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ABSTRACT
In this paper, we study heterogeneous learning in time-varying

zero-sum games, where one player employs Mirror Descent (MD),

a family covering numerous well-known algorithms such as Hedge

and Gradient Descent, while the opponent best-responds. We ex-

tend the commonly studied time-varying games to a broader class,

which captures essential features that influence the evolution of

heterogeneous dynamics, and prove last-iterate convergence of

MD. Notably, MD converges whereas Optimistic Gradient Descent

Ascent fails in periodic games; MD also converges in convergent

perturbed games but under weaker assumptions than those in prior

work [10]. Numerical simulations validate our theoretical results

and demonstrate that heterogeneous learning improves stability

and accelerates convergence compared to standard homogeneous

approaches. This provides the first theoretical and empirical support

for heterogeneous learning dynamics in time-varying games.
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1 INTRODUCTION
Beyond time-averaged convergence, recent research has increas-

ingly focused on the day-to-day dynamics of learning algorithms

in games. Unfortunately, the dynamics of most classical algorithms

under self-play, such as Mirror Descent (MD) and Follow-The-

Regularized-Leader, have been shown to be non-convergent and

even chaotic in time-invariant zero-sum games [2, 22]. Optimistic

variants of these algorithms incorporate a predictive term into their

update rules, which leverage the intrinsic homogeneous structure

of self-play, and thereby attain last-iterate convergence in time-

invariant zero-sum games [3, 7, 8, 21, 26].

However, the assumption of time-invariant payoffs means a

stationary learning environment, which, as demonstrated in [4,

9, 19], is often unrealistic in practice. Many real-world scenarios

exhibit non-stationary environments where agents’ utilities evolve

dynamically [16, 20]. From a technical perspective, time-varying

games present more challenging settings for achieving last-iterate

convergence, since the continually changing payoffs can diffuse the

updates of learning algorithms. Indeed, recent studies have shown

that even optimistic variants, such as Optimistic Gradient Descent

Ascent (OGDA), fail to achieve last-iterate convergence in such

environments [10, 11, 13].

Notably, all of the aforementioned studies focus on homoge-

neous learning, where both players employ the same algorithm to

update their strategies simultaneously. The failure of homogeneous

learning in both time-invariant and time-varying games suggests

that these frameworks may have inherent limitations with respect

to last-iterate convergence, motivating a shift of attention toward

heterogeneous learning.

In this paper, heterogeneous learning is referred to the paradigm

where players in a game update their strategies using different

ways. It has garnered increasing attention due to its broad practical

applications [1, 14, 15, 17, 18, 23–25]. However, the performance

of heterogeneous learning in time-varying games remains largely
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unexplored. In particular, whether heterogeneous learning admits

last-iterate convergence under dynamically changing payoffs is still

unknown. This gap motivates us to consider the following question:

Will heterogeneous learning attain last-iterate convergence in
time-varying zero-sum games?

2 DECOMPOSABLE TIME-VARYING
ZERO-SUM GAMES

Let {𝐶𝑡 }𝑡≥0 be a sequence of payoffmatrices defining a time-varying

zero-sum game. At each round 𝑡 , the row player (Player X) chooses

𝑥𝑡 ∈ Δ(I) and the column player (Player Y) chooses 𝑦𝑡 ∈ Δ(J),
and the column player’s payoff is 𝑥⊤𝑡 𝐶𝑡𝑦𝑡 .

We introduce a novel class of time-varying zero-sum games

called decomposable time-varying zero-sum games, where𝐶𝑡 admits

the decomposition:

𝐶𝑡 = 𝐴𝑡 + E𝑡 , (1)

with the following properties:

(1) The Nash policy sets {X∗
𝐴𝑡
} for player 𝑋 of non-vanishing

term 𝐴𝑡 have limiting points:

X∗
:=

{
𝑥∗ | ∃{𝑥∗𝑡 }𝑡⩾0 with 𝑥∗𝑡 ∈ X∗

𝐴𝑡
, s.t. 𝑥∗𝑡 → 𝑥∗

}
≠ ∅.

And there exists 𝑥∗ ∈ X∗
such that:

inf

𝑥∗𝑡 ∈X∗
𝐴𝑡

dist(𝑥∗𝑡 , 𝑥∗) = O(1/𝑡𝑞), 𝑞 > 0.

