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ABSTRACT

We study stable matchings that are robust to preference changes
in the two-sided stable matching setting of Gale and Shapley [18].
Given two instances A and B on the same set of agents, a matching is
said to be robust if it is stable under both instances. While prior work
has considered the case where a single agent changes preferences
between A and B, we allow multiple agents on both sides to update
their preferences and ask whether three central properties of stable
matchings extend to robust stable matchings: (i) Can a robust stable
matching be found in polynomial time? (ii) Does the set of robust
stable matchings form a lattice? (iii) Is the fractional robust stable
matching polytope integral?

We show that all three properties hold when any number of
agents on one side change preferences, as long as at most one agent
on the other side does. For the case where two or more agents on
both sides change preferences, we construct examples showing that
both the lattice structure and polyhedral integrality fail—identifying
this setting as a sharp threshold. We also present an XP-time al-
gorithm for the general case, which implies a polynomial-time
algorithm when the number of agents with changing preferences
is constant. While these results establish the tractability of these
regimes, closing the complexity gap in the fully general setting
remains an interesting open question.

KEYWORDS

Stable matching; Robust solutions; Finite distributive lattice; Birkhoft’s
Representation Theorem

ACM Reference Format:

Rohith Reddy Gangam, Tung Mai, Nitya Raju, and Vijay V. Vazirani. 2026.
Stable Matching: Dealing with Changes in Preferences. In Proc. of the 25th
International Conference on Autonomous Agents and Multiagent Systems
(AAMAS 2026), Paphos, Cyprus, May 25 — 29, 2026, IFAAMAS, 9 pages. https:
//doi.org/10.65109/WMAU9924

1 INTRODUCTION

Matchings under preferences form a fundamental area of research
in algorithmic game theory, with the seminal 1962 paper by Gale
and Shapley [18] launching a rich line of work on stable matchings.
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Over the decades, this field has revealed elegant structural, algo-
rithmic, and strategic properties, leading to real-world applications
ranging from labor markets to school choice [15]. Unlike the setting
defined in [18], we note that in practice, preferences of agents are
often not static. They may change as agents gain more information,
or because of external factors such as agents entering or leaving
the market. Agents may also collude with others in hopes of se-
curing better matches. Such considerations motivate the study of
matchings that remain stable under preference changes.

Let instance A represent the original preferences of agents and
instance B capture the changed preferences. We are interested in
matchings that are stable in both A and B, called robust stable match-
ings. A recent thread of work considered the case where A and B are
“nearby” instances— those differing only in the preference list of a
single agent. Mai and Vazirani [29] and Gangam et al. [19] character-
ized the structure of stable matchings under such perturbations and
gave efficient algorithms for identifying matchings that are stable
under both instances. For this case, they showed that the intersec-
tion of the sets of the stable matchings, M4 N Mg, is a sublattice
of the lattices of the two instances, L4 and Lp. They also provided
efficient algorithms to find and enumerate these matchings.

Building on [29], Chen et al. [12] introduced a model of robust-
ness based on swap distance. A matching is defined to be d-robust
if it remains stable under any d swaps in the preference lists, even
over multiple agents. They gave an efficient algorithm for deciding
the existence of such matchings by exploiting the structure of the
stable matching lattice.

In this work, we allow multiple agents to make arbitrary changes
and study structural as well as algorithmic issues. Interestingly
enough, the threshold at which structural properties break is very
sharp, and we identify it.

1.1 Our contributions

From our perspective, the following is a central question. Its im-
portance stems from the fact that the stable matching lattice is
universal in the class of finite distributive lattices in the following
sense: Given any lattice £ from this class, there exists a stable
matching instance, A, of an appropriate size, such that its lattice
L4 is isomorphic to L. Consequently, an affirmative answer to the
question below would imply a fundamental new property for the
class of finite distributive lattices.

Question 1. Is Ma N Mg always a sublattice of La and Lp under
arbitrary preference changes?


https://doi.org/10.65109/WMAU9924
https://doi.org/10.65109/WMAU9924
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.65109/WMAU9924

Research Paper Track

In Theorem 6 we show that, in general, the answer is “no”. This
leads to the natural question of identifying the cases in which this
property does hold, and whether we can exploit it to obtain efficient
algorithms.

Consider a robust stable matching instance (A, B) in which p
of the n workers and q of the n firms change their preferences in
going from A to B. We show that the above statement fails when
(p.q) =(2,2).

In addition to structural questions, we study computational and
geometric aspects of robust stable matchings:

e Is the decision problem MsNMp # 0 solvable in polynomial
time?

o Can the worker-optimal and firm-optimal matchings in MsN
M5 be efficiently computed?

e Does the set M4 N Mp admit an efficient Birkhoff-partial
order and support efficient enumeration?

o Is the intersection of stable matching polytopes integral,
enabling linear programming (LP) based algorithms?

