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ABSTRACT
Safe reinforcement learning (RL) ensures that policies satisfy ex-

plicit constraints in safety-critical applications. However, existing

primal-dual methods suffer from training instability. Trust region-

based approaches often produce infeasible policies during training

due to initialization and approximation errors. We introduce Feasi-

ble Constraint Policy Optimization (FCPO), which seamlessly com-

bines penalty and trust region methods to address policy feasibility

while ensuring stability and performance. FCPO efficiently decom-

poses optimization problems with the Alternating Direction Multi-

plier Method (ADMM), enabling efficient optimization through the

utilization of first-order degree information. Comprehensive exper-

iments showcase FCPO’s consistent superiority, outperforming the

baselines in both performance and constraint satisfaction across

the majority of tasks.
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1 INTRODUCTION
The combination of deep learning [11] and reinforcement learning

(RL) [22] has enabled significant breakthroughs in diverse domains

such as playing Atari games [13, 26], Go [18, 19], StarCraft [23],

robotics [8, 16, 17, 20] and recommendations [2]. Nevertheless,

the exploration nature of conventional RL methods has hindered

their seamless application to real-world challenges [4]. This limi-

tation becomes apparent when addressing critical concerns, like

safeguarding robots from damage and ensuring human safety dur-

ing their practical deployment. As a result, the emerging research

avenue of safe RL has gained prominence, driven by the practical

requirements.

A common approach to address these safety concerns is to model

problems as Constrained Markov Decision Processes (CMDPs) [3],

which convert safety requirements into explicit policy constraints.

This formulation introduces a challenge: agents cannot freely ex-

plore their environment, making the learning problemmore difficult

than standard RL. Over the past few years, many solutions have

been proposed. Based on the primal-dual method, [24] exploited

Lagrangian functions to recast constrained conundrums into un-

constrained optimization objectives. These frameworks leverage

classical RL methodologies to find the optimal policy. While com-

putationally efficient and conceptually straightforward, they suffer

from convergence oscillations and instability issues.

Building on the foundations of Trust Region Policy Optimization

(TRPO) [16], algorithms such as Constrained Policy Optimization

(CPO) [1] and First Order Constrained Optimization in Policy Space

(FOCOPS) [32] retained the advantages of optimization stability

and high-performance outcomes. However, it is crucial to note that

the optimization problem constructed by this method is solvable

only when an intersection exists between the trust and the feasible

region, as illustrated in Figure 1.

On the contrary, the penalty function method offers a more

succinct approach, converting constrained optimization problems
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Figure 1: Constrained local policy search

into unconstrained ones, exemplified by IPO [12] and P3O [31].

However, the use of penalty functions can significantly affect the

quality and stability of the solution. Previous work comes with its

own set of advantages and disadvantages. Our constrained policy

optimization algorithm achieves three key properties: (1) stable

convergence, (2) performance guarantees, and (3) policy feasibility

throughout training."

To bridge the gap, this paper seamlessly integrates the penalty

function method and the trust region method, introducing Feasible

Constraint Policy Optimization (FCPO) to address policy feasibil-

ity limitations while ensuring performance and stability. We em-

ploy precise penalty functions to broaden the feasible domain of

optimization problems, liberating ourselves from the constraints

inherent in the initial feasible domain. By utilizing the objective

function as a metric for the policy, we introduce a policy iteration

algorithm reminiscent of TRPO, ensuring monotonic convergence.

Through a reasonable approximation, we put forth the FCPO algo-

rithm, employing the Alternating Direction Method of Multipliers

(ADMM) [5] algorithm to decompose the policy optimization prob-

lem into several straightforward subproblems that can be optimized

efficiently. In summary, this paper makes several significant contri-

butions:

(1) Theoretical Insights: We present a sequential policy optimiza-

tion method characterized by its ability to monotonically en-

hance constraint violations outside the feasible domain while

simultaneously improving algorithm performance when con-

straints are met.

(2) FCPO Algorithm: Our proposed FCPO successfully addresses

the constraints associated with initial policy feasibility while

ensuring the stable convergence of trust region methods. To

alleviate optimization complexity, we introduce the use of

ADMM decomposition and advocate for first-order degree

updates.

(3) Superior Performance: Extensive experimentation demon-

strates the advantages of the FCPO algorithm. Demonstrat-

ing stable convergence, it consistently delivers robust per-

formance across diverse scenarios, showcasing its reliability

and effectiveness in optimization tasks.

2 RELATEDWORK AND PRELIMINARY
2.1 Related Work
The primal-dual approach stands as a widely employed method

in solving constrained optimization problems. This approach has

given rise to influential algorithms [6, 24]. These algorithms tackle

constrained optimization by translating them into unconstrained

counterparts through Lagrangian functions. By manipulating the

Lagrange multiplier, they ensure the constraints are satisfied. Yet,

the primal-dual methods are susceptible to variations in Lagrange

multipliers, rendering optimization unstable. To address this con-

cern, [21] drew inspiration from control mechanisms and devised

CPPOPID. This method uses a PID controller [27] to update La-

grange multipliers resulting in it converging quickly and stably.

Notably, conventional dual methods necessitate separate Lagrange

multiplier learning and cannot guarantee constraint satisfaction

throughout training.

Apart from the primal-dual paradigm, the projection approach

finds prevalence in constrained optimization. [28, 29] split optimiza-

tion into two phases. Firstly, it exclusively refined the objective

function within the trust region, securing the optimal policy. Subse-

quently, this optimal policy underwent projection into the feasible

region. However, the policies derived from such methodologies

often display excessive conservatism, not aligning with practical

utility. [30] counteracted this by integrating a baseline policy with

outstanding pre-training performance. This policy improvement

involves projecting it closer to the baseline policy to ensure perfor-

mance standards. One drawback of this approach is its sensitivity

to the performance of the baseline algorithm, which can impact

overall algorithm performance.

