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ABSTRACT

Perfect Bayesian Equilibrium (PBE) is a refinement of the Nash equi-

librium for imperfect-information extensive-form games (EFGs)

that enforces consistency between the two components of a so-

lution: agents’ strategy profile describing their decisions at infor-

mation sets and the belief system quantifying their uncertainty

over histories within an information set. We present a scalable ap-

proach for computing a PBE of an arbitrary two-player EFG. We

adopt the definition of PBE enunciated by Bonanno in 2011 using

a consistency concept based on the theory of belief revision due

to Alchourrón, Gärdenfors, and Makinson. Our algorithm for find-

ing a PBE is an adaptation of Counterfactual Regret Minimization

(CFR) that minimizes the expected regret at each information set

given a belief system, while maintaining the necessary consistency

criteria. We prove that our algorithm is correct for two-player zero-

sum games and has a reasonable slowdown in time-complexity

relative to classical CFR given the additional computation needed

for refinement. We also experimentally demonstrate the compe-

tent performance of PBE-CFR in terms of equilibrium quality and

running time on medium-to-large non-zero-sum EFGs. Finally, we

investigate the effectiveness of using PBE for strategy exploration

in empirical game-theoretic analysis. Specifically, we compute PBE

as a meta-strategy solver (MSS) in a tree-exploiting variant of Policy

Space Response Oracles (TE-PSRO). Our experiments show that

PBE as an MSS leads to higher-quality empirical EFG models with

complex imperfect information structures compared to MSSs based

on an unrefined Nash equilibrium.
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1 INTRODUCTION

Game theory offers a variety of approaches for formally represent-

ing strategic interactions among several autonomous agents and

reasoning about their outcomes with the help of solution concepts.

The preeminent game-theoretic solution concept is the Nash Equi-

librium (NE), a strategy profile such that no agent can improve its

payoff by unilaterally deviating from the profile. Ever since its intro-

duction and the proof of its guaranteed existence for finite games

[23], the NE has been the focus of several threads of theoretical and

empirical research.

An important thread concerns refinements of the NE for extensive-

form games (EFGs), tree-based representations of dynamic multi-

agent interactions that explicitly capture the sequential nature of

action-taking and conditioning on observations. In general, the NE

of a game is non-unique, and a refinement is a set of criteria that se-

lects plausible outcomes from among all Nash equilibria, given the

characteristics of a class of games. The subgame perfect equilibrium

(SPE) [26] is a natural refinement for an EFG with perfect informa-

tion (i.e., when every agent knows the full game history leading up

to each of its decision points). An SPE rules out non-credible threats

by requiring the solution to induce a NE in each subgame. Under

imperfect information, EFGs use the device of information sets to

represent agents’ inability to distinguish certain game histories;

Kaminski [15] generalized SPEs to (potentially infinite) imperfect-

information EFGs by refining the definition of subgames such that

every information set is contained within a single subgame.

The most powerful NE refinements for imperfect-information

EFGs augment the game solution space from that of strategy pro-

files to that of assessments. An assessment consists of a strategy

profile and a belief system, a quantification of each agent’s uncer-

tainty over all decision points in each of its information sets via

probability distributions. To be an equilibrium, an assessment must

meet two conditions. First, it must satisfy sequential rationality,

which stipulates that no unilateral deviation can improve expected

utility at any information set. Second, all distributions induced

by the assessment’s strategies and beliefs must conform to Bayes’

rule. However, game theorists have also given much thought to

additional notions of consistency to be enforced between the two

components of an assessment to address further plausibility issues,

resulting in a few different refined solution concepts. Kreps and

Wilson [18] proposed the sequential equilibrium (SE) that satisfies a

topological consistency notion, called KW-consistency by Bonanno

[5], which is unintuitive and hard to verify. A simplification of SE

called the weak sequential equilibrium [22] imposes conformity to

Bayes’ rule only on information sets reached with positive probabil-

ity under the strategy profile. Fudenberg and Tirole [12] introduced

a solution concept of intermediate strength that they termed perfect
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Bayesian equilibrium, but they demonstrated its construction only

for a restricted class of games called multi-stage signaling games.

A major issue with the practical implementation of these weaker

equilibria is that the lack of concrete, general consistency restric-

tions on off-equilibrium paths makes them unsuitable as bases for

general-purpose game-solving algorithms.

Bonanno [4, 5] introduced a new consistency notion that covers

both on- and off-equilibrium paths, based on the theory of belief

revision due to Alchourrón, Gärdenfors, and Makinson [1], which

he termed AGM-consistency after the original authors. This notion

requires the concept of plausibility orders over the nodes (represent-

ing histories or, equivalently, decision points) of the EFG tree based

entirely on structural properties (edge incidence and information

set membership). An assessment is AGM-consistent if it is possible

to construct a plausibility order such that positive probabilities are

assigned to nodes or edges of the EFG tree by the assessment if and

only if they satisfy certain relationships under the order in question.

Bonanno [5] reused the same term ‘perfect Bayesian equilibrium’

(PBE) for this refinement using AGM-consistency, which is still

weaker than KW-consistency but easier to algorithmically verify in

principle—we will use this definition of PBE in this paper. Although

it is known that every finite EFG admits at least one PBE [5], the

implementation and evaluation of robust, scalable algorithmic ap-

proaches towards the computation of a PBE for arbitrary dynamic

games of imperfect information is an important practical question.

This is the primary research question that motivates this work.

The framework of empirical game-theoretic analysis (EGTA) [31]

is highly relevant to our work. For multiagent scenarios that are too

complicated for an analytic representation but admit procedural

descriptions that can be queried (e.g., a simulator), EGTA offers

a toolkit for using data collected from such queries to estimate a

coarser model, called an empirical game; a key idea is to make this

model amenable to off-the-shelf game-solving algorithms so that

approximate insights about the underlying scenario can be derived

from it. A popular and powerful iterative approach to EGTA called

policy space response oracles (PSRO) [3, 20] uses an arbitrary game-

solving algorithm as a module called themeta-strategy solver (MSS),

which provides a principled basis for exploring the underlying

strategy space to augment the model. Whereas the empirical game

in EGTA has commonly been maintained in the less expressive

normal form, we developed a tree-exploiting variant of EGTA (TE-

EGTA) in prior work [16, 17] that represents the empirical game as

an EFG tree. This approach makes use of refined solution concepts

feasible for empirical games and potentially conducive to higher-

quality game models, and the MSS for a tree-based model provides

a natural use case for our algorithmic contributions in this paper.