Our results, summarized in Figure 1, characterize the structural
and algorithmic behavior of M4 N Mp as a function of p and g,
the number of workers and firms changing preferences. When
(p,q) = (n,1) or (1, n)—that is, any number of agents on one side
and at most one on the other—the intersection remains a sublattice,
the robust stable matching polytope remains integral, and both the
worker-optimal and firm-optimal matchings in M4 N Mp can be
computed efficiently via combinatorial algorithms. In addition, LP-
based methods can be used to find a robust stable matching in these
cases. When changes are restricted to one side entirely, i.e., (p,q) =
(0,n) or (n,0), we also obtain a succinct Birkhoff representation
that supports enumeration with polynomial delay. While the partial
order used for enumeration is efficiently computable in these one-
sided cases, its computation remains open for the two-sided (1, n) or
(n, 1) settings. Here, we show that it can be computed in polynomial
time for (1, n) if and only if it can be for (1, 1).

In contrast, we identify a sharp structural threshold at (p, q) =
(2, 2): beyond this point, the intersection M4 N Mp may no longer
form a sublattice, and the integrality of the associated polytope
can fail. For general (p, q) instances, we present an O(nf*9*2)-time
XP algorithm that decides whether a robust stable matching exists,
constructs one if it does, and enumerates all such matchings with
the same asymptotic delay. This yields a polynomial-time algorithm
and enumeration when the number of agents with differing prefer-
ences is bounded by a constant k (i.e., p + q = k). Determining the
precise threshold for the computational complexity in the general
case remains an intriguing open question.

2 RELATED WORK

The stable matching problem was introduced by Gale and Shap-
ley [18], who also proposed the celebrated Deferred Acceptance
(DA) algorithm. The DA algorithm computes a stable matching that
is optimal for one side of the market and pessimal for the other.
The set of stable matchings forms a distributive lattice, as shown
in [26], and this structure has played a central role in many algo-
rithmic developments. Key game-theoretic properties such as the
Rural Hospitals Theorem [34] and incentive compatibility of the
DA algorithm [14] have also been established. The integrality of the
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(p,q) Computation Structure Geometry
P?) (Lattice?) (Integral?)
(0,1) P[19] Yes [19] Yes [Thm. 12]
(0,n) P [Thm. 11] Yes [Thm. 9] Yes [Thm. 12]
(1,1) P [Thm. 11] Yes [Thm. 7]  Yes [Thm. 12]
(1,n) P [Thm. 11] Yes [Thm. 7]  Yes [Thm. 12]
(2,2) P [Thm. 15] No [Thm. 6] No [Thm. 13]
(p,g) O(nP*9*%) [Thm.15] - -
(n,n) NP-Complete [33] No [Thm. 6] No [Thm. 13]

Figure 1: Summary of our results on robust stable match-
ings. p workers and g firms permute their preference lists
from instance A to B. The “Computation” column deals with
the decision problem M4 N Mp # @. The “Structure” col-
umn answers if My N Mg is a sublattice of £, and Lg. The
“Geometry” column answers if the robust fractional stable
matching polytope is integral.

stable matching polytope was shown by Teo and Sethuraman [39],
with alternative formulations given in [35, 40]. For comprehensive
treatments of these topics, we refer the reader to [24, 27, 30].

Mai and Vazirani [29] introduced the notion of robustness used
in this paper, defining a matching to be robust if it remains stable
under both the original and a perturbed instance. They provided
polynomial-time algorithms for the case where a single agent mod-
ifies preferences via a simple downshift. This was generalized by
Gangam et al. [19] to arbitrary changes by one agent. Chen et
al. [12] introduced the notion of d-robust stable matchings, where
up to d swaps are allowed in the preference profiles, and also stud-
ied the trade-offs between social welfare and stability. Miyazaki
and Okamoto [33] have shown that when all agents are allowed
to change preferences between instances, finding a robust stable
matching—which they term a jointly stable matching—is NP-hard.

Building on this work, we consider the case where multiple
agents on both sides simultaneously change their preferences via ar-
bitrary permutations. While earlier approaches were largely based
on lattice structure, rotation posets, or variants of the DA algo-
rithm, our approach also incorporates linear programming (LP)
techniques into the analysis. When only one side of the market
changes preferences, the setting is closely related to stable matching
with strict preferences on one side and weak or partial preferences
on the other (see details in the full version of our paper at [20]). In
such settings, several refined notions of stability have been studied,
including weak, strong, and super-strong stable matchings. Irv-
ing [25] showed that weakly stable matchings always exist and can
be computed in polynomial time. Spieker [37] showed that the set
of super-stable matchings forms a distributive lattice. Manlove [31]
extended this to strong stability, showing that the corresponding
set of matchings also retains a lattice structure. Kunysz et al. [28]
gave an efficient characterization of strongly stable matchings via
succinct partial orders.

