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ABSTRACT

A key public health problem during an outbreak is to reconstruct
the disease cascade from a partial set of confirmed infections. This
has been studied extensively under the Maximum Likelihood Esti-
mation (MLE) formulation, which reduces the problem to finding
some type of Steiner subgraph on a network. Group surveillance
like wastewater or aerosol monitoring is a form of mass/pooled test-
ing where samples from multiple individuals are pooled together
and tested once for all. While a single negative test clears multiple
individuals, a positive test does not reveal the infected individuals
in the test pool. We introduce the PoolCascadeMLE problem in
the setting of a network propagation process, where the goal is to
find a MLE cascade subgraph which is consistent with the pooled
test outcomes. Previous work on reconstruction assumes that the
test results are of individuals, i.e., pools of size one, and requires a
consistent cascade to connect the positive testing nodes. In Pool-
CascadeMLE, a consistent cascade must choose at least one node
in each positive pool, adding another combinatorial layer. We show
that, under the Independent Cascade (IC) model, PoolCascadeMLE
is NP-hard, and present an approximation algorithm based on a
reduction to the Group Steiner Tree problem. We also consider a
one-hop version of this problem, in which the disease can spread for
one time step after being seeded. We show that even this restricted
version is NP-hard, and develop a method using linear program-
ming relaxation and rounding. We evaluate the performance of
our methods on real and synthetic contact networks, in terms of
missing infection recovery and prevalence estimation. We find that
our approach outperforms meaningful baselines which correspond
to pools of size one and use state-of-the-art methods.
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1 INTRODUCTION

Inferring the characteristics of an outbreak from partial obser-
vations is an important problem in many domains such as com-
putational epidemiology, biological invasions, and social conta-
gions [18, 23, 26, 30]. This is a very challenging problem due to
multiple reasons. First, the number of tests that is done is typically
much smaller than the population. Second, disease transmission
is very complex, and there might be many possible outbreak sce-
narios consistent with observed test results. There has been a lot
of work on formalizing how to reconstruct an outbreak from avail-
able information. A common and intuitive approach has been to
find a maximum likelihood estimation (MLE) solution. However,
solving for the MLE is quite challenging, and several works have
approximated it with a minimum cost Steiner tree, which is well
understood [18, 27, 29, 34]. While this is reasonable in many set-
tings, in general, the MLE solution can be quite different from a
Steiner tree, and Mishra et al. [23] show that the MLE solution can,
instead, be found directly.

Group surveillance is increasingly emerging as a practical way of
monitoring diseases in populations. A classical idea in this regard is
pool testing [13, 24]. where the objective is to test a set of samples
(or “pool”) simultaneously. If the pool test result is negative (and
the test is assumed to be perfect), all the individuals in the pool can
be cleared of the infection. On the other hand, if a pool test result
is positive, one can only infer that at least one of the individuals in
the pool was positive. The main motivation is that the availability
of tests is often quite limited, especially in the early stages of a
pandemic, as in the case of COVID-19. In recent times, various new
environmental surveillance methods like wastewater [3, 14, 19, 20,
33] and bioaerosol [6, 32] monitoring have emerged as important
group surveillance methods.

In this work, we consider the problem of reconstructing a cascade
in a group surveillance setting. Despite a lot of interest in group
surveillance, this problem hasn’t been considered. Prior work on
pool testing for infectious diseases [13, 24] has focused on the
problem of allocating tests to maximize the number of entities who
get cleared (by negative tests). Wastewater monitoring studies have
addressed problems such as determination of hospitalization rates,
forecasting, risk assessment, and optimal placement of sensors [7,
32]. Air sampling studies consider the problem of timely detection
of bioaerosols in hostpital settings and livestock operations [4, 6].
Note that the prior work on cascade reconstruction can be viewed
as a special case of this problem with pool size 1.

Our contributions are as follows:
1. We introduce the PoolCascadeMLE problem under the Indepen-
dent Cascade (IC) model of disease transmission on a network as
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constructing an MLE solution from given group test results (Sec-
tion 3). We show that PoolCascadeMLE is NP-hard to approximate
within a factor of𝑂 (log2−𝜖 𝑘), where 𝑘 denotes the number of node
groups in the problem instance. In contrast, when the group size is
1, an 𝑂 (log𝑘) approximation is possible [23]. Here, we present a
𝑂 (𝑘𝜖 )-approximation algorithm called ApproxCascade. We also
consider the more general setting where tests are unreliable, and
show that a similar approximation is possible.
2. We consider a special case of the MLE estimation problem, One-
HopCascadeMLE, which corresponds to for one step of disease
spread. This is specially motivated by group surveillance in wastew-
ater and animal farms. We show that this problem is also NP-hard,
and give an 𝑂 (log𝑘) approximation algorithm.
3. We evaluate the performance of ApproxCascade on two tasks:
(a) recovering the infected nodes, (b) estimating prevalence, i.e.,
outbreak size. We use synthetic data generated on multiple syn-
thetic and real contact networks, including a contact network built
from the Electronic Health Record (EHR) for the UVA Hospital ICU
and a large realistic contact network representing the population
of a small city. We find ApproxCascade compares favorably to
baselines which reduce pool size to 1 and use the state-of-the-art
method in [23]. We also evaluate RoundCascade against a random
baseline and find that it too outperforms in missing infection re-
covery.
4 . We examine the conditions in which the PoolCascadeMLE solu-
tion does not recover the ground truth to show the limitations of the
MLE approach. We also show that even a little bit of noise in the test
results can change the MLE solution of NoisyPoolCascadeMLE
quite significantly, compared to that of PoolCascadeMLE.

Due to space constraints, some proofs and experimental details
are omitted; they are available in the full version on arXiv [22].

