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ABSTRACT such contexts, agents may have different weights or obligations,

We consider the problem of allocating m indivisible chores among n
agents with possibly different weights, aiming for a solution that is
both fair and efficient. Specifically, we focus on the classic fairness
notion of proportionality and efficiency notion of Pareto-optimality.
Since proportional allocations may not always exist in this setting,
we allow the use of subsidies (monetary compensation to agents) to
ensure agents are proportionally-satisfied, and aim to minimize the
total subsidy required. Wu and Zhou [49] showed that when each
chore has disutility at most 1, a total subsidy of at most n/3 —1/6 is
sufficient to guarantee proportionality. However, their approach is
based on a complex technique, which does not guarantee economic
efficiency—a key desideratum in fair division.

In this work, we give a polynomial-time algorithm that achieves
the same subsidy bound while also ensuring Pareto-optimality.
Moreover, both our algorithm and its analysis are significantly sim-
pler than those of Wu and Zhou [49]. Our approach first computes
a proportionally-fair competitive equilibrium, and then applies a
rounding procedure guided by minimum-pain-per-buck edges.
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1 INTRODUCTION

We study the problem of allocating m indivisible chores among n
agents in a manner that is both fair and efficient. It arises in various
practical settings, such as assigning tasks among employees or
teams, or distributing responsibilities like waste-management and
environment-protection among governments or industries. In many
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reflecting differences in capacity or responsibility. For example, a
team with more employees might be expected to handle a larger
share of tasks, and an industry that generates more waste should
bear a greater burden of waste-management. Formally, each agent
i is associated with a weight w;, where the weights sum to 1.

Two classical notions of fairness in such settings are propor-
tionality (PROP) and envy-freeness (EF). PROP requires that each
agent i receives no more than a w; fraction of the total burden,
according to her own disutility function. Formally, let M denote
the set of chores, and let each agent i have a disutility function
d; : 2" — R, which assigns a cost to each subset of chores. An
allocation A = (Ay,...,A,) that assigns each agent i the bundle
A; € M is said to be PROP if d;(A;) < w;d;(M) for each agent i.
Agent i envies agent j in an allocation A if i thinks that j’s bun-
dle’s disutility is less than w;/w; times her own bundle’s disutility.
Formally, i envies j if

Allocation A is said to be EF if no agent envies another agent.

Although PROP and EF are conceptually compelling fairness
notions, allocations satisfying them do not always exist. For exam-
ple, when there are 5 identical chores and two agents with equal
weights, some agent would receive at least 3 chores, and that agent
would not be proportionally-satisifed, and would envy the other
agent. However, we can still aim for approximate fairness; giving
three chores to one agent and two to the other is, intuitively, as
fair as possible. Hence, notions of approximate fairness have been
extensively studied. These notions are obtained by weakening or
relaxing the definitions of EF and PROP. Well-known relaxations
of EF include EF1 and EFX [14, 20, 21, 40, 47], and well-known re-
laxations of PROP include PROPx [38], PROP1 [7], MMS [1, 18, 34],
and APS [8]. Amanatidis et al. [3] give a survey of research on
approximate fairness notions.

Instead of approximate fairness, one can try to achieve exact
fairness through the use of money. Halpern and Shah [33] study
a setting where the items to be allocated are goods (i.e., items of
non-negative utility) instead of chores, and each agent must be paid
a subsidy such that the resulting allocation of goods and subsidies
is envy-free, and the total subsidy is minimized. Following their
work, envy-free division with subsidy has been extensively studied
for many different settings [11, 17, 25, 32, 32, 35].

Wu et al. [48], Wu and Zhou [49] introduced the closely related
PROP-subsidy problem, which is the focus of our work. Here chores
and subsidy must be allocated to the agents such that the resulting
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allocation is PROP. Formally, if agent i is assigned a bundle A;, she
receives a subsidy of max(0, d;(A;) — w;d;(M)), where M is the set
of all chores. Our goal is to find an allocation A that minimizes
the total subsidy. How large can the total subsidy be in the worst
case? The following example shows a lower bound of n/4 on the
worst-case subsidy.

Example 1. Consider n agents with equal weights and n/2 chores,
where each agent’s disutility for a set S of chores is given by |[S|.
In this instance, each agent’s proportional share is 1/2, and any
allocation results in a total subsidy of at least n/4.

When agents have equal weights and additive disutility func-
tions?, and each chore has disutility of at most 1 for each agent, Wu
et al. [48] gave a polynomial-time allocation algorithm that guaran-
tees a total subsidy of at most n/4, thus matching the lower bound.
For unequal weights, they gave an algorithm with a total subsidy
of at most (n — 1)/2. Subsequently, Wu and Zhou [49] improved
this result by designing an intricate algorithm that reduces the total
subsidy to at most n/3 — 1/6.

In addition to fairness, achieving economic efficiency is a key ob-
jective in fair division. Pareto optimality is the standard notion used
to capture economic efficiency. An allocation A is said to Pareto-
dominate another allocation B if no one prefers B and someone
prefers A, i.e., d; (A;) < d;(B;) for every agent i and d; (A;) < d;(B;)
for some agent i. An allocation is Pareto-optimal (PO) if it is not
Pareto-dominated by any other allocation. Example 2 illustrates
the importance of efficiency.

