which equals 1 in case voter v; approves candidate cj and 0 oth-
erwise. This is a generalization of the original model, as querying
all voters about all candidates recovers the complete approval pro-
file. As such, by making nm queries to A we can find a (1 — 1/e)-
approximate solution, e.g. with a greedy approach. In the full ver-
sion of the paper, we show that any non-adaptive querying al-
gorithm must make Q(m?) queries to A to get arbitrarily close
to this optimal approximation ratio w.h.p., where non-adaptive
means that the sequence of queries made must be specified before-
hand. In Polis data we observe that m € ®(n), which would imply
Q(m?) = Q(nm), making no improvement over the complete in-
formation setting. We can do better by studying adaptive querying
algorithms, that can adapt their querying strategy to information
obtained from previous query outcomes. For such adaptive algo-
rithms we show that obtaining an approximation ratio arbitrarily
close to this optimal ratio w.h.p. requires only ©(m) queries to A.
To see that we need at least Q(m) queries, imagine an instance
where only one candidate has any approvals. Any algorithm must
select this candidate to attain a positive approximation ratio. In the
worst-case, finding this candidate w.h.p. requires sampling voters
for each of the m candidates. In the remainder of the section we
study algorithms that witness this lower bound Q(m) up to log-
factors. We first adapt a greedy algorithm for CC and then do the
same for a local search algorithm for the generalized problem of
optimizing over a matroid constraint. Both algorithms achieve an
approximation ratio arbitrarily close to the optimal ratio w.h.p.
using O(m) queries, matching the lower bound (up to log-factors).

4.1 Upper bound for the unconstrained setting

The standard greedy algorithm. We prepare the ground by consid-
ering the greedy algorithm for the perfect information setting. See
Algorithm 1, where we write A(W, ¢) for the increase in CC-score
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obtained by adding candidate ¢ to committee W. Algorithm 1 elects,
in each iteration, the candidate that yields the largest immediate
increase in CC-score, and achieves the optimal approximation ratio
of 1 — 1/e [16]. We give a novel proof of its approximation ratio in
the full version of this paper.

The greedy query algorithm. We adapt Algorithm 1 to the incom-
plete information setting. Our strategy is to repeatedly sample sets
of voters (of size £ < n) uniformly at random and query them about
a subset of candidates of size t < m, in order to estimate A(W, ¢)
for all ¢ ¢ W. The algorithm then behaves like the standard greedy
algorithm: iteratively selecting the candidate ¢ maximizing this
estimate of A(W, ¢). By carefully bounding the deviation from the
true value A(W, ¢), we can guarantee that our algorithm attains a
ratio arbitrarily close to the optimal approximation ratio w.h.p.

To write this more formally, note that if we ask all voters for
their votes on some query set Q C C (of size t), the responses allow
us to compute, for any set S C Q:

1 n
ps = ;Z“{A(i)msm}(i) (@)
i=1

The value ps equals the Chamberlin-Courant score of S, and in this
case A(W,¢) = pwu(c) — pw, so we can compute A(W, ¢) with
complete information on a query set containing W U {c}. Sampling
¢ voters uniformly at random and querying them about the set
Q € C, we can compute, for any subset S € Q,

I3
R 1 .
ps = ;;"{Aa)ms;em(l), (3)

that estimates pg. We write A(W, ¢) := Pwu{cy —pw for an estimate
of A(W, ¢) based on p. Using this approach, we obtain Algorithm 2.

In step 1 of the for-loop, to be able to calculate the values A(W, ¢’),
we add the committee to each query set and, other than that, dis-
tribute the candidates over the query sets until they reach size ¢,
without further restrictions.

For Theorem 2, we assume that Y, ey T(ja(i)|»1} (i) 2 k, that
is: there exist at least k voters with a non-empty approval set.’
Theorem 2 gives an upper bound on the number of queries required
to run Algorithm 2 on such instances.