2 RELATEDWORK

In the pool testing literature, the general goal is to identify the
subset of infections in a relatively very large population by simul-
taneously testing multiple individuals. The idea was first proposed
during World War II in the context of detecting syphilis infected
population [11]. Subsequently, it has been applied in various do-
mains such as industrial testing, experiment design, coding the-
ory [12]. Multiple variants of the problem exist accounting for
aspects such as adaptive or non-adaptive setting, noiseless or noisy
tests, and exact or partial recovery [2]. There has been renewed
interest in this topic in the context of COVID-19 [13, 24, 31]. In
recent years, there has been work that accounts for heterogeneous
interactions of individuals in the population in the design of group
testing algorithms. References [5, 28] assume the knowledge of the
network of interactions for better pool design. To the best of our
knowledge, existing works focus on designing the pools with the
objective of minimizing the number of tests to be performed in
both non-adaptive and adaptive settings.

Our work is motivated by the emergence of various environmen-
tal surveillance methods like wastewater and bioaerosol monitoring
in the context of infectious diseases in humans and animals. The
objective is to estimate important characteristics of the disease from
observations for downstream tasks of risk assessment, situational
awareness, and forecasting [9]. In this setting, pools are already

provided along with test results (see for example the national-scale
monitoring of H5N1 [15, 21]).

In the setting of network propagation processes, reconstruct-
ing a cascade given partial information about infected nodes (pool
size 1) is well-studied. Rozenshtein et al. [27] use a directed Steiner
tree approach in a temporal network setting, where a subset of in-
fected nodes along with the time of infection is provided. Jang et al.
[18] account for node attributes to detect asymptotic cases. Mishra
et al. [23] formulate an MLE problem to reconstruct cascade given
a subset of observed infected nodes and diffusion model. Unlike
previous works, they consider true MLE cost that includes failed
infection attempts, and use a node-weighted Steiner tree approach
for cascade reconstruction. Our work uses this MLE formulation,
but generalizes this work to the pool-testing scenario. Qiu et al. [25]
consider the problem of reconstructing diffusion history from a sin-
gle snapshot of the cascade, i.e., the knowledge of all infected nodes.
Their barycenter formulation does not assume the knowledge of
the diffusion parameters.

3 PRELIMINARIES

Disease model. We consider the Independent Cascade (IC) model
of disease spread which is the simplest form of the discrete-time
SIR model, on an undirected network 𝐺 = (𝑉 , 𝐸). Each node is in
one of the following states: susceptible (S), infectious (I) or removed
(R). Let 𝑉0 ⊂ 𝑉 denote the initial set of nodes in state I that seed
the disease at time 𝑡 = 0. At any time 𝑡 , each node in state I infects
its susceptible neighbor with probability according to the weight
on the respective edge. Then, 𝑣 transitions to state R at time 𝑡 , thus
getting only one chance to infect. We consider two variations of
this IC process:
(a) single-seed: The disease begins from a single known seed
node, i.e. 𝑉0 = {𝑠}, and can spread over multiple time steps, until
there are no more new infections.
(b) one-hop: The disease spread is limited to one time step after
seeding. Here 𝑉0 is not known.
One realization of this random process is called a cascade.
Pool testing. A pool test corresponds to a subset 𝑔𝑖 ⊂ 𝑉 . This
indicates that the subset 𝑔𝑖 are tested simultaneously; the test result
is positive if any node in 𝑔𝑖 is infected. A set Γ = {𝑔1, 𝑔2, . . . , 𝑔𝑘 },
with each 𝑔𝑖 ⊂ 𝑉 denotes a group level surveillance strategy. We
use Γ1 to denote the set of pools which test positive (i.e., at least
one node amont them is infected); Γ0 = Γ − Γ1 is the set of pools
which test negative.
Criteria for a consistent cascade. Given a set of observations
(Γ0, Γ1), we require for a cascade 𝐴 to be consistent that it meet
both of these criteria: (a) that it does not include any node from Γ0,
i.e,

⋃
𝑔∈Γ0 𝑔 ∩𝑉 (𝐴) = ∅, and (b) that it includes at least one node

from each pool in Γ1, i.e, ∀𝑔 ∈ Γ1,𝑉 (𝐴) ∩ 𝑔 ≠ 𝜙 .
Example. Figure 1 (left) shows a cascade (red edges) on a graph
with 10 nodes. There are two pool tests Γ = {𝑔1 = {5, 6, 7}, 𝑔2 =

{3, 8, 9}}. Suppose nodes 7 and 3 are infected. Then, both the pools
𝑔1 and 𝑔2 will test positive, and Γ1 = {𝑔1, 𝑔2}.𝑇𝑟 (red edges) denotes
a disease cascade with root 𝑟 . The subgraph in purple edges in
Figure 1(right) denotes a consistent cascade, since it ensures that
both positive groups have a node connected to 𝑟 . The inferred
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Figure 1: On the left, a cascade (in red) with root 𝑟 has resulted

in two positive-testing pools (in dashed ovals). On the right,

a reconstructed cascade 𝑇𝑟 is shown (in purple) which is con-
sistent, i.e., it contains at least one node from each positive

pool. Here, 𝛿𝑇𝑟 = {(3, 7), (3, 8)}, 𝜆𝑇𝑟 = {(2, 5)}. The probability
𝑃 (𝑇𝑟 ) = 𝑝𝑟1𝑝15𝑝12𝑝23𝑝𝑟4𝑝49 (1 − 𝑝37) (1 − 𝑝38).

cascade in the right is not the same as the one on the left, but shares
some nodes.