In addition to the aforementioned intricate methodologies, the

penalty function method emerges as a straightforward yet effective

optimization technique. By directly crafting a penalty function,

a minute value prevails within the feasible region while swiftly

surging toward infinity as the edge of the region approaches. This

category includes notable algorithms such as Interior-point Policy

Optimization (IPO) [12] employing a logarithmic penalty function,

and Penalized Proximal Policy Optimization (P3O) [31] incorporat-

ing exact penalty functions. However, the challenge lies in delineat-

ing the penalty coefficient magnitude and narrowing the gap with

the optimal solution.

Beyond the traditional optimization models outlined earlier, the

local policy search approach further extends the unconstrained RL

method into constrained optimization [15, 16]. CPO [1] ingeniously

involved upper and lower bounds from TRPO to transform the

primary problem into a local policy search problem. Subsequently,

the second-order approximation problem is iteratively solved to

secure the policy. While CPO exhibits robust convergence in prac-

tical scenarios, the computational costs are substantial due to the

information matrix calculations. FOCOPS [32] introduced enhance-

ments over CPO by attaining the approximate optimal solution

from the original problem, substantially curtailing computational

overhead. It’s important to note that this method primarily focuses

on analyzing the intersection between feasible region and trust

region.

While our method shares a similarity with P3O in utilizing exact

penalty functions for constructing optimization problems, a distinc-

tive feature sets it apart. Our approach is designed to establish a

finite upper bound on the optimal solution of the original problem.

This not only provides a metric for gauging the superiority or infe-

riority of policies beyond the feasible region but also imbues our
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algorithmwith the capacity formonotonic improvement. In compar-

ison to both FCPO and CPO leveraging confidence domain methods

for optimization, our method stands out due to enhancements in

the policy iteration optimization process. This improvement en-

sures the construction of optimization problems featuring feasible

solutions across the entire policy definition domain. Furthermore, it

facilitates a continuous reduction in the disparity with the optimal

policy through iterative refinement.

2.2 Preliminary
A CMDP [3] is formally defined as a tuple𝑀 = (S,A,P, 𝑟 , C, 𝛾, 𝜌0),
whereS is the state space ,A is the action space,P(𝑠′ |𝑠, 𝑎) : S×S×
A → [0, 1] is the transition probability function which represents

the probability of state transition from 𝑠 to 𝑠′ after applying action

𝑎, 𝑟 : S × A → R is the reward function, C = {(𝑐𝑘 , 𝑏𝑘 )}𝐾𝑘=1
is the

constraint set (where 𝑐𝑘 : S × A → R is the 𝑘-th cost function,

and 𝑏𝑘 is the 𝑘-th limits), 𝛾 ∈ (0, 1) is the discount factor, and

𝜌0 : S → [0, 1] is the initial state distribution.
In the context of CMDP, a policy 𝜋 is a probability distribution

defined on S×A, where 𝜋 (𝑎 |𝑠) denotes the probability of selecting
action 𝑎 at state 𝑠 . Π denotes the set encompassing all possible

policies. Additionally, a stationary parameterized policy 𝜋𝜽 is a

probability distribution defined on S×A, with 𝜋𝜽 (𝑎 |𝑠) denotes the
probability of playing 𝑎 at state 𝑠 , and Π𝜽 = {𝜋𝜽 : 𝜽 ∈ R𝑝 } denotes
the set of all parameterized policies. We denote the probability of

visiting state 𝑠 after 𝑡 time steps from the initial state 𝑠0 by executing

policy 𝜋 as P𝜋 (𝑠𝑡 = 𝑠 |𝑠0). Let 𝑑𝑠0

𝜋 (𝑠) = (1 − 𝛾)∑∞
𝑡=0
𝛾𝑡P𝜋 (𝑠𝑡 = 𝑠 |𝑠0)

be the stationary state distribution of the Markov chain starting at

state 𝑠0. We define 𝑑
𝜌0

𝜋 (𝑠) = E𝑠0∼𝜌0
[𝑑𝑠0

𝜋 (𝑠)] as the discounted state

visitation distribution on initial distribution 𝜌0.

We define 𝜏 = {𝑠𝑡 , 𝑎𝑡 , 𝑟 (𝑠𝑡 , 𝑎𝑡 ), 𝑐𝑘 (𝑠𝑡 , 𝑎𝑡 )}∞𝑡=0
∼ 𝜋 as the trajec-

tory distribution generated by 𝜋 , where 𝑠0 ∼ 𝜌0, 𝑎𝑡 ∼ 𝜋 (·|𝑠𝑡 ) and
𝑠𝑡+1 ∼ P(·|𝑠𝑡 , 𝑎𝑡 ). We express the state value function of the reward

as 𝑉𝜋 (𝑠) := E𝜏∼𝜋 [
∑∞
𝑡=0
𝛾𝑡𝑟 (𝑠𝑡 , 𝑎𝑡 ) |𝑠0 = 𝑠], the state-action value

function of the reward as 𝑄𝜋 (𝑠, 𝑎) := E𝜏∼𝜋 [
∑∞
𝑡=0
𝛾𝑡𝑟 (𝑠𝑡 , 𝑎𝑡 ) |𝑠0 =

𝑠, 𝑎0 = 𝑎] and the advantage function of the reward is 𝐴𝜋 (𝑠, 𝑎) :=

𝑄𝜋 (𝑠, 𝑎) −𝑉𝜋 (𝑠). Similarly, we can define the state value function

of the 𝑘-th cost as 𝑉
𝑐𝑘
𝜋 (𝑠) := E𝜏∼𝜋 [

∑∞
𝑡=0
𝛾𝑡𝑐𝑘 (𝑠𝑡 , 𝑎𝑡 ) |𝑠0 = 𝑠], de-

fine the state-action value function of the cost 𝑘 as 𝑄
𝑐𝑘
𝜋 (𝑠, 𝑎) :=

E𝜏∼𝜋 [
∑∞
𝑡=0
𝛾𝑡𝑐𝑘 (𝑠𝑡 , 𝑎𝑡 ) |𝑠0 = 𝑠, 𝑎0 = 𝑎] and define the advantage

function of the cost 𝑘 as 𝐴
𝑐𝑘
𝜋 (𝑠, 𝑎) := 𝑄

𝑐𝑘
𝜋 (𝑠, 𝑎) − 𝑉 𝑐𝑘𝜋 (𝑠). The ex-

pected discount𝑘-th cost return is defined as 𝐽𝑘 (𝜋) := E𝑠∼𝜌0
[𝑉 𝑐𝑘𝜋 (𝑠)]

and the expected discount reward return is defined as 𝐽 (𝜋) :=

E𝑠∼𝜌0
[𝑉𝜋 (𝑠)]. The feasible policy set ΠC

is defined as: ΠC
:=

⋂𝐾
𝑘=1

{𝐽𝑘 (𝜋) ≤ 𝑏𝑘 }. The goal of safe RL is to search the optimal policy

𝜋∗ = arg max

𝜋∈ΠC
𝐽 (𝜋).