Example 2. Consider two agents with equal weights and additive
disutility functions. There are four chores whose disutilities are
given by the following table.

C1 Co C3 C4
di() 1 1 100 100
dy() 100 100 1 1

Each agent’s proportional share is 101. The allocation ({c1, ¢3}, {c2, ca})

gives each agent a disutility of 101, so it is PROP. However, it is not

PO, since it is Pareto-dominated by another allocation ({cy, ¢z}, {c3, ca}),

where each agent gets a disutility of 2. Clearly, the second allocation
is significantly better than the first.

Obtaining PO along with approximate fairness has been an area
of intense research (e.g., [7, 13, 28, 29, 39, 42]), which gained signif-
icant momentum following the Kalai-Prize-winning [27] work by
Caragiannis et al. [20] showing the existence of allocations that are
both EF1 and PO. However, to the best of our knowledge, achieving
PO with low subsidy has not been studied before for either EF or
PROP. For EF-subsidy, it is unclear whether a PO allocation with
O(n) subsidy exists. For PROP-subsidy, existence is clear: if allo-
cation A Pareto-dominates allocation B, then the PROP-subsidy of
A is at most that of B. However, finding a Pareto-dominator of an
allocation is coNP-hard [24], so finding a low-subsidy PO allocation
in polynomial time has been an open problem.

1A function f : 2M _; R is called additive if f(S) =2ces f({c}) forall S € M.
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1.1 Our Contribution

In this work, we study the PROP-subsidy problem in the general
setting of unequal weights and additive disutilities. We show that
the best-known upper bound of n/3—1/6 on the total subsidy by Wu
and Zhou [49] can be obtained via a Pareto-optimal allocation, and
that such an allocation can be computed in polynomial time. Thus,
we achieve efficiency without compromising on fairness. Moreover,
our results are obtained using significantly simpler techniques; Wu
and Zhou [49]’s paper is around 30 pages long, of which 11 pages
are dedicated to proving the correctness of their rounding scheme.

We achieve efficiency and simplicity through a clever use of
market equilibrium. Known algorithms for minimizing subsidy [48,
49] proceed in two phases.

(1) Fractional allocation: Compute a fractional proportional
allocation x, where each agent i is assigned a fraction x; . of
each chore ¢, ensuring proportionality.

(2) Rounding: Round x into an integral allocation A, where
agent i receives chore c only if x; . > 0. The goal is to keep
the rounding cost low, i.e., the disutility of each agent’s
bundle in A should be, on average, close to the disutility in
the fractional allocation x.

Prior works [48, 49] use a greedy algorithm called fractional-bid-
and-take in the first phase. In contrast, we compute a fractional
allocation by finding a competitive (market) equilibrium. A market
equilibrium is a pair (x, p) where x is a fractional allocation and
p € RT, is a payment vector, where p assigns to each chore a pay-
ment representing its aggregate disutility across all agents. Market
equilibria are well-known to be closely related to Pareto-optimality
[15, 16, 43], and have been used extensively to obtain fairness and ef-
ficiency simultaneously in allocation problems [7, 13, 28, 29, 39, 42].

The key to our algorithm’s success lies in the introduction of
a novel intermediate step between the fractional allocation and
rounding, which we call reduction. This step reduces the rounding
problem to a special case where all agents have identical disutility
functions, significantly simplifying the rounding procedure. The
reduction step crucially utilizes the payment vector from the market
equilibrium, demonstrating the utility of market equilibria beyond
their traditional connection to Pareto-optimality.

1.2 Related Work

Unless specified otherwise, we assume that all agents have additive
disutilities.

PROP-Subsidy for Goods. An analogous problem is the fair allo-
cation of goods, where the items have utility or value. Formally,
M is the set of all goods, and each agent i has a valuation function
0; : 2M — Ry,. Allocation A is proportional if v;(A;) > w;o;(M).
Agent i’s subsidy in A is max(0, w;v; (M) — v;(A;)). Prior work on
PROP-subsidy also holds for goods; when each good has a value of
at most 1 to each agent, n/4 subsidy suffices for equal weights [48]
and n/3 — 1/6 subsidy suffices for unequal weights [49]. One can
show that the lower bound of n/4 on the worst-case total subsidy
also holds for goods by appropriately modifying Example 1.

EF-Subsidy. In the EF-subsidy problem, we pay each agent i a
subsidy of s; to make envy disappear, and we want to minimize
the total subsidy )}, s;. Formally, the subsidy vector (s, ..., sy) is
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feasible for allocation A if for any two agents i and j, we have

di(A) =i _ di(Aj) —s;

Wi wj
Assume each chore has a disutility of at most 1 to each agent.

EF-subsidy and PROP-subsidy have a fundamental difference:
in the EF-subsidy problem, agents care about the subsidies paid to
other agents, whereas in the PROP-subsidy problem, they don’t.

If there are n — 1 identical chores and n agents, a subsidy of n — 1
is required to get EF. For chores and equal agent weights, Wu et al.
[48] give an algorithm that achieves EF with a subsidy of at most
n — 1, thus matching the lower bound.