3.1 Problem formulation: MLE construction for

single-seed instance

We first define the probability of a cascade, and transform that to a
cost, in order to formalize the MLE problem. Let the set of all nodes
in the negative pools be 𝑆0 =

⋃
𝑔∈Γ0 𝑔. Let 𝑁𝑒 (𝑢) be the set of edges

incident at node 𝑢. Given a cascade 𝑇𝑟 in 𝐺 = (𝑉 , 𝐸), we define:
(1) 𝐸 (𝑇𝑟 ): the set of edges in 𝑇𝑟 ; (2) 𝐸 (𝑇𝑟 , 𝑆0): the set of all edges
with one endpoint in𝑇𝑟 and the other in 𝑆0; (3) 𝛿𝑇𝑟 : the set of edges
with one endpoint in 𝑇𝑟 and the other in 𝑉 \ (𝑉 (𝑇𝑟 ) ∪ 𝑆0); (4) 𝜆𝑇𝑟 :
the set of edges with both endpoints in 𝑇𝑟 , but not belonging to 𝑇𝑟 .
Let 𝑑𝑇𝑟 (𝑢, 𝑣) denote the distance in 𝑇𝑟 between the nodes 𝑢 and 𝑣 .
Under the IC disease model , the probability of the cascade 𝑇𝑟 is:

𝑃 (𝑇𝑟 ) =
∏

𝑒∈𝐸 (𝑇𝑟 )
𝑝𝑒

∏
𝑒∈𝐸 (𝑇𝑟 ,𝑆0 )

(1 − 𝑝𝑒 )
∏
𝑒∈𝛿𝑇𝑟

(1 − 𝑝𝑒 )∏
𝑒=(𝑢,𝑣) ∈𝜆𝑇𝑟 ,

𝑑𝑇𝑟 (𝑟,𝑢 )≠𝑑𝑇𝑟 (𝑟,𝑣)

(1 − 𝑝𝑒 )

Example. In the example in Figure 1 (right), the set 𝐸 (𝑇𝑟 ) for the
cascade 𝑇𝑟 consists of the purple edges.

An MLE cascade is one which maximizes the above probability.
Let 𝑐𝑒 = − log 𝑝𝑒 and 𝑑𝑒 = − log (1 − 𝑝𝑒 ). As in prior formulations
of MLE [23], we formalize the cost of a cascade as

Cost(𝑇 ) =
∑︁

𝑒∈𝐸 (𝑇 )
𝑐𝑒 +

∑︁
𝑒∈𝐸 (𝑇,𝑆0 )

𝑑𝑒 +
∑︁
𝑒∈𝛿𝑇

𝑑𝑒 +
∑︁
𝑒∈𝜆𝑇

𝑑𝑒 (1)

As in [23], we disregard the fact that two neighbors in the cascade
equidistant from the source (in the cascade) do not contribute 𝑑𝑒
costs.
The PoolCascadeMLE problem. Given an undirected graph
𝐺 = (𝑉 , 𝐸), a seed 𝑟 , a set of pool-tested node groups Γ = Γ0∪Γ1, find
a subgraph𝑇𝑟 rooted at 𝑟 , which is consistent with Γ and minimizes
Cost(𝑇𝑟 ).

We also consider a version where the tests are imperfect, i.e., the
observations are noisy.

The NoisyPoolCascadeMLE problem. Given an undirected
graph𝐺 = (𝑉 , 𝐸), a set of noisy pool-tested node groups Γ = Γ0∪Γ1,
find outcomes Γ′0 ∪ Γ′1 , and a subgraph 𝑇 , which is consistent with
Γ′0∪Γ

′
1 , andminimizes Cost(𝑇 |Γ′0∪Γ

′
1 )+log (1/𝑞(Γ0, Γ1, Γ

′
0 , Γ
′
1 )). Here

𝑞(Γ0, Γ1, Γ′0 , Γ
′
1 ) denotes the probability that the actual outcomes are

(Γ′0 , Γ
′
1 ) when the observed outcomes are (Γ0, Γ1).

3.2 Problem formulation: MLE construction for

the one-hop instance

For simplicity, we assume the disease starts on nodes in 𝑉0 and
spreads to nodes in 𝑉1 = 𝑉 \ 𝑉0, and we are given observations
from 𝑉1. For a cascade consisting of a subset 𝐴 of edges, let 𝑉0 (𝐴)
denote the set of seeds in𝑉0. Let 𝜎 denote the set of edges between
𝑉0 and𝑉1. We can write the probability of cascade𝐴 in terms of the
probabilities of the constituent seeding and transmission events as
follows.

𝑃 (𝐴) =
∏

𝑣∈𝑉0 (𝐴)
𝑝0𝑣

∏
𝑣∈𝑉 \𝑉0 (𝐴)

(1 − 𝑝0𝑣)
∏

𝑒∈𝐸 (𝐴)
𝑝𝑒

∏
𝑒∈𝜎𝐴\𝐸 (𝐴)

(1 − 𝑝𝑒 )

Equivalently, we canwrite the objective in terms of costs. In addition
to 𝑐𝑒 , 𝑑𝑒 , we define 𝑎𝑣 = − log𝑝0𝑣 as the cost of seeding 𝑣 , and
𝑏𝑣 = − log(1−𝑝0𝑣) as the cost of not seeding 𝑣 . The cost of a cascade
under the one-hop model is,

Cost1 (𝐴) =
∑︁

𝑣∈𝑉0 (𝐴)
𝑎𝑣 +

∑︁
𝑣∈𝑉 \𝑉0 (𝐴)

𝑏𝑣 +
∑︁

𝑒∈𝐸 (𝐴)
𝑐𝑒 +

∑︁
𝑒∈𝜎𝐴\𝐸 (𝐴)

𝑑𝑒

(2)

The One-HopCascadeMLE problem. Given a set of obser-
vations Γ = (Γ0, Γ1) , find a cascade 𝐴 which is consistent and
minimizes Cost1 (𝐴).