SWe use this assumption to prove the approximation guarantee of the greedy query
algorithm, see also the full version of the paper. The assumption is also motivated
practically: instances where ;. ¢y 1(ja(i)|21} (i) < k are uninteresting in the context
of deliberation summarization—where the challenge is to aggregate many different
opinions into a small summary—and do not occur in practice.

ALGORITHM 1: GREEDY
Input: Numbers n, m, k € N with k < m, set V of n voters, set C of m
candidates.
Output: Committee W C C of size k.
Let W = {} be an empty set;
fori=1,...,k,do
Add ¢’ € argmax .4y A(W, c)toW.
end
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ALGORITHM 2: GREEDY-INCOMPLETE
Input: Numbers n, m, k € N with k < m, set V of n voters, set C of m
candidates, query size t withm >t > k,and y € (0,1), § > 0.
Output: Committee W C C of size k.
Sete = U= and ¢ = [ £ (log(23%)) ;
Let W = {} be an empty set;
fori=1,...,k do
(1) Construct the smallest set of query sets Q = {Q;}; withQ; € C
and |Q;| =t for all i, and such that W € (N Qand U Q = C, and
present each query set to £ voters sampled uniformly at random.
(2) Forall ¢ ¢ W, determine A(W, ¢) as an estimate of A(W, ¢) using
¢ voters and query set Q containing W U c.
(3) Add ¢’ € argmax 4y A(W,c) to W.

end

THEOREM 2. Let 3 cv 1{a(i)|»1} () 2 k,6 >0, y € (0, 1), and
k < t < m. Then, w.p. at least 1 — §, Algorithm 2 is (1 — 1/e)y-
approximate for CC with query complexity

o[ ) kms (2]

A few observations are in order. First note that, asymptotically,
the query complexity provided by Theorem 2 is much smaller than
querying the entire profile of size nm. The constant overhead, which
increases with k and y and decreases with , is quite small. Second,
note that a voter may be queried more than once during the run
of the algorithm, because we sample with replacement. However,
since the query complexity is independent of n, sampling with
replacement approaches sampling without replacement as n grows.
Third, the asymptotic complexity does not depend on ¢. Increasing
t means fewer voters get larger query sets, which decreases the
total number of queries only slightly (by a small constant factor). In
practice, the value of t should be chosen large enough so that the
query sets leave room for sufficiently many unelected candidates,
but not too large, since we assume that voters are not able to express
their opinion on all m candidates.

To give further context to Theorem 2: in real-world instances of
online deliberations such as those ran through Polis, we observe
that typically m € ©(n) and k < m. So, suppose that m = 1000,
y =0.85, § = 0.05, k = 8 and t = 20, then Theorem 2 requires 432
920 queries. Starting with n > 432 voters this is smaller than nm.

€ O(g,y’k(m log m).

4.2 Upper bound for a setting with matroid
constraints

Matroid constraints for committee elections. We can imagine situ-
ations where we want to place restrictions on the set of possible
committees to be elected. Perhaps we want to include extra diver-
sity requirements, such as ‘the committee must contain at least/at
most x candidates of category Y. In practice, x would be a natural
number and Y could be a demographic group. In online deliberation
settings, these attributes would extend to users. This provides the
possibility to add an extra ‘dimension’ of diversity: where before,
the concept of diversity was based solely on the approval profile,
we now consider external attributes of the candidates. For such
purposes, we make a selection of which committees are ‘allowed’
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to be elected, and collect them in a set . It is not obvious that
any algorithm adapts well to this restriction. Fortunately, when I
defines a matroid, we can mend this problem [12], and, as shown
by Masatik, Pierczynski and Skowron [24], matroids can indeed
also be used to implement both upper and lower quota on any
number of disjoint categories. See the full version of the paper for
the construction.

DEFINITION 3 (MATROID). A matroid M is a pair (C, I) where
C is a finite universe and I is a collection of subsets of C (called
independent sets) satisfying the following properties:

(1)0er,

(2) ifAe T andB C AthenB € I, and

(3) forall A,B € I with |A| > |B|, there existsx € A\ B such
thatBU {x} € 1.