One can define envy-freeness and EF-subsidy for goods analo-
gously. In fact, EF-subsidy is much more well-studied for goods
than for chores. If there is just one good, a subsidy of n — 1 is re-
quired. When agents have equal weights, Halpern and Shah [33]
show that a subsidy of m(n — 1) suffices to get EF. Brustle et al.
[17] improved the upper-bound to n — 1, thus matching the lower
bound. Barman et al. [11], Goko et al. [32], Kawase et al. [35] study
EF-subsidy when agents’ valuation functions may not be additive.
Elmalem et al. [25] study EF-subsidy and unequal agent weights.
Goko et al. [32] study EF-subsidy with truthfulness.

Relaxations of EF and PROP. When money cannot be used to
achieve fairness, notions of approximate fairness are used. These
notions are obtained by weakening or relaxing the definitions of
EF and PROP. Amanatidis et al. [3] give a survey of research on
approximate fairness notions.

EF was initially relaxed to a notion called EFI (envy-freeness
up to one item), and algorithms were designed to guarantee EF1
allocations [14, 18, 21, 40, 47]. A stronger relaxation of EF, called EFX
(envy-free up to any item), was introduced in Caragiannis et al. [20].
For unequal weights, EFX is infeasible [47], and for equal weights,
despite significant efforts, the existence of EFX allocations remains
an open problem. Consequently, relaxations of EFX [5, 19, 23] and
the existence of EFX in special cases [4, 22, 44] have been explored.

PROP1 (proportional up to one item) is a well-known relaxation
of PROP, and its existence was easy to prove [6]. For chores, a
stronger notion called PROPx (proportional up to any item) was also
shown to be feasible [38], but for goods, PROPx was shown to be
infeasible [7], even for equal weights. Hence, notions like PROPm
[9, 10] and PROPavg [36], which are stronger than PROP1 but
weaker than PROPx were shown to be feasible. For equal weights,
MMS (maximin share) [18] is another relaxation of PROP that was
(surprisingly) shown to be infeasible [26, 37], so its relaxations
have been studied [1, 2, 12, 19, 31, 37]. AnyPrice Share (APS) [8]
is another relaxation of PROP that is inspired by MMS but was
designed specifically to handle unequal agent weights.

Most fairness notions were originally defined for the case of equal
agent weights and goods. Garg and Sharma [30] extend definitions
of such fairness notions to more general settings and explore how
different notions are related to each other.

Mixed Divisible and Indivisible Items. Subsidy can be seen as a
divisible good. Many works have studied the allocation of a mix of
indivisible and divisible goods, by appropriately relaxing EF and
PROP for this setting. Liu et al. [41] give a survey of such results.
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2 PRELIMINARIES

For any t € Z5(, we use [t] to denote the set {1,2,...,t}. For any
x € R, we denote max(0, x) by (x)*.

2.1 Fair Division Instances and Allocations

Formally, our input is a fair division instance I, which is denoted
by (N, M, (di)ien, (wi)ien). Here N denotes the set of agents, M
denotes the set of chores, d; : 2M — Ry is called agent i’s disutility
function (i.e., d;(S) is a measure of how much agent i dislikes the set
S of chores), and w; € Ry is called agent i’s weight or obligation.
We have } ;e wi = 1.

We often assume without loss of generality that N = [n] and
M = [m]. A function f : 2lml 5 R is said to be additive if
f(S) = Yees f({c}) for all S C [m]. In this work, we assume
that all disutility functions are additive. For notational convenience,
for ¢ € [m], we often write d;(c) instead of d;({c}). Moreover, we
assume that d;(c) > 0 for each agent i and chore ¢ (otherwise we
can just allocate c to an agent i where d;(c) = 0 and remove ¢ from
further consideration.)

A fair division instance is bounded if d;(c) < 1 for every agent i
and every chore c. We can assume without loss of generality that
the fair division instance given to us as input is bounded, since we
can scale the disutilities by any factor.

For instance I := ([n], [m], (di)L,, (wi)],), a fractional alloca-
tion x € [0, 1]™™ is a matrix where Y1, x;. = 1 for each ¢ € [m].
xi. denotes the fraction of chore ¢ allocated to agent i. Define
x; := (xic)It, to be agent i’s bundle in x. For any agent i € [n] and
vector z € R™, define d;(z) := YiL, (z¢ - di(c)).

The consumption graph of a fractional allocation x € [0, 1]
denoted as G(x), is an undirected bipartite graph ([n], [m], E),
where (i,c) € E & x> 0.

A fractional allocation x is called integral if x; . € {0, 1} for all
i € [n] and ¢ € [m]. Alternatively, we can express the integral
allocation as a tuple A := (Aj,...,A,), where 4; := {c € [m] :
Xic = 1} is the set of chores allocated to agent i, called agent i’s
bundle.

An integral allocation y € {0, 1}"*™ is said to be a rounding of
a fractional allocation x € [0, 1]™™ iff for all i € [n] and ¢ € [m],
we have y;. =1 = x;. > 0. Equivalently, y is a rounding of x iff
G(y) is a subgraph of G(x).

nxm
5

2.2 Fairness and Subsidy

Let x be a fractional allocation for the fair division instance 7 :=
([n], [m], (di),, (w;)I,). Then x is said to be proportional or PROP-
fair if d;(x;) < wid;([m]) for alli € [n].