4 HARDNESS RESULTS

We show that both PoolCascadeMLE and One-HopCascadeMLE
are computationally hard, even to approximate. In contrast, the
MLE for the problem without pool testing (equivalently, all pools of
size 1), which was considered in [23], can be approximated within
an 𝑂 (log𝑛) factor.

Theorem 1. PoolCascadeMLE is hard to approximate within a
𝑂 (log2−𝜖 𝑘) factor, for any 𝜖 > 0 unless P=NP. Here |Γ1 | = 𝑘 .

The proof is deferred to the full version [22]. It is a reduction from
the Group Steiner Tree problem.

Theorem 2. One-HopCascadeMLE is NP-hard to approximate
within a 𝑂 (log𝑘) factor, unless P=NP.

The proof is deferred to the full version [22]. It is a reduction from
the Minimum Set Cover problem.

5 OUR APPROACH

Due to the significant hardness of the PoolCascadeMLE and One-
HopCascadeMLE problems (Section 4), we focus on approximation
algorithms here. We make the following natural assumption about
the disease regime.

Assumption 1. The edge transmission probability 𝑝𝑒 ≤ 1/2 for
all edges, i.e., 𝑐 (𝑒) ≥ 𝑑 (𝑒), for all 𝑒 ∈ 𝐸.
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5.1 PoolCascadeMLE problem

Lemma 1. Under Assumption 1, a PoolCascadeMLE solution 𝑇★
𝑟 ∗

is a tree.

If the solution has a cycle, then we can reduce its cost by removing
an edge in the cycle and still have a feasible solution. Hence, the
solution is a tree.
Our approach is based on a reduction to the Group Steiner Tree
(GST) problem on a graphwith node and edge weights.We are given
an undirected graph 𝐺 and a set of pools Γ. We construct graph 𝐺 ′
from𝐺 by adding node and edge weights as defined in Algorithm 1,
ApproxCascade. We remove the set of nodes belonging to the
negative pools, 𝑆0. Now our goal is to find a minimum weighted
tree in 𝐺 ′ that connects to at least one node in each of the positive
pools, Γ1, which is the Group Steiner Tree problem [8, 17]. Lemma
2 gives the bounds on the weight of such a tree in terms of our Cost
(Expression (1)). Let 𝑁𝑒 (𝑢) be the set of all incident edges on node
𝑢.

Lemma 2. Let 𝑇 be any Group Steiner Tree in 𝐺 ′ with respect to
the groups Γ1. Let the weight of 𝑇 in 𝐺 ′ be denoted as𝑤 (𝑇 ). Then, 𝑇
is consistent with Γ and

Cost(𝑇 ) ≤ 𝑤 (𝑇 ) ≤ 2 Cost(𝑇 )

Proof. For any group Steiner tree 𝑇 on 𝐺 ′, we have

𝑤 (𝑇 ) =
∑︁

𝑢∈𝑉 (𝑇 )
𝑤 (𝑢) +

∑︁
𝑒∈𝐸 (𝑇 )

𝑤 (𝑒)

=
∑︁

𝑢∈𝑉 (𝑇 )

∑︁
𝑒∈𝑁𝑒 (𝑢 )

𝑑𝑒 +
∑︁

𝑒∈𝐸 (𝑇 )
(𝑐𝑒 − 𝑑𝑒 )

=
∑︁

𝑢∈𝑉 (𝑇 )

[ ∑︁
𝑒∈𝑁𝑒 (𝑢 )∩𝐸 (𝑇 )

𝑑𝑒 +
∑︁

𝑒∈𝑁𝑒 (𝑢 )∩𝐸 (𝑇,𝑆0 )
𝑑𝑒

+
∑︁

𝑒∈𝑁𝑒 (𝑢 )∩𝛿𝑇
𝑑𝑒 +

∑︁
𝑒∈𝑁𝑒 (𝑢 )∩𝜆𝑇

𝑑𝑒

]
+

∑︁
𝑒∈𝐸 (𝑇 )

(𝑐𝑒 − 𝑑𝑒 )

= 2
∑︁

𝑒∈𝐸 (𝑇 )
𝑑𝑒 +

∑︁
𝑒∈𝐸 (𝑇,𝑆0 )

𝑑𝑒 +
∑︁
𝑒∈𝛿𝑇

𝑑𝑒 + 2
∑︁
𝑒∈𝜆𝑇

𝑑𝑒

+
∑︁

𝑒∈𝐸 (𝑇 )
(𝑐𝑒 − 𝑑𝑒 )

= Cost(𝑇 ) +
∑︁

𝑒∈𝐸 (𝑇 )
𝑑𝑒 +

∑︁
𝑒∈𝜆𝑇

𝑑𝑒

≤ 2 Cost(𝑇 ) −
∑︁

𝑒∈𝐸 (𝑇,𝑆0 )
𝑑𝑒 −

∑︁
𝑒∈𝛿𝑇

𝑑𝑒

⇒ 𝑤 (𝑇 ) ≤ 2 Cost(𝑇 ) .
□

Lemma 3. (Charikar et al.[8]) There is an approximation preserv-
ing reduction from the Group Steiner Tree problem on a node- and
edge-weighted graph to the Directed Steiner Tree problem on a purely
edge-weighted graph.

