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ABSTRACT

We initiate the study of control in hedonic games, where an ex-
ternal actor influences coalition formation by adding or deleting
agents. We consider three basic control goals (1) enforcing that an
agent is not alone (NA); (2) enforcing that a pair of agents is in the
same coalition (PA); (3) enforcing that all agents are in the same
grand coalition (GR), combined with two control actions: adding
agents (AddAg) or deleting agents (DelAg). We analyze these prob-
lems for friend-oriented and additive preferences under individual
rationality, individual stability, Nash stability, and core stability.
We provide a complete computational complexity classification for
control in hedonic games.
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1 INTRODUCTION

Hedonic games [19] are coalition formation games where agents
form coalitions based on their preferences over which coalition to
join. The task is to partition agents into disjoint coalitions satisfying
certain stability criteria. Typical stability criteria include individual
rationality (no agent prefers being alone to his current coalition),
individual stability (no agent prefers to join an existing coalition
that would accept them), Nash stability (no agent can improve by
unilaterally moving to another existing coalition), and core stability
(no group of agents can all improve by forming a new coalition
together). Since their introduction, hedonic games have become an
important research topic in algorithmic game theory [8, 10] and
computational social choice [2].

Most research has focused on analyzing fixed hedonic games-
proposing new stability concepts, investigating existential ques-
tions (does a stable partition exist?), and computational questions
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(verifying stability, finding stable partitions when they exist). Far
less attention has been paid to how external influence-such as
adding or deleting agents—can shape outcomes in hedonic games.
Such external influence is formalized as control in voting [4], where
an external actor manipulates elections by adding or deleting vot-
ers or candidates. Control naturally arises in coalition formation
settings where external actors shape outcomes: department chairs
forming research collaborations, conference organizers balancing
working groups, or managers assigning employees to project teams.

In this paper, we introduce and perform a systematic study of
control in hedonic games, where an external party influences out-
comes by adding or deleting agents. We formalize control prob-
lems combining two actions: adding agents (AddAg) or deleting
agents (DelAg), with three goals: ensuring a specific agent is not

alone (NA), ensuring a specific pair is together (PA), or forming a

grand coalition (GR), all while reaching a stable partition. These

goals capture common control scenarios:

- NA: A company forms project teams. A new employee joins who
has not built relationships yet. Without intervention, they might
remain isolated and unassigned. The manager can hire another
employee with complementary skills, making them willing to
form a team together or more attractive to existing teams.

— PA: The department chair wants two senior researchers to col-
laborate. A third, polarizing colleague, cannot work with one
of them, which prevents a stable joint assignment. Reassigning
this colleague to another project enables a mutually acceptable
collaboration between the two senior researchers.

- GR: Multiple small research labs work on similar problems but
compete rather than collaborate. A funding agency wants to
form a single large consortium for a major grant. The agency
can offer funding for postdocs who would only join if everyone
collaborates, forcing consolidation into a grand coalition.

We analyze these problems for friend-oriented (FRIHG) and addi-

tive (ADDHG) preferences under four stability concepts: individual

rationality (IR), individual stability (IS), Nash stability (NS), and
core stability (CS).

Our contributions. Besides introducing the control model, we
provide a comprehensive complexity picture of control in hedonic
games. We summarize the key findings below:

- We provide a few polynomial-time algorithms for achieving NA
and PA by adding agents in the friend-oriented preference set-
ting. The algorithms exploit specific graph structures: For IR
(and 1S), we reduce to finding minimum-weight paths and cycles
in arc-weighted directed graphs; For CS, we reduce to finding
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minimum-weight subgraphs in Steiner networks. These positive
results show that targeted control goals (ensuring individuals
are not isolated or specific pairs collaborate) are computationally
tractable via agent addition.

— We discover that for most stability concepts, achieving NA or
PA by deleting agents is impossible—the problems are immune;
see Definition 4. This asymmetry between addition and deletion
is somewhat surprising: You can add agents to force desired
coalitions, but removing agents rarely helps.

— For all intractable (NP-hard, coNP-hard, or 25 -hard) control prob-
lems, the base problem-verifying whether the goal already holds
without any control-is already intractable. This provides a nat-
ural barrier against control: If determining whether control is
necessary is already hard, executing control attacks is not easier.