Property 3) guarantees that all maximal independent sets have
the same cardinality. We call such sets bases, and their common
cardinality is called the rank of the matroid.

EXAMPLE 4 (UNIFORM MATROID). Consider I = {W C C: |[W| <
k}. Then M = (C, I) is the uniform matroid of rank k: 1) |0| = 0 < k,
2) for any set W € I with |W| = j < k, for any subset W c W,
[W’| < |W| < k, and 3) for any two feasible sets W, W’ € I with
[W’| < |W|, we will have, for anyc € W\ W', that |W' U {c}| < k.

Thus, taking for M the uniform matroid of rank k, we retrieve
the original problem: the problem with matroid constraints is a
generalization of the original problem.

The standard non-oblivious local search algorithm. We start with
the perfect information setting. A classical (or oblivious) local search
algorithm starts with an arbitrary solution and, in each iteration,
swaps one or multiple of the elected elements for unelected el-
ements in order to improve the objective function value. It thus
searches in the local neighborhood of the solution. It stops when
no local improvement is possible. At worst, this occurs after all
exponentially many options have been exhausted. With the use
of approximate local search, this running time problem can be re-
solved at a small cost in the approximation ratio [29]. In practice,
this means we terminate the algorithm when we encounter an
improvement smaller than some parameter f§ > 0°.

Over a matroid constraint, the greedy algorithm attains only ap-
proximation ratio % < 1—1/e. The approximation ratio of oblivious

Zkk—_fl—l when ¢ sets are exchanged in each iteration

[12]. For k = 2 and ¢ = 1, this also equals % Filmus and Ward [12]
thus switch to a non-oblivious local search algorithm that uses an
auxiliary objective function f for the iterative procedure. The func-
tion adds temporary weight to elements covered multiple times, the
idea being that elements covered multiple times, remain covered
after the next exchange. Such a function can thus prevent getting
stuck in bad local optima. We denote by «; the temporary weight
associated to an element covered j times, and write h; (W) for the
number of times that v; is covered by W. The auxiliary objective

local search is

©Using a partial enumeration technique, we could even eliminate this small cost again,
see Calinescu, Chekuri, P4l and Vondrak [6].
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ALGORITHM 3: LOCAL SEARCH-f

Input: Numbers n, m, k € N with k < m, set V of n voters, set C of m
candidates, § > 0, matroid M.

Output: Committee W C C, of size k.

Choose W C C such that |W| =k,and ¢ € W and ¢’ ¢ W so that

(Wu{c'H)\{c} eI

repeat
(1) wW=Wu{c})\{c}
(2) Let & be the set of all valid exchanges for W according to M.
(3) Pick (c/,c) € argmax y ) eg AW, x,y).

until A(W,c’,¢) < B;

function is then defined as

1 n
W) =- ay,. . 4
fw)=- Z‘ hi(W) @
Note that, with @9 = 0 and a; = 1 for all j > 0, we retain the
original oblivious objective function, but if we set arj > a1 for j > 1,
we add additional weight to elements covered multiple times. We
define

1 . . 1
=0 a=1--, ajn=(+Daj-jej-1--.

This choice for the sequence (an)peny, is optimal and, for any
y € (0,1), with this objective function, the non-oblivious local
search algorithm, with parameter f3 (decreasing in y)is (1-1/e —y)-
approximate and runs in polynomial time [12].

We adjust the non-oblivious local search algorithm of Filmus
and Ward [12] to suit our setting better, see Algorithm 3, where
forc € W and ¢’ ¢ W, we now write A(W,¢’,¢c) = f(WU
{’P \ {c}) — f(W). We elaborate on the adaptations in the full
version of the paper, but most importantly, the changes do not affect
the approximation guarantees of the algorithm: for f = C; Wygk
Algorithm 3 is (1 — 1/e —y)-approximate for any y € (0,1) and
logi

some universal constant C; < S L —
ai(1-1/e-y)

[12, Corollary 6]).