Solving the CMDP problem directly is challenging and ineffi-

cient. Typically, policy iteration methods are employed for solving

CMDP problems. We formulate the 𝑖-th iteration as an unbiased

constrained policy iteration problem:

min

𝜋∈Π
− 𝐽 (𝜋𝑖 ) − 1

1 − 𝛾 E𝑠∼𝑑
𝜌

0

𝜋𝑖
𝑎∼𝜋

[𝐴𝜋𝑖 (𝑠, 𝑎)] (1a)

s.t. 𝐽𝑘 (𝜋𝑖 )+
1

1 − 𝛾 E𝑠∼𝑑
𝜌

0

𝜋𝑖
𝑎∼𝜋

[𝐴𝑐𝑘
𝜋𝑖
(𝑠, 𝑎)]−𝑏𝑘 ≤ 0, 𝑘 = 1, . . . , 𝐾 (1b)

where 𝜋𝑖 is the policy from the last iteration.

In earlier studies [14, 16], the policywas iteratively updated using

a fixed policy to collect samples for constructing local optimization

problems. Their findings highlighted the effectiveness of incorporat-

ing local trust domain constraints during the construction of these

problems, leading to improved efficiency and performance. Con-

sequently, in the 𝑖-th iteration, we anticipate utilizing the current

policy 𝜋𝑖 to formulate a local optimization problem, resulting in the

updated policy 𝜋𝑖+1
. Expanding on this foundation, CPO introduces

upper and lower bound theorems for the objective function and

constraint function, articulated as follows:

𝐽 (𝜋𝑖+1) − 𝐽 (𝜋𝑖 ) ≥
1

1 − 𝛾 E 𝑠∼𝑑
𝜌

0

𝜋𝑖

𝑎∼𝜋𝑖+1

[𝐴𝜋𝑖 (𝑠, 𝑎) −
2𝛾𝛿𝜋𝑖+1

1 − 𝛾 𝐷𝑇𝑉 (𝜋𝑖+1 | |𝜋𝑖 ) [𝑠]] (2a)

𝐽𝑘 (𝜋𝑖+1) − 𝐽𝑘 (𝜋𝑖 ) ≤

1

1 − 𝛾 E 𝑠∼𝑑
𝜌

0

𝜋𝑖

𝑎∼𝜋𝑖+1

[𝐴𝑐𝑘
𝜋𝑖
(𝑠, 𝑎) +

2𝛾𝛿
𝑐𝑘

𝜋𝑖+1

1 − 𝛾 𝐷𝑇𝑉 (𝜋𝑖+1 | |𝜋𝑖 ) [𝑠]] (2b)

where 𝐷𝑇𝑉 (𝜋𝑖+1 | |𝜋𝑖 ) [𝑠] = 1

2

∑
𝑎 |𝜋𝑖+1 (𝑎 |𝑠) − 𝜋𝑖 (𝑎 |𝑠) | is the total

variational divergence between action distributions at 𝑠 , 𝛿𝜋𝑖+1 =

max|E𝑎∼𝜋𝑖+1 [𝐴𝜋𝑖 (𝑠,𝑎)] | and 𝛿
𝑐𝑘

𝜋𝑖+1
= max|E𝑎∼𝜋𝑖+1 [𝐴𝑐𝑘

𝜋𝑖
(𝑠,𝑎)] |

3 METHODOLOGY
This section is dedicated to the formulation and development of a

constrained policy iteration algorithm that guarantees a monotonic

improvement in performance.

3.1 Monotonic Improvement Guarantee for
Constraint Policies

In contrast to conventional RL tasks, safe RL requires optimizing the

objective function while adhering to policy constraints. Traditional

approaches, such as Trust Region Policy Optimization (TRPO), often

struggle to ensure a consistent monotonic improvement in policy.

To provide a theoretical guarantee for their algorithm, previous

works typically assume that the initial solution satisfies constraint

conditions, ensuring a consistent enhancement of the objective

function while meeting constraints. To broaden the algorithm’s

applicability to the entire policy space, this paper introduces a

metric designed to measure the relative superiority or inferiority

of two policies that may not strictly adhere to the constraints.

To address this, we incorporate the exact penalty functionmethod

[9], a penalty function method preserving the optimal solution, into

problem (1). It is reformulated as follows:

min

𝜋∈Π,𝝃
− 𝐽 (𝜋𝑖 ) − 1

1 − 𝛾 E𝑠∼𝑑
𝜌

0

𝜋𝑖
𝑎∼𝜋

[𝐴𝜋𝑖 (𝑠, 𝑎)] + 𝜎𝑔(𝝃 ) (3a)

s.t. 𝐽𝑘 (𝜋𝑖 )+
1

1 − 𝛾 E𝑠∼𝑑
𝜌

0

𝜋𝑖
𝑎∼𝜋

[𝐴𝑐𝑘
𝜋𝑖
(𝑠, 𝑎)]−𝑏𝑘+𝜉𝑘 =0,

𝑘 = 1, . . . , 𝐾 (3b)

where 𝜎 is positive penalty parameter, 𝑔(𝝃 ) =∑
𝑘=1

max{0,−𝜉𝑘 } is
exact penalty function and 𝝃 = (𝜉1, . . . , 𝜉𝐾 )𝑇 is relaxation variables

vector.
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Proposition 1. Assuming 𝝊 is the optimal Lagrange multipliers
to the constraints (1a) of problem (1). Provided that the penalty factor
𝜎 is a sufficiently large constant (𝜎 ≥ ||𝝊 | |∞), problem (1) and problem
(4) yield the same optimal solution.