- For the control goal GR, the problem is mostly polynomial-time
solvable for constant number k of control actions (i.e., in XP
wrt. k). Interestingly, the complexity picture inverts between
preference types: GR is more resistant to control than NA and PA
in FRIHG, but less resistant in ADDHG. This suggests grand coali-
tion formation has different structural properties than targeted
pair or individual goals.

Our main results regarding the computational complexity are sum-

marized in Table 1.

Related work. Hedonic games were first conceptualized by Dreéze
and Greenberg [19] and formally reintroduced by Banerjee et al.
[3] and Bogomolnaia and Jackson [6]. They independently defined
hedonic coalition formation games and analyzed fundamental sta-
bility concepts such as the core and Nash stability for additive pref-
erences. Dimitrov et al. [17] introduced the friends-and-enemies
model. Woeginger [30] surveyed different preference models for
core stability. Brandt et al. [7] demonstrated that most stability-
related problems remain intractable even under fairly restrictive
preference assumptions. For a comprehensive overview of com-
plexity results regarding verifying whether a partition is stable and
determining the existence of stable partitions, we refer to a recent
survey by Chen et al. [13].

To our knowledge, no prior work has studied control in hedonic
games. Bartholdi III et al. [4] introduced electoral control (adding
or deleting voters or candidates to change the election winner) into
voting theory. Hemaspaandra et al. [25] explored both constructive
and destructive control in elections under various voting rules,
showing that many forms of control can be computationally difficult
(a desirable property for election security), and providing a template
for defining control actions in a precise algorithmic way; also see
the book chapter by Faliszewski and Rothe [20] for more references
on voting control.

Boehmer et al. [5] first studied control in matching markets, sys-
tematically exploring external control in Stable Marriage by defin-
ing a range of manipulative actions including adding or deleting
agents. Chen and Schlotter [15] recently provided a comprehen-
sive complexity overview of adding or removing agents in both
Stable Marriage and Stable Roommates settings to achieve certain
outcomes (such as guaranteeing the existence of a stable matching
or ensuring a particular pair is matched). For control problems in
other domains, we refer to a recent survey by Chen et al. [14].
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Outline of the paper. In Section 2, we define hedonic games,
the stability concepts we consider, and our control problems. In
Section 3, we provide some structural results for hedonic games
and our control problems. In Sections 4 and 5, we investigate the
complexity for the friend-oriented preference and additive prefer-
ence settings, respectively. For both sections, we first consider the
control goal of NA, then PA, and finally GR. We conclude with a
discussion on potential areas for future research in Section 6. Due
to space constraints, proofs and statements marked with (x) are
deferred to the full version of the paper [12]

2 PRELIMINARIES

Given an integer t, let [¢] denote the set {1,2,...,t}. Given a di-
rected graph G and a vertex v € V(G), let Ng (v) and N5 (v) denote
the out- and in-neighborhood of v, respectively. Given a directed
graph G = (V,A) and a subset V' C V of vertices, a subgraph
induced by V', written as G[V’], is a subgraph (V’, A”) of G where
A ={d €Ald cV'}.

Let V be a finite set of n agents. A coalition is a non-empty
subset of V. We call the entire agent set ‘V the grand coalition. The
input of a hedonic game is a tuple (V, (=;);c), where V is the
agent set, and each agent i € V has a preference order >; over
all coalitions that contain i. Each preference order is a weak order
(i.e., complete, reflexive, and transitive). For two coalitions S and T
containing i, we say that agent i weakly prefers Sto T if S >; T; i
(strictly) prefers S to T (writtenas S >; T)if S >; T,but T #; S;iis
indifferent between S and T (written as S ~; T)if S >; Tand T >; S.

A partition II of V is a division of ‘V into disjoint coalitions, i.e.,
the coalitions in IT are pairwise disjoint and (J4ey A = V. Given a
partition IT of V and an agent i € V, let I1(i) denote the coalition
which contains i. We also call the partition where every agent is in
the grand coalition the grand coalition partition.