We describe the reduction in Lemma 3 in the full version [22]
(Algorithm 3). We convert the original graph into a purely edge-
weighted digraph by employing ‘in’ and ‘out’ copies of nodes in
the usual manner. Then, we add a dummy node for each group,
connecting each node in the group to this dummy node with zero-
weighted edges. Setting the dummy nodes as terminals, we solve

Algorithm 1 ApproxCascade
Input: 𝐺 = (𝑉 , 𝐸), seed 𝑟 , edge probabilities 𝑝𝑒 , a set of
pool-tested node groups Γ = Γ0 ∪ Γ1.
Output: A tree 𝑇𝑟 rooted at 𝑟 and consistent with Γ.
1: for each edge 𝑒 do
2: Compute the cost of inclusion 𝑐𝑒 = − log𝑝𝑒 and cost of

exclusion 𝑑𝑒 = − log (1 − 𝑝𝑒 )
3: end for

4: Construct a node and edge-weighted graph 𝐺 ′ such that,
5: for each node 𝑢 ∈ 𝐺 do

6: 𝑤 (𝑢) ← ∑
𝑒∈N𝑒 (𝑢 ) 𝑑𝑒

7: end for

8: for each edge 𝑒 ∈ 𝐺 do

9: 𝑤 (𝑒) ← 𝑐𝑒 − 𝑑𝑒
10: end for

11: Remove nodes
⋃

𝑔∈Γ0 𝑔 from 𝐺 ′.
12: 𝑇𝑟 = GroupSteinerTree(𝐺 ′, 𝑟 , Γ1)
13: return 𝑇𝑟

the Directed Steiner Tree problem [8]. Charikar et al. [8] provide the
best-known approximation algorithm for the Directed Steiner Tree
problem which has an approximation ratio of 𝑂 (𝑘𝜖 ) and runs in
time𝑂 (𝑘𝑛1/𝜖 ) for a fixed 𝜖 > 0, where 𝑘 is the number of terminals
and 𝑛 is the size of the network. This leads to an approximation
ratio of 𝑂 (𝑘𝜖 ) for our algorithm, ApproxCascade.

Theorem 3. Let 𝑇𝑟 , rooted at 𝑟 , be the tree returned by the Algo-
rithm 1. Let 𝑇 ∗

𝑟 ∗ be an optimal solution to PoolCascadeMLE, rooted
at 𝑟∗. Then,

Cost(𝑇𝑟 ) ≤ 𝑂 (𝑘𝜖 )Cost(𝑇 ∗𝑟 ∗ ),

where 𝑘 is the number of positive pools, i.e., |Γ1 | and a fixed 𝜖 > 0.

The proof is in the full version [22].
Time complexity. Algorithm 1 runs in 𝑂 (𝑛2 + 𝑘𝑛1/𝜖 )time. At a
fixed 𝜖 = 0.5, the time complexity is 𝑂 (𝑘𝑛2).

5.2 One-HopCascadeMLE problem

Let 𝑥𝑖 , 𝑦𝑖 𝑗 and 𝑧𝑖 𝑗 denote indicator variables for node 𝑖 ∈ 𝑉0 being
seeded, disease transmission on edge (𝑖, 𝑗) and no disease spread
on edge (𝑖, 𝑗), respectively. We first describe an integer program,
which doesn’t exactly solve One-HopCascadeMLE, but is a 2-
approximation.

minimize
∑︁
𝑖∈𝑉0

(𝑎𝑖𝑥𝑖 + 𝑏𝑖 (1 − 𝑥𝑖 )) +
∑︁
(𝑖, 𝑗 ) ∈𝐸

(𝑐𝑖 𝑗𝑦𝑖 𝑗 + 𝑑𝑖 𝑗 (𝑧𝑖 𝑗 ))

subject to
∑︁
𝑗∈𝑔


∑︁

𝑖:(𝑖, 𝑗 ) ∈𝐸
𝑦𝑖 𝑗

 ≥ 1, 𝑔 ∈ Γ1

𝑥𝑖 − 𝑦𝑖 𝑗 ≥ 0, (𝑖, 𝑗) ∈ 𝐸
𝑧𝑖 𝑗 ≥ 𝑥𝑖 , (𝑖, 𝑗) ∈ 𝐸
𝑥𝑖 ∈ {0, 1}, 𝑖 ∈ 𝑉0
𝑦𝑖 𝑗 ∈ {0, 1}, (𝑖, 𝑗) ∈ 𝐸
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Algorithm 2 RoundCascade
Input: A One-HopCascadeMLE instance
Output: A cascade 𝐴 consisting of set {𝑋𝑖 : 𝑖 ∈ 𝑉0} and edges
{𝑌𝑖 𝑗 : (𝑖, 𝑗) ∈ 𝐸}
1: Solve the LP to get {𝑥∗

𝑖
}𝑖∈𝑉 , {𝑦∗𝑖 𝑗 } (𝑖, 𝑗 ) ∈𝐸 .

2: for each 𝑖 ∈ 𝑉 do

3: Independently pick a number 𝜏𝑖 ∈ [0, 1] uniformly at
random.

4: Set 𝑋𝑖 = 1 if 𝛼𝑥∗
𝑖
> 𝜏𝑖 , otherwise set 𝑥𝑖 = 0.

5: end for

6: for each (𝑖, 𝑗) ∈ 𝐸 do

7: if 𝛼𝑦∗
𝑖 𝑗

> 𝜏𝑖 then

8: Set 𝑌𝑖 𝑗 = 1, 𝑋𝑖 = 1, 𝑍𝑖 𝑗 = 0.
9: else

10: Set 𝑌𝑖 𝑗 = 0 and 𝑍𝑖 𝑗 = 𝑋𝑖
11: end if

12: end for

The first set of constraints corresponds to the requirement that in
each group 𝑔 ∈ Γ1, at least one node should be covered by a live-
edge. The second set of constraints ensures that, a live-edge must
begin at a seeded node. The third set of constraints incorporates
the cost of non-infection.

