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ABSTRACT
Mean-field game theory relies on approximating games that are
intractible to model due to a very large, often infinite population
of players. While these kinds of games can be solved analytically
via the associated system of partial derivatives, this approach is
not model-free, can lead to the loss of the existence or uniqueness
of solutions, and may suffer from modelling bias. To reduce the
dependency between the game and model, we introduce neural
mean-field games: a combination of mean-field game theory and
deep learning in the form of neural stochastic differential equations.
The resulting model is data-driven, lightweight, and can learn exten-
sive strategic interactions that are hard to capture using mean-field
theory alone. In addition, the model is based on automatic differen-
tiation, making it more robust and objective than approaches based
on finite differences. We highlight the efficiency, robustness and
flexibility of our approach by simulating viral dynamics based on
real-world data.
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1 INTRODUCTION
Game theory investigates strategic interactions between self-inter-
ested agents that inhabit the same environment and are affected
by each other’s actions. Such analysis has applications in econom-
ics [3, 15, 17], crowd motions [2, 8] and evolutionary biology [4].
For games with large populations, it can be intractable to explicitly
model all interactions between agents. Instead, such games are
approximated using mean-field game (MFG) theory [19, 21]. MFG
theory replaces the agents with their mean field, effectively sum-
marizing their interactions by a distribution that is described by
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two coupled partial differential equations (PDEs) [18]. Even though
the population dynamics are subject to the actions of the individual
agents, the agents are too small to exert an independent influence.
Instead, all agents are expected to jointly converge towards an op-
timal control, arriving at a state that can be considered the game’s
Nash Equilibrium (NE). While the NE can be found by numerically
solving the PDEs that accompany the game [10] using finite dif-
ferences [1, 9], such a discretization introduces errors and stability
issues that are subject to the chosen method and may ultimately
lead to the loss of the existence or uniqueness of the solutions [36].
Instead, the solutions to the mean-field game can be approximated
using artificial neural networks [23], in the form of recurrent archi-
tectures [11, 12], deep policy iteration [7], deep Galerkin methods
[6], or actor-critic-based approaches [16, 35, 36]. Yet, all approaches
mentioned above require Fictitious Play [5, 22, 27, 28, 31] or full
knowledge of the game of interest, making the solution either nu-
merically inexact, limiting the models’ applications, or introducing
a modelling bias.

Our Contribution: To retain the numerical exactness of the dif-
ferential equation-based solutions without requiring full knowledge
of the game of interest, we analyze MFGs using neural stochastic
differential equations (SDEs; [24, 34]). Neural SDEs form the sto-
chastic extension of neural ordinary differential equations (ODEs), a
family of neural networks introduced by Chen et al. [13]. To model
the MFG dynamics as a neural SDE, we complement the existing
system of coupled differential equations with a neural network.
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Figure 1: An overview of modelling MFGs with neural SDEs.
The resulting neural mean-field game combines the MFG
mechanics with the neural network output to create more
informed strategies.
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The resulting model, shown in Figure 1, is data-driven, model-free,
and can be solved using automatic differentiation. We demonstrate
the flexibility of the neural MFGs by modelling the dynamics of
COVID-19 infections in Japan. Dynamical systems for epidemics
are highly nonlinear and depend on various features, including
population parameters, restrictive measures, and viral character-
istics that are often beyond the scope of classical mathematical
models [25]. To provide insight into the complex mechanics behind
epidemic systems, we extend the classical models by learning viral
mechanics from a large range of epidemic characteristics.

Data, Code and Paper Availability The work uses data ob-
tained from The Japanese Ministry of Health, Labour and Welfare
[32] and Mathieu et al. [26]. The code associated with the model im-
plementation and analyses is publicly available on GitHub. For full
algorithmic details, results, and related work, we refer the reader
to the full paper version [33].

2 EXPERIMENTS AND RESULTS
We model viral dynamics as an MFG with a finite number of states
and consider a population of homogeneous players in continuous
time 𝑡 ∈ [0,𝑇 ]. We consider three states in total, where each player
can be susceptible (𝑆), infected (𝐼 ), or recovered (𝑅). The mean-field
of the game,𝑚(𝑡), summarizes the fraction of players in each state.
The resulting SIR model forms a Markov chain with non-linear
dynamics: the transition rates do not merely depend on the players’
actions, but are influenced by their interaction with the population
distribution𝑚 as well [14, 20]. In addition, we incorporate auxiliary
measures influencing state transition rates, including vaccinations,
school closings, lockdowns, transport restrictions and the 2020
Summer Olympics held in Tokyo from 23 July until 8 August 2021.
We include these observations in the neural MFG by encoding them
as a one-hot vector and actively learning their influence on the
virus dynamics from the data.

The predictions made with the neural MFG, shown in Figure 2a,
capture the peaks in infections around January, May, and August
2021 (middle panel). As a baseline, we compare the Neural MFG pre-
dictions to a similar model without a neural drift component: here,
we model the SIR dynamics using predetermined, deterministic
drift-based, and a neural diffusion with the same parameterization
as the diffusion in the Neural MFG. The predictions of the resulting

model, presented in Figure 2b, are less accurate than those from
the neural MFG. Even though the predictions capture the shape of
the viral dynamics, their scale is incorrect. In addition, the peak of
infections observed around May 2021 is overestimated, suggesting
that the addition of auxiliary variables enables the neural MFG to
more accurately predict the viral dynamics.

3 CONCLUSION
Mean-field game theory is used to efficiently model games with a
very large population of agents. The agents’ Nash equilibria are
commonly found via reinforcement learning or by solving the sys-
tem of PDEs associated with the MFG. Both methods have their
advantages, the first being model-free and the second numerically
exact. To get the best of both worlds, we extend the PDE formu-
lation of the MFG with a neural network. The resulting neural
MFG exerts a data-driven influence on the game’s Nash equilibria,
deriving strategies that are in line with observed game outcomes,
auxiliary metrics, or past dynamics. Leveraging those properties,
the model can fill in dynamics that are unaccounted for in the orig-
inal MFG specification. In addition, neural MFGs are a numerically
exact and lightweight alternative to (deep) RL-based methods for
solving MFGs. Here, their dependency on automatic differentiation
makes the neural MFGs more objective than approaches that solve
PDEs using finite differences [13, 30], which may prevent the loss of
existence or uniqueness of solutions associated with solving MFGs
[36]. We translate the theoretical advantages stated above into an
impactful application by successfully modelling the outbreak of an
infectious disease. Hereby, our work helps bridge the gap between
mathematical modelling and real-world applications. Even though
we highlight a biological application, we expect the model to find
applications in any system associated with non-atomic, anonymous
players and observations. Such systems are, e.g., also commonly
found in markets and economics [29].
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Figure 2: Comparison of the noisy, observed data (orange) and the predictions (blue) made with (a) the neural MFG and (b) a
neural SDE with a predefined, deterministic drift for the proportions of the Japanese population that are susceptible, infected,
or removed. The results are normalized with respect to the total population to the domain [0, 1] and consider the period
between October 1st, 2020, and October 3rd, 2021.
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