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ABSTRACT

Autonomous multi-robot systems in modern warehouses often need
robots to be rearranged for efficient task execution. A key question
is whether the underlying layout allows transformation between
any two configurations without collisions. We model the layout as
a graph G(V, E), with vertices as locations and edges as paths, and
study the UNIVERSAL SOLVABILITY OF ROBOT MOTION PLANNING ON
GraPHs (USOLR) problem: given G and p robots, does G allow any
configuration to be transformed into any other via valid moves?
For this, we design a linear-time randomized algorithm with one-
sided error that always correctly identifies universally solvable
graphs and may fail only on non-universally solvable instances;
derandomization incurs a factor-p overhead, giving deterministic
running times of O(p(|V| + |E|)) for sparse and O(|V| + |E|) for
dense graphs. Finally, we consider the GRAPH EDGE AUGMENTATION
FOR UNIVERSAL SOLVABILITY (EAUS) problem: given a connected
graph G not universally solvable for p robots, can at most  edges be
added to make it universally solvable? We show an upper bound of
p—2on f for general graphs and give examples requiring ©(p) edge
additions. We then study GRAPH VERTEX AND EDGE AUGMENTATION
FOR UNIVERSAL SOLVABILITY (VEAUS), where a vertices and f edges
may be added, and provide lower bounds on these parameters.
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1 INTRODUCTION

Multi-Robot Motion Planning is a fundamental problem in robotics,
Al and computational geometry. It studies how to coordinate mul-
tiple robots to move collision-free so that any configuration can
reach any other. Attaining this full reachability is of utmost impor-
tance in practical systems such as automated warehouses, factories,
or swarm robotics. Without full reachability, certain configurations
may become inaccessible, causing inefficiencies, bottlenecks, or
even system failures. This motivates the study of the UNIVERSAL
SOLVABILITY OF ROBOT MOTION PLANNING ON GrAPHS (USOLR)
problem within the graph-based planning framework. In this work,
we model the workspace as an undirected graph G(V, E), where
vertices represent discrete locations and edges represent paths. We
consider p < |V| robots, each occupying a distinct vertex. At each
step, a robot may stay or move to an adjacent unoccupied vertex,
but adjacent robots cannot swap positions along an edge in a single
move. A configuration of the system at time ¢ specifies the posi-
tions of all robots on the graph at that time. A move is defined as a
transition between two such configurations. Let S denote the initial
configuration, and let T denote the final desired configuration. We
require the robots to move from S to T without any collisions or
deadlocks. As a practical example, consider a warehouse where
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Figure 1: Illustration of reconfiguration instances: (a) a NO
instance where the robots cannot be swapped, and (b) a YES
instance where any target configuration is reachable.

autonomous robots move items between storage shelves and pack-
ing stations. The warehouse can be modeled as a graph G(V, E),
with vertices representing locations like storage shelves or pack-
ing stations and edges representing traversable paths. Suppose p
robots operate simultaneously, each occupying a unique vertex.
Over time, the system may need to rearrange robots from an initial
configuration S to a target configuration T. To perform the desired
task efficiently, the system requires that such transformations be
possible for any pair of configurations.

In USOLR, we address the following decision question: Given
a graph G(V,E) and an integer p, can any configuration S of p
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robots be transformed into any other configuration T via a se-
quence of valid moves? As shown in Figure 1, in Figure 1a the
initial configuration is s; = v; and s; = v3. We ask whether it is
possible to reconfigure the robots to any desired target positions.
This instance is a NO instance, since it is impossible to transform it
to the target configuration t; = v3 and t, = v, via valid moves.

In contrast, Figure 1b shows an YES instance, where the con-
figuration can be reconfigured to any desired target placement.
Graphs with this property are called universally solvable. Not all
graphs satisfy this property; for example, the presence of a cut
edge may block reachability between certain configurations. This
motivates augmentation questions: can a non-universally solvable
graph be made universally solvable by adding at most f edges?
More generally, if edge additions alone are insufficient, can uni-
versal solvability be achieved by adding « vertices along with f
edges? For example, a star graph with one robot per vertex is not
universally solvable and cannot be fixed by few edge additions,
but adding two vertices adjacent to the center suffices. Designing
minimal augmentations to ensure full reconfigurability is important
in practical settings where structural changes are costly.

Our work is also motivated by prior studies on coordinated
motion planning in restricted environments [1, 16, 18, 21], which
give efficient algorithms for deciding reachability between a given
pair of configurations S and T, but do not address whether all config-
urations are mutually reachable. Although group-theoretic methods
in [16] characterize certain graph classes with full reachability, the
notion of universal solvability in general graphs remains largely
unexplored. We bridge this gap by studying the USoLR problem
from both structural and algorithmic perspectives.