(2) The vanishing term E𝑡 converges to O with rate 𝜀 and the

non-vanishing term 𝐴𝑡 is uniformly bounded by𝑀 > 0:

∥E𝑡 ∥1 = O(1/𝑡𝜀 ), 𝜀 > 0, ∥𝐴𝑡 ∥1 ⩽ 𝑀.

Remarkably, this new class of time-varying games covers several

important cases in the literature:

Example 1 (Periodic games). The periodic games studied in
[10, 12, 13] can be represented as 𝐶𝑡 = 𝐴𝑡 + O where 𝐴𝑡+𝑇 = 𝐴𝑡 for
some period 𝑇 > 0 and X∗ = X∗

𝐴𝑡
for all 𝑡 > 0.

Example 2 (Convergent perturbed games). The convergent
perturbed games considered in [6, 9, 10] correspond to the case where
𝐶𝑡 = 𝐴 + E𝑡 with ∥E𝑡 ∥1 = O(1/𝑡𝜀 ).

3 MAIN RESULTS
In this section, we propose a general scheme of heterogeneous learn-

ing method as shown by Algorithm 1, where one player employs

MD and the other best responds to the MD player, and establish its

last-iterate convergence in time-varying zero-sum games.

Assumption 1. For decomposable time-varying zero-sum games
with decomposition (1), the Player X in Algorithm 1 chooses the step
size 1/𝜆𝑡 that fulfill standard stochastic approximation requirements
[5] and can bound the accumulated variants:

∞∑︁
𝑡=0

1

𝜆𝑡
=∞,

∞∑︁
𝑡=0

1

𝜆2𝑡
< ∞,

∞∑︁
𝑡=0

𝑡−min{𝜀,𝑞}

𝜆𝑡
< ∞.

We now present our main convergence results.

Theorem 1. Let {𝑥𝑡 } be the strategy sequence generated by Algo-
rithm 1. Then under Assumption 1, the following result holds:

𝑉𝑡 (𝑥𝑡 ) − 𝑣∗𝑡 = 𝑜

(
𝜆𝑡

𝑡

)
,

Algorithm 1Mirror Descent learning against Best Response

Require: Initial strategy 𝑥0, distance-generating function𝜓 , time-

varying games {𝐶𝑡 }.
1: for 𝑡 = 0, 1, 2, . . . do
2: Take the Best Response 𝑦𝑡 to 𝑥𝑡 with respect to 𝐶𝑡 ,

3: Update 𝑥𝑡+1 based on Mirror Descent:

𝑥𝑡+1 = argmin

𝑥∈Δ(I)
{⟨𝐶𝑡𝑦𝑡 , 𝑥 − 𝑥𝑡 ⟩ + 𝜆𝑡𝐷𝜓 (𝑥, 𝑥𝑡 )}.

where 𝑉𝑡 (𝑥) :=max𝑦∈Δ(J) 𝑥
⊤𝐶𝑡𝑦, and 𝑣∗𝑡 :=min𝑥∈Δ(I) 𝑉𝑡 (𝑥).

The semi-duality gap𝑉𝑡 (𝑥𝑡 ) − 𝑣∗𝑡 provides a natural performance

measure, evaluating how well 𝑥𝑡 performs against the most adver-

sarial opponent in each round. Theorem 1 demonstrates that the

MD player can learn robust strategies even under such adversarial

conditions. The robustness stems from the gradient information

provided by alternating Best Response adversaries. TheMDmethod,

with increasing 𝜆𝑡 under Assumption 1, effectively mitigates esti-

mation errors induced by time-varying payoffs, enabling {𝑥𝑡 } to
track the evolving Nash policy sets X∗

𝐶𝑡
.

In this following, we empirically verify the convergence of het-

erogeneous learning dynamics in a randomly generated convergent

perturbed games, and show how the decay rate of the step size

sequence influences the convergence behavior. We generate a ran-

dom 100 × 200 payoff matrix 𝐶 with entries from (−5, 5) as the
limiting game. Figure 1 presents the semi-duality gap sequences

for Hedge and PGD under different decay rates of the step size.

With a constant step size (i.e., no decay), the gap sequences under

both Hedge and PGD fail to converge. In contrast, appropriately

decaying step sizes ensure convergence, and a larger step size leads

to slower convergence, consistent with Theorem 1.
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Figure 1: Convergence of heterogeneous learning under dif-
ferent step-size rates in convergent perturbed games.
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