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ABSTRACT

Inconsistency in preference reasoning arises when a set of prefer-
ences implies that an outcome is preferred over itself. In multi-agent
settings, conflicting preferences of the agents lead to inconsisten-
cies in their collective preferences. We examine the problem of
establishing consistency by selectively discarding a subset of in-
put preferences, where preferences are expressed qualitatively in
CP-theory language. Specifically, we explore two variants (1) iden-
tifying a minimal set of preferences to discard in order to eliminate
inconsistencies, and (2) finding a set of preferences whose removal
minimally alters the induced dominance so as to eliminate the
inconsistencies. We show that both minimization problems are NP-
complete. We propose an iterative Integer Linear Programming
(ILP)-based approach to their solution. Finally, we present experi-
mental results that demonstrate the feasibility of our solution. We
observe that optimizing one objective in isolation often compro-
mises the other. We explore sequential strategies that prioritize one
objective followed by the optimization of the other, and propose
an empirically balanced approach that achieves improved overall
outcomes.
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1 INTRODUCTION

Many real-world decision-making scenarios, for example, public
policy, product design, healthcare delivery, and environmental reg-
ulation, require aggregating the preferences of multiple agents
over possible outcomes. Of particular interest are qualitative pref-
erences, described using languages such as CP-net [5], TCP-net [6],
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and CP-theory [23], which allow each agent to express preferences
over outcomes in terms of preferences over properties of outcomes,
preferences that hold only under certain conditions, or relative
importance of preferences [21]. The semantics of such preferences
induce a dominance relation over the possible outcomes described
by these properties, resulting in an induced preference graph over
the outcomes, where the edges of the graph denote the dominance
relation [20].

Problem. When the preferences of multiple agents are aggre-
gated, it is inevitable that the preferences of some agents are in-
consistent with those of other agents. For example, in deliberations
on where to build a new airport, business travelers may prefer to
locate the airport close to the city center for ease of access, whereas
residents of the city may prefer to locate it far away because of
noise. To complicate matters, these preferences may be conditional
on other factors, e.g. availability of affordable public transportation,
cost of land, economic benefits, etc.

A set of preferences is said to be consistent if the induced prefer-
ence graph (IPG) is acyclic (which ensures that no outcome domi-
nates itself). The problem of checking the consistency of an IPG is
PSPACE-Complete [10]. Recent work has focused on identifying
sufficient conditions to efficiently check the consistency of qual-
itative preferences [17]. Existing approaches for identifying the
most preferred, that is, non-dominated set of outcomes relative to
a given set of preferences, assume that the underlying preferences
are consistent [22].

Since consistent preferences induce an acyclic IPG, while in-
consistent preferences result in cycles, one might consider using
Minimum Feedback Arc Set (MFAS) strategies to address inconsis-
tency. However, simply removing edges from the IPG to eliminate
cycles, without considering the underlying preferences that gen-
erated those edges, does not guarantee that the resulting acyclic
IPG corresponds to any valid subset of the original preferences.
This is because a single edge in the IPG can be induced by multiple
preference statements, and a single preference can induce multi-
ple edges. Therefore, resolving inconsistencies requires identifying
and removing specific preference statements, which will, in turn,
remove the associated edges from the IPG. In other words, it is
desirable to identify a minimal set of preferences that agents must
compromise on to resolve any inconsistencies.

Existing work on aggregating the preferences of multiple agents
falls into three broad categories: voting-based mechanisms that
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assume preferences are expressed directly over outcomes, rather
than over properties of outcomes [7, 18, 19]; voting schemes for
preference aggregation under various restrictions of the expressive
power of the language used to express the preferences [15, 16];
optimization strategies that minimize different notions of disagree-
ment between agents with respect to their preferences based on
pairwise distance between them (more precisely, their CP-net rep-
resentations) [1, 2]. None of these works addresses the problem
of identifying a minimum subset of preferences whose removal
would make the aggregated preferences consistent.

Contributions. We investigate the problem of eliminating incon-
sistencies in the aggregated preferences of multiple agents, e.g. by
minimally perturbing the preferences. Specifically, we explore two
variants of this problem:

(1) Identifying a minimal set of preferences to discard in order
to eliminate inconsistencies, and

(2) Finding a set of preferences whose removal minimally alters
the IPG so as to eliminate the inconsistencies (cycles in the
IPG).

The difficulty of these problems stems from the fact that a single
preference statement can induce dominance relationships between
multiple pairs of outcomes and, therefore, may participate in mul-
tiple cycles within the IPG. Furthermore, a given dominance rela-
tionship between a pair of outcomes can be induced by multiple
preference statements.

We analyze the computational complexity of these problems and
show that they are NP-complete. To solve the problems, we propose
an iterative approach based on Integer Linear Programming (ILP).

We present experimental results demonstrating the feasibility of
our approach in addressing the key objectives: minimizing prefer-
ence removal to eliminate inconsistency, and minimizing the impact
on the IPG. Our evaluation is conducted on a large dataset of CP-
net and CP-theory preferences, synthesized using the technique
described in [3].