for any i < k (see also

The non-oblivious local search query algorithm. We turn to the
incomplete information setting. Recall that A(i, j) equals 1 when
voter v; approves of candidate cj and 0 otherwise, and that we write
A(i) for the set of candidates approved by voter v;. Given a query
set Q C C, for any S C Q, we redefine

1< )
ps = ;ZIH{A(DOQ:S}(I); (5)
i=
the probability that a uniformly chosen voter approves, of all the
candidates in Q, exactly the set S. This is different from how we
defined pg for Algorithm 2: Algorithm 2 requires, for any voter

v;, knowing just whether they have a representative in set S C Q,
whereas Algorithm 4 needs the number of representatives. With

ps for S C Q, we can compute f(Q):

1 v 1 ‘

- Zahi(Q) = Z Z T no=sy() - a5
i=1 i=1$CQ

n
Z %Z“{A(f)nQ:S}(i)'als\ = Z ps-ais)-

sco " im sco

n

Q)
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ALGORITHM 4: Ls-f-INCOMPLETE

Input: Numbers n, m, k € N with k < m, set V of n voters, set C of m
candidates, § > 0, query size ¢, with m > t > k, constants
8 > 0and & > 1, matroid M.

Output: Committee W C C, of size k.

€= % Bt = [(2—226/;)2 log (2‘('"*;;?{% )"

Choose W C C such that |W| =k,and c € W and ¢’ ¢ W so that
(Wu{ch)\{c}eT;
repeat
@M w=Wu{cH\{ch
(2) Let & be the set of all valid exchanges for W according to M.
(3) Construct the smallest set of query sets Q = {Q;}; withQ; € C

and |Q;| = ¢ for all i, and such that W € (N Q and |J Q = C, and

present each query set to ¢ voters sampled uniformly at random.
(4) Forallc € W, ¢’ ¢ W, determine A(W, ¢’, c) as an estimate of

A(W, ', ¢) using £ voters and query set Q containing W U {c¢’}.
(5) Pick (c’,c) € argmax . y)eg AW, x, y).

until A(W, d,c) < f-¢

We can compute A(W, ¢/, ¢) with complete information on a query
set containing W U {¢’}. When information is incomplete, we esti-
mate: sampling ¢ < n voters uniformly at random and presenting
them with query set Q € C, we can compute, for every subset
ScQ,

4
. 1 .
ps =5 Zl T n=s() ©)

that estimates ps. We write A(W, ¢’,c) = f(W U {c'}) \ {c}) -
FW) = Zscwuier )\ (e} Ps 5|~ Lscw Ps-a|s| for an estimate
of A(W, ¢/, ¢) based on the values p. Algorithm 4 is our local search
query algorithm.

Theorem 5 assumes |c;| > 1 for all j (all candidates have at least
one approval) and k > 37. It gives an upper bound on the number of
queries required to run Algorithm 4 on such instances. As expected,
this is higher than the bound stated in Theorem 2.

THEOREM 5. Let[cj| 2 1Vj, 6 >0,y € (0,1),m >t >k > 3.
Fix p = Cz% for some constant Cy. Then, w.p. at least 1 — 6,
Algorithm 4 is (1 — 1/e)y-approximate for CC with query complexity

klogk\3 k2 logk
O((—Yl_o)% ) mlog(—mg(l_‘;g) ))eOg’yjk(mlogm).

Like with GREEDY-INCOMPLETE, the query complexity does not
depend on n, and is asymptotically much smaller than querying
the entire ballot. Unlike before however, there is sizeable constant
overhead increasing with k and y, and decreasing with §. Especially
the dependence in k is much stronger than before. For the same
example, m = 1000, y = 0.85, § = 0.05, k = 8 and ¢ = 20, Theorem 5
requires 9.52180 - 10! queries. Only for n > 9.52180 - 108 this is
smaller than nm.