1.1 Related Work

Robot motion planning has received significant attention, both
in theoretical and applied contexts over the past few decades [13,
14, 19]. Closely related problems are: token swapping [3, 22] and
pebble motion on graphs [10, 12, 15, 16, 20]. More recently, coor-
dinated motion planning has been studied with respect to min-
imising various target objectives, such as the makespan of the
schedule of the robots [2, 8, 23] and the total distance travelled by
all robots [5, 8, 11, 23]. Problems related to robot motion planning
arise in robotics [4], motion planing [6], puzzle design [17], and
distributed systems [9], and have motivated extensive research on
their complexity, solvability, and algorithmic strategies. Now, we
discuss a few key contributions related to the feasibility variants of
robot motion planning.

Kornhauser et al. [16] study the PEBBLE MOTION problem on
graphs, where p < n labelled pebbles are placed on distinct vertices
of an n-vertex graph G, and the goal is to reach a target configura-
tion via moves to adjacent unoccupied vertices. They reduce the
problem to a permutation group setting, where valid move sequences
form a group R(P). For various graph classes (e.g., biconnected, sep-
arable, trees), R(P) is shown to be transitive or decomposable into
transitive components. The authors prove that R(P) contains either
the alternating group A, or the symmetric group S;,, depending on
the structure of G. Auletta et al. [1] address the PEBBLE MoTION
problem on trees and present a linear-time algorithm that reduces
it to the PEBBLE PERMUTATION problem, where the set of occupied
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vertices remains the same and the goal is to realise a given permu-
tation of the pebbles in these vertices through a sequence of valid
moves. Their approach yields an O(n)-time decision algorithm and
an O(n + ¢£)-time constructive algorithm, where ¢ is the length of
the move sequence and n is the number of vertices.

Yu and Rus [24] generalise the classical PEBBLE MoTION
problem to pebble motion with rotations (PMR) for p pebbles on an
n-vertex graph, where in addition to simple moves into unoccupied
vertices (p < n), synchronous cyclic rotations along disjoint cycles
are also allowed. In the fully packed case (p = n), only rotations are
feasible. They model reachable configurations as elements of a sub-
group G < S, generated by these rotations. For 2-edge connected
but not 2-connected graphs, they prove that G contains either the
alternating group A, or the symmetric group S,, and establish an
upper bound of diam(G) = O(n?), ensuring reachability in polyno-
mial time. These results extend to general 2-edge-connected graphs
and enable a unified framework where feasibility can be tested in
linear time, and a complete plan can be computed in O(n®) time
for all values of p < n.

While most existing works focus on checking the feasibility
of transforming a specific start configuration S into a target config-
uration T, relatively little attention has been paid to the question of
universal solvability: whether all configurations on a given graph
are mutually reachable. This motivates our study, which aims to
analyse the universal solvability of general graphs and bridge this
gap in the literature.

1.2 Our Contributions

Our primary contributions are as follows:

(1) Structural characterization: Inspired by [24], we prove
that all equivalence classes have equal size, implying that
the number of reachable configurations is a factor of the
total number of configurations when p = |V|, and a
similar argument extends to p < |V|. This structural
insight underpins our algorithmic results.

Efficient algorithms: We give a linear-time randomized
algorithm with one-sided error for deciding USoLR. De-
randomization yields deterministic algorithms running
in O(p(|V| + |E|)) for sparse graphs and O(|V| + |E|)
for dense graphs, improving on earlier deterministic
quadratic-time methods for planar graphs [24].
Optimized deterministic algorithm: Building on the
randomized algorithm, we first derandomize it to check
universal solvability using only p — 1 carefully chosen
reachability tests, yielding a polynomial-time determin-
istic algorithm. We then present a more involved, non-
trivial optimized deterministic algorithm that leverages
structural properties of the graph such as connectivity
and sufficiently large 2-connected components—to re-
duce unnecessary reachability checks. This optimized
algorithm runs in O(p - (V| + |E|)) for sparse graphs,
which further reduces to O(|E|) for dense graphs.
Edge augmentation (EAUS): We bound the number f
of edges needed to make a connected graph universally
solvable for p robots, showing f < p — 2 in general and
O(p) is tight in the worst case.
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(5) Vertex and edge augmentation (VEAUS): Allowing o
added vertices and f edges, we prove lower bounds show-
ing that for an infinite family of graphs, a = Q(\/M)
and f = @(\/m) are necessary when p = |V|.
Due to space constraints, some results (marked with x),
including the Accumulation section, are deferred to the full ver-
sion [7].

2 PRELIMINARIES

Basic Notations. We denote the set of positive integers by N and
the set of integers by Z. For k € N, we denote the set {1,2,...,k}
by [k]. For a set S, we denote its power set (family of all subsets of
S)by 25 = {S" | " C S}. For k € N, we denote the family of subsets
of S of size k by (i) For a function f : X — Y, and a subset X’ C X,
the set of images of X’ is denoted by f(X’) = {f(x) | x € X'}.
Further, let €, be the set of all permutations from [p] to [p], thus,
|&,| = p!. For functions f : X; — X, and g : X, — X3, we denote
their composition as f o g : X; — X3, i.e,, f o g(x) = f(g(x)) for
all x € Xj.