1.1 Our Contributions

We propose a novel practical algorithm PBE-CFR (Algorithms 3.1,

C.2, C.3) for computing a PBE [5] in arbitrary two-player EFGs.

It is a non-trivial adaptation of the classic Counterfactual Regret

Minimization (CFR) algorithm [33] that minimizes the expected

regret at each information set given a belief system, while enforcing

AGM-consistency.

• For two-player zero-sum games, we prove that the algorithm is

correct by establishing a guarantee of convergence to an exactly

sequentially rational solution and analyze its space and time

complexity (Section 4).

• For two qualitatively different classes of two-player general-sum

games, we experimentally demonstrate that PBE-CFR performs

competently in practice both in approximation quality and run-

ning time (Sections 5.1 and 5.2).

We also report experiments that demonstrate the usefulness of

PBE-CFR, vis-à-vis an unrefined NE obtained by classical CFR, for

strategy exploration in TE-PSRO [16, 17]. In particular, we charac-

terize how the speed of convergence to zero of the regret of the

TE-PSRO empirical model with PBE as the MSS depends on the

degree of coarsening of the information structure of the underlying

game (Section 5.3). All appendices are available in the full version

of the paper at http://arxiv.org/abs/2602.15233. The code for our

implementation of PBE-CFR and all our experiments can be found

at https://github.com/ckonicki-umich/AAMAS26/.

1.2 Further Related Work

We provide a more detailed review of consistency concepts for NE

refinements for EFGs in Apps. H.1–H.3. Wellman et al. [31] pro-

vides an overview of EGTA techniques including PSRO. A body of

work exists on algorithms for computing (approximate) NE refine-

ments [2, 13, 24, 29, 30], but the scalability and practicality of these

algorithms has not been adequately established, to the best of our

knowledge; please see App. H.4 for further details. There is a rich

literature on extensions of the CFR approach including warm-start

CFR [7], CFR
+
[28], CFR-D [10], discounted CFR [9], linear CFR

[8], deep CFR [6], Monte Carlo CFR [19], PCFR
+
[11], and dynamic

discounted CFR [32]. In prior work, we developed a scalable, mod-

ular implementation [17] of the generalized backward induction

algorithm [15] for computing an SPE of an imperfect-information

EFG, and found in experiments that TE-PSRO with an SPE as MSS

converges to a high-quality model faster than with an unrefined

NE as MSS for diverse game classes. A similar treatment of PBE is

a natural next step.

2 TECHNICAL PRELIMINARIES

A finite imperfect-information extensive-form game (EFG) is a
tuple 𝐺 := ⟨𝑁 , 𝐻 , 𝑉 , {I𝑗 }𝑛𝑗=0, {𝐴 𝑗 }

𝑛
𝑗=1

, 𝑋 , 𝑃 , 𝑢⟩, where

• 𝑁 = {0, . . . , 𝑛} is the player set. Player 0 denotes Nature, a non-
strategic agent responsible for chance events that impact the

course of play.

• 𝐻 , the game tree, is a finite tree rooted at node ℎ0 that captures

players’ dynamic interactions. Each node ℎ ∈ 𝐻 represents a

state or, equivalently, a history of the game beginning at ℎ0
(which corresponds to the empty history ∅). The terminal nodes
𝑍 ⊂ 𝐻 or leaves of the game tree represent possible end-states of

the game. The remaining nodes 𝐷 = 𝐻 \ 𝑍 are decision nodes.
• 𝑉 : 𝐷 → 𝑁 assigns a player to each decision node ℎ. A node ℎ

where 𝑉 (ℎ) = 0 is called a chance node.
• For each player 𝑗 ∈ 𝑁 , the set I𝑗 is a partition of 𝑉 −1 ( 𝑗) where
each 𝐼 ∈ I𝑗 is an information set of 𝑗 . All nodes ℎ ∈ 𝐼 are
indistinguishable to player 𝑗 . 𝐼 (ℎ) denotes the information set to

which a node ℎ belongs. We assume all information sets to be

consistent with perfect recall [27, Definition 5.2.3].
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• 𝐴 𝑗 (𝐼 ) denotes actions that player 𝑗 can take at information set

𝐼 ∈ I𝑗 .
• 𝑋 (ℎ) is the set of possible outcomes of Nature’s stochastic event

at ℎ.

• 𝑃 (· |ℎ) is the probability distribution over 𝑋 (ℎ).
• 𝑢 : 𝑍 → R𝑛 maps each terminal node 𝑧 to a vector of players’

utilities {𝑢 𝑗 (𝑧)}𝑛𝑗=1.
The directed edge connecting any ℎ ∈ 𝐼 to its child represents a

state transition resulting from 𝑉 (ℎ)’s move and is labeled with an

outcome 𝑥 ∈ 𝑋 (ℎ) if𝑉 (ℎ) = 0 or an action 𝑎 ∈ 𝐴𝑉 (ℎ) (𝐼 ) otherwise,
the child-node being denoted by ℎ𝑥 or ℎ𝑠 respectively. The set of

nodes within 𝐻 that succeed a given node ℎ is denoted by Succ(ℎ).
The function 𝜑 maps each node ℎ ∈ 𝐼 ∈ I𝑗 to the ordered sequence

of actions and chance outcomes observable to 𝑗 from the root node

leading up to 𝐼 , according to the designated rules of the (imperfect-

information) game. When the input is a terminal node 𝑧 ∈ 𝑍 , which
does not belong to any information set,𝜑 returns a complete history

from 𝑧 to the root node, or the sequence of a specific player’s actions

given 𝑧 and 𝑗 ∈ 𝑁 .