"These conditions are sufficient to guarantee the claimed approximation ratio, and
dropping them complicates the proofs unnecessarily, since both are very natural
assumptions: candidates with no approvals can be removed since their election cannot
influence the score, and committees of size k = 1, 2 are arguably uninteresting in the
context of deliberation summarization. See also the full version of the paper.
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5 INACCURATE INFORMATION

In the inaccurate information setting, voters do hand in complete
ballots, but the voters are inaccurate in reporting their true ap-
provals: we assume each query A(i, j) is incorrect with a proba-
bility p. We model this by defining, for p € (0, %), a p-inaccurate
query as Ap (i, j) == A(i, j) ® X, where X ~ Bernoulli(p)®. Samples
of X are independent between voters, between candidates, and be-
tween consecutive draws of the same query. If p = 0, we would
have accurate information, and with nm queries we would find a
(1 — 1/e)-approximate solution (e.g. using the greedy algorithm).
When answers may be corrupted, we can simply pose every ques-
tion multiple times to compensate for the uncertainty. We do this
to obtain an upper bound on the number of queries required to
still acquire a (1 — 1/e)-approximate solution with high probability,
adapting Algorithm 1 (see the full version of the paper). Moreover,
we provide a matching lower bound (up to log-factors), using a
result from multi-armed bandit theory, as done in Theorem 9 in
[22]. Both results also hold for the problem of optimizing over a
matroid constraint.

THEOREM 6. Let p € (0, %) 6 > 0,n,m € N. Then there ex-
ists an algorithm that is (1 — 1/e)-approximate for CC in the p-
inaccurate query model w.p. at least 1 — § and with query complexity
O(nmlog(nm/9)).

THEOREM 7. Let p € (0, %), d > 0, n,m € N. Then any algorithm
that is (1 —1/e)-approximate for CC in the p-inaccurate query model
w.p. at least 1 — & has expected query complexity Q(nmlog(1/9)).

The two bounds match (up to log-factors). Observe that, unlike
before, we assume access to the entire ballot, making the bound
depend on n.

6 EXPERIMENTS

Motivation. We run our algorithms on real-life data and on syn-
thetic data with realistic structure. We draw two main conclusions
from these experiments.’

First, we establish empirically that the greedy and local search
algorithms with complete information (Algorithm 1 and 3) consis-
tently achieve a higher CC-score than two well known committee
election algorithms, i.e. APPROVAL VOTING (selecting the k most pop-
ular candidates) and the LOoCAL SEARCH PAV algorithm of Halpern
et al. [15]. We take this to justify the study of our querying algo-
rithms, as opposed to querying versions of these other algorithms,
since the querying algorithms approximate the performance of the
complete information algorithms.

Second, although we have proven that our querying algorithms
can overcome inaccurate and incomplete voter responses with con-
stant overhead, this constant overhead can still be very large. We
show that in practice our algorithms beat the optimal approxima-
tion ratio, even when using much fewer queries than theoretically
required, and even when we combine inaccurate and incomplete
information (a setting that we did not study theoretically).

8This is essentially the classification noise model from PAC learning [19] applied to
our setting.

9 All code and data is available at https:/github.com/martijnmartijnmartijnmartijn/Diverse-

Committees-with-Incomplete-or-Inaccurate-Approval-Ballots.
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Data. We test our algorithms on 18 open-use datasets of Polis
deliberations.!® As anticipated, participants typically vote on only
a small portion of the statements, so we obtain a sparse comment-
participant-matrix. Since these discussions have been completed
already, we are not able to query voters anymore, so, for the sake of
running our querying algorithms, we need to artificially complete
the data. For details on this and other pre-processing steps we
implemented, we refer to the full version of the paper.