Aziz et al. [1, 2] studied uncertain preferences and proposed
robust solutions that perform well across all completions of partial
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orders. Genc et al. [22, 23] proposed (x, y)-supermatches, which
allow re-stabilizing the matching after any x agents break up by
rematching them while affecting at most y other pairs. While not
robust in our sense, they provide a notion of ease of repair.

Chen et al. [11] introduced stable matching under multi-modal
preferences, where each agent evaluates potential matches using
multiple criteria. Menon and Larson [32] addressed the problem
of minimizing the maximum number of blocking pairs across all
completions of weak orders. Incremental changes to preferences
over time have also been studied. Bredereck et al. [7] and Boehmer
et al. [5, 6] explored the complexity of adapting stable matchings as
inputs evolve, providing structural results and efficient algorithms
in restricted settings.

Popularity is a voting-based relaxation of stability first intro-
duced by Gardenfors [21]. A matching is popular if it does not
lose a head-to-head election against any other matching. Popu-
lar matchings have been extensively studied. Recently, Bullinger
et al. [9] introduced the notion of robust popular matchings and
gave polynomial-time and hardness results based on the extent of
changes in preferences. Csaji [13] studied robust popular matchings
in the presence of multi-modal and uncertain preferences.

Robustness to input perturbations has also been studied in voting
theory [8, 17, 36], where it is often interpreted through the lens of
swap-bribery. The cost of altering votes is typically measured via
the swap distance [16]. Similar ideas have been applied to stable
matchings [4], where preference manipulations are used to enforce
or prevent certain matches. Bérczi et al. [10] study how one can
deliberately change preferences to enforce the existence of stable
matchings with desired properties.

3 PRELIMINARIES

3.1 The stable matching problem and the lattice
of stable matchings

A stable matching problem instance consists of a set of n workers,
W = {wy,ws,...,wp}, and a set of n firms, F = {fi, fo,.--, fu}>
collectively referred to as agents. Each agenta € W U ¥ has a
preference profile >,, which is a strict total order over the agents
of the opposite type: w; >¢ w; indicates that firm f strictly prefers
worker w; to w;. Worker preferences are expressed analogously.

A matching M is a one-to-one correspondence between W and
¥ . For each pair (w, f) € M, w is called the partner of f in M (or
M-partner), and vice versa. A pair (w, f) ¢ M is a blocking pair if
f >w M(w) and w >¢ M(f); that is, if both strictly prefer each
other to their respective partners in M. A matching is stable under
the instance if it admits no blocking pairs.

Let M and M’ be two stable matchings. We say that M dominates
M’, denoted M < M’, if every worker weakly prefers their partner
in M to their partner in M’. In this case, M is also called a predecessor
of M’. A stable matching M is a common predecessor of two stable
matchings M; and M if it is a predecessor of both. It is a lowest
common predecessor of M; and M, if no other common predecessor
M’ satisfies M < M’. Analogously, one can define the notions of
successor and highest common successor.

This dominance partial order has the following key property:
for any two stable matchings M; and M, their lowest common
predecessor and highest common successor are unique. That is, the
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set of stable matchings forms a lattice under this partial order. The
lowest common predecessor is called the meet, denoted M; AM,, and
the highest common successor is called the join, denoted M; V M,.
One can show that M; A M, is the matching obtained when each
worker chooses their more preferred partner from M; and My; it is
easy to verify that this matching is also stable. Interestingly, M; A M,
also results when each firm chooses their less preferred partner
from M, and M,. Similarly, M; V M, is the matching in which each
worker (respectively, firm) chooses their less (respectively, more)
preferred partner from M; and My, and this matching is also stable.
Moreover, the lattice operations join and meet distribute: given
three stable matchings M, M’, M"’,

MV M AM"Y=MVM)ANMV M)
MAM VM"Y=MAM)V(MAM").

The lattice of stable matchings contains a unique matching M+
that dominates all others, and a unique matching M, that is domi-
nated by all others. M+ is called the worker-optimal stable matching,
as each worker is matched to their most preferred firm among all
stable matchings. This is also the firm-pessimal stable matching.
Similarly, M, is the worker-pessimal and firm-optimal stable match-
ing. Since the number of stable matchings under an instance is
finite, the stable matching lattice is a finite distributive lattice.

3.2 Birkhoff’s Theorem, sublattices and
compressions

Definition 1. A closed set of a partially ordered set (poset) is a subset
S where if an element is in S, all of its predecessors are in S.

The collection of closed sets (also called lower sets) of a partial
order II is closed under union and intersection, and forms a dis-
tributive lattice, with join and meet corresponding to these two
operations, respectively. Denote this lattice L(II). Birkhoff’s theo-
rem [3], also known as the fundamental theorem for finite distributive
lattices (e.g., see [38]), states that for any finite distributive lattice
L, there exists a partial order IT such that L(IT) = L, i.e., the lattice
of closed sets of II is isomorphic to £. We say that IT generates L.

THEOREM 2 (BIRKHOFF [3]). Every finite distributive lattice L is
isomorphic to L(I1), for some finite poset II.