A pure strategy 𝜋 𝑗 (·) for player 𝑗 ∈ 𝑁 \ {0} specifies the ac-
tion 𝑎 ∈ 𝐴 𝑗 (𝐼 ) that 𝑗 selects at each information set 𝐼 ∈ I𝑗 . More

generally, a mixed strategy 𝜎 𝑗 (· | 𝐼 ) defines a probability distribu-

tion over 𝐴 𝑗 (𝐼 ) at each information set of agent 𝑗 where an action

𝑎 ∈ 𝐴 𝑗 (𝐼 ) is selected with probability 𝜎 𝑗 (𝑎 | 𝐼 ). A strategy pro-
file is a vector 𝝈 = (𝜎1, . . . , 𝜎𝑛), and 𝝈− 𝑗 denotes the collection
of strategies of all players other than 𝑗 in 𝝈 . Σ 𝑗 denotes the set of
all strategies available to player 𝑗 , and Σ = ×𝑛

𝑗=1
Σ 𝑗 the space of

strategy profiles.

The likelihood that node ℎ ∈ 𝐻 is reached by strategy profile 𝝈
is given by its reach probability

𝑟 (ℎ,𝝈) ≔ 𝑟0 (ℎ)
∏

𝑗∈𝑁 \{0}
𝑟 𝑗 (ℎ, 𝜎 𝑗 ),

where 𝑟 𝑗 (ℎ, 𝜎 𝑗 ) is the joint probability of player 𝑗 choosing actions

that lead to ℎ according to 𝜎 𝑗 at each of its decision nodes on

the path to ℎ; Nature’s contribution 𝑟0 (ℎ) is the joint probability
of each chance node along the path to ℎ producing an outcome

leading to ℎ. The reach probability of information set 𝐼 under 𝝈 is

𝑟 (𝐼 ,𝝈) = ∑
ℎ∈𝐼 𝑟 (ℎ,𝝈). A node or information set with a positive

reach probability is said to be reachable under the given strategy

profile. The expected utility of player 𝑗 under a strategy profile 𝝈
is given by

𝑈 𝐸𝑗 (𝝈) ≔
∑︁
𝑧∈𝑍

𝑢 𝑗 (𝑧)𝑟 (𝑧,𝝈).

The regret of player 𝑗 at profile 𝝈 is given by

Reg𝑗 (𝝈) = max

𝜎∈Σ 𝑗

𝑈 𝐸𝑗 (𝜎,𝝈− 𝑗 ) −𝑈
𝐸
𝑗 (𝝈) .

We define the regret of a profile as the sum of player regrets, that

is Reg(𝝈) = ∑𝑛
𝑗=1 Reg𝑗 (𝝈). A strategy profile 𝝈 with Reg(𝝈) = 0

is a Nash equilibrium (NE).

For anyℎ that precedes a terminal node 𝑧, we denote by 𝑟 (𝑧 |ℎ,𝝈)
the conditional reach probability of 𝑧 according to 𝝈 , given that

ℎ has already been reached. That is, 𝑟 (𝑧 |ℎ,𝝈) = 𝑟 (𝑧,𝝈)/𝑟 (ℎ,𝝈)
whenever ℎ is reachable under 𝝈 and 𝑧 ∈ Succ(ℎ) as well as the
joint probability of all players choosing the right actions that lead

to 𝑧 starting from stateℎ according to 𝝈 . Moreover, the conditional

expected utility of player 𝑗 given that it is at a node ℎ under a

strategy profile 𝝈 is given by

𝑈 𝐸𝑗 (𝝈 |ℎ) ≔
∑︁
𝑧∈𝑍

𝑢 𝑗 (𝑧)𝑟 (𝑧 |ℎ,𝝈) =
∑︁

𝑧∈𝑍∩Succ(ℎ)
𝑢 𝑗 (𝑧)𝑟 (𝑧 |ℎ,𝝈) .

For an EFG with at least one non-singleton information set,

players’ uncertainty about game states is naturally captured by

a system of beliefs denoted by 𝜇 and defined as a collection of

probability distributions, one for each information set 𝐼 . At an

information set 𝐼 ∈ I𝑗 of player 𝑗 ∈ 𝑁 \ {0}, 𝜇 (· | 𝐼 ) represents
player 𝑗 ’s belief about which tree node it is actually at; 𝜇 (ℎ | 𝐼 ) ≥ 0

for every ℎ ∈ 𝐼 , and
∑
ℎ∈𝐼 𝜇 (ℎ | 𝐼 ) = 1. An ordered pair (𝝈 , 𝜇)

containing a strategy profile 𝝈 and a system of beliefs 𝜇 is called

an assessment and serves as a solution candidate for an imperfect-

information EFG. App. A.1 provides an example illustrating EFGs

and assessments.

2.1 Perfect Bayesian Equilibrium

We now present the definition of the perfect Bayesian equilib-
rium (PBE) proposed by Bonanno [5]. The three defining properties

of a PBE are sequential rationality, AGM-consistency, and compati-

bility of beliefs with Bayes’ rule throughout the game tree.

Sequential rationality is the natural extension of subgame perfec-

tion from strategies to assessments. It stipulates that an assessment

must induce an NE at each player’s information set, conditioned

on both the player’s belief distribution at that information set and

the assumption that the information set has been reached during

gameplay. Let𝑈 𝐵
𝑗
(𝝈 , 𝜇 | 𝐼 ) denote the believed utility of player 𝑗

at information set 𝐼 ∈ I𝑗 for playing strategy 𝜎 𝑗 while the others
play the profile 𝝈− 𝑗 , given its belief 𝜇 (· | 𝐼 ); i.e.,

𝑈 𝐵𝑗 (𝝈 , 𝜇 | 𝐼 ) ≔
∑︁
ℎ∈𝐼

∑︁
𝑧∈𝑍

𝜇 (ℎ | 𝐼 ) 𝑟 (𝑧 |ℎ,𝝈) 𝑢 𝑗 (𝑧)

=
∑︁
ℎ∈𝐼

𝜇 (ℎ | 𝐼 ) 𝑈 𝐸𝑗 (𝝈 |ℎ)

=
∑︁

𝑎∈𝐴 𝑗 (𝐼 )
𝜎 𝑗 (𝑎 | 𝐼 )

(∑︁
ℎ∈𝐼

𝜇 (ℎ | 𝐼 ) 𝑈 𝐸𝑗 (𝝈 |ℎ𝑎)
)

(1)

Definition 2.1 (Sequential Rationality). An assessment (𝝈 , 𝜇) is
sequentially rational if, at every information set 𝐼 ∈ I𝑗 of each
player 𝑗 ∈ 𝑁 \ {0},

𝑈 𝐵𝑗 (𝝈 , 𝜇 | 𝐼 ) ≥ 𝑈
𝐵
𝑗

(
𝜎′𝑗 ,𝝈− 𝑗 , 𝜇 | 𝐼

)
, ∀𝜎′𝑗 ∈ Σ 𝑗 .