Graph Theory. We denote by G(V, E), an undirected graph with
vertex set V and edge set E. Throughout this paper, we only consider
undirected graphs. A cut vertex (resp. edge) of a graph is a vertex
(resp. edge) whose deletion increases the number of connected
components. The edge connectivity, A(G) of a graph G(V, E) is the
minimum number of edges required to be deleted to make the graph
disconnected. We say that a graph G(V, E) is k-edge connected if
A(G) = k. The vertex connectivity, k(G) of a graph G(V, E), is the
minimum number of vertices required to be deleted to make the
graph disconnected. We say that a graph G(V, E) is k-connected if
k(G) = k.

Motion Planning. We consider an underlying undirected graph
G(V,E) with |V| = n and |E| = m. Consider a set Rof p € N
robots. For convenience, we assume the robots are named 1, 2, . . .,
p; hence R = [p]. We use both R and [p] to denote the set of robots,
depending on the context. A configuration, S : R — V is an injective
map from the set of robots to the set of vertices of the underlying
graph G(V, E); for robot i, S(i) denotes the vertex occupied by it.
S(R) C V denotes the set of vertices occupied by the set of robots
R. The configuration is an injective map as it models the constraint
that no two robots can occupy the same vertex in a configuration,
ie,i#j = S(i) # S(j). We denote by Sg = {S: R —> V|
S is a configuration} the set of all configurations of the robots in R
that are possible on the graph G. Note that |Sg| = (nf—;,),

Valid Moves. We now formally define the notion of valid/feasible
moves in terms of pairs of configurations that can be reached from
each other by one such move. We introduce three different types
of valid moves as follows:

o Simple Path Move: A simple path move is defined as
a pair of configurations that can be achieved from one
another by sliding robots along a path synchronously, as
shown in Figure 2. Formally, for configurations S, S’, the
pair (S, S’) defines a simple path move if there is a path
P = (ug, U1, Uy, . . ., ux) in G such that,

- ug € S(R) (empty in S) and up ¢ S’ (R) (empty in S”).
— For all i € R such that S(i) ¢ P, we have S’ (i) = S(i)
(robots outside the path P do not move).
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- Foralli € Rsuch that S(i) = uj, with j € {0,1,...,k—
1}, we have S’ (i) = uj41 (robots in P synchronously
move one unit each).

We say that S’ is obtained by pushing S along the path

Simple Path
Move

O — Denotes an occupied vertex

O — Denotes an unoccupied vertex

Figure 2: Simple path move, where r; denotes robot i.

¢ Simple Rotation Move: A simple rotation move is

a move along a simple cycle (all whose vertices are

occupied by robots) such that all the vertices in that

cycle synchronously move to their immediate neigh-
bour in either clockwise or anticlockwise direction in
one such move.Formally, for configurations S, S’, the
pair (S,S”) defines a simple rotation if there is a cycle

C = (ug, Uy, Us, . . ., U = Up) in G such that,

- {ug,...,uk—1} S S(R) (occupied vertices in S) and
{ug, ..., up—1} € S’(R) (occupied vertices in S’).

— For all i € R such that S(i) ¢ C, we have S’ (i) = S(i)
(robots outside the cycle C do not move).

— Foralli € R such that S(i) = u;, with j € {0,1,...,k—
1}, we have S’ (i) = uj41 (robots in C synchronously
move one unit each).

Dummy Move: A dummy move is the pair (S, S) for

any configuration S; this corresponds to not moving any

robot from its occupied vertex in S.

A valid move is either a simple path move, a simple rotation
move, or a dummy move. Note that we do not allow robots to
swap along an edge as a move on its own (see, Figure 1a). Trivially,
(S,5’) is a valid move if and only if (5", S) is a valid move as it is
an undirected graph, and each of these valid moves are reversible.

Further, for a configuration S and a permutation r : [p] —
[p], their composition S o 7, corresponds to another configuration
where robots are renamed according to the permutation 7~!; if
robot i occupies vertex S(i) in S, then robot 77! (i) also occupies
vertex S o (771 (i)) = S(i) in the configuration S o 7, as illustrated
in Figure 3. We state an observation regarding valid moves.

OBSERVATION 2.1. For configurations S and S’, (S,S’) is a
valid move if and only if (S o n,§" o x) is a valid move for any
permutation 7 : [p] — [p].
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Figure 3: Composition of a configuration over a permutation,
where r; denotes robot i.

2.1 Equivalence Relation based on Reachable
Configurations

We now define what is meant by a configuration to be reachable
from another configuration and define a binary relation based on
reachability. We will use this to define equivalence classes which
would further help us in analysing the structure of the problem
instance.

DEFINITION 2.1 (REACHABILITY OF CONFIGURATIONS). We
say that a configuration T is reachable from S, if there is a finite
sequence of configurations (So, S1, . ..,S¢) withSy =S, Sy =T where
(Sk-1, Sk) is a valid move for all k € [t].

Informally, T is reachable from S if, for all i € R, robot i
starts at vertex S(i), and after a sequence of valid moves, it reaches
vertex T (i). Since moves are reversible, for an undirected graph, if
T is reachable from S, then S is also reachable from T. Further, S is
reachable from itself as a dummy move is a valid move.