Proof. Please see Appendix B.1 in the supplementary material.

□

This section is dedicated to the formulation and development of a

constrained policy iteration algorithm that guarantees a monotonic

improvement in performance.

3.2 Monotonic Improvement Guarantee for
Constraint Policies

In contrast to conventional RL tasks, safe RL requires optimizing the

objective function while adhering to policy constraints. Traditional

approaches, such as Trust Region Policy Optimization (TRPO), often

struggle to ensure a consistent monotonic improvement in policy.

To provide a theoretical guarantee for their algorithm, previous

works typically assume that the initial solution satisfies constraint

conditions, ensuring a consistent enhancement of the objective

function while meeting constraints. To broaden the algorithm’s

applicability to the entire policy space, this paper introduces a

metric designed to measure the relative superiority or inferiority

of two policies that may not strictly adhere to the constraints.

To address this, we incorporate the exact penalty functionmethod

[9], a penalty function method preserving the optimal solution, into

problem (1). It is reformulated as follows:

min

𝜋∈Π,𝝃
− 𝐽 (𝜋𝑖 ) − 1

1 − 𝛾 E𝑠∼𝑑
𝜌

0

𝜋𝑖
𝑎∼𝜋

[𝐴𝜋𝑖 (𝑠, 𝑎)] + 𝜎𝑔(𝝃 ) (4a)

s.t. 𝐽𝑘 (𝜋𝑖 )+
1

1 − 𝛾 E𝑠∼𝑑
𝜌

0

𝜋𝑖
𝑎∼𝜋

[𝐴𝑐𝑘
𝜋𝑖
(𝑠, 𝑎)]−𝑏𝑘+𝜉𝑘 =0,

𝑘 = 1, . . . , 𝐾 (4b)

where 𝜎 is positive penalty parameter, 𝑔(𝝃 ) =∑
𝑘=1

max{0,−𝜉𝑘 } is
exact penalty function and 𝝃 = (𝜉1, . . . , 𝜉𝐾 )𝑇 is relaxation variables

vector.

Proposition 2. Assuming 𝝊 is the optimal Lagrange multipliers
to the constraints (1a) of problem (1). Provided that the penalty factor
𝜎 is a sufficiently large constant (𝜎 ≥ ||𝝊 | |∞), problem (1) and problem
(4) yield the same optimal solution.

Proof. Please see Appendix B.1 in the supplementary material.

□

Proposition 2 establishes the convergence of both the original

problem (1) and the penalty problem (4) to the same optimal so-

lution, ensuring the integrity and consistency of the optimization

process within the bounds of the penalty factor 𝜎 .

The fundamental distinction between the two problems lies in

their feasible domains. Problem (1) has its feasible domain defined

by constraint (1b), while problem (4) extends the feasible solution

space to encompass the entire policy space. Given that any policy

can be a feasible solution (as proven in Appendix Lemma 4), we

leverage the objective function (4a) to gauge the superiority or

inferiority of a policy. Furthermore, with the penalty coefficient

having a finite value, our objective function acts as a metric for safe

RL policies. However, the complexity associated with calculating

the state distribution of the policy in problem (4) often presents

challenges. In practical scenarios, approximating the distribution

by sampling a fixed policy has become a common approach. For

convenience, we introduce the following functions:

L𝑟

𝜋𝑖
(𝜋) := −𝐽 (𝜋𝑖 ) − 1

1 − 𝛾 E𝑠∼𝑑
𝜌

0

𝜋𝑖
𝑎∼𝜋

[𝐴𝜋𝑖 (𝑠, 𝑎)]

L𝑐𝑘

𝜋𝑖
(𝜋) := 𝐽𝑘 (𝜋𝑖 ) +

1

1 − 𝛾 E𝑠∼𝑑
𝜌

0

𝜋𝑖
𝑎∼𝜋

[𝐴𝑐𝑘
𝜋𝑖
(𝑠, 𝑎)]−𝑏𝑘

𝐷𝑟
𝜋𝑖
(𝜋) = 2𝛾𝛿𝜋𝑖+1

1 − 𝛾 E
𝑠∼𝑑𝜌0

𝜋𝑖
𝑎∼𝜋

[𝐷𝑇𝑉 (𝜋𝑖+1 | |𝜋𝑖 ) [𝑠]]

𝐷
𝑐𝑘

𝜋𝑖
(𝜋) =

2𝛾𝛿
𝑐𝑘

𝜋𝑖+1

1 − 𝛾 E
𝑠∼𝑑𝜌0

𝜋𝑖
𝑎∼𝜋

[𝐷𝑇𝑉 (𝜋𝑖+1 | |𝜋𝑖 ) [𝑠]]

Leveraging the previously established definition, we formulate

the following optimization problem and introduce a constraint

policy iteration Algorithm 1 with a guarantee of nonincreasing for

function (4a).

min

𝜋∈Π,𝝃
L𝑟

𝜋𝑖
(𝜋) + 𝐷𝑟

𝜋𝑖
(𝜋) + 𝜎𝑔(𝝃 ) (5a)

s.t. L𝑐𝑘

𝜋𝑖
(𝜋) + 𝐷𝑐𝑘

𝜋𝑖
(𝜋) + 𝜉𝑘 = 0 , 𝑘 = 1, . . . , 𝐾 (5b)

Algorithm 1 Policy iteration algorithm guaranteeing nonincreas-

ing objective function

Require: Policy 𝜋0
, Penalty parameter 𝜎 .

for 𝑖 = 0, 1, . . . until convergence do
Collect a set of trajectories D with policy 𝜋𝑖 .

Compute all advantage values 𝐴𝜋𝑖 (𝑠,𝑎), . . . , 𝐴
𝑐𝐾

𝜋𝑖
(𝑠,𝑎) .

Construct and solve problem (5) for 𝜋𝑖+1
.

end for
Ensure: 𝜋∗, 𝝃 ∗

.