It is sufficient to restrict 𝜎′
𝑗
to pure strategy deviations at 𝐼 [21].

The AGM-consistency criterion is based on the concept of a

plausibility order over the nodes in 𝐻 defined as follows [5].

Definition 2.2 (Plausibility Order). A plausibility order is a total

preorder ­ on the set 𝐻 that satisfies the following conditions:
1

• For any node ℎ ∈ 𝐷 and any action 𝑎 ∈ 𝐴𝑉 (ℎ) (𝐼 (ℎ)), it is impos-

sible that ℎ𝑎 ≺ ℎ.
• Every node ℎ ∈ 𝐷 has at least one action 𝑎 ∈ 𝐴𝑉 (ℎ) (𝐼 (ℎ)) such
that ℎ𝑎 ­ ℎ; each 𝑎 that satisfies ℎ𝑎 ­ ℎ also satisfies ℎ′𝑎 ­ ℎ′

for all ℎ′ ∈ 𝐼 (ℎ).
1
We say that node 𝑎 is at least as plausible as node 𝑏 if 𝑎 ­ 𝑏; the symbols ≺ and ∼
have standard meanings given preorder ­.
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• For every chance node ℎ and every outcome 𝑒 ∈ 𝑋 (ℎ), ℎ𝑒 ­ ℎ.

Given a history ℎ, we say that plausibility is preserved in another

history ℎ′ ∈ Succ(ℎ) if ℎ′ ­ ℎ.

Definition 2.3 (AGM-consistency [5]). An assessment (𝝈 , 𝜇) for
game 𝐺 is AGM-consistent if a plausibility order P can be con-

structed on 𝐻 such that:

• For each node ℎ ∈ 𝐻 and action 𝑎 ∈ 𝐴𝑉 (ℎ) (𝐼 (ℎ)), 𝝈 (𝑎) > 0 if

and only if ℎ ∼ ℎ𝑎 in P;
• For each chance node ℎ ∈ 𝐻 and possible chance outcome 𝑥 ∈
𝑋 (ℎ), 𝑃 (𝑥 |ℎ) > 0 if and only if ℎ ∼ ℎ𝑥 in P;
• For each node ℎ ∈ 𝐻 , 𝜇 (ℎ | 𝐼 (ℎ)) > 0 if and only if ℎ ­ ℎ′ in P
for all ℎ′ ∈ 𝐼 (ℎ).

A plausibility order P satisfying the three conditions in Defini-

tion 2.3 is said to rationalize the assessment (𝝈 , 𝜇).

Figure 1: Example of an imperfect-information EFG from

Bonanno [5], augmented with leaf utilities. There is one

non-singleton information set (for Player 2) represented by

the orange box. The equilibrium path induced by the AGM-

consistent assessment (𝝈∗, 𝜇∗) described in Example 2.5 is

highlighted in green.

With this background in place and assuming familiarity with

Bayes’ rule, we now furnish the definition of PBE that we will use

in the rest of the paper.

Definition 2.4 (Perfect Bayesian Equilibrium [5]). An assessment

(𝝈 , 𝜇) is a perfect Bayesian equilibrium for a given imperfect-

information game 𝐺 if it satisfies sequential rationality (Defini-

tion 2.1) and AGM-consistency (Definition 2.3), and every distribu-

tion in 𝜇 follows Bayes’ rule given 𝝈 ; specifically, at every reachable
information set 𝐼 ∈ I𝑗 for every player 𝑗 ∈ 𝑁 \ {0} and every ℎ ∈ 𝐼 ,
𝜇 (ℎ) = 𝑟 (ℎ,𝝈 )

𝑟 (𝐼 ,𝝈 ) =
𝑟 (ℎ,𝝈 )∑

ℎ′ ∈𝐼
𝑟 (ℎ′,𝝈 ) .

The example below illustrates a PBE of an imperfect-information

EFG with emphasis on its AGM-consistency; for an example of an

assessment violating AGM-consistency, see App. A.2.

Example 2.5. Consider the 2-player, imperfect-information EFG

depicted in Figure 1. Let (𝝈∗, 𝜇∗) be an assessment of this EFG

where 𝝈∗ assigns a probability of 1 to each of actions 𝑎 and 𝑒 and

0 to every other edge, and 𝜇∗ (𝑐) = 1. To rationalize (𝝈∗, 𝜇∗), a
plausibility order must require that 𝑎 ∼ ∅ and 𝑎 ­ 𝑏, 𝑐, 𝑑 , since

𝜎∗
1
(𝑎) = 1. Likewise, since 𝜎∗

2
(𝑒) = 1, 𝑏 ∼ be and 𝑐 ∼ ce. By exten-

sion, this means that 𝑏 ­ bf and 𝑐 ­ cf . Since 𝜇∗ (𝑐) = 1 (and hence

𝜇∗ (𝑏) = 0), we must have that 𝑐 ­ 𝑏. Moreover, transitivity entails

that be ­ bf and ce ­ cf . No contradictions arise in this construc-

tion; in fact, there are multiple plausibility orders that rationalize

(𝝈∗, 𝜇∗) depending on where nodes cf and 𝑑 are placed in the order.

Therefore, (𝝈∗, 𝜇∗) satisfies AGM-consistency; it trivially conforms

to Bayes’ rule, and it can be checked algebraically from definitions

that it is also sequentially rational.

3 ALGORITHM FOR FINDING PBE

Before presenting our main algorithmic contribution, we will men-

tion a collection of algorithms that we devised to verify whether a

given assessment is a PBE of a given imperfect-information EFG,

each focusing on one of the three conditions in Definition 2.4. We

present pseudocode and written descriptions of verification meth-

ods IsSeqentRational, SatisfiesBayes, and IsConsistent, re-

spectively, in App. B; since PBE-CFR applies to two-player EFGs,

we present the two-player versions of these procedures as Algo-

rithms B.1, B.2, and B.3 respectively, but they can be naturally

extended to an arbitrary number of players. In the rest of the paper,

we will sometimes use 𝝈 (𝐼 ) (𝑎) to denote the probability assigned

to action 𝑎 at information set 𝐼 by the strategy profile 𝝈 (i.e., 𝜎 𝑗 (𝑎 |𝐼 )
where 𝑗 is the player active at 𝐼 ).