Compact preference representations of hedonic games. Since
the number of possible coalitions that contain an agent is exponen-
tial in the number of agents, there is a need for compact representa-
tion of the preference orders of the agents. In this paper, we focus
on two compact presentation models that can be encoded polyno-
mially in the number of agents. The first setting is called hedonic
games with additively separable preferences (AppDHG). In ADDHG,
every agent only needs to express a cardinal utility to every other
agent. The second setting is simple restriction of the first setting
and is called hedonic games with friend-oriented preferences (FRIHG).
In FRIHG, every agent regards every other agent either as a friend
or an enemy such that he prefers coalitions with more friends to
those with less friends.

DEFINITION 1 (ADDHG [3]). Let V be a set of agents. The in-
put of ADDHG is a tuple (V, (yi)iey), where every agenti € V
has a cardinal utility function pg;: ¥V — R such that for each
two coalitions S and T containing i, agent i weakly prefers S to T if
Zjesti(§) = Zjer pi(j). We assume p;(i) = 0. The utility func-
tions can also be compactly represented by a preference graph. It is
a tuple (G, w), where G is a directed graph on the agent set and w
is an arc-weighting function. For each two agents i and j there is an
arc (i, j) if and only if the utility of i to j is non-zero. The weight of
this arc is equal to the non-zero utility w (i, j) = p;i (j).
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Table 1: Complexity results of control in hedonic games, by either adding (AddAg) or deleting agents (DelAg), with the goals of
ensuring that either a given agent is not alone (NA), or a pair of agents is in the same coalition (PA), or all agents are in the grand
coalition (GR). We study two compact preference representations—additive preferences (ADDHG) or friend-oriented preferences
in the friends-and-enemies model (FRIHG)-and four stability concepts—individual rationality (IR), individual stability (IS),
Nash stability (NS), and core stability (CS). All hardness results hold even if no control action is allowed (i.e., kK = 0). Problems
with tag “DAG» (resp. “SYM») means that the corresponding hardness results hold even if the preference graph is a DAG (resp.
symmetric). Entries labeled “P” denote polynomial-time solvability, “NPc” NP-completeness, and “2123 c”’ 2123 -completeness. “imm”
means immune and “imm”*” means that it is immune while deciding yes-instances with k = 0 remains NP-hard. W[2]h and
XP are with respect to the budget k. “never” means that the given instance is always a no instance. Results in bold are our
contributions.

HG NA-AddAg NA-DelAg PA-AddAg PA-DelAg GR-AddAg GR-DelAg
FRIHG-{IR,IS,CS}>YM P [T1.T2] imm  [P1] P [T1,T2] imm [P1] W][2]h, XP[T3] P [P4]
FrRiHG-NS NPc  [71,[05] NPc  [7],[05] NPc  [71,[05] NPc  [71,[05] W[2]h,XP[T3] P [P4]
SYM P [P3] imm  [P1] P [P3] imm  [P1] W[2]h, XP[T3] P [P4]
FRIHG-{IR,IS,NS,CS}PAC never [08] never [0O8] never [0O8] never [08] never [08] never [08]
ApPDHG-IR NPc [T4] imm* [P2] NPc [T7,T8] imm* [P2] WI[2]h, XP [T9,T10] W[2]h, XP [T9,T10]
DAG/SYM P [P35 imm  [P2] NPc [T7,T8] imm* [P2] W/[2]h, XP [T9,T10] W[2]h, XP[T9,T10]
ADDHG-{IS,NS} NPc [29],[05]  NPc [29,[05] NPc [29,[05] NPc [29],[05]  WI[2]h, XP[T9,T10] W[2]h, XP [T9,T10]
DAG/SYM NPc [T5T6] NPc [T57T6] NPc [T57T6] NPc  [T5T6] W/[2]h, XP [T9,T10] W[2]h, XP [T9,T10]
ADDHG-CSSYM Pe [28,311[05] =Pc  [28,31],[05] =Pc [28,31],[05] =Pc [28,31],[05] coNPc [T11]  coNPc [T11]
DAG P [P5] imm  [P2] NPc [T7] imm* [P2] W[2]h,XP[T9]  W[2]h, XP[T9]
DEFINITION 2 (FRIHG [17]). The input of FRIHG is a directed By definition, the stability concepts satisfy the following:

graph ¥ where every vertex corresponds to an agent such that every
agent i considers another agent j as a friend if and only if there is
an arc from i to j; otherwise i considers j as an enemy. Graph ¥ is