Based on the above definition of reachability, a homogeneous
binary relation (i.e., a binary relation between a set and itself) R,
can be defined as follows:

DEFINITION 2.2. R is the homogeneous binary relation over
the set of all configurations S defined by reachability as,

R={(S,T)|S.T € Sg andT is reachable from S}
We denote (S,T) € RasS ~ T and (S,T) ¢ RasS + T.

The above relation R is an equivalence relation, as it is re-
flixive, symmetric and transitive. Since an equivalence relation
provides a partition of the underlying set into disjoint equivalence
classes, the reachability relation R also partitions the set S¢ into
disjoint equivalence classes based on mutual reachability. This gives
us a generalisation of Observation 2.1.

OBSERVATION 2.2. For configurations S and S’, S ~ S” if and
only if So w ~ §" o w for any permutation « : [p] — [p].

PRrOOF. Suppose S ~ S’. Then there exists a sequence (Sy =
S, Sy,...,S = §’) where each (Sk_1,Sk) is a valid move. By Ob-
servation 2.1, every (Sk—1 o 7, Sk o ) is also a valid move. Thus,
(SoomSyom,...,S o) is a valid sequence, and therefore S o 77 ~
S o O

2.2 Problem Definition

Let us define the problem UNIVERSAL SOLVABILITY OF RoBOT Mo-
TION PLANNING ON GRAPHS (USOLR).
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UNIVERSAL SOLVABILITY OF ROBOT MOTION PLANNING ON
Grarus (USoLR)

Input: A graph G(V,E), aninteger p e N(2 < p < |V])
Question: Decide if for all configurations S, T of p robots on
the underlying graph G, are S and T reachable from each other
using valid moves

In this paper we also require the definition of a related prob-
lem, FEASIBILITY OF ROBOT MOTION PLANNING ON GRAPHS.

FEASIBILITY OF ROBOT MOTION PLANNING ON GrRAPHS (FRMP)
Input: A graph G(V,E), an integer p € N (2 < p < |V]), a pair
of robot configurations (S, T)

Question: Decide if the configuration T is reachable from S
using only valid moves on the underlying graph G

Yu and Rus [24] propose an algorithm, which we denote as
A in our work, that solves the FRMP problem for a given instance
consisting (G(V, E), p, (S, T)) in time O(|V| + |E|). They prove the
correctness and time-complexity of A in Theorem 20 in their paper,
which we restate as the following proposition.

PRrRopOSITION 2.1. [24] Given an instance (G(V,E), p, (S, T))
of FRMP, there exists a deterministic algorithm, denoted as Algo-
rithm A, to decide if T is reachable from S using only valid moves on
G, that runs in time O(|V| + |E|).

3 [x] ACCUMULATING ROBOTS TO SPECIFIC
VERTICES

We now describe how to accumulate robots into specific vertices
using valid moves. This algorithm serves to reveal structural prop-
erties of configurations rather than acting as a standard subroutine.

For a connected graph G(V, E) with a fixed total ordering
Intr on V, and let R = [p] denote the robots, a deterministic BFS
starting from the least indexed vertex enumerates the vertices in
a specific order: vy, vy, ..., v,. For a system of p robots, we define
Vp = {v1,09,..., vp}, representing the first p visited vertices. The

S v -7 S0 v _ -7

v13 v13

BFS tree,

Positions of robots 1, 2, 3, 4

v’s and Vj, Output of the Accumulation algorithm

Figure 4: The accumulation procedure in action, illustrating
a robot moving along the unique BFS tree path towards the
least unoccupied target vertex.

following key lemma establishes that we can accumulate robots to
any arbitrary subset of vertices using these moves.

LEMMA 3.1 (x). Consider a graph G(V,E), a set of robots R =
[p] and an intrinsic ordering Intr of V. LetS : R — V be any arbitrary
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configuration. Let X C V be any arbitrary subset of size |X| = p.
There exists a configuration T : R — V such that T(R) = X and
S~T.

ProoF SKETCH. The accumulation procedure operates on a
BFS tree T of G, generated according to the intrinsic ordering Intr.
If the current occupied set does not match the target set X (for
instance, if X = V,), we identify the least unoccupied target vertex
v, € X and the least occupied vertex outside the target set, v, ¢ X.

We then identify the unique path P between v, and v, in T,
and perform a simple path move for the robot along P. Repeating
this entire procedure on the resulting configurations continually
advances robots toward X. This strictly decreases the distance to
the target state, ensuring the algorithm always terminates in finite
time with the robots occupying the desired subset. O

The pseudocode of this algorithm, named Algorithm 1 is
given below.

Algorithm 1 Input: G(V, E), a configuration S of p robots

1: (vy,...,0,) < BFS ordering from running BFS on G
2: ¥ « BFS tree from running BFS on G

3 Vp —{o1,...,0p}

4: while S(R) #V,, do

5 a «— min{i € [p] | v; ¢ S(R)}

6 b« min{i € [n]\ [p] | v; € S(R)}

7: P « unique path from v}, to v, in T

8: S’ « configuration obtained by pushing S along P
9: S5

10: end while

11: return S’

Please refer to Figure 4 for a visual representation of the
execution of the algorithm. By construction, if S” is the output of
Algorithm 1 when the configuration S is part of the input, then
S'(R) = V.