A join semi-sublattice L; of a distributive lattice £ is a subset
such that, for any x,y € L;, the join x V y also belongs to £;.
Similarly, a meet semi-sublattice L,, is a subset such that, for any
x,y € L, the meet x A y also belongs to £,,. A sublattice L’ of L
is a subset that is both a join and meet semi-sublattice. The Hasse
diagram of a poset is a directed graph with a vertex for each element
in the poset and an edge from x to y if and only if x < y and there
is no z such that x < z < y, i.e, all precedence relations implied by
transitivity are suppressed.

Let £ be the lattice generated by a poset IT, and let H(IT) denote
the Hasse diagram of II. To derive a new poset I, consider the
following operations: choose a set E of directed edges and add
them to H(II). Let Hg be the resulting graph. Let H’ be the graph
obtained by shrinking the strongly connected components of Hg.
Define IT to be the partial order induced by the non-shrunk edges
of H’ on its nodes. The poset I’ is called a compression of II.
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THEOREM 3 ([19], THEOREM 1). There is a one-to-one correspon-
dence between the compressions of Il and the sublattices of L(II).
Moreover, if a sublattice L' C L(IT) corresponds to a compression IT’,
then L' is generated by IT'.

We say that the edge set E defines £’. Additional details about
compressions, rotations and the rotation poset appear in the full
version of our paper at [20], though they are not needed for the
main results of this paper.

3.3 Robust Stable Matchings

A robust stable matching instance consists of k stable matching
instances Ay, As, ..., Ax with k > 2, each defined on the same set
of 2n agents: n workers W = {wy,w,...,w,} and n firms ¥ =
{fi» fo, - - ., fu}, where all preference lists are strict and complete.
We say that the instances are of type (p, q) if there exists A; such
that for every j € {1,2,...,k}, the preferences in A; differ from
those in A; for at most p workers and g firms, and remain the same
for the other 2n — p — g agents. The instance A; is referred to as the
original instance, and the others are called the changed instances.

Definition 2. Given a robust stable matching instance (A, ..., Ax),
a matching is said to be robust stable under these instances if it is
stable under each instance A; foralli € {1,...,k}.

We focus primarily on the case where k = 2, and let (A, B)
be a robust stable matching instance of type (p, q), defined on
W = {w,wy,...,wp} and ¥ = {fi, fo,..., fu}. Here, A is the
original instance and B is the changed instance. The results are
symmetric in p and gq. For any stable matching instance I, let M;
denote the set of all stable matchings and .L; the corresponding
lattice of stable matchings. Given a pair (A, B) of type (p, q), our
goal is to understand the structure and computational tractability
of the robust stable matching set Ms N Mg, i.e., the matchings
that are stable in both A and B. Specifically, we investigate whether
My N Mp forms a sublattice of L4 (and of Lg), whether such a
matching can be found efficiently, and whether linear programming
techniques can be leveraged to compute one.

3.4 Lattices of nearby instances

Consider two instances A and B that are of type (0,1) or (1,0).
As the number of matchings stable under an instance can be ex-
ponential in n, checking the stability of every matching in Myu
with respect to B may require exponential time. The results of [19],
which reveal the structure of these robust stable matchings, are
therefore essential and form the foundation for our work. We recall
them below (statements are modified to match our notation).

THEOREM 4 ([19], THEOREM 29). If a lattice L can be partitioned
into a sublattice L1 and a semi-sublattice L, and there is a polynomial-
time oracle that determines whether any x € L belongs to L or L,
then an edge set defining L, can be found in polynomial time.

Lemma 1 ([19]). Ifinstances A and B are of type (0, 1), then:
(1) L' = Ma N Mg is a sublattice of both L and Lp.
(2) Ma \ Mg is a join (or meet) semi-sublattice of L4.
(3) A set of edges defining the sublattice L' = Ma N Mg can be
computed in polynomial time.
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These results can be extended to multiple instances in the follow-
ing way. Let A, By, By, . . ., By be such that each instance B; is formed
from A by arbitrarily permuting the preferences of one agent (pos-
sibly a different agent for each B;), i.e., foralli € {1,2,...,k}, the
pair (A, B;) is of type (1,0) or (0,1). Lemma 1 tells us that each
L; = My N Mp, is a sublattice of L4. Let the edge set defining L;
be E;, and define L' = Ma N Mp, N Mg, N...N Mp,. Then:

Lemma 2. (1) ([19]) L’ is a sublattice of La.
(2) ([19]) E = \J; E; defines L’.
(3) ([19]) E, and hence the partial order II" generating L', can be
computed in polynomial time.
(4) ([24]) Matchings in L' can be enumerated efficiently.