In a fractional allocation x, the PROP-subsidy of agent i is defined
to be (d;(x;) — wid;([m]))*. This is the amount of money that
must be paid to agent i to compensate for her bundle not being
proportionally-fair to her. The PROP-subsidy of x is the sum of all
agents’ subsidies, i.e.,

D (i) = wid ([m]))*
i=1
The optimal PROP-subsidy of 7, denoted as optSub([1), is defined

as the minimum PROP-subsidy across all integral allocations. Our
goal is to find upper and lower bounds on optSub(Z) assuming



Research Paper Track

di(c) < 1foralli € [n] and ¢ € [m]. Moreover, we would like to
design a polynomial-time algorithm whose output is an allocation
with low PROP-subsidy.

Lower bound on subsidy: Consider a fair division instance 7 with
n equally-entitled agents and m < n identical chores, where d;(c) =
1 for each chore ¢ and agent i. Then optSub(Z) = m(n — m)/n.
This is maximized when m € {|n/2], [n/2]}: for even n, we get
optSub(Z) = n/4, and for odd n, we get optSub(Z) = (n/4)(1 —
n=?).

One way to obtain low PROP-subsidy is to round a fractional
PROP allocation. Let x € [0, 1]™™ be a fractional allocation for
instance I := ([n], [m], (di)L;, (Wi)[,). Let integral allocation A
be a rounding of x. The cost of rounding x to A is defined as

rcostr (A | x) := i(di(Ai) —di(x;))".
i=1

2.3 Pareto-Optimality and Market Equilibria

Definition 1 (Pareto-optimality). For a fair division instance 7 :=
([n], [m], (d;),, (wi)}L,), a fractional allocation x is said to Pareto-
dominate another fractional allocation y if d;(x;) < d;(y;) for all
i € [n] and d;(x;) < di(y;) for some i € [n]. An allocation is
fractionally-Pareto-optimal (fPO) if it is not Pareto-dominated by
any fractional allocation. An integral allocation is Pareto-optimal
(PO) if it is not Pareto-dominated by any integral allocation. (Note
that every integral fPO allocation is also PO.)

Working with PO allocations is difficult, since very few mathe-
matical characterizations of them are known, and it is often compu-
tationally hard to find such allocations. However, (fractional) fPO
allocations can be found in polynomial time, and there is a rich
literature connecting them to market equilibria.

Definition 2 (Market equilibrium). For a fair division instance
I :=([n], [m], (d))},, (Wi)]L,), let x be a fractional allocation and
p € RZ, (p is called the payment vector). Then (x, p) is called a
market equilibrium if for every agent i € [n], there exists @; € Rsg
such that d;(c) > a;p. for all ¢ € [m], and d;(c) = a;p. when
Xic > 0. (a; is called i’s minimum-pain-per-buck.)

For goods, fPO allocations are related to market equilibria via
the Welfare theorems [43]. For chores, the first welfare theorem is
known to hold.

Theorem 1 (First Welfare Theorem [15]). Let (x, p) be a market
equilibrium for the instance I := ([n], [m], (d))[,, (Wi)}_,). Then x
is an fPO allocation.

PRroOF. Suppose x is not fPO. Then a fractional allocation y
Pareto-dominates x. Hence, for all i € [n], we get

di(l-/i) ().

ply) < 20 L )

o

Moreover, d;(y;) < d;(x;) for some agent i € [n]. Then
di(y)  di(x:)

_— g —

(¢4} a;

p(y:) < = p(xi).

n

Hence, p([m]) = XL, p(yi) < Xi,
contradiction. Hence, x is fPO.

p(xi) = p([m]), which is a
O
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3 TECHNICAL OVERVIEW

Our alorithm for obtaining an fPO allocation with low subsidy
starts by computing a PROP+{PO fractional allocation Theorem 2.

Theorem 2. For any fair division instance over chores, we can com-
pute a fractional allocation x and payments p in polynomial time
such that (x, p) is a market equilibrium, x is proportional, and G(x)
is acyclic.

PROOF SKETCH. Let x be an optimal extreme-point solution to
the following LP:

Zn: i di(c)xi,c

min
xeRLG™ T S
where  d;(x;) < wid;([m]) Vi€ [n] (1)
n
and Z Xie =1 Ve € [m].

i=1
Then one can show that x is proportional and G(x) is acyclic. One

can obtain the corresponding payments p by solving the LP’s dual.
See Section 4 for a formal proof. O

Next, we would like to round the allocation obtained from Theo-
rem 2. The following result shows how to reduce the problem of
rounding this fractional allocation to the special case of identical
disutilities.

Theorem 3. Let I := ([n], [m], (d;)l,, (wi)L,) be a bounded fair
division instance. Let (x, p) be a market equilibrium for I. For every
chore c € [m], define d(c) := pc/Pmax, Where pmax := max;":l pj- Let

T be the fair division instance ([n], [m], (67)?21, (w)iz,) (ie, every

agent has disutility function c?) Then I is bounded, and for every
rounding A of x, we have rcostz(A | x) > rcost (A | x).