OBSERVATION 1. An NS partition isIS. An IS partition is IR. A CS
partition is IR.

also called a friendship graph. For each agent i € V and each two Our control problems and their complexity upper bounds. In
coalitions S and T containing i, agent i weakly prefers S to T if this paper, we study three different control goals (1) enforcing that
(i) either |N;ﬁ_(i) ns|> |N;(i) NT|,or an agent is not alone (NA); (2) enforcing that a pair of agents is in
(ii) |N;(_(i) ns|= |N;ﬁ_(i) NT|and|S\ N;.(i)| <|T\ N;ﬁ.(i)|. the same coalition (PA); (3) enforcing that all agents are in the same

grand coalition (GR). Moreover, we study two possible control ac-
tions we can use to obtain the control goals: adding agents (AddAg)
or deleting agents (DelAg).

REMARK 1. Note that FRIHG is a simple restriction of ADDHG: Set
Ux(y) = nif (x,y) is an arc in F, and px(y) = —1 otherwise.

We say that an instance of ADDHG (resp. FRIHG) is a DAG if the
preference graph (resp. friendship graph) is acyclic. Correspond-
ingly, we say that it has f feedback arcs if the graph can be turned
acyclic by deleting at most f arcs. Further, we say that ADDHG is
symmetric if for every pair of agents i, j it holds that p;(j) = p;(i).
Similarly, we say that an instance of FRIHG is symmetric if the

ExampLE 1. LetU = {x = uy,uz, us} and W = {w1, wo }, where U
is a set of consisting of three original agents while W consisting
of two additional agents, respectively. The preference graph of the
agents U U W is depicted below. Throughout, we use blue dotted line
to indicate friendship relation, and red solid line enemy relation.

u eu W
friendship graph ¥ is symmetric. In these cases we can assume 2 :‘\ Sl 1“}. !
that the preference graph (resp. friendship graph) is undirected. 3 > & S
: 1.
Relevant stability concepts. In this paper, we study four relevant :
Y P pap Y us .{ ......... Lonnnnes 1\.'5. wa

stability concepts.

Our special agent is x = uy. In the original instance, consisting of
only U, agent u; must be alone in an IR partition since he dislikes uy
but uz dislikes him. One can verify that it is impossible to make uy
not alone by deleting agents since otherwise the new IR partition
augmented with the deleted agents in singletons would yield an IR
partition for the original instance.

We can add agent wo (not wy) to the original instance to obtain an
IR partition, where every agent is in the same grand coalition.

DEeFINITION 3. LetII be a partition of V. A coalition B isblocking
a partition I if every agent i € B prefers B to I1(i). An agent i and
a coalition B form a blocking tuple if i prefers BU {i} to I1(i) and
each agent j € B weakly prefers B U {i} to II(j).
— II is individually rational (IR) if no agent i prefers {i} to I1(i). Ifi
prefers {i} toI1(i), we say he wishes to deviate from II.
— II is Nash stable (NS) if no agent i and coalition B € T1U {0} exist
such that i strictly prefers B U {i} to his coalition T1(i).

— II isindividually stable (IS) if no agent i and coalition B € I1U {0} Now we are ready to formally define our control problems (as
can form a blocking tuple. decision problems) HG-S-G-A, where S € {IR, IS, NS, CS} denotes
— II is core stable (CS) if no coalition is blocking II. one of the four stability concepts, G € {NA, PA, GR} one of the
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three control goals, and A € {AddAg, DelAg} one of the two con-

trol actions, respectively. The problem of control by adding agents

is defined as follows:

HG-S-NA-AddAg (resp. HG-S-PA-AddAg)

Input: A hedonic game instance (V = U U W, (=j)icy), a se-
lected agent x € U (resp. selected agent pair {x,y} € U), and a
non-negative value k € IN U {0}.

Question: Is there a subset W’ C W of size |'W’| < k such
that U U ‘W’ admits an S-partition IT where IT(x) # {x} (resp.
I(x) = II(y))?

For the control goal GR, the input only consists of the hedonic
game instance and a budget:

HG-S-GR-AddAg

Input: A hedonic game instance (V = U U W, (=;);cy) and a
non-negative value k € IN U {0}.