Our observations indicate that solutions focused solely on mini-
mizing preference removal to resolve inconsistencies do not neces-
sarily minimize impact on the IPG. Conversely, solutions that priori-
tize minimizing IPG impact may require removing more preferences
than necessary. To address this trade-off, we explore strategies that
sequentially tackle the two objectives by framing them as a lexico-
graphic optimization problem [27]-first solving one minimization
problem, then the other.

Empirical results show that resolving inconsistencies by simply
removing the minimal set of preferences strikes an effective balance
between the two goals and that introducing a second sequential
objective does not significantly reduce the impact of the solution
on the IPG.

2 BACKGROUND

CP-Theory [23] offers an expressive formalism to represent quali-
tative preferences over attributes of alternatives. For instance, one

can express a CP-theory preference
X=aANY=b:Z=z-2Z=27 [W]

In the above, X =a A Y = b indicates the condition under which
the preference Z = z > Z = z’ holds, while the variable set [W]
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Statement ID ‘ Preference Statement

m | Y=y >Y=1y [X]
P2 ‘X:xl5 Y=yi>Y=y []
P3 | Y=y: X=x1-X=x; []
P4 ‘ X=x»X=x1 []
ps | Y=yp>Y=y []

Table 1: A set P of preference statements

captures the set of variables whose valuations do not impact the
given preference over Z’s valuations.

Such a preference induces a dominance relation over outcomes
as follows. Consider outcomes o and o’ such that the valuation
of Z in o is z, the valuation of Z in o’ is z’, the valuations of all
variables other than Z and W are identical and in particular, the
valuations of X and Y are a and b, respectively. In that case, as
per the semantics of CP-theory preferences, o dominates o’ and
is denoted by o > o’. We say that the above preference statement
induced the dominance. We will denote each outcome using the
set of variable valuations. For instance, {a, b, z, w} is an outcome
where the valuations of X, Y, Z, W are a, b, z, w, respectively.

A set of CP-theory preferences induces a (transitive) dominance
relation over the outcomes, which, in turn, results in an induced
preference graph (IPG), where the vertices of the graph are the
outcomes and the directed edges from one outcome to another
capture the dominance relation.

ExaMPLE 1. Table 1 shows the preference statements over two
binary variables X = {x1,x2} andY = {y1,y2}. The statements induce
a dominance relation captured in Figure 1. Each edge is annotated with
the preferences that induce the dominance captured by the edge. The
figure does not illustrate the transitive closure relation of dominance.

REMARK 1. It is worth noting that a preference statement can
induce dominance between different pairs of outcomes, and multiple
preferences can induce the same dominance. For instance, if we assume
that the variables that describe each outcome as X, Y, Z, W (and all
are binary variables), then the preference statement

X=aANY=b:Z=z-Z=2 [W]
can induce dominance over the following pair of outcomes

{a,b,z,w} > {a,b,2', w}

{a,b,z,w} > {a,b,z',w'}
{a,b,z,w'} = {a,b,z/,w'}
{a,b,z,w"} = {a,b,z/, w}

3 ENSURING CONSISTENCY IN IPG

As noted in the Introduction, a set of preferences is inconsistent if
there exists a cycle in the corresponding induced preference graph.
This is because any outcome in such a cycle is related to itself by the
dominance relation. Our objective is to resolve such inconsistencies.

It is immediate that inconsistency resolution amounts to remov-
ing some edges (dominance relationship) in IPG such that the result
is acyclic. Based on Remark 1, in the process of removing one edge
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Figure 1: SL-IPG corresponding with preference statements
of Table 1

(say, e), we may end up removing multiple edges as the prefer-
ence(s) inducing e may be responsible for inducing other edges as
well. Furthermore, removing one edge may necessitate discarding
multiple preferences that label that edge. To account for the impact
of edge removals in achieving an acyclic induced preference graph,
we augment its definition as follows.

DEFINITION 1. A Set-labeled IPG, SL-IPG, is a tupleG = (V,E, A, L)
where V is the set of outcomes (vertices), E C V XV is an ordered edge
relation describing the dominance of one outcome over another as per
the semantics of the preference statements, A is the set of preferences
and L, L: E — P(A) maps each edge to a set of preferences that
induces the edge relation.

Given a set of preferences, the problem of ensuring consistency
amounts to discarding certain preferences such that some edges in-
duced by these preferences are removed from the SL-IPG, resulting
in an acyclic induced preference graph. We formulate this problem
as an optimization problem where the optimization objective is de-
fined in terms of a set of discarded preferences. In general, one can
consider a function that quantifies the cost of discarding a given set
of preferences and the optimization objective is to minimize such
cost while ensuring that the resulting SL-IPG is acyclic. Formally,

DEFINITION 2. Given an SL-IPG, G = (V,E, A, L) and a cost func-
tionc : P(A) — Z*, the general minimum cost inconsistency reso-
lution problem, MCIRg, is to identify OPT = argminyc, c(X) such
that E' =E\ {e|L(e) € X} and G’ = (V,E’, A L) is acyclic.