Before we prove Theorem 3, let us look at an example

Example 3. Consider a fair division instance 7 with three agents
ay, az, and as, having weights 2/15, 8/15, and 1/3, respectively.
There are three chores ¢y, ¢;, and c3, having the following disutili-
ties:

C1 Co C3
() 1/2 1 1/2
bty 11 1
ds()y 1 2/3 1/3
Then for p = (1,1,1/2) and
13 0 0
x=|2/3 2/3 o],
0 1/3 1

(x, p) is amarket equilibrium, with @ = (1/2, 1, 2/3) as the minimum-
pain-per-buck vector. Also, x is PROP, since the agents’ values for

their own bundles are (1/6,4/3,5/9), and their proportional shares

are (4/15,8/5,2/3). G(x) is acyclic, and looks like this (edge be-
tween agent i and chore c is labeled with x;):

1/3 ¢ 2/3 2/3 ¢y 1/3 1 3
@] i
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By Theorem 3, we get a new instance T where the chores have
disutilities (1, 1, 1/2) for every agent. There are 4 possible ways to
round x to an integral allocation, and by inspecting all of them,
we conclude that the allocation A = ({}, {c1},{c2, ¢3}) incurs a
rounding cost of 2/3 in 7, which is optimal. Note that 2/3 is less
than the worst-case subsidy bound of n/3 — 1/6.

Theorem 3 tells us that rcost7 (A | x) < rcostz(A | x). Indeed,
rcosty (A | x) = 4/9 < 2/3. Moreover, the PROP-subsidy of A is
1/3, which is less than 4/9.

Proor oF THEOREM 3. Let ; be the minimum-pain-per-buck for
each agent i. For each pair (i, ¢) such that x; . = 0, we first reduce
d;(c) such that d;(c) = a;p.. Then each agent i’s disutility function
becomes proportional to the payment vector p, but d;(4;) and
d;(x;) remain unchanged, so rcost(A | x) remains unchanged. Now
for each agent i, increase d;(c) to max;e[,] d;(c) so that disutility
functions become identical. Then for each agent i € [n], (d;(A;) —
di(x;))* either stays the same or increases.

The above process can be succinctly emulated by setting the
disutility of each chore ¢ to p¢/pmax- We now formally prove its
correctness.

Let ¢* € argmax,|,,] pc- Then for any i € [n], we have

aiper < di((,‘*) <1

Foranyi € [n] and ¢ € [m] such that x;. > 0, we have d;(c) = a;p..
Therefore,
@ =ai—Pc :aipc* Sl
d(c)  Pelpe
Hence,
(di(A;) = di(x:))*
aipc*

Hence, rcost (A | x) > rcostr (A | x).

(d(A) —d(x)* = > (di(A) — di(x))*

]

Next, in Section 5, we prove the following theorem, which solves
the low-cost rounding problem.

Theorem 4. Let T bea bounded fair division instance where every
agent has the same disutility function. Let x be any fractional alloca-
tion forf such that G(x) is acyclic. Then we can compute a rounding
A of x in O(m + n?) time such that rcost7(A | x) <n/3-1/6.

Finally, we combine these results to prove our main result.

Theorem 5. Let I := ([n], [m], (d;))[,, (Wy)]_,) be a bounded fair
division instance. Then we can, in polynomial time, compute an inte-

gral fPO allocation A having PROP-subsidy at mostn/3 — 1/6, i.e.,

(SN

D (@A) = wid ([m]))* < % -
i=1

ProoF. Let (x,p) and T be as defined by Theorems 2 and 3,
respectively. We can compute them in polynomial time. Using The-
orem 4, we can compute a rounding A of x in polynomial time such
that rcost 7(A | x) < n/3 — 1/6. Hence, the total subsidy is at most

Z(dim,-) — widi ([m]))*

(since x is proportional)

< Z(d,-(Ai) —di(x)"*
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=rcostr (A | x) < rcostz(A | x) (by Theorem 3)
1
< g e (by Theorem 4)

Moreover, since A is a rounding of x, (A, p) is also a market equi-
librium. By the first welfare theorem (Theorem 1 in Section 2.3),
we get that A is fPO. O

4 AN ACYCLIC PROPORTIONAL MARKET
EQUILIBRIUM

Let I := ([n], [m], (d),, (wi)[L,) be a fair division instance. We
want to find a market equilibrium (x*, p*) such that x* is PROP and
G(x*) is acyclic.

Any optimal solution to linear program (1) (c.f. Section 3) is
PROP and fPO. We will show that there exists an optimal solution
x* to the LP such that G(x") is acyclic, and we will show how to
find payments p* such that (x*, p*) is a market equilibrium.

Lemma 1. LP (1) is feasible. Moreover, we can obtain in polynomial
time a solution x* to LP (1) such that G(x*) is acyclic.

ProOEF. Let x(? € [0,1]™™, where xig)

¢ € [m]. Then x? is a feasible solution to LP (1).