Question: Is there a subset W’ C ‘W of size |'W’| < k such that
the partition consisting of the grand coalition U U ‘W’ is S?

In the above, we call the set U the original agents and the set W
the additional agents.

Similarly, we define the problems for the setting where we can
delete agents.

HG-S-NA-DelAg (resp. HG-S-PA-DelAg)

Input: A hedonic game instance (U, (>;);cq/), aselected agent x €
U (resp. selected agent pair {x,y} C U), and a non-negative
value k € IN U {0}.

Question: Is there a subset U’ C U of size |U’| < k such that
U\ U’ admits an S-partition IT where I1(x) # {x} (resp. I(x) =
II(y))?

HG-S-GR-DelAg

Input: A hedonic game instance (U, (>;);c /) and a non-negative
value k € IN U {0}.

Question: Is there a subset U’ C U of size |U’| < k such that
the partition consisting of the grand coalition U \ U’ is S?

If the hedonic game is restricted to be ADDHG or FrRIHG, we
replace the prefix HG with AbpHG or FrRIHG.

To classify cases where control is impossible, we define the fol-
lowing.

DEFINITION 4 (IMMUNE AND NEVER). We say a hedonic game
control problem is immune if for every No-instance with k = 0, it
remains a No-instance even if we set k = co. We say that the problem is
never if all instances containing at least two agents are No-instances.

Clearly, an instance with the control goal NA with one agent
overall is always a No-instance, and an instance with the control
goal PA contains at least two agents by definition. On the other
hand, an instance with the control goal GR that contains one agent
is trivially a Yes-instance.

It is known that for both preference settings, one can check in
polynomial time whether a given partition is IR, IS, or NS. How-
ever, the verification problem for CS is coNP-complete [11]. This
immediately yields the following complexity upper bounds for our
control problems.

OBSERVATION 2. For preference model M € {AppHG, FRIHGY},
control goal G € {NA, PA, GR}, and control action A € {AddAg,
DelAg}, the first three sets of problems M-IR-G-A, M-IS-G-A, and
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M-NS-G-A are in NP, while the problems M-CS-NA-A and M-CS-
PA-A are in 25, and the problem M-CS-GR-A is in coNP.

W]2] and XP. In this paper, we prove that several problems are
W|[2]-hard (resp. in XP) with respect to a parameter p. W[ 2]-hardness
is shown via a parameterized reduction from a W[2]-hard prob-
lem Q (parameter g) running in time f(q) - |IQ|O(1) and produc-
ing an instance with parameter p < g¢(q), for computable f,g.
Thus, it is unlikely that the problems are fixed-parameter tractable
(FPT), i.e., solvable in time f’(p) - 11O for computable f”, unless
FPT = W[2]. Membership in XP wrt. p means solvability in time
1)) for some computable h (equivalently, polynomial time for
every constant p). If a problem remains NP-hard for some fixed
constant value of p, then it is not in XP wrt. p, unless P = NP.
See [16, 27] for details.

3 STRUCTURAL OBSERVATIONS

In this section, we collect some useful structural properties that
may be of independent interest.

Relations among the stability concepts. The first two observa-
tions describe two cases when a more stringent stability concept
is equivalent to IR. This is useful in searching for both algorithms
and hardness results.

The first observation follows directly from definition.

OBSERVATION 3. For every S € {NS, IS}, the grand coalition par-
tition is S if and only if it is IR.

Next, we observe that if the preference graph is a DAG, the two
stability concepts IR and CS coincide.

OBSERVATION 4. For every instance of ADDHG with an acyclic
preference graph, a partition is CS if and only if it is IR.

ProoF. By Observation 1, it suffices to show that IR implies CS.
Suppose, for the sake of contradiction, that IT is IR but not CS. Let B
be a blocking coalition with at least two agents. Since the preference
graph is acyclic, one agent ¢ € B is a sink in the preference graph
induced by B. Such a sink ¢ has zero utility towards B, but has
utility at least zero towards II(t), since II is IR. Thus, agent t has
no incentive to deviate to B, a contradiction. [}

The next lemma shows that under the friend-oriented model and
for the control goal PA, the existence questions for IR and IS are
essentially the same.