3.5 Linear programming formulation

fb

Ify I :

Figure 2: Finding integral stable matching from a fractional
solution (Image from [15])

A well-known result about the stable matching problem is that
it admits a linear programming formulation in which all optimal
vertices are integral([39, 40]). This yields an efficient method to
compute stable matchings. The LP formulation is given below as (1).
The third constraint disallows blocking pairs: for any worker-firm
pair (w, f), it ensures that if w is matched to someone less preferred
than f, then f must be matched to someone more preferred than w.
The remaining constraints ensure x is a fractional perfect matching.

maximize

subject to

VfedF,

0
wale
waf=l

f

D Tap = D Xy

>4F w>Lw

Xwf 20

Yw e W,

<0

Ywe W, VfeF,

S

Vwe W, VfeF.
1)

A solution x to LP 1 can be converted into an integral perfect
matching as follows. Construct 2n unit intervals, each correspond-
ing to an agent. For each worker w, divide its interval I,, into n
subintervals of lengths x,,r (note that 3 o Xwf = 1), ordered from
w’s most preferred firm to their least. Apply the same process to
each firm f’s interval I, but order the subintervals from f’s least
to most preferred worker. Choose a value 6 uniformly at random
from [0, 1], and identify the subinterval in each agent’s interval
that contains 6. The probability that 0 lies exactly on a boundary is
zero, so we may ignore this case. Let p1g : W — F denote the firm
corresponding to the subinterval containing 6 in each worker’s
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interval, and let y1j : # — ‘W denote the analogous mapping for
firms. These functions define perfect matchings and are inverses of
each other. Moreover, they are stable for any 0 € [0, 1].

Lemma 3 ([39]). If po(w) = f then pj,(f) = w.
Lemma 4 ([39]). Foreach 0 € [0,1], the matching pg is stable.

THEOREM 5 ([40]). The stable matching polytope defined by LP 1
has integral optimal vertices; that is, it is the convex hull of stable
matchings.

4 RESULTS

In this section, we present our results. We primarily consider the
case of (p,q) robust stable matchings between instances (A, B)
defined for workers W = {wy, ..., w,} and firms ¥ = {fi,..., fu}-
We assume 0 < p < q < n, as the results are symmetric in p and q.

In Section 4.1, we investigate the lattice structure of robust sta-
ble matchings for various values of p and q. For cases where the
lattice structure is preserved, Section 4.2 provides algorithms to
compute worker-optimal and firm-optimal robust stable matchings.
In Section 4.3, we use linear programming techniques to obtain
robust stable matchings by characterizing when the corresponding
polytope admits integral optimal vertices. Finally, in Section 4.4,
we address the general setting and present an XP-time algorithm
that decides the existence of a robust stable matching. We would
like to note that, while the results focus primarily on two stable
matching instances, they can all be extended to many instances(see
Theorem 14). (Proofs of all theorems and lemmas marked T appear
in the full version of our paper at [20].)

4.1 Lattice structure

The primary question we address is whether the set of robust
stable matchings for (A, B), namely M4 N Mp, always forms a
sublattice of both £4 and Lg. While [19] showed that this set is
a sublattice in the (0, 1) case, their proof relies on the fact that
(Ma \ Mp) forms a semi-sublattice of L4. They prove that as long
as changes are restricted to one side—i.e., when (A, B) is of type
(0,n) or (n,0)—M4 N Mp remains a sublattice of both L4 and
Lp [19, Proposition 6].

A trial-and-error search for counterexamples when agents on
both sides change preferences yielded surprising results. Often
the sublattice property still held, as when only one side changes
preferences, the join and meet operations in £4 and Lp coincide.
When both sides change preferences, this alignment no longer
holds. Surprisingly even in such cases, the set Ma N Mg often
remained a sublattice under both £4 and L. Examples illustrating
this behavior are shown in [20]. However, as Theorem 6 shows
the intersection M4 N Mp is not always a sublattice. An explicit
example is provided in Figure 3. Thus, while the sublattice property
holds for (0, n), it no longer holds for (2, 2).

THEOREM 6. | When (A, B) are of type (p,q) with p,q > 2, the
set M s N Mg is not always a sublattice of L4 and Lp.

This raises the question: where does the sublattice property
break down? We show that as long as no more than one agent
changes preferences on one side, the sublattice property still holds.
In particular, we establish that for (1, n), the intersection M N Mp
remains a sublattice.
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Figure 3: M4 N Mp is not a sublattice of £,. Preference lists
are in decreasing order. The agents changing preferences
from A to B are in red. This notation is used for all examples.

Let A and B be a (1, n) robust stable matching instance where
only w; and all firms change their preferences from A to B.

THEOREM 7. If A and B are of type (1,n), then Ma N Mg is a
sublattice of both L4 and Lg.

Proor. Without loss of generality, assume |Ms N Mp| > 1,
and let M; and M, be two distinct matchings in My N Mp. Let
V4 and Vp denote the join operations under A and B, respectively.
Likewise, let A4 and Ap denote the meet operations under A and B.
The join M; V4 M, is obtained by assigning each worker to their
less preferred partner from M; and M,, according to instance A.
Since the preferences of workers wy, ws, ..., w, are identical in A
and B, their less preferred partners under A and B coincide. Thus,
for all w # wq, we have:

(M Va Mp)(w) = (My Vg Mp)(w).