As the 18 data sets available are too few to support robust ob-
servations, we generate synthetic data that are structurally similar
to the Polis data. To do so, we turn to established methods for
sampling approval-based elections, introduced by Szufa et al. [37].
Specifically, we employ the (g, ¢)-resampling model to sample ap-
proval elections which, among all models discussed by Szufa et al.
[37], provided the best fit with respect to the 18 data sets avail-
able. In this model, g € [0, 1] represents the fraction of approvals
and ¢ € [0, 1] represents the spread of approvals, so that ¢ = 0
means all voters are identical and approve the exact same |q - m]
candidates, while ¢ = 1 means each candidate is approved with
probability g independently so that the spread of approvals is max-
imal. After pre-processing the Polis data, we find ¢ = 0.0891 and
¢ = 0.693. The full version of the paper contains an explanation of
how to arrive at these values. We sampled 100 elections according
to the (0.0891, 0.693)-resampling model with n = 1000 and m = 400,
as m/n = 0.4 on average for the Polis datasets, and the average
number of voters is roughly 1000.

Conclusion 1: complete information algorithms. Our first question
was whether GREEDY and LOCAL SEARCH-f achieve better CC-score
in practice compared to two well-known committee election al-
gorithms: APPROVAL VOTING and LOCAL SEARCH Pav.!! To answer
this question, we ran GREEDY (Algorithm 1), LocAL SEARCH-f (Al-
gorithm 3)12, APPROVAL VOTING and LOCAL SEARCH PAV on the 118
data sets, running 20 random trials per dataset for both local search
algorithms because of the random starting committee.

Figure 1 shows the CC-score attained by the four complete in-
formation algorithms on the 118 datasets. Since the synthetic data
are drawn from the same distribution, we show the mean CC-score.
This is not the case for the Polis data, which differ quite significantly,
so that we plot the CC-score on each Polis dataset separately.

We can see that our GREEDY and LOCAL SEARCH algorithms achieve
a higher (mean) CC-score than both APPROVAL VOTING and LOCAL
SEARCH PAV across all Polis datasets, as well as on the synthetic data.
Averaged across the Polis datasets, the best performing of our two
algorithms achieves a CC-score 8.6% and 6.3% higher than LocaL
SEARCH PAV, APPROVAL VOTING, respectively. Across the synthetic
data, this is 0.67%, 1.3%, respectively. We note that the CC-score on
the synthetic data is generally very close to 1, leaving less room
for improvement to begin with. At times APPROVAL VOTING outper-
forms LOCAL SEARCH PAV, which may be unexpected (e.g., datasets
3, 10, 15). We conclude from this that our two algorithms are sig-
nificant improvements over these existing algorithms when the
objective is to select diverse committees.

Ohttps://github.com/compdemocracy/openData.

We configure LOCAL SEARCH PAV with @ = 1 which is the best performing configura-
tion retaining a provably polynomial time runtime [15].

12We took f as in Theorem 5 and write LOCAL SEARCH going forward.
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Conclusion 2: querying algorithms. To answer our second ques-
tion, we take the CC-scores of GREEDY and LOCAL SEARCH from
Figure 1 as our baseline and inspect how close we can get to these
scores when information is incomplete and/or inaccurate, using a
realistic number of queries. For the incomplete information model,
taking t = 20, we write M for the expected number of query sets of
size t that each voter is presented with. We then configure GREEDY-
INCOMPLETE (Algorithm 2) and Ls-INCOMPLETE (Algorithm 4) so
that M = 1, 2,3, 4,5, which is much lower than what would the-
oretically be required. We do 50 random trials of each algorithm
(due to the random querying of voters). For the inaccurate informa-
tion model, we ignore the theoretically required repetitions of the
queries, and run the standard greedy and local search algorithms,
but with p = 0.13. Finally, we combine both of the above by run-
ning Algorithm 2 and Algorithm 4 with the above values of M but
forp =0.1.

Figure 2 shows the CC-scores obtained in these experiments. We
see that both algorithms with accurate responses (p = 0) obtain
a score very close (0.85-0.95) to versions of the algorithms with
complete information, even when M = 1. With complete infor-
mation, both algorithms obtained an average CC-score of around
0.8. Multiplying by 0.9 still yields a score above the worst-case
approximation ratio of 1 — 1/e =~ 0.63, even when the optimal so-
lution would have a CC-score of 1. Example 8 highlights the great
performance witnessed in the experiments for p = 0. This shows
that even with limited querying of voters, we can reliably attain a
diverse committee.