In this paper, we consider two definitions of the cost function
over preferences that are typical in our context: (a) the number of
preferences, and (b) the number of edges that are being induced
by the preferences. The corresponding cost functions result in two
problem instances.

ProBLEM 1. Given an SL-IPG, G = (V, E, A, L), the minimal prefer-
ence removal problem, MPg, is the MCIRG problem using cost function

c1(X) = |X]

and the minimal dominance removal problem, MDg, is the MCIRG
problem using the cost function

c2(X) =|{e € E| L(e) € X}

In the above, MPg corresponds to the case where the objective
is to minimize the number of preferences being discarded to ensure
consistency, while MDg corresponds to the case where the prefer-
ences are discarded such that the number of edges being removed
from SL-IPG is minimized.
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Figure 2: Acyclic SL-IPG after discarding {ps, ps} and {p4, ps}
from the set of preferences in Table 1

We will denote the problems as MP and MD without the subscript
G for the SL-IPG if the G is immediate from the context of the
discussion.

EXAMPLE 2. Returning to the preferences of Example 1, it is clear
that the corresponding SL-IPG G in Figure 1 contains 8 cycles and is
thus inconsistent. There are two optimal solutions to the MPg problem:
{ps, ps} and {ps, ps} whose corresponding SL-IPG can be seen in
Figure 2. However, since p, induces more edges than ps does, the only
optimal solution to the MDg problem is {ps, ps}.

It is important to note that identifying a minimal set of edges
to remove—such as in the minimal feedback arc set problem—can
lead to solutions that eliminate edges like (x2y; — x2y2), (x1y2 —
x1Y2), and (x1y2 — x1y1). While this does result in an acyclic graph,
it may contain edges that are no longer induced from any subset
of the original preferences. For instance, the preference ps becomes
problematic: it must be excluded because the edge (x1y, — Xy2) is
removed, yet it must also be retained since other edges it induces, such
as (x1y1 — x2y1), remain in the graph. Another similar problematic
preference is p;.

We note that there exist several sufficient conditions which im-
ply the consistency of a set of CP-Theory preferences [17, 24]. Of
these sufficient conditions, the fully acyclic and cardinality-based
conditionally acyclic conditions require the acyclicity of a depen-
dency graph whose vertices are the variables that the preferences
are on. By labeling the edges of such a dependency graph with the
preferences that create them, it becomes a SL-IPG, just on variables
instead of outcomes. Thus using any method for solving the MP or
MD problems on these graphs would still give a consistent solution.
While doing so would have a better runtime than using the SL-IPG,
such a solution most likely will not be optimal due to the acyclicity
only being a sufficient condition.

4 MP AND MD ARE NP-COMPLETE
4.1 The Two Problems are NP-Hard

It is evident that the MP problem is closely related to the minimum
feedback arc set (MFAS) problem [26]. The objective of the MFAS
problem is to remove a minimal number of edges from a graph to
make it acyclic. The MFAS problem is in the class of NP-Complete
problems [13] and can be reduced to the MP problem in polynomial
time as follows. For each edge of the input graph G = (V, E) for the
MFAS problem, we associate a unique label (in O(|E|) time); the
resultant graph GT = (V, E, A, L) is of type SL-IPG, where |A| = |E|
and the labeling L function induces a one-to-one mapping be-
tween elements in E and in A. Therefore, a solution to the MP,r
problem is equivalent to a solution to the problem MFAS for G.
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A similar reduction applies for the MD problem. Here, since each
edge has a unique label that is a single preference, we have that
[{e € E| L(e) € X}| =|X|. Thus, a solution to the MD5r problem
is equivalent to the MFAS for G.

Therefore, MFAS is polytime reducible to both MP and MD, and
the problems are at least as hard as the problem MFAS. Hence, the
MP and MD problems are in the NP-Hard class.

4.2 The Two Problems are in NP

Consider the decision problem corresponding to the problem MPg:
Does there exist a set of preferences of size k whose removal eliminates
edges from the graph G such that the resulting graph is acyclic?

Let W be the set of k preferences provided as a solution to the
decision problem. One can validate whether W is indeed a solu-
tion for the problem in polynomial time. The strategy involves
depth-first exploration of the given graph such that any edge e,
where L(e) € W is not used in the exploration. If the exploration
terminates without identifying any back edges, then solution W
is validated; otherwise, it is not. The runtime for depth-first explo-
ration is O(|V| + |E[). Hence, the given solution can be verified in
polynomial time and the MPg problem is in the NP class.

Now consider the decision problem corresponding to the prob-
lem MDg: Does there exist a set of preferences whose removal from
the graph G results in the elimination of at most k edges, such that
the resulting graph is acyclic?