4 RANDOMIZED ALGORITHM FOR USOLR

In this section, we design a polynomial-time randomized algorithm
for the USoLR problem based on the sizes of the equivalence classes
of the relation R (Definiton 2.2). We also prove that this algorithm
can be derandomized in polynomial time.

The notions of the reachability relation and equivalence
classes have resemblance to groups and subgroups. These similari-
ties, as well as the group-theoretic techniques used in the works
of Yu and Rus [24] motivated us to deeply examine the structure
of these equivalence classes of the reachability relation R, and we
provide a characterisation of the equivalence classes of R.

Let (G(V,E),p) be the instance of USOLR, and let V, =
{01,03,...,0,} be as defined in Section 3. Consider the identity
configuration Sy with S;(i) = v; for all i € [p]. For configuration Sy,
we have S;(R) =V, so Y5, = 1.

For a graph G(V, E) to be universally solvable for p robots, it
must hold true that for any pair of configurations S, T € Sg, config-
uration T is reachable from S, i.e., S ~ T. Thus, for any configuration
S € 8g, St ~ S must also hold true. Further, from the discussion
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in Section 2, we have that R is an equivalence relation, and since
all configurations in Sg belong to the same equivalence class as
S1, there is essentially only one equivalence class comprising of all
configurations S € Sg. Let us denote by Eg, the set of configura-
tions reachable from the configuration S. Then, for a YES-instance,
we have s, = Sg.

On the contrary, for a NO-instance, we have at least one
configuration that is not reachable from the configuration S;. Let St
be denoted by Sj. Let S, 57, S5, .., S,*( be configurations that are not
reachable from each other, and the equivalence classes 85;, 857,

k
85;, 857( exhaust the entire set Sg, i.e., Sg = |J Es+. Consider
i=0
one of such configurations S7, for j > 1 that is not reachable from
S1(=S;). We now show that the equivalence classes Es; and 85;«_

have the same size. This essentially means |Eg| = |Er| for all
configurations S, T € Sg. We will be crucially using this result to
design an efficient randomized algorithm.

LEMMA 4.1 (x). Consider a graph G(V,E), set of robots R =
[p] and an intrinsic ordering Intr of V. Let R be the equivalence
relation on configurations as per Definition 2.2. Then the size of the
equivalence class Es,; equals the size of the equivalence class 85;«_ for

allje{1,2,... k).

This allows us to prove a crucial result, which helps us in
designing an efficient randomized algorithm.

LEMMA 4.2 (x). Let G(V, E) with p robots be a NO-instance of
USOLR, and let S denote the set of all configurations over G, then
there exist at least |Sg|/2 many distinct configurations S : R — V in
Sg such that S is not reachable from S.

We now propose in the following theorem, a randomized
algorithm for USOLR based on the properties of equivalence classes
discussed above.Given an instance (G(V, E), p), the algorithm cor-
rectly outputs YES for a YES-instance (universally solvable instance)
with probability 1 and outputs YES for a NO-instance (not univer-
sally solvable instance) with probability at most 1/2.

THEOREM 4.1. Given a graph G(V,E) and p robots, Algo-
rithm 2 correctly outputs YES for a universally solvable instance with
probability 1, and outputs YES for a not universally solvable instance
with probability at most 1/2. The running time of this algorithm is
o(|V] + |E]).

Proor. Given an instance (G(V, E), p) for USoLR, we pro-
pose a randomized algorithm, denoted by Algorithm 2. Algorithm 2
first finds the connected components of the given graph G using a
Depth-First Search algorithm. If there are 2 or more connected com-
ponents in G, then it outputs NO and terminates, as a disconnected
graph is never universally solvable. Next, Algorithm 2 samples a con-
figuration Sg uniformly at random from the set of all configurations
S6 ={S : R —> V| S is a configuration}. Then, it runs Algorithm
A (Proposition 2.1) as a subroutine, with (G(V, E), p, (S1, Sg)) as
input to check if Sg is reachable from S;. If Algorithm A outputs
YES for reachability of Sg from Sy, then Algorithm 2 outputs that
G is universally solvable for p robots (i.e., (G(V,E),p) is a YES-
instance), otherwise it outputs that G is not universally solvable
for p robots (i.e., (G(V, E), p) is a NO-instance).
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For a YES-instance (G(V, E), p), all configurations S € Sg
are reachable from S;. Therefore, when Algorithm 2 runs on a YES-
instance, for any uniformly sampled configuration Sg, the feasibility
subroutine Algorithm A will always return that S is reachable
from S;, hence Algorithm 2 would return YES with probability 1.