Lemma 4. Let 𝑥,𝑦, 𝑧 denote the optimal integral solutions to the
above program. Then,

∑
𝑖∈𝑉0 (𝑎𝑖𝑥𝑖 + 𝑏𝑖 (1 − 𝑥𝑖 )) +

∑
(𝑖, 𝑗 ) ∈𝐸 (𝑐𝑖 𝑗𝑦𝑖 𝑗 +

𝑑𝑖 𝑗 (𝑧𝑖 𝑗 )) ≤ 2𝑂𝑃𝑇 , where𝑂𝑃𝑇 denotes the cost of the optimal solution
to the instance of One-HopCascadeMLE.

The proof is deferred to the full version [22].
LP relaxation. We relax the integrality constraints by replacing
them with 𝑥𝑖 , 𝑦𝑖 𝑗 ≥ 0,∀𝑖 ∈ 𝑉 , (𝑖, 𝑗) ∈ 𝐸. Let {𝑥∗

𝑖
}𝑖∈𝑉 , {𝑦∗𝑖 𝑗 } (𝑖, 𝑗 ) ∈𝐸

be the optimal LP solution.

Lemma 5. Let 𝑋,𝑌, 𝑍 denote the solution output by RoundCas-
cade. Then, 𝐸 [∑𝑖 (𝑎𝑖 −𝑏𝑖 )𝑋𝑖 +

∑
𝑖 𝑗 𝑐𝑖 𝑗𝑌𝑖 𝑗 +𝑑𝑖 𝑗𝑍𝑖 𝑗 ] ≤ 𝛼 𝑂𝑃𝑇 ∗ where

𝑂𝑃𝑇 ∗ is the optimal objective value of the LP, and 𝛼 = 1 + ln |Γ1 |.

This follows directly from the randomized rounding. Finally, we
show that the solution is feasible.

Lemma 6. Let 𝐴 denote the solution computed by RoundCascade.
Then, 𝑃𝑟 [𝐴 is infeasible] ≤ 𝑘𝑒−𝛼 ≤ 1/𝑛𝑐 for 𝑘 = Ω(log𝑛).

Proof. We show that for any 𝑔 ∈ Γ1, Pr[𝑔 is not connected by
𝐴] ≤ 𝑒−𝛼 . We have,

Pr[𝑔 is not connected by 𝐴] = Pr[
⋂
𝑗∈𝑔
( 𝑗 not in A)]

=
∏
𝑗∈𝑔

Pr[( 𝑗 is not seeded) ∩ ( 𝑗 is not covered by a live-edge)]

=
∏
𝑗∈𝑔

Pr[ 𝑗 is not seeded] Pr[ 𝑗 is not covered by a live-edge)]

=
∏
𝑗∈𝑔

(1 − 𝛼𝑥∗𝑗 )
∏

𝑖:(𝑖, 𝑗 ) ∈𝐸
(1 − 𝛼𝑦∗𝑖 𝑗 )

 ≤
∏
𝑗∈𝑔

𝑒−𝛼𝑥
∗
𝑗

∏
𝑖:(𝑖, 𝑗 ) ∈𝐸

𝑒
−𝛼𝑦∗𝑖 𝑗


= 𝑒
−𝛼 ∑

𝑗 ∈𝑔
(
𝑥∗𝑗+

∑
𝑖 :(𝑖,𝑗 ) ∈𝐸 𝑦∗𝑖 𝑗

)
≤ 𝑒−𝛼

Above, we have used the independence of events, { 𝑗 not in 𝐴} 𝑗∈𝑔 ,
and of the events, ( 𝑗 is not seeded) and ( 𝑗 is not covered by a live-
edge). In the last line, we have used the first set of constraints in the
LP. Therefore, 𝑃𝑟 [𝐴 is infeasible] = 𝑃𝑟 [⋃𝑔∈Γ1 g not connected by A] ≤∏

𝑗∈𝑋 Pr[ j is not in A ] ≤ 𝑘𝑒−𝛼 by union bound. □

Theorem 4. RoundCascade is a randomized (2+2 ln𝑘)-approximation
algorithm for One-HopCascadeMLE, where |Γ1 | = 𝑘 .

6 EXPERIMENTAL RESULTS

6.1 Dataset and Methods

We experimentally evaluate the performance of ApproxCascade
and RoundCascade using the networks listed in Table 1 and de-
scribed below.
(1) Barabasi-Albert (BA) networks: Since many real-world net-

works have been observed to be in the class of scale-free net-
works, BA networks are a useful model. We generate random
BA networks with the number of edges for each new node,
𝑚 = 3.

(2) Erdős-Rényi graphs: We generate a 𝐺 (𝑛 = 1000, 𝑞 = 0.02)
graph for evaluating ApproxCascade.

(3) hospital-icu: This is a contact network between patients and
healthcare workers built from Electronic Heath Records (EHR)
for the UVA Hospital ICU for the time period between Jan 1,
2018 to Jan 8, 2018.

(4) small-city: This is a subgraph of the Virginia (VA) digital
twin-based network made available at [1] and used previously
by [10, 16], created on a synthetic population based on census
data and community surveys. Each edge 𝑒 has a contact duration
𝑑𝑒 , which is used to generate the edge-diffusion probability
𝑝𝑒 = 1 − 𝑒−𝛽𝑑𝑒 ; 𝛽 is a parameter to control transmissibility.

Baselines. Since this problem has not been considered before, we
design the following baselines.
(1) ApproxCascade-Random and RoundCascade-Random: In-

stead of choosing the infected nodes in a positive pool cost-
effectively, randomly choose one node to be the only infection
in that pool, reducing to a pool size of 1.