Let W be the set of preferences provided as a solution to the
decision problem. First, one can iterate through all edges of G and
count the number of edges e such that L(e) € W. If this number
is k or less, continue using the DFS process as described above.
Otherwise, this is not a valid solution. Checking that k or less edges
are removed can be done in O(|E|) time, so validation can be done
in O(|E| + |V) time. Hence, the given solution can be verified in
polynomial time and the MDg problem is in the NP class.

Based on the above observations, both problems are in the NP-
Complete class.

5 EXACT METHOD FOR MP AND MD

We present a solution methodology for MP and MD based on Inte-
ger Linear Programming (ILP) formulation for the problems. The
formulation amounts to expressing the relationship between cy-
cles, edges in the cycles and the preferences labeling the edges
in the SL-IPG as a set of linear equations and computing a sat-
isfiable assignment to these equations taking into consideration
an optimization objective expressed over linear combination of
some specific variables. We utilize the technique presented in [4]
to develop a iterative strategy where in each iteration successively
larger problem instances (specified by the number of cycles) are
considered to compute the solution to the problem. The advantage
of this iterative strategy is that the solution to the problem may not
require consideration of all possible cycles in the SL-IPG.

5.1 ILP Formulation for MPg;

Given an SL-IPG G, the MP¢ problem can be encoded as an ILP
problem as follows. For each preference k € A, let t; be a binary
variable that takes the value 1 if the preference k is removed in the
solution, and 0 otherwise. Similarly, for each edge j € E of G, let s;
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be a binary variable that takes the value 1 if the edge j is removed,
and 0 otherwise. Finally, for each cycle cy, .. ., c,, the constant a;; is
1if edge j is in cycle ¢;, and 0 otherwise. Then the ILP formulation
for MPg is:

keA
|E|
(1) {liijZl Vi=1,...,¢
j=1
(2) sj<t Vj € E, Yk € L(j)
(3) sjtie{0,1} Vj€eE VkeA

The objective function is to minimize the number of preferences
which are removed, and thus the total number of variables t; whose
values are 1. For each cycle, at least one edge in the cycle should be
removed, hence the constraint-set (1). The second set of constraints
(2) captures the fact that s; = 1 implies that all preferences k € L(j)
must be removed (i.e., tx = 1). Conversely, when #; = 1 for all
k € L(j), the valuation of s; can still be 0, it does not have to be 1.

In total there are |A| +|E| variables with O(|A||E|+¢) constraints,
where ¢ is the number of cycles.

5.2 ILP Formulation for MDg

Given an SL-IPG G, the MDg problem can be encoded as an ILP
problem as follows. Let variables s; and t, as well as constants a;;
to be defined as described for the MPg above along with the con-
straints (1), (2) and (3). The objective of the problem is to remove
all inconsistencies by removing preferences while minimizing the
number of edges impacted due to the removed preferences. Hence, it
is necessary to include additional constraints such that s; = 1 if and
only if # = 1 for all k € L(j). In other words, s; = minger(j) {tx}.
This is achieved by introducing two new constraints and a set of
binary variables r;x as follows.

@ > =1 VjieE

keL(j)
(5) rik—1<sj—t4 <1-rjx Vj€E Vk € L(j)
(6) rike{0.1} Vj € E, Vk € L(j)

According to the constraint-set (4), there is exactly one r;x to be
equal to 1 among all k. The constraint-set (5) ensures that when
rjk = 1, the valuation of s; is equal to . These constraints coupled
with the constraints (2) and (3) above ensures the following. If
for all k € L(j), tx = 1, then the corresponding s; is also 1. This is
because r;; = 1 for some k by the constraint-set (4), and in this
case, s; = i due to the constraints (5). On the other hand, if there
is some k € L(}), tx = 0, then by constraints (2), s; is equal to 0 as
well.
Proceeding further, the ILP formulation for MDg; is:

min Z s; st (1),(2),(3), (4), (5) and (6)
Jje€E
As it has been the case with MPg ILP, there are |A| + |E| variables
with O(|A||E| + £) constraints, where £ is the number of cycles.

ExampLE 3. Consider the subgraph G of the SL-IPG from Figure 1
consisting of only the vertices {x1y1, x1y2} (and the corresponding
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Algorithm 1 Algorithm for Finding Exact Solution to the MPg or
MDg Problem

1: procedure E-ALGO(SL-IPG G = (V,E, A, L))
2 P—0,C—0
3 DFS explore G to identify cycles Cyc
4: while Cyc # 0 do
5 C«— CUCyc
6 P —ILP(C) > ILP problem solution using C
7 G = (V,E,AL)st.E =E\ {e | L(e) C P}
> G’ is G where edges e with L(e) C P removed
8: DFS explore G’ to identify cycles Cyc
9: end while
10: return P

11: end procedure

edges between them). The ILP formulation of the MDg: for this sub-
graph is:

min sy +s; st
S1+s;>1
$1<t; $1<t; $2=<1Ig
r1,1+r1,2 =1 ras =1

r1,1—1Ssl—t151—r1,1
r1,2—1Ssl—t251—r1,z
r2,5—1Ssz—t5S1—r2,5

1,1, 71,2, 72,5, 1, S2, 11, B2, t5 € {0, 1}

Where s, corresponds with the edge from x,yz to x1y1, s; with the
opposite, and ty, t,, t5 with preferences p1, pa, ps respectively.