For a NO-instance, the number of distinct configurations that
are reachable from Sy is at most (|Sg|/2) (Lemma 4.2). Algorithm 2
outputs YES for a NO-instance if Algorithm A outputs that S (the
uniformly sampled configuration) is reachable from S;. Therefore,
the probability that a uniformly sampled configuration Sg is reach-
able from Sy is equal to the ratio of the number of configurations in
8¢ reachable from Sy to the total number of configurations in Sg.
Sclfz

Pr(Algorithm 2 outputs YES for a NO instance) < Sol
G

Algorithm 2 Input: G(V, E), p = number of robots

1: n¢e <—Number of connected components of G (using a DFS)
2: if n,. > 1 then

3 return NO

4: end if

5. Define the Identity Configuration S; as Sy (i) = v; for all i € [p]
6: Sample uniform random configuration Sk from the set of all

configurations
7: return output of Algorithm A on input (G(V, E), p, (S, Sr)) »
Proposition 2.1

We now analyse the time complexity of Algorithm 2. Sam-
pling a random configuration Sk from the set of all possible con-
figurations can be done in linear time, O(|V| + |E|). Algorithm
A runs in linear time, O(|V| + |E|) (Proposition 2.1). Moreover,
all other steps (taking input, running DFS, etc.) are at most linear
time, O(|V| + |E|) operations. Hence, Algorithm 2 runs in time
O(|V| + |E|). This completes the proof of the theorem. |

5 OPTIMIZED DETERMINISTIC ALGORITHM
FOR USOLR

In this section, we explore the plausibility of determinsistic al-
gorithms for the randomised algorithm designed in the previous
section. We first derandomize the earlier randomized Algorithm 2,
which allows checking universal solvability using p — 1 carefully
chosen reachability tests. Compared to the randomized version, the
running time increases by a factor of p, but it yields a fully deter-
ministic, polynomial-time algorithm. The detailed results are given
in the full version [7]. We provide the pseudocode in Algorithm 3.

THEOREM 5.1 (x). Given a graph G = (V,E) and p robots,
there exists a deterministic algorithm solving USOLR, with running
time O(p - (|V| + |E])).

We now provide an optimised version of the algorithm from
Theorem 5.1, that exploits the structural properties of the input
graph.

We start of by recalling Theorem 5 in the paper due to Yu
and Rus [24].
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Algorithm 3 Input: G(V, E), p = number of robots

> Using DFS

1: nee <—Number of connected components of G
2: if n,. > 1 then

3: return NO

4: else

5 Define the Identity Configuration Sy as S;(i) = v;, Vi € [p]
6: fort «— 1top—1do

7:

i ifi#tandi#t+1
8: Define 7} as /(i) =yt +1 ifi=t
t ifi=t+1
10: b « output of Algorithm A on (G(V, E), p, (Sr, S,,;))
11: if b = NO then
12: return NO
13: end if
14: end for
15: return YES
16: end if

PROPOSITION 5.1. Let G be a 2-connected graph that is not a
cycle and let there be p robots. Then for all p < |V|, G is universally
solvable for p robots.

This allows us to prove the following result.

LEMMA 5.1. For a set R of p robots, a connected graph G(V, E)
with a 2-connected component of size at least p that is not a cycle, is
universally solvable.

Proor. Let C C V be a 2-connected component of size at
least p that is not a cycle. Let C’ € C be an arbitrary subset of C
having size |C’| = p.

LetS:R — Vand T : R — V be arbitrary configurations.
It follows from Lemma 3.1 that there exists a configuration S :
R — C’ such that S ~ §’. Similarly, there exists a configuration
T’ : R — C’ such that T ~ T’. Further, due to Proposition 5.1, S’
and T’ are reachable from each other, just by using the vertices
and edges in the graph induced by C; this gives S’ ~ T’. Putting
everything together, we have S ~ S ~ T” ~ T. This holds true for
any pair of arbitrary configurations S and T, hence G is universally
solvable for p robots. O

With this, we are ready to state and prove the following
lemma crucial for optimizing the deterministic algorithm.

LEMMA 5.2 (%). Forp > 2, let G(V,E) be a connected graph
without any 2-connected component of size at least p which is not a
cycle. Then |E| < p - |V]|.

ProoF SKETCH. We decompose the connected graph G into
its biconnected components and consider the tree structure formed
by these components connected via cut vertices. Cycles contribute
linearly to the edge count, while non-cyclic components of size less
than p contribute at most quadratically in their size. By accounting
for repeated counting of cut vertices across components, we bound
the total size of all components by 2|V| — 2. Combining these obser-
vations, we conclude that the total number of edges |E]| is strictly
less than p - |V, as claimed. O
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This, with Lemma 5.1, gives us the following observation.

OBSERVATION 5.1. Every graph G(V, E) that is not universally
solvable for p robots, must satisfy |E| < p - |V|.

With this, we are ready to state our final result corresponding
to the optimized deterministic algorithm.

THEOREM 5.2 (x). Let G(V,E) be a graph and let p denote
the number of robots. There exists a deterministic polynomial-time
algorithm for the USOLR problem whose running time is bounded as
follows:

if lEl <p- VI,
if [Elzp-[V].