Theorem 3. There exists a sufficiently large penalty factor 𝜎 that
ensures the following characteristics of the policy sequence output
{𝜋𝑖 }∞𝑖=0

generated by Algorithm 1:
1) The objective function (4a) is guaranteed to be nondecreasing:

−𝐽 (𝜋𝑖+1) + 𝜎𝑔(𝝃 𝑖+1) ≤ −𝐽 (𝜋𝑖 ) + 𝜎𝑔(𝝃 𝑖 ) .
2) When the policy 𝜋𝑖 satisfies the constraints (1b), the performance

of the policy monotonically improves without violating the constraints.
3) Given any initial policy 𝜋0, the degree of policy constraint vi-

olation 𝑔(𝝃 ) is guaranteed to be nonincreasing: 𝑔(𝝃 𝑖+1) ≤ 𝑔(𝝃 𝑖 ).

Proof. Please see Appendix B.2 in the supplementary material.

□

Theorem 3 derives the optimization laws that adhere to the objec-

tive function and constraints of the algorithm through an in-depth

analysis and derivation of the constructed measurement function.

In instances where the current policy complies with the constraints,

the penalty function ensures the policy’s feasibility. During such

conditions, the algorithm can monotonically enhance the return
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function of the policy while guaranteeing that the output policy re-

mains within the specified constraints. The penalty function serves

as a metric for assessing the degree of constraint violation. Con-

versely, when the current policy fails to meet the constraints, the

algorithm systematically improves the constraint violation.

In practical applications, a direct solution to problem (5) may

lead to very small step sizes for each policy iteration update. To

overcome this challenge, we draw inspiration from the trust region

method employed in TRPO. By incorporating the KL divergence

between new and old policies as a constraint, we empower the algo-

rithm to achieve more substantial update step sizes. Consequently,

we formulate the following optimization problem:

min

𝜋∈Π
L𝑟

𝜋𝑖
(𝜋) + 𝜎𝑔(𝝃 ) (6a)

s.t. L𝑐𝑘

𝜋𝑖
(𝜋) + 𝜉𝑘 = 0 , 𝑘 = 1, . . . , 𝐾 (6b)

𝐷𝐾𝐿 (𝜋 | |𝜋𝑖 ) ≤ 𝜖 (6c)

where 𝐷̄𝐾𝐿 (𝜋 | |𝜋𝑖 ) = E
𝑠∼𝑑𝜌0

𝜋𝑖
[𝐷𝐾𝐿 (𝜋 (·|𝑠) | |𝜋𝑖 (·|𝑠))]

As a result of employing penalty function and trust regionmethod,

our algorithm demonstrates worst-case constraint violation during

the optimization process, as indicated in Proposition 4. Specifically,

the relaxation variable converges to 0 with an increasing number

of iterations.

Proposition 4. Suppose 𝜋𝑖+1, 𝝃 𝑖,∗ is the optimal solution of prob-
lem (4), the upper bound on the 𝑘-th return of 𝜋𝑖+1 is:

𝐽𝑘 (𝜋𝑖+1) ≤ 𝑏𝑘 +
√

2𝜖𝛾𝛿
𝑐𝑘

𝜋𝑖+1

(1 − 𝛾)2
− 𝜉𝑖,∗

𝑘
(7)

where 𝛿𝑐𝑘
𝜋𝑖+1

= max|E𝑎∈𝜋𝑖+1 [𝐴𝑐𝑘
𝜋𝑖
(𝑠, 𝑎)] |.

In contrast to CPO and FOCOPS, the optimization problems they

employ only have feasible solutions if the Slater condition is satis-

fied. Consequently, these algorithms face limitations in optimizing

policies that do not meet the constraints. In CPO, the author pro-

posed a recovery method at infeasible case, while FOCOPS did not

present a similarly effective solution. Our proposed optimization

method offers a unified policy optimization approach, effectively

resolving this challenge.

3.3 Finding the Optimal Update Policy
While the exact penalty function method maintains the optimality

of the solution, it introduces non-smoothness problems due to

the penalty term. Directly applying the Lagrange dual ascending

algorithm to solve the problem can compromise the algorithm’s

stability, particularly when faced with significant fluctuations in

the Lagrange multiplier during the training process.

The optimization problem (6) involves numerous variables and

intricate constraints, presenting substantial optimization challenges.

The ADMM algorithm, rooted in the primal-dual augmented La-

grangian problem, offers a decomposition approach that simplifies

complex optimization problems into multiple easily solvable sub-

problems. By leveraging this method, we break down the original

optimization problem into three simpler subproblems.

The formulation of the original dual augmented Lagrangian

problem is detailed below, with its construction principles provided

in Appendix:

max

𝜂𝑖 ≥0,𝝀𝑖
min

𝜋∈Π,𝝃 𝑖
𝐿(𝜋,𝝀𝑖 , 𝜂𝑖 , 𝝃 𝑖 ;𝜎, 𝜌) (8)

𝐿(𝜋,𝝀𝑖 , 𝜂𝑖 , 𝝃 𝑖 ;𝜎, 𝜌)

≜ L𝑟

𝜋𝑖
(𝜋) + 𝜂𝑖 (𝐷𝐾𝐿 (𝜋 | |𝜋𝑖 ) − 𝜖) + 𝜎𝑔(𝝃 𝑖 )

+
𝐾∑︁
𝑘=1

𝜆𝑖
𝑘
(L𝑐𝑘

𝜋𝑖
(𝜋) + 𝜉𝑖

𝑘
) +

𝐾∑︁
𝑘=1

𝜌

2

| |L𝑐𝑘

𝜋𝑖
(𝜋) + 𝜉𝑖

𝑘
| |2 (9)

where 𝜌 is the proximal factor, 𝝀𝑖 = (𝜆𝑖
1
, . . . , 𝜆𝑖

𝐾
)𝑇 and 𝜂𝑖 are

Lagrange multipliers.

For brevity, let us introduce the notation 𝑓 𝑖 (𝜋) := L𝑟

𝜋𝑖
(𝜋) +

max

𝜂𝑖 ≥0

𝜂𝑖 (𝐷𝐾𝐿 (𝜋 | |𝜋𝑖 ) − 𝜖). Then, we can process by applying the

ADMM [5] algorithm to solve the reformulated problem efficiently,

see Appendix for the ADMM algorithm details. Then we proceed

with the following steps in the 𝑗-th iteration.