We can compute an optimal solution X to the LP in polynomial
time. Lemma 2.5 by Sandomirskiy and Segal-Halevi [46] shows how
to transform X to another optimal solution x* in O(n?m?(m + n))
time such that G(x*) is acyclic. Alternatively, one can show that
if X is an extreme-point optimal solution to the LP, then G(X) is
acyclic. The proof is very similar to Lemma 2.5 by Sandomirskiy
and Segal-Halevi [46]. o

=w; foralli € [n] and

Bréanzei and Sandomirskiy [16] prove the Second welfare theorem
for chores, which says that for any fPO allocation x, there exist
payments p such that (x, p) is a market equilibrium. However, their
result only works for cases where d;(x;) > 0 for all i € [n], which
is not guaranteed for x* obtained as in Lemma 1. Hence, instead of
relying on their result, we directly (and constructively) prove the
existence of payments p* such that (x*, p*) is a market equilibrium.
We do this by considering the dual of LP (1):

ipc - Zn: hiw;d;([m])
c=1 i

pe < (1+h)di(c) Vi e [n], Ve € [m]

max
pER™, heRgo

@)

where

Lemma 2. Let x* be an optimal solution to LP (1) and (p*, h*) be
an optimal solution to LP (2). Then (x*, p*) is a market equilibrium.

Proor. For all i € [n], let a; := 1/(1 + h}). For all i € [n]
and ¢ € [m], feasibility of (p*, h*) gives us d;(c) > a;pi. When
x;, > 0, we get p; — (1+hj)di(c) = 0 by complementary slackness,
so di(c) = a;p;. For every ¢ € [m], there exists i € [n] such
that xj. > 0, so p. = di(c)/a; > 0. Hence, (x,p") is a market
equilibrium. O

5 LOW-COST ROUNDING

In this section, we prove Theorem 4. Given a fractional allocation
x such that G(x) is acyclic, we partition G(x) into a collection of
small chore-disjoint trees and round each tree independently. See
Fig. 1 for a visual representation. This technique is similar to the
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decompose

round

recompose

Figure 1: Decomposing a tree into 3 subtrees based on the
partition ({ci}, {c2}, {c3,cs}) of the chores, and then round-
ing the subtrees independently. Circles represent agents and
squares represent chores.

tree-splitting technique by Wu and Zhou [49], but differs in two
important ways. (i) We apply tree-splitting to G(x), whereas Wu
and Zhou [49] apply it to a forest over agents that is defined in
terms of the fractional bid-and-take algorithm. (i) We partition G(x)
into trees differently. By exploiting the fact that all agents have the
same disutility function, the trees in our partition are smaller and
have a simpler structure. This considerably simplifies our rounding
algorithm.

5.1 Formalizing the Decomposition

We start by formally defining our analogue of the tree-splitting
technique, and showing that it can be used to decompose the low-
cost rounding problem into simpler sub-problems.

Let x € [0,1]™™ be a fractional allocation for the instance
I :=([n], [m], (d),, (w;)I,) such that G(x) is a forest. For any
S € [m], let 6x(S) be the agents adjacent to some chore in S, i.e.,

6x(S) :={i € [n] : xjc > O for some ¢ € S}.

Define 7, (S) := (8x(S), S, (di)ies,(s)> (W})ies, (s)) to be the instance
I restricted to chores S, where (w});cs, (s) is an arbitrary sequence
of positive numbers that sum to 1.
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Let (Mi,...,Mr) be a partition of the chores [m]. Define the
fractional allocation x(*) as the restriction of x to I, (M,), i.e., x(*) €
[0, 1]%x M)XMe \yhere xi(;.) :=x; j foralli € 6,(M;) and j € M,.For
any rounding A of x, define the allocation A as (AN My)iese(My)-
Then

rcosty (A | x) = Zn:(di(Ai) —di(x;))"
i1

= i max |0, i (di(Ai NnM)— Z di(c)xi,c))
i=1

t=1 ceM;

< i Z max (0, di(Ai N M;) - Z d,'(c)x,;c)

t=1 i€dx (My) ceM;

T
= Z rcost r, (m;) (AD) | x®),
=1

Hence, to round x, we can partition the chores and round each set
in the partition independently.

For any S C [m], define G(x) N S to be the subgraph of G(x)
induced by vertices S U ,(S). We will often pick the partition
(M, ..., Mr) such that G(x) N M, has special structure for each
t € [T], which would help us round it with a low cost.

5.2 Decomposition Algorithm

Using Section 5.1, we can assume without loss of generality that
G(x) is a tree, because if G(x) is a forest, then we can just round
each tree independently.

We can also assume that every chore has degree at least 2. This is
because if some chore c is adjacent to just one agent i, then x; . = 1,
so it is already integrally allocated, and we can remove it from
consideration.

Since G(x) is a tree, it has m + n — 1 edges. Since all chores have
degree at least 2, we get

m
m+n-1= ZdegG(x) (c) = 2m.

c=1

So we havem < n— 1.

We show that a partition (M, ..., Mr) of the chores always
exists such that for all t € [T], each subgraph G(x) N M; is one of
the following types (see Fig. 2):

(1) Type 1: A single chore ¢ and two agents i; and i; who share
it.

(2) Type 2: Two chores {cy, c;} and three agents {iy, iy, i3}, where
i1 and i, share ¢, and i, and i3 share c,.

(3) Type 3: A collection of chores {c,cy, ..., cp} and a group of
agents {ay,...,ak, by,...,bp}, where k > 3and 0 < h < k.
Chore ¢ is shared by agents ay, ..., ai, and chore c; is shared
by agents a; and b; for j € [h].

Lemma 3. Letx € [0,1]™™ be a fractional allocation such that
G(x) is a tree and every chore has degree 2. Then we can compute a
partition of the chores in O(n?) time such that each induced subgraph
is of type 1 or 2, and at most one subgraph is of type 1. Moreover, a
subgraph of type 1 exists iff m is odd.