(2) ApproxCascade-All: Here, we consider every node in a posi-
tive pool to be infected, also reducing to pool sizes of 1.

Both these baselines reduce the pool size to 1 which can now be
solved by the state-of-the-art method in [23]. For speed and scala-
bility, we deploy Charikar et. al.’s node-weighted Steiner tree solver
as required by that method [8]. Our goal is to understand the con-
ditions where it is important to systematically select the likely
infections within a pool.
Method.We randomly select a fixed proportion of nodes in a given
network to be pooled according to a parameter, pool ratio set to
{0.5, 0.9}. We randomly bunch these selected nodes into equal-sized
pools whose size is determined by a parameter, pool size which can
be {3, 5, 7, 9}.
ApproxCascade: We generate IC simulations starting at a random
seed and determine the subset of positive pools which are pools
having at least one infected node.
RoundCascade: We first construct a time-expanded version of the
network,𝐺 ′ = ((𝑉 ′0 ,𝑉

′
1 ), 𝐸

′), where each node in𝑢 ∈ 𝑉 corresponds
to two timestamped copies in𝑢0 ∈ 𝑉 ′0 , 𝑢1 ∈ 𝑉

′
1 , and each undirected
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Table 1: Networks and their properties. Shortest path length for the small-city network is omitted as its relevance depends on

the diffusion rate 𝛽 .

Graph Name Nodes Edges Clustering

coefficient

Avg. short-

est path

length

Note

BA𝑚 = 3 1000 2991 0.036 3.477 Synthetic network
𝐺 (𝑛, 𝑞) random graph 1000 9974 0.0197 2.6398 Synthetic network

hospital-icu 879 3575 0.59 4.31 Real-world network
small-city 10001 52575 0.349 – Realistic synthetic

weighted network.

edge (𝑢, 𝑣) corresponds to two copies (𝑢0, 𝑣1), (𝑣0, 𝑢1) ∈ 𝐸′. On 𝐺 ′,
which is an oriented bipartite network, we assume the pooled ob-
servations come only from the 𝑉 ′1 part. To generate infections,
we randomly choose seeds from 𝑉 ′0 with homogenous probability
𝑝0 ∈ {0.01, 0.05, 0.10}, starting from which we simulate for one
time-step.
For the unweighted networks, we use homogeneous diffusion prob-
abilities 𝑝 = {0.01, 0.05, 0.10, 0.20} and for the weighted network,
we use the parameter 𝛽 = {2, 3, 5, 7} × 10−6. We give the network,
the disease parameters, the positive and negative pools (and in case
of ApproxCascade, the seed) as input to our algorithms as well as
the baselines.
Performance measures. To evaluate the performance of our
method, we have two tasks:
1. Missing infection recovery: We compare the node set of the recon-
structed subgraph with the ground truth infection set. As metrics,
we choose F1-score to quantify the success in missing infection
recovery, as used in previous works [18, 23, 27]. These are defined
as follows. Let the node-set of the reconstructed cascade 𝑉𝑇 and
the ground truth infected node-set 𝑉𝐺 . Define true positives as
𝑇𝑃 = |𝑉𝑇 ∩ 𝑉𝐺 |, true negatives as 𝑇𝑁 = |𝑉 \ (𝑉𝑇 ∪ 𝑉𝐺 ) |, false
positives as 𝐹𝑃 = |𝑉𝑇 \𝑉𝐺 |, and false negatives as 𝐹𝑁 = |𝑉𝐺 \𝑉𝑇 |.
We compute F1-score = 2𝑇𝑃/(2𝑇𝑃 + 𝐹𝑃 + 𝐹𝑁 ).
2. Prevalence estimation: We compare the sizes of the reconstructed
cascade and the ground truth cascade using the relative error
𝑒𝑟𝑒𝑙 = ( |𝑉𝐺 | − |𝑉𝑇 |)/|𝑉𝐺 |.
The presented results are averaged over 50 replicate runs.

6.2 Results

ApproxCascade

Effect of network structure and diffusion probability. In Figure 2,
we report the F1-scores for ApproxCascade and the baselines
for different networks. Across networks, we observe that Approx-
Cascade vastly outperforms the baselines under the low diffu-
sion probability conditions. The performance gap is highest on the
large weighted network small-city. However, in high probability
regimes, the performance suffers especially against ApproxCascade-
All. This could be explained by the fact that when the underlying
cascade is small, only a small subset of nodes in a positive pool
are actually infected. In this scenario, choosing infections carefully
with ApproxCascade yields dividends. On the other hand, when
the cascade is large and almost all nodes in a pool are infected, the
PoolCascadeMLE solution under-selects, trying to keep costs low.

The exact threshold beyond which ApproxCascade-All is superior
is connected to the diffusion probability threshold beyond which
large cascades are common. For example, on 𝐺 (𝑛 = 1000, 𝑞 = 0.02),
this transition is in (0.05, 0.10) whereas on BA (𝑛 = 1000,𝑚 = 3), it
is between (0.10, 0.20).

Pool size and pool ratio. In Figure 2, we plot the F1-scores of all
the methods versus the pool size. On most networks, ApproxCas-
cade is consistently better than the baselines for all pool sizes. This
shows that there is a range of pool sizes for which ApproxCascade
yields good solutions. Secondly, increasing the pool size leads to
degradation in the performance. This is to be expected as the pools
get bigger, the number of possible subsets of infected nodes grows
exponentially. This makes it likelier to obtain reconstructed node-
sets that have less overlap with the ground truth. There is little
impact of the pool ratio on the relative performance of our method
against the baselines. The performance improves with higher pool
ratio, which is due to the fact that there are fewer unobserved
infections outside the pooled set.