• Obtain an optimal policy based on the prior estimation 𝝀𝑖, 𝑗

and 𝝃 𝑖, 𝑗 by solving the following optimization problem:

𝜋𝑖,𝑗+1 = arg min

𝜋 ∈Π
𝑓 𝑖 (𝜋 )+ 𝜌

2

𝐾∑︁
𝑘=1

| | L𝑐𝑘
𝜋𝑖

(𝜋 )+𝜉𝑖,𝑗
𝑘

+
𝜆
𝑖,𝑗

𝑘

𝜌
| |2

2
, (10a)

• Update 𝝃 by:

𝜉𝑖,𝑗+1 = arg min

𝝃
𝜎𝑔(𝝃 )+ 𝜌

2

𝐾∑︁
𝑘=1

| | L𝑐𝑘
𝜋𝑖

(𝜋𝑖,𝑗+1 )+𝜉𝑘+
𝜆
𝑖,𝑗

𝑘

𝜌
| |2

2
, (10b)

• Update 𝝀 by:

𝜆
𝑖, 𝑗+1

𝑘
=𝜆

𝑖, 𝑗

𝑘
+𝜌 (L𝑐𝑘

𝜋𝑖
(𝜋𝑖, 𝑗+1)+𝜉𝑖, 𝑗+1

𝑘
), 𝑘 = 1, . . . , 𝐾 . (10c)

It is worth noting that, based on the prior estimation 𝝀𝑖, 𝑗 and
𝝃 𝑖, 𝑗 , we have proved the Theorem 2 in appendix. This allow us to

obtain the closed form of the subsequent policy. Through observing

the results of Theorem 2, we discover that solving the problem

(10a) optimally is akin to addressing an unconstrained problem

by maximizing a weighted average of the reward and cost. We

identify the constraint coefficient as a composition of error accu-

mulation terms 𝜆
𝑖, 𝑗

𝑘
, error terms 𝜌 (L𝑐𝑘

𝜋𝑖
(𝜋𝑖 ) + 𝜉𝑖, 𝑗

𝑘
), and differential

terms 𝜌 (L𝑐𝑘

𝜋𝑖
(𝜋) −L𝑐𝑘

𝜋𝑖
(𝜋𝑖 )). This insight reveals that our algorithm

implicitly incorporates a PID controller for learning Lagrange mul-

tipliers, enhancing learning stability.

3.4 Practical Implementation
While solving the problem (10a), allowing 𝜋 to reside within the pol-

icy space Π may result in a policy that does not necessarily belong

to the parameterized policy space Π𝜽 . Consequently, evaluating or

sampling from 𝜋 may no longer be feasible. To address this issue,

we replace the policy 𝜋 with the parameterized policy 𝜋𝜽 .

To bolster computational efficiency and simplify complexity, our

proposed algorithm in this paper embraces a first-order approach.

Given that Theorem 2 establishes closed-form solution for the opti-

mal policy, our algorithm can facilitate the utilization of FOCOPS

for policy optimization.

While considering the complexity of FOCOPS, we opt to utilize

the Proximal Policy Optimization (PPO) Algorithm [17] to optimize

the policy, which incorporates advantage function clipping to en-

sure adherence to the KL divergence constraint. The policy loss

function of the FCPO algorithm is expressed as equation (11). For a
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comprehensive understanding of FCPO algorithm, please refer to

Algorithm 2. Details can be found in Appendix.

𝐿𝑜𝑠𝑠 (𝜽 ) =

−E
𝑠∼𝑑𝜌0

𝜋
𝜽𝑖

𝑎∼𝜋𝜽𝑖

[min{𝑟 𝑖 (𝜽 )𝐴𝜋𝜽𝑖 (𝑠,𝑎), clip(𝑟 𝑖 (𝜽 ), 𝜀)𝐴𝜋𝜽𝑖 (𝑠,𝑎)}
1−𝛾

]
+ 𝜌

2

𝐾∑︁
𝑘=1

������max

{
𝑟 𝑖 (𝜽 )𝐴𝜋𝜽𝑖 (𝑠,𝑎), clip(𝑟 𝑖 (𝜽 ), 𝜀)𝐴𝜋𝜽𝑖 (𝑠,𝑎)

}
1−𝛾 +𝜉𝑖, 𝑗

𝑘
+
𝜆
𝑖, 𝑗

𝑘

𝜌

������2
2

,

(11)

where 𝑟 𝑖 (𝜽 ) =
𝜋𝜽 (𝑎 |𝑠 )
𝜋𝜽𝑖 (𝑎 |𝑠 )

is the importance sampling ratio and

clip(𝑥, 𝜀) = max(min(𝑥, 1 + 𝜀), 1 − 𝜀) is clip function.

Algorithm 2 FCPO Outline

Require: Policy network 𝜋𝜽 0 , Value networks

𝑉𝝓0 ,𝑉
𝑐1

𝝓0

1

, . . . ,𝑉
𝑐𝐾

𝝓0

𝐾

.

while stopping criteria not meet do
Generate trajectories 𝜏 ∼ 𝜋𝜽𝑖 .
Estimate returns and advantage functions.

for each iteration do
for each minibatch do
Update value networks by minimizing MSE of

𝑉𝝓 ,𝑉
𝑡𝑎𝑟𝑔𝑒𝑡

𝝓 , . . . ,𝑉
𝑐𝐾
𝝓𝐾
,𝑉

𝑐𝐾 ,𝑡𝑎𝑟𝑔𝑒𝑡

𝝓𝐾
.

Update policy network minimizing problem (11).

end for
if 𝐷𝐾𝐿 (𝜋𝜽 | |𝜋𝜽𝑖 ) > 𝜖 then

Break

end if
Update 𝝃 𝑖 by minimizing problem (10b).