5.3 Iterative Exact Method

Observe that the ILP-based exact method formulation requires
identifying all cycles in the SL-IPG G-and the number of cycles
in a graph can be exponential in the size of the graph. We present
an iterative ILP-based algorithm following the MFAS algorithm
discussed in [4]. The primary feature of the algorithm is its lazy
identification of cycles—detecting them only as needed during the
computation. The advantage of this lazy approach is that it may
lead to a solution of the ILP problem by only considering a set of
“representative” cycles, which is relatively small compared to the
total number of cycles in the graph.

Algorithm 1 presents the proposed iterative algorithm. The DFS
exploration of the input graph G is performed to identify some
cycles Cyc (Line 3). In the first iteration of the while-loop (Line 4),
the ILP problem with these cycles is solved (Lines 5, 6). The solution
identifies some set of preferences P to discard. A new graph G is
generated based on the edges that are removed due to discarding
preferences in P. The DFS exploration is conducted on this new
graph (Lines 7, 8). In the subsequent iteration, if new cycles are iden-
tified in the updated graph, then these cycles are added to already
found cycles (Line 5) and the process is repeated; otherwise, in the
absence of any new cycles, the set P is returned as the solution.

Note that at worst only one cycle is added in each iteration. This
means that there might be an exponential number of calls to the
ILP solver. Additionally, the actual number of such calls depends
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on the order of the DFS, since some starting points might find more
cycles than others.

THEOREM 1. E-ALGo(G) outputs the solution to MPg or MDg
depending on the ILP encoding.

Proof. We first show that the ILP formulation of the MP¢ prob-
lem is correct. Clearly the objective function matches that of the
MPg problem. The constraints must thus enforce two properties:
at least one edge must be removed from every cycle, and if an edge
is removed, then all preferences labeling that edge must also be
removed. Let ¢; be a cycle in G, then there exists a constraint in (1)
corresponding to c;. Since all g;; are constants, the only way for
this constraint to be satisfied is for some edge variable s; whose
corresponding a;; is 1 to also be 1. However, by definition a;; is 1 if
and only if the corresponding edge j is in c;, so there must be at
least one edge j € c¢; whose corresponding variable s; = 1 and is
thus removed. The second property is enforced by the constraints
(2), which make it so that an edge variable s; cannot be 1 unless
all corresponding preference variables in L(;j) are also 1.

To establish the correctness of the ILP formulation for the MDg
problem, the constraints must also ensure two properties: at least
one edge is removed from every cycle, and an edge is removed if
and only if all preferences labeling that edge have been removed.
As was shown for the MPg ILP formulation, the constraints of
(1) and (2) ensure the first such property and one direction of the
second. Thus all that is required is the other direction of the second
property: if all preferences labeling an edge are removed, that edge
is removed. Let e € E be an edge and suppose that for all k € L(e),
k is removed, i.e. ty = 1. Then there exists exactly one k € L(e)
such that r. ;. = 1. For this specific k, constraints (4) make it so that
Se = Ig.

The correctness of E-Argo follows from [4]. We present an
outline of the proof for the sake of completeness. Suppose that
E-ALGco(G) halts on iteration i, let C; be the set of cycles for this
iteration, P; be the optimal solution to ILP(C;), and T; be the corre-
sponding set of preferences that gives P;. Also let P be the optimal
solution to the problem, i.e. P is the solution to ILP(C) where C is
the set of all cycles in G. Since the algorithm terminated on iteration
i, the removal of T; makes G acyclic, hence the corresponding solu-
tion P; is a feasible solution to removing all cycles C. Thus |P| < |P;|.
However, since C; C C, ILP(C) formulation includes all constraints
of ILP(C;) along with additional constraints corresponding to C\ C;.
As the objective function is minimization, additional constraints
can only increase the size of the optimal solution. Hence, |P;| < |P|,
making P; the optimal solution. O

ExaMpLE 4. Consider again the preferences of Example 1 and the
corresponding SL-IPG of Figure 1. Suppose that the DFS in the first
iteration of Algorithm 1 started at the outcome x,y, and that the DFS
exploration finds the following cycles:

Cycle ‘ Labels
(x1Y2, X2 Y1, X2 Y2) {p1} {ps} {p3}
(21, X2Y2) {1}, {ps}
(12, X2Y1, X2 Y2, X1Y1) {r1}. {ps}

{ps} {p1}, {ps}

(*2y1, X2 Y2, X1, Y1)
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Every cycle here has an edge labeled by {ps}, making {ps} the
optimal solution to the partial ILP formulation. However, this does
not remove the cycle (x1y,, x2y2), so it is not a complete solution and
another iteration of Algorithm 1 is needed.