ExAMPLE 8. Figure 2 shows that for M = 5, the CC-score attained
by Ls-INCOMPLETE, on average across 18 Polis datasets with 50 runs per
set, is approximately 0.95 times the score attained by LOCAL SEARCH.
The dataset vtaiwan.uberx has m = 197 and n = 1921. For these
values of m and n, takingy = 0.95, k = 8,t = 20, and § = 0.05,
we would need M = 7.109 - 108 to obtain the guaranteed ratio of
(1-1/e) - 0.95 with probability 0.95, using the upper bound proven
in Theorem 5.

With p = 0.1, but with complete information, the performance
decreases by a factor of 0.95-0.97 on average, which yields a score
confidently above the worst-case approximation ratio of 1 — 1/e.
As a comparison: taking again dataset vtaiwan.uberx with § =
0.05 would require repeating each query 32 times to obtain the
guaranteed ratio of (1 — 1/e) with probability 0.95, according to
the upper bound in Theorem 6.

Taking both p = 0.1 and incomplete information, not meeting
the theoretically required number of queries for either scenario, the
performance takes a noticeable hit. The algorithms perform worse
than the versions with complete information by a factor of 0.7-0.8
for M = 1 increasing to 0.85-0.95 for M = 5. However, this still
implies that we are above the worst-case approximation ratio. Do
note that the standard deviation can become relatively large here,
especially for the Polis data, which appear to be less homogeneous
than the synthetic data.

13We ran the experiments for multiple values of p and the results were consistent. We
also ran the experiments for different values of k and the results were similar.
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Figure 1: CC-score achieved by algorithms GREEDY, LOCAL SEARCH (Algorithms 1 and 3), APPROVAL VOTING and LOCAL SEARCH
PAav on the 18 Polis data sets (plotted separately) and 100 synthetic data sets (plotted together) for k = 8. For the two local search
algorithms, we ran 20 random trials (due to the random initial committee), plotting the mean and standard deviation. We
used Paul Tol’s high contrast colour scheme, designed to be color blind safe. See the full version of the paper for the names
corresponding to the numbers of the datasets.
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Figure 2: CC-score of GREEDY-INCOMPLETE (Algorithm 2) and Ls-INCOMPLETE (Algorithm 4) on the 18 Polis and 100 synthetic
data sets for k = 8. The algorithms are configured so that each voter is expected to be queried only M = 1, 2,3, 4,5 times. This
was done for p = 0 (accurate responses) and p = 0.1 (inaccurate responses). On each of the 118 data sets, we ran 50 random
trials of the algorithms, plotting the mean and standard deviation. All scores shown are relative to the complete and accurate
information setting. We used Paul Tol’s high contrast colour scheme, designed to be color blind safe.

7 OUTLOOK would be desirable to lift our results on inaccurate information
to richer error models, e.g., where the error probability changes
over time and/or between voters. Third, one could study more
adaptive algorithms that can decide whom to best query about
which comment at which time—the so-called ‘comment routing
problem’ [35]. In doing so, the query complexity can perhaps be
lowered further. Fourth, one can explore the significance of our
results for active learning [33], with the aim of optimizing the
querying of annotators in distributed data labelling tasks.

Our work is the first to address diversity in approval-based commit-
tee elections in the context of online civic participation platforms.
Measuring diversity by the Chamberlin-Courant score, we proved
diverse committees can be found by querying only a small fraction
of the voters, even when responses may be inaccurate. This remains
true in the presence of external diversity constraints on the com-
mittee, such as quota. Our algorithms match lower bounds on the
query complexity (up to log-factors). We verify these theoretical
results empirically on both real-life and synthetic data.

Our results open up several directions for future research. First, ACKNOWLEDGMENTS
it would be interesting to combine the incomplete and inaccurate

information models explicitly in theoretical analysis. Second, it We want to thank the anonymous reviewers of EC’25, COMSOC’25

and AAAT 26 for their helpful comments and suggestions. Feline,
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