Since M; V4 M, and M; Vg M, are both stable matchings under
their respective instances, they are also perfect matchings. Hence,
the remaining worker w; must be matched to the same firm in both
matchings:

(M; Va Mz)(wy) = (M Vg Mz)(wy).

Therefore, M; V4 My = M; Vg M,. A similar argument shows
that M; Aq My = My Ap M,. Hence, the join and meet operations
under instances A and B are equivalent, and both M; V4 M, and
M; Aa M belong to M4 N Mp. The theorem follows. ]

Thus, when the instances are of type (1,n), Theorem 3 guar-
antees the existence of a poset that generates the corresponding
sublattice. However, as Lemma 5 states, this is no longer true for
the (0, n) case - Figure 4 provides an example where A and B are
(0,n), but M4 \ Mg is not a semi-sublattice of L4.

Lemma 5. T IfA and B are of type (0,n), then Ma \ Mg is not
always a semi-sublattice of L.

This shows that Theorem 4 cannot be used directly to find
Birkhoft’s partial order in the (0, n) setting. To circumvent this,
we define n hybrid instances By, ..., B, such that for each i €
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Worker preferences Firm preferences Firm preferences
inAand B in A inB

Figure 4: M4 \ Mp is not a semi-sublattice of L4.

{1,2,...,n}, the pair (A, B;) is of type (0, 1). Specifically, the pref-
erence profile of agent x in instance B; is defined as:

>Bifx=4f
>4 ifx# f

>Bio

That is, instance B; is identical to instance A, except that the pref-
erences of firm f; are replaced by those in instance B.
Defined this way, Theorem 8 shows that the matchings stable

under both A and B are precisely those stable under A and all the
hybrid instances By, By, . . ., By.

THEOREM 8. | ManN Mg :MAOMBI OMBZ ﬂ...ﬂMBn.

THEOREM 9. If A and B are of type (0, n), then Birkhoff’s partial
order generating Ma N Mp can be computed efficiently, and the
matchings in this set can also be enumerated with polynomial delay.

PRroOF. Since each B; differs from instance A at exactly one agent,
we apply Lemma 1 to compute the edge sets E; defining Ma N Mp,.
By Lemma 2, the union E = | J; E; defines the sublattice Ms N Mp.
and can be used to enumerate all the matchings efficiently. O

A similar technique can be attempted to the case where (A, B)
is of type (1,n). Let w; € Wand fi,..., f, € F be the worker and
firms whose preferences differ between A and B. For any subset
X € ‘W U F, let Bx denote the instance in which each agent in
X has the same preferences as in B, and all other agents have the
same preferences as in A. Then:

T =
TaEOREM 10. " MsNMp _MAQMB{wl,fl}mMB{w],fz}m N
MB (-

Corollary 1. T Computing Birkhoff’s partial order for the (1, n)
case is in P if and only if computing it for the (1,1) case is in P.

Unlike the (0, 1) case, the set Ma \ Mp is not always a semi-
sublattice when (A, B) is of type (1, 1); see the example in Figure 5.
As a result, Theorem 4 cannot be applied, and characterizing the
sublattice structure remains an open problem.

Lemma 6. T IfA and B are of type (1,1), then Ma \ Mg is not
always a semi-sublattice of L.
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1|abcde a|23145
2|bcade b|31245
3/cabde c|12345
4/dceab d|53412
5/edabec e|45123

Worker preferences in A Firm preferences in A

1|abcde al23145
2|bcade b|3 1245
3/cdabe c|14325
4|dceab d|{53412
5/edabec e|45123

Worker preferences in B Firm preferences in B

Figure 5: M4 \ M3 is not a semi-sublattice of £, even when
(A, B) is of type (1,1).

WORKEROPTIMAL(A, B):

Input: Stable matching instances A and B on agents W UF.
Output: Perfect matching M or ® (when no robust stable
matching exists).

Assume there are two rooms, R4 and Rp corresponding
to instances A and B respectively. Each worker has a list,
initialized to all firms, that they look at while proposing.

(1) While there is no rejection in any room or some
worker is rejected by all firms, do:

(a) For instances I € {A, B}, Vw € W, w proposes to
their best-in-I uncrossed firm in R;.

(b) For instances I € {A,B},Vf € F, f tentatively
accepts their best-in-I proposal in room R; and
rejects the rest.

(c) For workers w € W, if w is rejected by a firm f
in any room, they cross f off their list.

(2Xa) If some worker is rejected by all firms, output K.

(b) Else, the acceptances define perfect matchings
in each room. If they are the same in all room,
return the perfect matching M.

Algorithm 1: Algorithm to find the worker-optimal stable
matching. Workers maintain a single list across rooms. They
may propose to different firms in each room but update their
list synchronously based on rejections from any room.