Research Paper Track

(a) Type 1 (b) Type 2
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(c) Type 3:k =3 and h =2

Figure 2: Types of trees. Circles are agents and squares are chores.

ProOF. Let G’ = ([n], E’) be a graph where (i, j) € E if agents i
and j share a chore, i.e,, 3¢ € [m] such that x; > 0 and x;. > 0.
Then G’ is a tree. Using Lemma 4.4 of Wu and Zhou [49], in O(n?)
time, we get an edge-disjoint decomposition of G’ into subtrees
with at most two edges, and at most one such subtree has exactly
one edge. Since edges correspond to chores, and all subtrees having
type 2 implies m is even, the lemma stands proven. O

Lemma 4. Let x € [0,1]™*™ be a fractional allocation such that
G(x) is a tree and some chore has degree at least 3. Then we can
compute a partition of the chores in O(m?) time such that each induced
subgraph is of type 2 or 3.

ProoF. We prove this using induction over the number of chores.
This is trivially true if there are 0 chores. Now assume at least m > 1
chores exist, and every subtree induced by at most m — 1 chores
can be decomposed into subtrees of types 2 and 3 if some chore has
degree at least 3.

Let ¢ be a chore of degree k > 3. We will color some chores
red such that red chores induce a subtree of type 3, and we will
partition the remaining chores such that the induced subtrees have
types 2 and 3. First, root the tree G(x) at ¢, and color ¢ red. Let
ai, ..., ar be the children of ¢. Fix i € [k]. If a descendant chore of
a; has degree at least 3, decompose the subtree rooted at g; into
subtrees of types 2 and 3 using the induction hypothesis.

Now assume all of a;’s descendant chores have degree 2. Let
chores cy,...,c; be a;’s children, and T; be the subtree rooted at
cj. Let Joga := {j € [¢] : Tj has an odd number of chores}. For
each j € [¢] \ Joaa, decompose T; into subtrees of type 2 using
Lemma 3. Pair up 2| |Jo44|/2] chores from J,44. For each pair (jy, jo),
Tj, UT;, U{a;} is a subtree of G(x) and contains an even number of
chores, so we decompose it into subtrees of type 2 using Lemma 3.
Now at most one child ¢* of a; remains that hasn’t been part of a
decomposition. Color ¢* red. Since c* has degree 2, it has exactly
one child agent, which we denote as b;. The subtree rooted at b;
has an even number of chores (perhaps zero chores), so decompose
it into subtrees of type 2 using Lemma 3.

Do this for all i € [k]. Now all red chores induce a subtree of
G(x) of type 3. All the remaining chores have been partitioned
such that each induced subtree has type 2 or 3. This completes the
inductive step of the proof. By mathematical induction, the lemma
holds for any number of chores. One can convert this inductive
proof into a recursive algorithm that runs in O(m?) time. O
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5.3 Rounding Small Trees

Let 7 be a bounded fair division instance having n agents and m
chores, where all agents have the same disutility function d. Given
a fractional allocation x such that G(x) is one of the three types
mentioned in Section 5.2, we will show how to round it.

Lemma 5. IfG(x) is a type 1 tree, we can round it with cost at most
1/2.

Proor. Since G(x) is a type 1 tree, a single chore ¢ is shared
among agents 1 and 2. Without loss of generality, assume x; ;. > xz.

Since x1 ¢ + x2. = 1, we get x1c = 1/2 > xz.. Allocate ¢ to agent 1.
Then the rounding cost is d(¢)(1 — x1.) < d(c)/2 < 1/2. o

Lemma 6 (Theorem 4.1 by Wu and Zhou [49]). IfG(x) is a type 2
tree, we can round it with cost at most 2/3.

Lemma 7. For any real numbers a, b, and c, we have

r := min(c + a, max(c, b)) < max(c, (a+ b +¢)/2).

Proor. If b < ¢, then r min(c + a,¢) < ¢. If b > ¢, then
r=min(c+ab) <(a+b+c)/2. O

Lemma 8. IfG(x) is a type 3 tree, we can round it with cost at most

(k+h-1)/3.

Proor. Recall that in a type 3 tree, the set of chores is {c, ¢y, . . ., ¢},
and the set of agents is {ay,...,ax, b1,...,bp}. For i < k, define
Yi = Xq, 5 For i < h, define z; := x4, ;. We first characterize the
subsidy required to round each c;, for i < h, depending on whether
agent a; receives C.

Suppose i < h and a; doesn’t receive ¢. If a; receives c;, the cost
of rounding ¢; is

(d(ci)(1—z;) —y;d(0) ™.

If a; doesn’t receive c;, the cost of rounding c; is d(c;)z;. By Lemma 7
(wth ¢ = 0), the smaller of these two costs is at most

N (0’ d(c;) - d(ayi) < 1- d(?:)y,-.