We now present our central contribution PBE-CFR, an algorithm

for computing a PBE of a given EFG; Algorithms 3.1, C.2, and C.3

provide the pseudocode for the main algorithm and its subroutines.

PBE-CFR is an adaptation of CFR that minimizes what we call the

believed regret of playing 𝝈 at each information set given a belief

system 𝜇 while keeping 𝜇 consistent.

Let 𝑈 𝐵
𝑗

(
𝜇𝑡 , 𝝈𝑡

��
𝐼→𝑎 | 𝐼

)
denote the believed action utility of

playing action 𝑎 at 𝐼 in iteration 𝑡 of the algorithm. It can be com-

puted in a way similar to 𝑈 𝐵
𝑗
(𝝈 , 𝜇 | 𝐼 ) in Equation (1) except for

marginalization over 𝐴 𝑗 (𝐼 ). In addition, we define

𝑅𝑇𝑗,imm
(𝐼 ) (𝑎) ≔ 1

𝑇

𝑇∑︁
𝑡=1

[
𝑈 𝐵𝑗

(
𝜇𝑡 , 𝝈𝑡

��
𝐼→𝑎 | 𝐼

)
−𝑈 𝐵𝑗

(
𝜇𝑡 ,𝝈𝑡 | 𝐼

) ]
Then, the immediate believed regret of playing 𝝈 at information

set 𝐼 at timestep 𝑇 is given by

𝑅𝑇𝑗,imm
(𝐼 ) ≔ max

𝑎∈𝐴 𝑗 (𝐼 )
𝑅𝑇𝑗,imm

(𝐼 ) (𝑎)

An action 𝑎∗ ∈ argmax𝑅𝑇
𝑗,imm

(𝐼 ) is a local best response given 𝐼
was reached. We now have all the notation we need for the pseu-

docode of PBE-CFR (Algorithm 3.1) and a sketch of all associated

proofs (Section 4; see App. D for details).

We now describe the scheme of PBE-CFR in terms of two major

but natural modifications to the original CFR algorithm [33]. First, in

CFR, the counterfactual regrets of player 𝑗 ’s strategy at information

set 𝐼 are weighted by the probability that 𝐼 was reached by 𝝈− 𝑗 ,
given that player 𝑗 played to reach 𝐼 . Furthermore, when computing

the average strategy for 𝐼 at the end of CFR, every strategy 𝝈𝑡
𝑗
(𝐼 ) (𝑎)

is weighted by the likelihood 𝑟 𝑗 (𝝈𝑡 , 𝐼 ) of that state being reached by
𝐼 . Instead in PBE-CFR, we compute the believed utility 𝑈 𝐵 (𝝈 , 𝜇 | 𝐼 )
at every information set 𝐼 given strategy profile 𝝈 and belief system

𝜇 (Definition 2.1), given that it was reached by 𝝈 . Hence, we exclude
the aforementioned probability of reaching 𝐼 associated with 𝝈− 𝑗 as
part of𝑈 𝐵 (𝝈 , 𝜇 | 𝐼 ) and also 𝑟 𝑗 (𝝈𝑡 , 𝐼 ) at the endwhen computing the
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Algorithm 3.1 PBE-CFR

Require: Input game𝐺 , number of timesteps𝑇

1: for 𝐼 ∈ 𝐺 do

2: 𝑗 = 𝑉 (𝐼 )
3: 𝝈1 (𝐼 ) (𝑎) ← 1

|𝐴𝑗 (𝐼 ) | for all 𝑎 ∈ 𝐴𝑗 (𝐼 )
4: 𝜇 (ℎ | 𝐼 ) ← 1

|𝐼 (ℎ) | for all ℎ ∈ 𝐼
5: Initialize 𝑅𝑇

𝑗,imm
(𝐼 ) (𝑎) ← 0 for all 𝑎 ∈ 𝐴𝑗 (𝐼 )

6: Initialize cumulative infoset strategy weights 𝑆𝐼 (𝑎) ← 0 for all

𝑎 ∈ 𝐴𝑗 (𝐼 )
7: Initialize𝑈 𝐸 ( · |ℎ) = 0 for all ℎ ∈ 𝐼
8: Initialize𝑈 𝐵 ( · | 𝐼 ) = 0

9: end for

10: for 𝑡 ∈ {1, . . . ,𝑇 } do
11: 𝑈 𝐸 (𝝈𝑡 | ∅) ← TraverseWithBeliefs

(
𝐺, ∅,𝑈 𝐸 , 13,𝝈𝑡 , 𝜇𝑡

)
12: 𝜇 ← UpdateBeliefs(𝐺,𝝈𝑡+1 )
13: end for

14: for 𝐼 ∈ 𝐺 do

15: 𝝈∗ (𝐼 ) ← Average

(
{𝝈𝑡 (𝐼 ) }𝑇

𝑡=1

)
16: end for

17: 𝜇∗ ← UpdateBeliefs(𝐺,𝝈∗ )
18: return 𝝈∗, 𝜇∗

average strategy.Moreover, the immediate believed regret𝑅𝑇
𝑗,imm

(𝐼 )
is computed cumulatively using the strategy 𝝈𝑡 at timestep 𝑡 , the

belief that node ℎ ∈ 𝐼 has been reached 𝜇𝑡 (ℎ | 𝐼 ) at timestep 𝑡 ,

and the expected utility of taking each action 𝑎 ∈ 𝐴(𝐼 ) at node
ℎ, 𝑈 𝐸

𝑗

(
𝝈𝑡

��
𝐼→𝑎 |ha

)
. 𝑈 𝐸

𝑗
is computed separately during recursive

calls to TraverseWithBeliefs (Algorithm C.2).

The second change is that after updating 𝝈 for timestep 𝑡 + 1 and
returning from the original call to TraverseWithBeliefs, 𝜇 is also

updated for the next timestep using UpdateBeliefs (AlgorithmC.3).