4.2 Worker and firm optimal stable matchings

Theorem 7 states that if the instance (A, B) is of type (1, n), then
the set of robust stable matchings forms a sublattice of both £4 and
L. This sublattice structure allows us to define worker-optimal
and firm-optimal robust stable matchings. In this section, we pro-
vide algorithms to compute these matchings. We note that for the
(0, n) case—i.e., when only one side changes preferences—some
algorithms from the literature can be adapted to compute these
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FIRMOPTIMAL(A, B):

Input: Stable matching instances A and B on agents WUF.
Output: Perfect matching M or R (when no robust stable
matching exists).

Assume there are two rooms, R4 and Rp corresponding
to instances A and B respectively. Each firm has a list,
initialized to all workers, that they look at while proposing.

(1) While there is no rejection in any room or some
firm is rejected by all firms, do:
(a) For instances I € {A, B},Vf € F, f proposes to
their best-in-I uncrossed worker in R;.
(b) For instances I € {A, B}, Yw € W, w tentatively
accepts their best-in-I proposal (call it £1)in room
Rr and rejects the rest.
(c) For instances I € {A, B},Yw € W, w sends pre-
emptive rejections to all firms f” not yet rejected,
that are worse than their current option in Ry, i.e.,
W [
(d) For firms f € F, if f is rejected by a worker w in
some room, they cross w off their list.
(2Xa) If some firm is rejected by all workers, output R.
(b) Else, the acceptances define perfect matchings
in each room. If they are the same in all rooms,
return the perfect matching M.

Algorithm 2: Algorithm to find the firm-optimal stable match-
ing. Note that in step 1(c), workers may send rejections to firms
that have not yet proposed to them.

optimal matchings. We discuss these adaptations in [20]. These do
not extend to the (1, n) setting, for which we design new algorithms
based on Gale and Shapley’s deferred acceptance algorithm [18].

The Deferred Acceptance Algorithm proceeds in iterations. In
each iteration, (a) The proposing side (e.g., workers) proposes to
their most preferred firm that has not yet rejected them. (b) Each
firm tentatively accepts its most preferred proposal received in that
round and rejects all others. (c¢) Each worker eliminates the firms
that rejected them from their preference list. The process continues
until a perfect matching is formed, at which point the algorithm
outputs it as a stable matching. The key idea is that whenever a
rejection occurs, the corresponding worker-firm pair can never be
part of any stable matching. We modify this algorithm to compute
worker- and firm-optimal stable matchings in the intersection M4N
Mg for the (1, n) setting.

THEOREM 11. T Let A and B be two stable matching instances that
are of type (1, n). Then Algorithm 1 and Algorithm 2 find the worker-
and firm-optimal robust stable matchings, respectively, or correctly
report that no such matching exists.

Algorithm 1 runs the DA algorithm simultaneously across rooms,
where the preference lists for a room corresponds to an individual
instance. However the rejections apply across all rooms: if a worker
is rejected by a firm in room R4, that firm is removed from their
list in all rooms. This ensures if a perfect matching is returned,
it is stable with respect to all instances. The primary challenge is
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the possibility that the algorithm produces different matchings in
different rooms. We show that this cannot occur, a fact that follows
from the intersection M4 N Mp having the same partial order in
both lattices. The firm-optimal Algorithm 2 proceeds analogously.
A key distinction is that workers issue preemptive rejections: in
each room, a worker rejects all firms ranked below their current
tentative match based on their local preference list, ensuring the
perfect matching is identical in all rooms.

4.3 Integrality of the Polytope

Section 3.5 presented an efficient algorithm for finding stable match-
ings using linear programming. We now extend this approach to
define a linear program for robust stable matchings. Our goal is to
characterize when the associated polytope is integral, allowing us
to efficiently compute robust stable matchings. We show that the
robust stable matching polytope is integral when (A, B) is of type
either (n, 1) or (1, n), which in turn yields efficient algorithms for
computing robust matchings in these settings. The linear program
for the robust stable matching instance (A, B) is given below. The
first two and the last constraints ensure that any feasible solution x
is a fractional perfect matching, while the middle two constraints
prevent blocking pairs under instances A and B, respectively.

maximize 0

subject to Z Xyr =1 Vf €F,
w
Dixur=1 Ywew,
f
Z Xfr = Z xw/fSO Yw e W, VfEF,
>5r W g
Z Xoyfr = Z xw/fSO VYwe W, Vf €F,
f>€,f’ w/>?w
Xwf 20 VYwe W, Vf eF.

@)

A solution to LP 2 corresponds to a fractional matching that is

stable under both A and B. Analogous to the single-instance case

(see Section 3.5), let 8 € [0,1] be chosen uniformly at random.

Construct two integral perfect matchings yg‘ and yg by performing

the interval-based rounding procedure using the preference orders
from instances A and B, respectively.