2 2
Suppose i < h and a; receives ¢. If a; also receives c;, the cost of
rounding c; is

®)

(1-y;)d(©) + (1 - z;)d(cy).
If a; doesn’t receive c;, the cost of rounding c; is

((1 - y)d(e) — z:d(c;))™ + zid(c;) = max((1 - y;)d(C), z:d(cy)).
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By Lemma 7, the smaller of these two costs is at most

1—1y;)d(c) +d(c;) < 1+ (1-y)d(c)
2 - 2 ’

(

max ((1 - )d (), @

Assume without loss of generality that the sequence (y,‘)f‘:1 is

non-increasing, and the sequence (yi)f:h 41 is non-decreasing. Let

p = Z?:l y; and q := Zif:hﬂ yi. Thenp+q=1.1fh > 1 and we
allocate ¢ to agent ay, the total cost of rounding is at most

1+ (1-y)d@ <~ 1-yd(@ _h 1-p
; +Z =, @ = 6)
—_— i=2 S —
using (4) using (3)

If h < k and we allocate ¢ to agent ag, the total cost of rounding
is at most

h
Z 1-y;d(c)
i=1 2
R ——
using (3)

H@ -y =1 +d@ (L 41-u). ©

We now get four cases depending on the value of h:

(1) h = 0: Then p = 0 and y; > 1/k. Allocate ¢ to agent ay.

Rounding cost is at most h/2 + d(¢)(1 —yx) <1 - 1/k.

(2) 1 < h < k — 2: Allocate ¢ to agent a;. Rounding cost is at
most (h+1)/2.

(3) h = k — 1: Then p = 1 — y. If we allocate ¢ to agent aj,
rounding cost is at most h/2 + d(¢)yi /2. If we allocate ¢ to
agent ay, rounding cost is at most /2 + d(¢) (1 — yx)/2. The
better choice has rounding cost at most /2 + 1/4.

(4) h =k: Then p = 1. Allocate ¢ to agent a;. Rounding cost is
at most h/2.

Hence, the rounding cost is at most

(k-1)/k ifh=0
h+ 1/2 ifl1<h<k-2
2 1/4 ifh=k-1
0 ifh=k
h k-1-h/2 k+h-1
< -+ = . O
2 3 3

5.4 Summing the Cost Over Subtrees

Now that we have partitioned the chores and bounded the rounding
cost for each induced subtree, let us find the rounding cost for the
entire instance.

Lemma9. Letx € [0, 1]"*™ be a fractional allocation for a bounded
fair division instance I where all agents have the same disutility
function. IfG(x) is a tree and every chore has degree 2, we can compute
a rounding A of x in O(n?) time such thatrcostr (A | x) < n/3-1/6.

Proor. Using Lemma 3, we can partition the chores in O(n?)
time such that each induced subgraph has type 1 or 2, and at most
one subgraph has type 1. By Lemma 5, we pay a cost of 1/2 for each
chore in a type 1 subtree, and by Lemma 6, we pay a cost of 1/3 for
each chore in a type 2 subtree. Hence, the total rounding cost is at
most m/3 + 1/6.
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Since each chore has degree 2, the number of edges is 2m. Since
G(x) is a tree, the number of edges ism + n — 1. Hence, m =n — 1,
so the total rounding cost is at most n/3 — 1/6. O

Lemma 10. Let x € [0,1]™™ be a fractional allocation for a
bounded fair division instance I where all agents have the same
disutility function. If G(x) is a tree and some chore has degree at
least 3, we can compute a rounding A of x in O(n?) time such that
rcosty (A | x) < (n—1)/3.

Proor. Using Lemma 3, we can partition the chores in O(n?)
time such that each induced subgraph has type 2 or 3. Define the
weight of a tree to be the number of edges minus the number of
chores. By Lemmas 6 and 8, the rounding cost of each type-2 or
type-3 subtree is at most 1/3 of the subtree’s weight. Let e be the
number of edges in G(x). Then the total rounding cost is at most
(e —m)/3. Since G(x) is a tree, e = m + n — 1, so the total rounding
cost is at most (n —1)/3. m}

If G(x) is a forest, we can round each tree separately, so using
Lemmas 9 and 10, we get that the total rounding cost is at most
n/3 — 1/6. This completes the proof of Theorem 4.

6 CONCLUSION

We give a polynomial-time algorithm for allocating chores among
agents with additive disutilities and potentially unequal weights.
Our algorithm’s output is not only fPO, but also matches the best-
known PROP-subsidy upper-bound of n/3 — 1/6 [49].

Our result is much simpler than Wu and Zhou [49] due to our
clever use of market equilibrium. We used the payment vector
to reduce the low-cost rounding problem to a special case where
agents have identical disutilities. This significantly simplified the
rounding algorithm, and we believe this simplification can aid in
the design of algorithms with even better upper bounds on subsidy.

The PROP-subsidy problem has been studied for goods too. The
lower bound of n/4 continues to hold for goods, and Wu and Zhou
[49] give an algorithm whose subsidy is at most n/3 —1/6. We tried
to extend our approach to goods too, but our reduction to identical
valuation functions only works for chores, not goods. For chores,
making disutilities proportional to payments involves decreasing
disutilities, but for goods, we must increase utilities, which can
destroy the instance’s boundedness.

More general versions of the problem offer interesting directions
for future work, like when agents’s disutilities are not additive, or
when the items are a mix of goods and chores. Another direction to
explore is to consider fairness notions other than PROP, like MMS
[18, 45] or APS [8]. It is not known whether a sublinear subsidy
suffices for these notions.
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