UpdateBeliefs first constructs a plausibility order P given 𝝈𝑡+1

and then computes 𝜇𝑡+1 for each information set 𝐼 as follows. If 𝐼

is off of the equilibrium path, the nodes of 𝐼 are divided into two

tiers according to their relative plausibilities in P, with the most

plausible nodes being added to set𝑉 . 𝜇𝑡+1 (· | 𝐼 ) is set to the uniform
distribution over all nodes in𝑉 and 0 for all nodes excluded from𝑉 .

If 𝐼 is on the equilibrium path, meaning 𝑟 (𝐼 ,𝝈𝑡+1) > 0, then 𝜇𝑡+1 is
updated using Bayes’ rule and the reach probabilities of each node

in 𝐼 given 𝝈𝑡+1.

4 THEORETICAL RESULTS

Our first result establishes that the space and time complexity of

PBE-CFR is polynomial as a function of the input game size and

the number of timesteps 𝑇 . The proof is relegated to App. D.1.

Theorem 4.1. The worst-case space and time complexities of PBE-

CFR are𝑂 ( |𝐻 | · |𝐴𝑚𝑎𝑥 |2) and𝑂 (𝑇 · |𝐻 | · |𝐴𝑚𝑎𝑥 |2) respectively, where
𝐴𝑚𝑎𝑥 is the largest action set across all players’ information sets.

Next, we prove that PBE-CFR is guaranteed to converge to a

PBE for two-player zero-sum EFGs. We will use the concept of

local sequential rationality which means that the property of

sequential rationality at information set 𝐼 holds for all strategies

that differ from 𝝈 only at 𝐼 . Hendon et al. [14] state that if beliefs 𝜇

are consistent, we need only consider these local deviations at each

information set 𝐼 in order to verify sequential rationality for 𝐼 . The

one-shot deviation principle follows:

Definition 4.2 (One-shot deviation). Let (𝝈 , 𝜇) be an assessment

that satisfies local sequential rationality at every information set,

meaning that the property of sequential rationality at information

set 𝐼 holds for all strategies that differ from 𝝈 only at 𝐼 . If (𝝈 , 𝜇) is
also consistent, then (𝝈 , 𝜇) is sequentially rational and therefore a

sequential equilibrium.

We prove that the assessment (𝝈∗, 𝜇∗) returned by PBE-CFR

satisfies sequential rationality at every player information set.

Theorem 4.3. In a two-player zero-sum game, for any information

set 𝐼 ∈ I𝑗 , 𝑗 ≠ 0, a consistent assessment (𝝈∗, 𝜇∗), and any strategy

profile 𝜎′
𝑗
∈ Σ 𝑗 ,

𝑈 𝐵𝑗

(
𝜎′𝑗𝝈

∗
− 𝑗 , 𝜇

∗ | 𝐼
)
≤ 𝑈 𝐵𝑗

(
𝝈∗, 𝜇∗ | 𝐼

)
.

We break the proof down into lemmas and provide all omitted

proofs of these lemmas in Appendices D.2 through D.5. We first

demonstrate that the immediate believed regret at any information

set 𝐼 after running PBE-CFR for 𝑇 timesteps, given by 𝑅𝑇
𝑗,imm

(𝐼 ), is
equal to the immediate believed regret of the average strategy 𝝈∗

given a consistent belief 𝜇∗.

Lemma 4.4. (𝝈∗, 𝜇∗) is an AGM-consistent assessment rationalized

by plausibility order P, and 𝜇 is Bayesian relative to P.

Absent the algorithm, the immediate believed regret of the re-

turned assessment (𝝈∗, 𝜇∗) at information set 𝐼 is given by

𝑅∗𝑗,imm
(𝐼 ) = max

𝑎∈𝐴 𝑗 (𝐼 )
𝑈 𝐵𝑗

(
𝜇∗, 𝝈∗

��
𝐼→𝑎 | 𝐼

)
−𝑈 𝐵𝑗

(
𝜇∗,𝝈∗ | 𝐼

)
.

If the immediate believed regret after 𝑇 timesteps at informa-

tion set 𝐼 given the strategy 𝝈𝑡 and belief 𝜇𝑡 at each timestep 𝑡

can be written in accordance with the domain of regret-matching,

Blackwell’s approachability theorem applies, and convergence is

guaranteed for two-player zero-sum games. In a zero-sum game,

the range of utilities to player 𝑗 is Δ𝑢,𝑗 = max

𝑧∈𝑍
𝑢 𝑗 (𝑧) − min

𝑧∈𝑍
𝑢 𝑗 (𝑧);

given this range, we have the following lemma for convergence:

Lemma 4.5. For any information set 𝐼 ∈ I𝑗 in a two-player zero-

sum game, where 𝑅∗
𝑗,imm

(𝐼 ) denotes the immediate believed regret of

the average strategy 𝝈∗ given belief 𝜇∗ at 𝐼 and 𝑅𝑇
𝑗,imm

(𝐼 ) denotes
the cumulative immediate believed regret at 𝐼 after 𝑇 timesteps,

𝑅∗𝑗,imm
(𝐼 ) ≤ 𝑅𝑇𝑗,imm

(𝐼 ) ≤ 𝜀,

satisfying local sequential rationality for large enough 𝑇 where

𝑇 ≤
(
Δ𝑢,𝑗 |𝐴 𝑗 (𝐼 ) |

𝜀

)
2

.

We now show that the one-shot deviation principle is satisfied,

completing the proof of Theorem 4.3.

Lemma 4.6. For a given finite EFG 𝐺 , any player 𝑗 , and a con-

sistent assessment (𝜇∗,𝝈∗) learned through PBE-CFR, if 𝜋 ′
𝑗
= {𝑎 ∈

argmax

𝑎∈𝐴(𝐼 )
𝑅∗
𝑗,imm

(𝐼 )}𝐼 ∈I𝑗 , then𝜋 ′𝑗 is a sequential best response to (𝜇
∗,𝝈∗)

⇐⇒ 𝜋 ′
𝑗
(𝐼 ) is a local best response to (𝜇∗, 𝜋 ′

𝑗
,𝝈∗− 𝑗 ) for all 𝐼 ∈ I𝑗 .
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Lemma 4.7. If local sequential rationality is satisfied at every

information set by strategy 𝜋 ′
𝑗
, then the consistent assessment (𝝈∗, 𝜇∗)

is also sequentially rational, with 𝑅∗
𝑗,imm

(𝐼 ) ≤ Δ𝑢,𝑗 |𝐴 𝑗 (𝐼 ) |√
𝑇

at every

information set.