On the other hand, suppose the DFS exploration started at outcome
X2, and it found the following cycles:

Cycle ‘ Labels

{ps}, {ps}

{ps} {p1} {ps}
{p1. P2}, {ps}

As the first cycle is not labeled by {ps}, so the partial solution will
give either {ps, ps} or {ps, ps} (depending on whether MPg or MDg
is being solved and the solver used). In either case, it will be one of the
optimal solutions given in Example 2, hence this is a “representative”
set of cycles and the algorithm will terminate after a single iteration.
Observe that, the number of cycles identified in a DFS exploration
in each iteration is not a driving factor for the number of iteration
necessary to compute the optimal solution.

(X2Y2, X1Y2)
(X2Y2, X1Y2, X2 Y1)
(x1Y2, x1Y1)

6 EXPERIMENTAL EVALUATION

6.1 Data Set Generation

We utilize the technique proposed by Allen et al. [3] for random
generation of CP-net statements to create a pair of data-sets for
our experiments. The first data-set consists of the generated CP-net
statements. Since the generated CP-nets are acyclic and consistent,
we generate three CP-nets at a time, whose statements are com-
bined, which may result in a (potentially) inconsistent CP-net. This
thus mimics combining three separate agent’s preferences. We gen-
erate CP-nets in this way by varying the number of variables (from
3 to 9). All variables are binary, otherwise the default parameters
for the tool of Allen et al. [3] are used.

The preferences of each CP-net are modified in order to create
the second data-set. Each generated CP-net preference statement
(say p) has the form:

¢0: Z=z-72=2Z
To each p, we randomly associate zero or more variables as rela-
tively less important, ensuring that these additional variables do
not overlap with those appearing in ¢ or Z. Each statement has a
50% chance of staying the same and all eligible variables have the
same probability of being relatively less important. The resulting
dataset comprises a collection of CP-theory statements.

6.2 Research Queries

As part of our experimental evaluation, we investigate the following
research questions:

RQ-1 How many preferences must be removed to achieve
consistency, under different problem formulations (MPg and
MDg)?

RQ-2 What is the minimal impact on the preference graph
in terms of edge removal when minimal number of pref-
erences are removed as per the solution to MP5? What is
the minimal number of preferences that correspond to least
number of edges necessary to be removed for eliminating
inconsistencies as per the solution to MDg?
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RQ-3 How do the runtimes of the different problem formu-
lations compare, and how many iterations are required to
compute each solution?

All experiments are conducted on an Intel Core i7-1065G7 CPU
at 1.30 GHz running with Python 3.9.10 calling the CBC mixed
integer programming solver [9]. Table 2 presents the results of our
experiments’.

6.3 Findings

6.3.1 RQ-1. As expected, the number of preferences and edges
removed is minimal for MPg and MDg, respectively, owing to the
nature of the minimization objective.

In some cases (typically for preference sets with small number
of variables), the number of edges impacted by the solution for
MPs and MDg; are identical, however the solution to MDg removes
more preferences than the solution to MPg. Even when the number
of edges removed are different, they are relatively close together.
The MPg solutions remove on average 1.06 times as many edges
as the corresponding MDg solutions for CP-nets, and 1.3 times as
many edges for CP-theories. However, the number of preferences
removed differs a little more, with the MDg solutions containing
on average 1.61 times as many preferences as the MP for CP-nets,
and 1.56 times as many preferences for CP-theories.

6.3.2 RQ-2. The observations from RQ-1 are not surprising, as
they align with the underlying minimization objectives: minimizing
preference removals versus minimizing edge removals induced by
those preferences. While solving one problem it may be desirable
to also minimize the other objective as much as possible, without
compromising on the primary objective. For example, when solving
the MPg problem one may want to minimize the number of edges
being removed as much as possible, while keeping the number of
preferences removed minimal, or vice versa for the MDg problem.
However, due to the nature of Algorithm 1 these “secondary ob-
jectives” are not guaranteed to be minimized. In fact, the secondary
objective can take a range of possible values as it depends on both
the set of representative cycles being considered and which solution
the ILP solver chose. We can find both the minimum and maximum
values of this range through lexicographic optimization [27] by
first solving the primary objective as normal, then using the given
solution as a constraint when solving the secondary objective.
For example, finding the minimal number of edges impacted by
removing the minimal number of preferences can be realized by first
solving MPg to determine the minimal number n of preferences
to remove, and then adding the hard constraint that at most n
preferences can be removed in the ILP formulation of MDg. The
largest possible number of edges removed can also be found using a
similar strategy, except that the objective function of the MDg ILP
formulation is switched to maximization instead of minimization.
Finding the smallest and largest number of preferences removed
while removing the minimal number of edges can be done in a
similar manner, except that MDg is solved first and its solution is
used to modify the ILP formulation of MPg. The min and max of
these ranges can be seen in the last two columns of the “MPg Stats”
and “MDg Stats” sections of Table 2. This method for finding the