PrOOF SKETCH. Let us consider the instance G(V,E), p of
USorR. If G is disconnected, it is not universally solvable. Otherwise,
by Observation 5.1, whenever |E| > p - |V|, the input instance must
be a universally solvable. Therefore, we can check if |[E| > p - |V|
and output YES if the check passes. Otherwise we run Algorithm 3
on the input instance to get the answer. The correctness of this algo-
rithm is due to Observation 5.1 and the correctness of Algorithm 3.
All that remains is to analyse the running time of this algorithm.

If G is disconnected, we detect in linear time, O(|V| + |E|),
and output NO correctly. If |[E| > p - |V|, we take input the graph,
perform the check, and output YES correctly. This takes linear
time, O(|V| + |E|), in total. Otherwise, if |[E| < p - |V|, then we run
Algorithm 3, which takes time O(p - (|V|+]E|)) (Theorem 5.1). This
completes the proof. m|

O(p - (IVI +|ED)
oVl +E])

The pseudocode of this algorithm, denoted as Algorithm 4.
This algorithm performs at least as good as the algorithm in Theo-
rem 5.1 for all graphs. Moreover, when p is small, and the graph is
dense enough, it utilises Observation 5.1 to output YES correctly.
Therefore, the speed up is significant for dense graphs with small
number of robots.

Algorithm 4 Input: G(V,E), p = number of robots

> Using DFS

1: e < Number of connected components in G
2: if n.. > 1 then

3 return NO
4: elseif |[E| > p-|V|then » A YES-instance, Observation 5.1
5: return YES

6: else

7 return output of Algorithm 3 run on G and p

8

: end if

6 AUGMENTING GRAPHS FOR UNIVERSAL
SOLVABILITY

Having designed polynomial-time algorithms for the USoLR prob-
lem, we now ask a natural follow-up question: Given an instance
(G(V,E), p) that is not universally solvable, can we augment the
graph by adding a limited number of vertices and edges to make it
universally solvable for p robots? In this Section, we give combina-
torial bounds on the minimum number of additional edges and/or
vertices that need to be added to make a graph universally solvable
for a given number of robots p.
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Augmenting by a set of edges. We now formally state the edge
augmentation problem.

GRAPH EDGE AUGMENTATION FOR UNIVERSAL SOLVABILITY
(EAUS)

Input: A connected graph G(V, E), the number of robots p (such
that (G, p) is not universally solvable), budget f for edge addition
Question: Decide if the graph G can be made universally solv-
able for the given p by adding at most f new edges to G

Note that the number of robots p for which we want G to be
universally solvable is part of the input. We ideally want for an input
graph universal solvability for any number of robots p < |V| and
simply solving the above problem for p = |V| guarantees universal
solvability for all p < |V|. This is because, for any configuration S
with the number of robots p < |V|, we can consider a configuration
S’ of |V| robots, with p robots occupying the same vertices as in
S and (|V| — p) dummy robots occupying the remaining (|V| — p)
empty vertices of S.

We study the EAUS problem only for connected graphs and
further assume that the graph G has at least four vertices. For
the case where the number of vertices |V| is less than or equal to
three, a simplistic brute force approach can be used to solve EAUS.
On general graphs we do a case analysis for different classes of
graphs based on vertex and edge connectivity in order to obtain
upper bounds on the number of edge additions required to achieve
universal solvability. We also rely upon certain structural results
related to universal solvability discussed by Yu and Rus [24] for our
upper bound analysis.

THEOREM 6.1 (%). The following number of additional edges
B are sufficient to make a graph universally solvable.

o For 2-connected graphs which are not simple cycles: The
graph is already universally solvable (Proposition 5.1)

o For simple cycles: § = 1 is sufficient.

o For 2-edge connected but not 2-connected graphs: f =1 is
sufficient.

o For 1-edge connected graphs: f = p — 2 is sufficient.

The case of simple cycles and 2-edge connected but not 2-
connected graphs has been discussed in the full version [7].

For 1-edge connected graphs, attaining universal solvability
is more intricate unlike the other three cases, as here, a single edge
addition is insufficient. We build a p-sized cycle with at most p — 2
extra edges and attach a “waiting vertex” to ensure reachability,
handling the cases p = |V| and p < |V| while preserving connectiv-
ity. The detailed analysis of the upper bound is provided in the full
version [7].

Now, we provide an asymptotically matching lower bound
of ©(p), even for the restricted class of 1-edge connected graphs.
Consider the case p = |V|. Consider the star graph G(V, E) with
|[V| — 1 leaves. Note that for p = |V|, a robot can move only if it
is located on a cycle. Since there are |V| — 1 leaves, for all robots
in these leaves to even be able to move, we need to at least make
each leaf, a part of some cycle. This would require at least (|V| -
1)/2 = O(|V]|) = O(p) additional edges. Moreover, for any tree
with ©(|V]) = ©(p) many leaves, at least ©(|V|) = ©(p) additional



Research Paper Track

edges would be required to make the graph universally solvable.
Thus, we get a lower bound of § > (|V| - 1)/2.