5 EXPERIMENTS

5.1 Experimental Setup

Figure 2: TE-PSRO Schematic: Empirical game is extensive-

form, so PBE may be used as MSS and/or EVAL.

We begin with an overview the TE-PSRO framework [16, 17] and

the two parameterized classes of general-sum imperfect-information

games, GenGoof and Bargain, which we use in our experiments.

Policy space response oracles (PSRO) [20] is a powerful im-

plementation of the empirical game-theoretic analysis (EGTA) ap-

proach [31]. Given access to a simulator that encapsulates the full

procedural description of a prohibitively complex game (called the

true game), EGTA uses accumulated simulation data to induce a

coarser but more tractable model of the game called the empirical
game. The empirical game generally covers a restricted space of

the original strategy profile space. In iterative approaches to EGTA,

analysis of the empirical game drives further refinement of the

model through extension of the profile space.

In PSRO, the model is updated in the following steps, illustrated

in Figure 2). First, an arbitrary game-solving algorithm, called the

meta-strategy solver (MSS) in this context, is applied to the cur-

rent empirical game to obtain a solution called the target. Then,

each agent’s best response (BR) to this target is approximated by

a single-agent deep reinforcement learning (DRL) approach in an

environment consistent with the simulator. Finally, agents’ strategy

sets are augmented with the respective BRs, and the simulator is

queried to obtain further data (payoff information, in particular) to

complete the latest empirical game iterate. Moreover, a game-solver

termed EVAL, not necessarily the same as the MSS, gauges model

quality and decides whether further refinement is necessary.

In prior work [16], we introduced the Tree-Exploiting PSRO

(TE-PSRO) variant where the empirical game is in extensive form,

though still a coarser version of a full description of the true game.

We followed up with methodological advances to improve the

tradeoff between tractability and fidelity of the induced empir-

ical game, and hence the scalability of TE-PSRO for imperfect-

information games [17]. We devised an abstraction framework in

which each edge of the extensive-form empirical game represents

a DRL-derived implicit policy executable in the simulator, allowing

much of the underlying state and observation spaces to remain

implicit in the model. We also employed a parameterized heuristic

to control the growth of the empirical game tree by adding edges

induced by the latest BR policies at select information sets only.

For a fixed integer 𝑀 , we first estimated the gains of playing BR

policies rather than target policies at candidate information sets of

the current model, constructed a softmax distribution over these

information sets using those gains, and then sampled (up to)𝑀 in-

formation sets from this distribution for adding edges to. We adopt

this framework in this paper too and call𝑀 the growth parameter .
GenGoof𝐾 [17], parameterized by a positive integer 𝐾 > 1,

generalizes the 2-player version of the widely studied symmetric

zero-sum card game Goofspiel [25] to 𝐾 − 1 rounds and arbitrary

real-valued utilities. We start with a support of𝐾 possible stochastic

outcomes and a categorical distribution over them sampled uni-

formly at random. At the start of each round, Nature uniformly

samples one outcome without replacement, re-normalizing the

distribution over the residual support for the next round; then,

players 1 and 2 sequentially choose one of 𝐾 respective actions

each, observing the full history of all previous rounds and the latest

revealed stochastic outcome. For each triplet of stochastic outcome

and players’ actions, a uniformly random finite reward is sampled

for each player and publicly revealed; the utility of each player on

termination is the sum of rewards over all rounds.

Additionally, we introduce a novel modified version of this game

class calledPrivateGenGoof𝐾 which differs fromGenGoof𝐾 in

the following way only: in each round, player 2 observes player 1’s

action before moving but neither player observes the revealed sto-

chastic outcome, the history of past rounds still being public. If

the true game is PrivateGenGoof, we tend to have more non-

singleton information sets in empirical games in TE-PSRO iterations

than those for GenGoof.

Bargain [17] is a finite-horizon negotiation game where two

players engage in an alternating-offer bargaining protocol to decide

how to split a public pool of indivisible items of multiple types

between themselves. Each player has a vector of private valuations

over item types, satisfying mild assumptions, as well as an outside

offer in the form of a private set of items of the same types. At the

start of the game, Nature picks valuation vectors and outside offers

from public probability distributions. Each player is also allowed

to communicate to the other a binary signal (high/low) indicating

whether the value of their private offer exceeds a fixed threshold;

we encode the decision of whether or not to disclose this coarsened

information by another binary signal (true/false) called revelation.

The game proceeds in rounds, with players 1 and 2 sequentially

taking one action each from the following options in each round:

accept the other player’s latest offer (if any), walk away (ending the

game), or produce an offer-revelation combination. An offer takes

the form of a proposed partition of the pool between the agents.

If an offer is accepted by the other player in any round, the game

stops, the pool is split accordingly, and each agent’s realized utility

is the total value of their share in the split; otherwise, negotiation

fails and each agent receives their outside offer. Each agent’s utility

is geometrically discounted over rounds.

Detailed descriptions of these game classes along with addi-

tional references and respective parameter configurations used in
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our experiments are available in Appendices E.1 (GenGoof), E.2

(PrivateGenGoof) and F (Bargain).

5.2 PBE-CFR Performance Evaluation

In our first set of experiments, we estimated the effectiveness of

PBE-CFR in approximating a PBE of a general-sum imperfect-

information game as well as the memory and wall time needed

for convergence. We generated test games of varying complexity

by running multiple iterations of TE-PSRO (which we call epochs to

distinguish them from CFR/PBE-CFR iterations) on several parame-

terized instances of PrivateGenGoof4 and PrivateGenGoof5; in

each epoch, we used deep Q-networks for best-response approxi-

mation, using the same methodology as Konicki et al. [17]. This re-

sulted in approximately 1200 empirical games for PrivateGenGoof4

and approximately 800 for PrivateGenGoof5 across all epochs. 2

and 3 GB of memory were sufficient for completing every full

TE-PSRO run for PrivateGenGoof4 and PrivateGenGoof5 re-

spectively on our local computing cluster using a single core.