!See https://github.com/ErikRauer/EliminatingInconsistenciesQualitativePreferences
for all code and data
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CP-Nets
IPG Stats MPg Stats MDg Stats
#Vars #Prefs #EdgesIPG | Time(s) piiet, pomiiq  Eages Removed Edges Removed | 1M () Rimoved Removed Prets Removed  Prefs Removed
3 21 21 0.01 8 9 9 9 0.02 9 10 17 8
3 20 20 <0.01 3 8 8 8 0.02 8 10 16 3
3 18 23 <0.01 6 11 11 11 0.01 11 11 15 6
4 42 51 0.04 13 19 20 19 0.05 19 14 37 13
4 42 57 0.02 12 25 25 25 0.07 25 18 38 12
4 43 57 0.03 13 26 26 25 0.03 25 23 37 13
5 83 140 0.11 22 63 64 60 0.11 60 26 76 22
5 91 130 0.10 26 52 52 50 0.16 50 30 80 26
5 89 143 0.13 22 68 68 67 0.24 63 46 81 28
6 184 333 0.46 50 148 158 148 0.61 141 78 168 59
6 182 331 0.40 49 145 149 142 1.01 139 71 173 52
6 189 345 0.57 56 155 155 153 0.72 153 75 171 56
7 278 779 2.53 95 356 363 353 3.08 331 122 251 101
7 280 778 2.27 90 358 365 352 2.76 330 126 268 102
7 281 780 2.34 85 352 354 352 1.98 332 149 332 107
8 372 1786 9.49 139 785 814 779 9.89 762 189 287 152
8 377 1816 13.89 125 876 881 871 10.86 792 218 343 158
8 373 1841 14.38 126 887 892 874 10.39 817 201 339 155
9 468 4024 66.00 158 1870 1882 1798 80.62 1720 256 428 202
9 476 4018 68.53 174 1852 1878 1836 65.35 1714 296 432 219
9 472 4048 86.25 173 1966 2000 1966 72.90 1744 283 438 204
CP-Theories
3 21 33 0.01 8 13 17 13 0.02 13 8 16 8
3 20 30 0.02 3 12 12 12 0.01 12 9 16 3
3 18 34 0.02 7 18 18 18 0.03 14 9 15 9
4 42 105 0.06 13 22 58 31 0.10 31 17 34 13
4 42 75 0.03 12 35 35 27 0.08 25 16 31 16
4 43 90 0.06 13 50 50 45 0.20 36 19 31 18
5 83 222 0.23 22 106 132 106 0.44 89 41 61 41
5 91 230 0.21 26 90 114 88 0.31 70 36 67 33
5 89 242 0.26 22 135 135 134 0.77 101 38 73 33
6 184 637 1.61 53 318 399 314 2.16 227 90 140 84
6 182 598 1.19 49 307 315 307 1.75 224 69 134 68
6 189 529 0.97 57 249 266 238 2.20 217 76 142 68
7 278 1368 41.22 106 697 726 666 447.58 579 137 174 134
7 280 1709 17.61 100 950 973 926 9.63 593 171 235 171
7 281 1849 38.33 98 1182 1202 1165 175.66 644 154 223 152

Table 2: Experimental Results

min of the ranges can also be used as a more balanced heuristic
that simultaneously considers both objectives.

Minimizing edges removed by minimal set of preferences as per
MPs. We first consider the balanced approach: minimizing the
number of edges removed by a minimal set of preferences compar-
ing the third and the last columns of the MP Stats. Experimentally,
this combined approach does not yield a significant reduction in
the number of edges impacted compared to using MPg alone. In
fact, the possible range for the number of edges removed by MPg is
quite small, with the maximum number being less than 1.07 times
the minimum for CP-nets and, with one exception, less than 1.31
times the minimum for CP-theories. The results in terms of the
number of edges removed computed in this combined approach are
closer to the optimal solution from MDg, particularly for CP-nets
where the number of edges removed is up to 13% more than that of
the MDg solution. However, this advantage is not observed when
the input preferences follow CP-theory, where the number of edges
removed are up to 81% greater than that of the MDg solution.
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These observations indicate that the MPg solutions themselves
tend to balance both objectives: the number of preferences removed
will always be minimal and the number of edges removed is fairly
close to minimal (especially for CP-nets). Additionally, the small
range of possible values ensure only a small gain in the number of
edges removed when a secondary objective is introduced.

Minimizing preferences needed to remove minimal set of edges as
per MDg. We now consider minimizing the number of preferences
that still remove a minimal set of edges. In this case, we observe
(see last column in Table 2) a significant reduction in the number
of preferences removed, particularly when the input preferences
are CP-nets. This is likely due to the large possible range in the
number of removed preferences that remove the minimum number
of edges (difference between last two columns of MDg Stats). In our
observation the maximum values are generally 2-3 times larger than
the minimum for CP-nets and 1.25-2.25 times larger for CP-theories.
These large ranges indicate that simply solving MDg on its own
might remove significantly more preferences than necessary and
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allow the secondary objective to provide a substantial improvement.
Interestingly, despite the large possible range of preference set sizes
for CP-theories, our observed values tended to be very close to
the lower end of the range, indicating that the maximum values
of the range might just be due to outlier solutions. However, the
number of edges affected by the solution to the combined approach
(MDg followed by MPg) remains far from the minimal number
of preference removals achieved by solving MP alone. Here, for
CP-nets up to 30% more preferences are removed than in the MPg
solutions, while there might be as many as 87% more preferences
removed for CP-theories.