Lemma 7. © The matchings ,ug and ,ug are identical for every
0 €[0,1], ie, pj = pf.

TuEOREM 12. T If (A, B) is of type (1,n) then ,ug is stable under
both A and B and robust fractional stable matching polytope has
integer optimal vertices.

Hence in the (n,1) and (1, n) settings, LP 2 provides an efficient
method to compute a robust stable matching. This technique fails
for (2, 2) instances—the proof of Lemma 7 does not extend, and, in
fact, the polytope may not even be integral, see Figure 6.

TuEOREM 13. 1 If(A, B) is of type (2, 2) the robust stable matching
polytope is not always integral.
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Figure 6: The robust stable matching polytope for this (2, 2)
instance is not integral.

The results from this section extend to more than two instances.

TueoREM 14. T For (1,n) instances (Ay,...,Ax) withk > 2
where the same workers change preferences, the set L' = Ma, N...N
M4, forms a sublattice of each La,. The LP formulation finds the
matchings in L’ and the worker-optimal and firm-optimal robust
stable matchings can be found in polynomial time. If the instances are
(0, n), Birkhoff’s partial order generating L’ can be found efficiently
and its matchings can be enumerated with polynomial delay.

4.4 A Robust Stable Matching Algorithm for the
General Case

Sections 4.1, 4.2, and 4.3 establish that finding robust stable match-
ings for (1, n) instances lies in , while [33] shows that the problem
is NP-hard when (A, B) is of type (n, n). Consider the general set-
ting when A and B differ arbitrarily on the preferences of agents
S € WUF, where |SNW| =pand |SNF| =gq. Algorithm 3 find a
robust stable matching if one exists. By Theorem 15, the algorithm
runs in time O(n?*9*?) and can be modified to enumerate all ro-
bust stable matchings with the same asymptotic delay, yielding an
XP-time algorithm parameterized by the number of agents whose
preferences differ across the two instances. Intuitively all possible
partner assignments for agents in S are enumerated, there are at
most O(nP*7) possibilities. Each one defines a partial matching
M for the agents in S, and the algorithm attempts to determine
whether M can be extended to a full matching that is stable under
A and B. First it verifies that M does not contain any blocking pairs
within T = § U M(S). If no blocking pair exists, define truncated
instance X on the remaining agents U = (W U F) \ T. In X, the
preference lists of agents in U are shortened to eliminate any po-
tential blocking pairs involving agents in T. A stable matching M’
is computed on X. If M’ is a perfect matching on U, it can be shown
that the combined matching M* = M U M’ is a stable matching on
the full set of agents in both A and B.

THEOREM 15. | For instances A and B of type (p, q). Algorithm 3
finds a robust stable matching in O(nP*9*?) time, or correctly reports
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ROBUSTSTABLEMATCHING (A, B):

Input: Stable matching instances A and B on agents WUF.
Output: Perfect matching M* or ® (when no robust stable
matching exists).

S C W UF are agents whose preferences differ in A and B.

(1) For each assignment of partners to agents in S that
defines a valid partial matching:

(a) Let M be the resulting partial matching and T =
S U M(S).

(b) If there exists w € TN W and f € T N F such
that (w, f) is a blocking pair with respect to M
in either A or B, continue to the next iteration.

(c) Remove all agents in T to obtain the instance X
onU:=(WUF)\T;

(d) Foreacha e Tand b € U, if b >, M(a) in either
A or B, then truncate b’s preference list at a in X
(i.e., remove a and all agents ranked below a).

(e) Find stable matching M” in X.

(f) If M’ is a perfect matching on U, return M* =
MuUM.

(2) Return R.

\.

Algorithm 3: An XP-time algorithm to find a robust stable
matching for small (p, q).

that no such matching exists. All the set of robust stable matchings
can be enumerated with O(nP*9*2) delay.

Corollary 2. Ifa constant number of agents change their preferences,
then deciding whether a robust stable matching exists and finding
one can be achieved in polynomial time. All such matchings can be
enumerated with polynomial delay.

Theorem 15 implies Corollary 2 as the running time is poly-
nomial if a constant number of agents change preferences. The
decision and enumeration problems for robust stable matchings
can be solved efficiently. This shows that the set of robust stable
matchings can be expressed as a union of O(nP*9?) stable matching
lattices, one for each consistent assignment of partners to agents
in S. However the partial orders defining these lattices can differ
significantly. It remains unclear whether this decomposition yields
an efficient method for computing Birkhoff’s partial order even in
the (1, 1) case—and by Corollary 1, also in the (1, n) case. These
observations naturally lead to the following open problems.

Remark 16. Open Problem. The problem of computing Birkhoft’s
partial order for the (1,1) case and by extension, for (n, 1) is open.

Remark 17. Open Problem. Given a (p, q) robust stable matching
instance (A,B) with2 < p,q<n,p+q<2n,and p+q =w(1),it
remains open whether determining the existence of a robust stable
matching—and computing one if it exists—is in P.
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