THEOREM 6.2. There is an infinite family of graphs, such that
for some graph G(V, E) in it, for p = |V| robots, universal solvability

= b1

V-1
Z 2

requires an edge budget of f§

Thus, we have both an upper-bound and a lower-bound for
for 1-edge connected graphs, thus, showing that a constant budget
for edge additions does not suffice to achieve universal solvability

for such graphs.

Augmenting by a set of connected vertices and edges

Adding vertices along with edges to a graph G(V,E) to
achieve universal solvability is another interesting augmentation
variant. Looking back at the instances showing lower bound of § in
1-connected graphs, where a star graph with p — 1 leaves required
B =0(p) = O(|V]) additional edges to make it universally solvable,
we observe that adding two more leaves to the central vertex of the
star graph makes it universally solvable (it is easy to verify that a
star graph with p + 1 leaves is universally solvable for p robots).
Therefore, instead of a linear number of edge additions (§ = (|V])),
addition of vertices along with edges allow us to make the graph
universally solvable by addition of just 2 edges and 2 vertices. This
motivates us to look into a variation of the augmentation problem
in which addition of « vertices and f§ edges is allowed in order to
achieve universal solvability.

We formally state this problem and then discuss lower and
upper bounds of « and f in general graphs.

GRAPH VERTEX AND EDGE AUGMENTATION FOR UNIVERSAL
SorvasiLity (VEAUS)

Input: A connected graph G(V, E), the number of robots p (such
that (G, p) is not universally solvable),  and S.

Question: Decide if the graph G can be made universally solv-
able for the given p by adding a set S of at most & new vertices,
and at most ff new edges between vertices in V U S.

Note that the upper bounds established for EAUS also hold
for VEAUS if we simply set & = 0. As discussed, the lower bound
instance for GRAPH EDGE AUGMENTATION FOR UNIVERSAL SOLV-
ABILITY (i.e., a star with p — 1 leaves) allows solvability for & = 2,
B = 2. We show a stronger lower bound for a different set of graphs.

DEFINITION 6.1. Define the graph Z, g for some a and B as :

e Z contains a vertex v, which we denote as the ‘center’.
o (2f + 1)-many paths of length (« + 1) are attached to the
vertex.

We depict the graph Z, g in Figure 5. Therefore, the number
of vertices n of Z, g is equal to 1 + (28 + 1) - (& + 1). We will show
that Z, g for n robots is a NO-instance of GRAPH VERTEX AND EDGE
AUGMENTATION FOR UNIVERSAL SOLVABILITY for vertex budget a,
and edge budget f.

THEOREM 6.3. Z, g is a NO-instance of GRAPH VERTEX AND
EDGE AUGMENTATION FOR UNIVERSAL SOLVABILITY for vertex budget
a, edge budget f and 1 + (2 + 1) - (a + 1) robots.
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Figure 5: Schematic diagram of the graph Z, g

ProoF. Our proof exploits the fact that Z, s has large num-
ber of long paths. We denote by n = 1 + (26 + 1) - (« + 1), the
number of vertices of Z, 5

Let the paths of length a + 1 be named as Py, Py, ..., Pagy1.
By pigeonhole principle, there must exist at least one such P; for
which none among the f newly added edges are incident on any
vertex of P;.

We now consider the leaf vertex u along the path P;. Consider
a configuration S with robot 1 located at u, and consider another
configuration T with robot 1 located at the center vertex v. We will
show that T is not reachable from S.

We define depth of a vertex as the distance from the center
0. Note that the first time instance when robot 1 is at a depth
h e {0,1,2,...,a + 1}, P; must have at least (¢ + 1 — h)-many
vacant vertices: all vertices between the current location of robot
1 and the leaf vertex u. Therefore, the first time robot 1 reaches
the center (i.e., h = 0), there must be o + 1 many empty vertices
in P; (entire P; should be vacant). However this is a contradiction,
because the augmented graph has at most « + n vertices and exactly
n robots, making it impossible to have more than « vacant vertices.
This completes the proof. O

14

This gives us a lower bound of « = Q (7) for a graph

G(V,E) to be a YES-instance, for any number p < |V| of robots with
vertex budget @ and edge budget . We note down a particularly
interesting consequence of this, for f = ©(y/|V]).

COROLLARY 6.1. There is an infinite family of graphs, such
that for some graph G(V, E) in it, for p = |V| robots, and edge budget
B = O(y|V]), universal solvability requires a vertex budget of « =

QH/IVD.

7 CONCLUSION

In this paper, we design polynomial time algorithms for USoLR.
Moreover we study the augmentation problems EAUS and VEAUS
in connected graphs and provide upper and lower bounds on the
vertex and edge budgets in order to achieve universal solvability. A
promising direction is to generalize USoLR to settings where edges
have weights representing costs or distances, and where nodes or
edges may have capacity limits. In such models, universal solvability
would require not only reachability between all configurations but
also consideration of efficiency metrics such as total movement
cost or makespan.
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