Estimating prevalence. How well does ApproxCascade perform
as a method for prevalence estimation? Figure 3 shows the preva-
lence 𝑒𝑟𝑒𝑙 scores obtained by themethodswith respect to the ground
truth cascade size. We find that ApproxCascade outperforms the
baseline in nearly all regimes, remaining within [−0.5, 0.5] in a
wide range of cascade sizes. ApproxCascade tends to underesti-
mate the cascade size which is typical for a MLE cascade method.
Like in missing infection recovery, the gap is wider for low dif-
fusion probabilities and narrower for the 𝐺 (𝑛, 𝑞) network. Also,
ApproxCascade-All massively overestimates in this task (plots
moved to the full version [22]).
RoundCascade

We report the F1-scores obtained by RoundCascade and the
random baseline in Figure 4 on the missing infections recovery task.
RoundCascade outperforms the baseline across disease regimes
and networks. The performance gap is consistent across varying
seeding probabilities and edge-diffusion probabilities.

7 LIMITATIONS OF THE MLE APPROACH

Observation 5. There exist instances where PoolCascadeMLE
solution does not recover any part of the ground truth cascade.

In Figure 5, the testing pool, shown by the dotted circle around the
infected leaf nodes, leads to a positive test. As a PoolCascadeMLE
solution needs to connect the root 𝑟 to at least one node in the pool,
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Figure 2: Performance of ApproxCascade against baselines.

while minimizing the Cost, the green path is picked over the higher
cost ground truth tree shown in red. This arises due to the infected
leaf nodes being pooled together whereas if they were individually
tested, the MLE cascade would be closer to the ground truth.
Impact of noisy testing. We demonstrate an example showing
that the MLE solution can be very different compared to the ground

truth in a noisy test condition. The example network 𝐺 (𝑉 , 𝐸) con-
sists of three sets of nodes– 𝑉 = {𝑢} ∪ 𝑉 ′ ∪ 𝑉 ′′, where 𝑢 is a
special central node, 𝑉 ′ = 𝑣1, . . . , 𝑣𝑘 such that 𝑉 ′ induces the path
𝑣1𝑣2 · · · 𝑣𝑘 , and𝑉 ′′ = {𝑤𝑖 𝑗 | 𝑖, 𝑗 = 1, · · · , 𝑘} such that𝑢𝑤𝑖1 · · ·𝑤𝑖𝑘𝑣𝑖
is an induced path for all 𝑖 = 1, · · · , 𝑘 . Let each 𝑃𝑖 = {𝑣𝑖 ,𝑤𝑖𝑘 } be a
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Figure 3: Performance comparison in terms of relative error

in prevalence estimation, 𝑒𝑟𝑒𝑙 .
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Figure 4: Performance of RoundCascade vs. baseline.

pool. There are exactly 𝑘 pools. Also, let the false positive probabil-
ity 𝑞𝑓 𝑝 = 0, while the false negative probability 𝑞𝑓 𝑛 > 0. Suppose
that the cascade graph is precisely the graph 𝑣1𝑣2 · · · 𝑣𝑘 . Then, all
pool tests will be positive. However, the probability that at least one
of the pools in {𝑃2, 𝑃3, · · · , 𝑃𝑘−1} is reported as negative while 𝑃1
and 𝑃𝑘 are reported as positive is (1 − 𝑞𝑓 𝑛)2

(
1 − (1 − 𝑞𝑓 𝑛)𝑘−2

)
. If

this “bad” event occurs, then, any MLE solution must contain 𝑣1
and 𝑣𝑘 , which cannot be connected via the path 𝑣1𝑣2 · · · 𝑣𝑘 . This in

Figure 5: Ground truth cascade shown in red. PoolCas-

cadeMLE solution shown in green. The testing pool is the

dotted circle around the leaf nodes.

turn implies that it must involve the central node𝑤 and at least 2𝑘
nodes from 𝑉 ′′. Thus the MLE solution differs from ground truth
by more than 50% of the nodes. Note that the probability of the bad
event can be made arbitrarily high by increasing 𝑘 .

Observation 6. There exist instances for which the solution to
the NoisyPoolCascadeMLE has 𝑜 (𝑛) overlap with the ground truth,
compared to a solution to PoolCascadeMLE.

The above construction implies that the MLE solution under
noise is significantly different from that without noise. It can be
shown that for the above instance, carefully chosen pool tests in-
volving the nodes on the path can ensure that the path is inferred
as being infected. This implies that overlapping tests are more
powerful than non-overlapping tests for the epidemic reconstruc-
tion problem. This is a significant contrast with the observation
in [13] that non-overlapping pools are approximately optimal in
the welfare maximization problem.

8 CONCLUSION

We introduce the PoolCascadeMLE problem for reconstructing an
epidemic outbreak under group surveillance. Despite a lot of work
in group surveillance, including for infectious diseases, wastewater
monitoring, the problem of reconstructing an outbreak hasn’t been
studied before. PoolCascadeMLE is NP-hard to even approximate,
and we design an approximation algorithm using Group Steiner
tree techniques. We consider One-HopCascadeMLE, which is a
special case for an IC process that can spread for a maximum of
one-hop from the unknown seeds. We find that even this problem
is NP-hard to approximate and use randomized rounding on an LP
relaxation to achieve a logarithmic approximation bound. Experi-
ments on synthetic and real contact networks, including a hospital
contact network show that our methods which systematically con-
nect infections in a pool considerably outperform baselines which
do not do so. We also show that noise has a very significant impact
on the MLE solution. While our work assumes that the pools are
given, designing optimal pools in the context MLE algorithms for
better inference of the outbreak is an interesting future direction
that can help improve surveillance strategies.
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