6.3.3 RQ-3. To evaluate the execution time overhead of the ILP-
based solutions for MPg and MDg, we also implemented an ILP
formulation of the Minimal Feedback Arc Set (MFAS) problem. As
noted in Example 2, MFAS is not suitable for enforcing consistency
in preference graphs, since it disregards the underlying preferences
that induce the removed edges. Nevertheless, MFAS serves as a
useful baseline for estimating the computational cost associated
with enforcing acyclicity in graphs.

We observe that MDg; is typically faster than computing solution
to MFAS. For instance, for variable size 9 and CP-net preference set
inducing a preference graph of size ~400 nodes and ~ 4, 000 edges,
ILP formulation of MFAS takes more than 10, 000 seconds, while
the solution to MDg is computed in at most 90 seconds. There are
two possible explanations for this observation. The ILP solution
for MDg relies on computing the solution by considering prefer-
ences, that are likely to impact multiple edges. Furthermore, there
are inconsistencies in preference graph due to direct contradic-
tions between preferences. Each such contradiction would induce
several identical/isomorphic cycles in the SL-IPG. Due to their sim-
ilarity/isomorphism, resolving one of these cycles by removing
preferences will resolve all the other cycles as well. Therefore, in or-
der to remove multiple isomorphic cycles, only one of them needs to
be considered in the MDg and MP ILP formulations, while MFAS
strategy would need to consider most if not all of these cycles,
leading to more iterations and in turn a longer execution time.

7 RELATED WORK

A common source of inconsistency in reasoning with qualitative
preferences arises in the context of multi-agent decision making
process. Even when each agent expresses a consistent set of pref-
erences, the combination of the preferences from all may not be
consistent. This problem is often referred to as the preference ag-
gregation problem in the existing literature and has been addressed
in primarily two different ways depending on the objective.

One line of work focuses on answering dominance queries-i.e.,
determining the preference relationship between two outcomes. In
this setting, solutions are often based on voting strategies [12, 15, 18,
25]. Voting-based semantics such as Pareto, majority, and max have
been proposed to evaluate whether one outcome is preferred over
another. Notably, this approach does not require the aggregated
preferences to be consistent.

An alternative approach, proposed in [1, 2], seeks to construct a
consensus CP-net from a set of input CP-nets. This method relies
on the concept of swap disagreements, which are pairs of outcomes
0,0’ that differ in one variable value and for which the dominance
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relation in the consensus CP-net differs from that of the input CP-
net being considered. The goal is to minimize the total number of
such disagreements across all input CP-nets. While this objective
might appear aligned with the one addressed in this paper, a key dif-
ference between the solutions stems from the fact that the resulting
consensus CP-net is not guaranteed to be consistent. For example,
consider the following four preferences: x1: y1 > Y2, y1: X2 > x1,
X2: Y2 > Y1, and yp: x1 > X3. Suppose there are four CP-nets, each
one agrees with only three of the four preferences. In this case, the
four preferences will form the consensus CP-net, however, there ex-
ists an outcome (x1, y;) which is preferred to itself in the consensus
CP-net. In contrast, our problem focuses on minimally eliminating
preferences (characterized as MP) or edges minimally in terms of
preference removal (characterized as MDg) so that the resultant
preference set is consistent. To the best of our knowledge, our work
is the first to address this problem.

8 CONCLUSION

We have tackled the problem of establishing consistency by selec-
tively discarding some subset of qualitative preferences expressed
in the CP-theory language. We have solved two variants of this
problem: (1) identifying a minimal set of preferences to discard in or-
der to eliminate inconsistencies, and (2) finding a set of preferences
whose removal minimally alters the induced dominance so as to
eliminate the inconsistencies. We have shown that these problems
are NP-complete. We have proposed an ILP-based approach to their
solution. The results of our experiments establish the feasibility of
our approach and indicate that minimal sets of preferences whose
removal eliminates inconsistency strikes an adequate balance be-
tween the two objectives, particularly when the preferences are
CP-nets. Additionally, the experiments suggest that the impact of
the removal of any such minimal set of preferences on the induced
dominance does not vary much, making it so that the introduction
of a sequential objective does not majorly reduce the impact, re-
gardless of which solution set is considered. We plan to explore and
apply other strategies from MFAS solutions to address our problem
(such as cutting plane algorithm [11], heuristics, and approximation
algorithms [8, 14]). Work in progress aims to explore techniques
for achieving consistency by minimally altering preferences rather
than removing them. Also of interest are techniques for ensuring
that consistency is achieved in a manner that is fair to all the agents.
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