Update 𝝀𝑖 using equation (10c).

end for
end while

4 EXPERIMENTS
4.1 Tasks
Safety-Gymnasium [10] integrated and developed a Gym environ-

ment by amalgamating environments like Bullet-Safety-Gym [7]

and MuJoCo [25], thereby offering a comprehensive set of RL tasks

focused on safety. In Safety-Gymnasium, we select experimental

scenarios from the two supported categories of environments. Each

task within these scenarios offers various levels of difficulty and we

typically choose the medium difficulty level. Further details about

these experiments are outlined in Appendix, and you can access

the code in the Supplementary Material.

4.2 Results
Baseline Algorithms To assess the efficacy of our proposed feasi-

ble region relaxation method in enhancing the performance of local

policy search algorithms, we conducted experiments using CPO

[1] and FOCOPS [32] as our baseline algorithms. CPO represents

the foundational trust region approach for constrained optimiza-

tion, employing second-order optimization to ensure monotonic

improvement within the feasible region. FOCOPS extends CPO by

approximating the optimal solution to the original constrained prob-

lem, substantially reducing computational overhead through first-

order optimization while maintaining theoretical guarantees. Fur-

thermore, to evaluate the impact of optimization stability achieved

through the ADMM algorithm, we introduced CPPOPID [21] to our

baseline. CPPOPID incorporates a PID controller mechanism for

Lagrange multiplier updates, aiming to achieve faster convergence

and improved stability compared to traditional primal-dual meth-

ods. Additionally, to investigate the distinction between directly

employing penalty functions for constraint handling versus our

integrated approach, we included the P3O [31] algorithm as another

baseline in our comparative analysis. P3O utilizes exact penalty

functions similar to FCPO but lacks the trust region constraints and

ADMM decomposition that characterize our method.

Comparison to baselines Figures 2 and 3 illustrate that, in the

majority of tasks, FCPO outperforms other baseline algorithms in

terms of rewards while adhering to cost constraints. The perfor-

mance advantage is particularly pronounced in environments re-

quiring nuanced exploration-exploitation balance. Moreover, FCPO

exhibits smoother convergence in its training curves and lower

variance across random seeds, indicating superior optimization

stability. The shaded regions in these figures, representing ±1𝜎
standard deviation across 5 independent training runs, are consis-

tently narrower for FCPO compared to baselines, demonstrating

reproducible performance that is less sensitive to initialization and

stochastic variations during training.

Compared to trust region baselines, FOCOPS demonstrates un-

stable convergence with significant cost fluctuations and variance

in PointCircle and CarCircle. Cost curves reveal multiple violation

spikes, with some episodes exceeding cost values of 100, occurring

when FOCOPS’s aggressive first-order updates overshoot the feasi-

ble region. The high variance (standard deviation 2-3× larger than

FCPO) indicates sensitivity to initialization and sampling stochas-

ticity. In contrast, CPO shows stable convergence and strong con-

straint satisfaction, rarely violating cost thresholds after initial

exploration. However, this conservative behavior limits reward

performance. For example, CPO achieves only 39.49 reward in Safe-
tySwimmer versus FCPO’s 147.43, a 3.7× performance gap. Addi-

tionally, CPO’s second-order Fisher information matrix calculations

incur 22-32% longer wall-clock time, limiting scalability to high-

dimensional problems.

CPPOPID presents an interesting case study in applying control

theory to safe RL.While the PID controller mechanism for Lagrange

multiplier updates provides rapid initial constraint satisfaction in

simple environments like SafetyAnt, the algorithm exhibits oscil-

latory behavior in more complex tasks. Analysis of CPPOPID’s

Lagrange multiplier trajectories reveals that the proportional, inte-

gral, and derivative gains, tuned for stability in conventional control

systems, can produce over-correction in the context of neural policy

optimization where the "plant" (the policy-environment system) is

highly nonlinear and non-stationary. This manifests as alternating

periods of constraint satisfaction and violation, visible in the cost

curves of 2 and 3 as higher frequency oscillations compared to other

methods. In SafetyHumanoid, CPPOPID achieves reasonable mean
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Figure 2: Training curves of Safe Velocity tasks. The rewards and costs are obtained from 10 million interaction steps, with
dashed black lines indicating the target cost value set at 25. The shaded region represents the error bars, which are based on the
standard deviation (i.e., ±1𝜎).

Figure 3: Training curves of Safety Navigation tasks. The rewards and costs are obtained from 10 million interaction steps, with
dashed black lines indicating the target cost value set at 25. The shaded region represents the error bars, which are based on the
standard deviation (i.e., ±1𝜎).

performance (6407.81 reward) but with dramatically higher vari-

ance (±50.27 cost std) compared to FCPO (±7.76 cost std), indicating

less predictable behavior.

Despite both FCPO and P3O employing exact penalty functions

for constraint violations, P3O consistently lags behind other algo-

rithms in terms of reward performance, particularly evident in Goal

environments where it achieves near-zero rewards. This substantial

performance gap reveals a fundamental limitation of naïve penalty

function approaches: without the stabilizing structure of trust re-

gion constraints and ADMM decomposition, the penalty coefficient

becomes difficult to tune. When the penalty is too small, constraints

are violated; when too large, the algorithm becomes excessively

conservative, effectively treating the constraint boundary as a hard

barrier that should never be approached. This prevents exploration

of the high reward regions that often exist near constraint bound-

aries. Our analysis of P3O’s policy distributions shows that learned

policies exhibit significantly lower action variance compared to

FCPO in SafetySwimmer, indicating that P3O converges to overly

cautious, low entropy policies that sacrifice performance for an

abundance of caution.

Generalization Analysis To assess performance robustness, we

trained models with a fixed random seed and conducted evalu-

ation trials using 10 different seeds. During evaluation, we use

deterministic action selection and disable exploration noise. Table
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Table 1: Performance evaluation of different algorithms across various tasks. Data are presented as mean ± standard deviation
(±1𝜎). Bold values indicate the optimal algorithm selected using the following criteria: (1) among algorithms satisfying the
safety constraint (mean cost < 25), select the one with highest reward; (2) if no algorithm satisfies the constraint, select the one
with lowest mean cost.