We gauged the approximation quality of PBE-CFR by measuring

how close it gets to achieving local sequential rationality, which

implies sequential rationality by the one-shot deviation principle

(Section 4). Note that the solution generated by PBE-CFR satisfies

the other two defining criteria of PBE by construction. We applied

PBE-CFR to each of our PrivateGenGoof empirical games with

different values of the total number of PBE-CFR iterations 𝑇 . For

each solution, we computed the regret at each information set of not

choosing another action 𝑎 ∈ 𝐴 𝑗 (𝐼 ), given the assessment (𝝈∗, 𝜇∗),
and recorded the maximum of all these regrets, termed the worst-
case local regret. Table 1 shows the resulting worst-case local re-
grets, averaged over all empirical games for each PrivateGenGoof

variant: for all 𝑇 , we obtain regret values of the order of 10
−3

to

10
−2

for leaf utilities of the order of 10
1
, with a slight reduction

as 𝑇 increases. This suggests that PBE-CFR closely approximates a

PBE of these general-sum games.

𝑇 PrivateGenGoof4 PrivateGenGoof5

500 0.0104 0.0113

1000 0.0080 0.0099

2000 0.0078 0.0097

5000 0.0073 0.0096

Table 1: Worst-case local regret of PBE in PrivateGenGoof4

and PrivateGenGoof5 for various values of 𝑇 .

To assess speed, we applied traditional CFR with the same values

of 𝑇 to each empirical game in parallel to PBE-CFR, and recorded

the respective running times. Figure 3 provides scatter plots of

these running times against the sizes of the corresponding games

measured in terms of the total number of information sets of both

players for a representative value of 𝑇 . PBE-CFR running times are

typically larger than but of the same order of magnitude as those

for CFR. The slowdown is reasonable given the additional modules

that PBE-CFR needs to execute to ensure equilibrium refinement.

Plots for other values of 𝑇 , being qualitatively similar, are omitted.

Figure 3: Time required by CFR and PBE-CFR for

games generated from PrivateGenGoof4 (top) and

PrivateGenGoof5 (bottom) with 𝑇 = 1000.

5.3 Application to TE-PSRO as MSS

We conducted another set of experiments to evaluate the advantage

that may be gained by using PBE computed using PBE-CFR as the

MSS in TE-PSRO. We used traditional CFR, which approximates NE

with no guarantee of refinement, as a baseline MSS for the same

true game(s) and parameter configurations. We drew multiple true

game instances from the Bargain and GenGoof4 classes and used

several values of the growth parameter𝑀 from {1, 2, 4, 8, 16}. We

set𝑇 = 500 for both CFR and PBE-CFR. Additionally for GenGoof4,

we experimented with different degrees of coarseness of the empir-

ical games by specifying which rounds’ stochastic event could be

included in the empirical game tree, which we denote by 𝐼𝑅 to refer

to included rounds, zero-indexed with respect to the root; e.g.,

𝐼𝑅 = [0, 1] means that the third and last stochastic event in the true

game is necessarily abstracted away from every TE-PSRO-induced

empirical game by construction. For each empirical game, we used

the NE returned by CFR as the EVAL regardless of the MSS and

used the regret of this EVAL, computed with respect to the true

game, as the metric of model quality. This is the regret that we plot

on the vertical axis in Figures 4 and 5.

Figure 4 shows how regret varies over TE-PSRO epochs for

Bargain, averaged over 25 trials. Figure 5 shows the same for

GenGoof4, averaged over 5 trials, for each of the 3 IR treatments.

Error bars correspond to a 95% confidence interval. These figures

correspond to two representative values of 𝑀 for each true game

class; plots for all the values of 𝑀 we considered are available in

App. G. Figure 4 does not support a clear winner for Bargain:

the regret curves stay close to each other while converging to

approximately zero regret, with NE and PBE slightly outperforming
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(a)𝑀 = 4 (b)𝑀 = 8

Figure 4: Average regret of 𝝈∗ evaluated in Bargain over the course of TE-PSRO’s runtime, using NE or PBE as the MSS.

(a)𝑀 = 2 (b)𝑀 = 4

Figure 5: Average regret of 𝝈∗ evaluated in GenGoof4 over the course of TE-PSRO’s runtime, using NE or PBE as the MSS.

the other as an MSS for𝑀 = 4 and𝑀 = 8 respectively. By contrast,

in Figure 5, PBE mostly appears to outperform NE more clearly as

an MSS for GenGoof4 under the same IR treatment.

We offer a potential intuitive explanation for this difference in

PBE performance between the two game classes, based on our

observations of the structural evolution of the respective empirical

game sequences over TE-PSRO epochs. For GenGoof4, player 1’s

action in the current round is hidden from player 2. As𝑀 increases,

more information sets for both players have their action spaces

augmented with new best response policies, leading to more non-

singleton information sets belonging to player 2; this might be the

reason why an MSS that incorporates beliefs for player 2 (PBE) is

beneficial. For Bargain empirical games, imperfect information

manifests only at the beginning of the game due to the opponent’s

outside offer signal being hidden, but this only persists as long as

at least one agent keeps it signal hidden; thus, substantial portions

of the empirical games for Bargain ended up containing primarily

singleton information sets, rendering a refined MSS less useful.

6 DISCUSSION

We proposed the first algorithm that efficiently and effectively

approximates a general PBE concept for arbitrary two-player EFGs

of imperfect information. Our algorithm specifically addresses the

PBE concept defined by Bonanno [5]. It is based on two non-trivial

modifications to the classic CFR algorithm, which approximates

unrefined NE.

Given the ability to compute PBE, we investigate the oppor-

tunity to employ PBE for strategy exploration, as the MSS in a

tree-exploiting variant of PSRO. We conduct experiments on two

parameterized game classes, a general-sum variant on the card

game Goofspiel, and a bargaining game with signaling options. We

assess effectiveness in terms of the rate of convergence to low-regret

empirical games, compared to unrefined NE as MSS. Our results

suggest that the benefit of PBE-as-MSS can depend significantly on

structural properties of the game concerned. In particular, we found

the performance of PBE-as-MSS to be better for Goofspiel than for

our bargaining game, as empirical game trees for the former tended

to have more downstream non-singleton information sets.

Natural future research directions include assessing PBE as an

MSS for other game classes (e.g., poker) and improvements to PBE-

CFR by invoking variants of CFR (Section 1.2).
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