Environment CPO FOCOPS CPPOPID P3O FCPO

PointCircle
Reward 87.03 ± 7.67 64.19 ± 5.22 86.60 ± 2.09 56.06 ± 1.70 96.18 ± 2.58
Cost(<25) 15.02 ± 59.23 84.12 ± 93.12 46.91 ± 34.26 0.97 ± 6.20 13.70 ± 23.15

CarCircle
Reward 37.32 ± 1.76 37.87 ± 2.65 35.58 ± 1.40 37.32 ± 1.76 38.69 ± 2.50
Cost(<25) 64.67 ± 51.10 92.09 ± 54.28 35.03 ± 35.16 64.67 ± 51.10 16.11 ± 31.04

PointGoal
Reward 19.98 ± 4.21 16.72 ± 9.07 9.44 ± 5.74 0.82 ± 2.52 21.28 ± 4.28

Cost(<25) 26.45 ± 26.08 29.28 ± 42.61 28.62 ± 52.08 27.94 ± 95.18 29.80 ± 25.97

CarGoal
Reward 22.50 ± 7.54 19.76 ± 9.12 12.15 ± 6.93 −0.10 ± 1.90 23.95 ± 6.42

Cost(<25) 30.33 ± 31.96 30.83 ± 42.16 24.62 ± 36.53 15.74 ± 49.27 31.36 ± 31.40

SafetyAnt
Reward 3030.91 ± 197.32 3035.05 ± 514.98 3270.54 ± 297.76 2790.09 ± 29.87 3336.27 ± 11.30
Cost(<25) 14.32 ± 5.72 13.87 ± 6.18 29.97 ± 23.19 7.14 ± 4.39 17.12 ± 7.97

SafetyHalfCheetah
Reward 1844.11 ± 19.27 2875.40 ± 19.14 3002.13 ± 145.33 1898.66 ± 21.45 3053.01 ± 5.51
Cost(<25) 20.96 ± 5.79 0.50 ± 0.77 2.18 ± 1.92 27.83 ± 6.88 5.14 ± 2.22

SafetySwimmer
Reward 39.49 ± 1.48 44.63 ± 0.95 41.26 ± 2.87 21.13 ± 11.61 147.43 ± 1.87
Cost(<25) 26.67 ± 1.48 25.19 ± 1.59 23.16 ± 7.29 42.92 ± 45.81 19.38 ± 5.67

SafetyHumanoid
Reward 6388.03 ± 5.64 5934.05 ± 7.38 6407.81 ± 8.53 5985.88 ± 15.53 6620.16 ± 4.69
Cost(<25) 0.16 ± 0.31 20.44 ± 19.76 36.50 ± 50.27 285.78 ± 63.10 5.92 ± 7.76

𝜎 5 10 20 40

PointCircle
Reward 47.58 48.46 47.97 47.80

Cost(<25) 20.56 23.73 20.56 22.73

CarCircle
Reward 17.98 17.90 17.89 17.97

Cost(<25) 23.92 23.60 22.21 22.74

PointGoal
Reward 20.76 20.31 19.73 18.91

Cost(<25) 30.92 33.54 29.31 27.27

CarGoal
Reward 22.35 22.82 23.98 22.19

Cost(<25) 29.53 29.33 29.88 29.72

SafetyAnt
Reward 3146 3192 3145 3146

Cost(<25) 22.99 23.52 21.36 22.99

SafetyHalfCheetah
Reward 3019 3019 3022 3021

Cost(<25) 24.77 23.96 24.36 24.49

SafetySwimmer
Reward 125 127 126 125

Cost(<25) 24.83 24.54 23.74 24.22

SafetyHumanoid
Reward 6497 6452 6496 6539

Cost(<25) 23.80 24.04 24.08 25.78

Table 2: Sensitivity analysis shows performance of FCPO
exhibits significant insensitivity to this hyperparameter.

1 summarizes performance across algorithms. FCPO satisfies con-

straints (cost < 25) in 6 of 8 environments and achieves optimal or

near-optimal rewards except in Goal environments, where sparse

rewards and procedurally generated obstacles create generalization

difficulties for all algorithms. The gap between training and evalua-

tion performance (e.g., PointCircle: 96.18 evaluation vs. around 47

during training) occurs because deterministic policies consistently

select high probability actions, while stochastic training policies

explore more broadly. FCPO exhibits low variance across evaluation

seeds. In SafetyHumanoid, FCPO achieves 6620.16 ± 4.69 reward,

indicating consistent high performance despite the high dimension-

ality (376-dim observation, 17-dim action) and morphological in-

stability. Comparing to baselines: P3O shows highest cost variance

(±95.18 in PointGoal, ±63.10 in SafetyHumanoid), indicating brittle

policies that occasionally violate constraints on out-of-distribution

states; FOCOPS shows moderate performance with higher variance

(±514.98 in SafetyAnt); CPO shows most consistent constraint satis-

faction but moderate rewards.

Sensitivity Analysis The penalty factor 𝜎 plays a crucial role in

FCPO algorithms, directly influencing the trade-off between re-

ward optimization and constraint satisfaction through the exact

penalty function 𝑔(𝜉) = ∑
𝑘 max{0,−𝜉𝑘 }. We systematically vary

𝜎 ∈ {5, 10, 20, 40} and measure final performance across all eight en-

vironments. Table 2 shows FCPO exhibits low sensitivity to 𝜎 . The

coefficient of variation in reward across these𝜎 values is remarkably

low across all environments. This robustness arises from FCPO’s al-

gorithmic structure: the exact penalty function ensures sufficiently

large 𝜎 values achieve the same optimal solution (Proposition 2),

while ADMMadaptively adjusts the effective penalty through evolv-

ing Lagrange multipliers 𝜆𝑖 . When 𝜎 is large, the penalty dominates

early in training but multipliers grow slowly; when 𝜎 is moderate,

multipliers grow larger to compensate, achieving similar equilib-

rium.

5 CONCLUSION
In this paper, we present a novel constrained policy iteration al-

gorithm with monotonic convergence guarantees. Using ADMM

decomposition, our algorithm simplifies constrained policy opti-

mization into three tractable subproblems, ensuring practical effi-

ciency. The algorithm combines the benefits of trust regionmethods

and penalty functions, extending policy optimization to the entire

policy space rather than requiring initial feasibility.
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