LEMMA 1 (x). LetI = (V,F) be a FrRiIHG-instance, and x and y
two agents in V. From each IR partition IT withTI(x) = I1(y), one can
construct in polynomial time an 1S partition I with I’ (x) = II' (y).

ProoF skETCH. The idea is to start with an IR partition where x
and y are in the same coalition, say C, and merge it with all strongly
connected components in . We then repeatedly add agents to C
whenever they can reach some agent in C. All remaining agents
will be in their own singleton coalitions. O

Influence of the control goals on the complexity. The next re-
sult implies that enforcing the control goal NA or PA will not help in
lowering the complexity if the underlying problem of determining
the existence of a stable partition is hard.
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OBSERVATION 5 (*). For every M € {ADDHG, FRIHG} and S €
{IR, NS, IS,CS} if it is ZIZJ—hard (resp. NP-hard) to determine the
existence of an S-partition under preference representation M, then
s0 is M-S-G-A for every control goal G € {NA, PA}, control action
A € {AddAg, DelAg}, even when k = 0. The same implication holds
even when the preferences are symmetric.

Proor skeTcH. Add two additional agents {x, y} who have pos-
itive utility towards each other and negative to all other agents.
They will not affect the stability of the rest of the structure. O

The next result allows us to focus on the control goal PA when
searching for efficient algorithms for the goal NA.

OBSERVATION 6 (x). ForeveryM € {ADDHG, FRIHG}, S € {IR, NS,
IS, CS}, and A € {AddAg, DelAg}, if M-S-PA-A is polynomial-time
solvable, then so is M-S-NA-A.

PRrOOF SKETCH. We guess the other agent y € (U U ‘W) with
whom x should be paired with. If there is no y such that M-S-PA-A
is a Yes-instance, x will be always alone. O

Next, we state a well-known tight relation between the coalitions
in a CS partition and the strongly connected components of the
friendship graph, which is very useful for the PA goal and CS
stability.

OBSERVATION 7 ([17, 30],%). For every FRIHG-instance and two
agents x and y, there is a core stable partition I such that x andy
belong to the same coalition if and only if they belong to the same
strongly connected component.

Immune cases. We close this section by summarizing cases when
control is immune.

PROPOSITION 1. For each stability concept S € {IR,1S,CS} and
each control goal G € {NA, PA}, FRIHG-S-G-DelAg is immune. Un-
der symmetric preferences FRIHG-NS-NA-DelAg and FRIHG-NS-PA-
DelAg are immune.

Proor. First observe that if it is possible to delete some agents
to have an IR-partition such that x is not alone (resp. x and y are
in the same coalition), then adding back the deleted agents each as
a singleton coalition would be an IR-partition with the same goal
as well. By Lemma 1, this result extends to IS as well.

By Observation 7, if it is possible to delete some agents to have a
CS-partition such that x is not alone (resp. x and y are in the same
coalition), then x must be part of a connected component of size
at least two (resp. x and y are part of the same strongly connected
component) in the friendship graph of the remaining agents. If the
agents are connected, they are also connected after adding back the
agents. By Observation 7, there is then a CS partition of the original
agent set such that x is not alone (resp. x and y are together).

If it is possible to delete some agents to have a NS partition
such that x is not alone (resp. x and y are in the same coalition),
then x must have a friend (resp. x and y both have a friend). Let
us now add back all the removed agents. Consider the partition in
which all agents with degree at least one are placed in the same big
coalition, while all remaining agents form singleton coalitions. This
partition is NS. Since preferences are symmetric, no agent in the
big coalition is friends with the singletons, and since every agent
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Figure 1: The three possible substructures for an IR coalition
containing x and y. The arcs indicate paths of varied lengths.
Structure on left corresponds to line 6, middle to line 8, and
right to line 9.

in the big coalition has a friend within that coalition, he prefers it
to being alone. Since x has a friend (resp. x and y have a friend) he
(resp. they) must be in the big coalition. O

DAGs in FRIHG are very restrictive. The IR partition is unique
and no two agents are together in it.

OBSERVATION 8 (%). For FRIHG-instances with acyclic friendship
graph, the only partition that may be stable for S € {IR, IS, NS, CS}
consists of every agent being in a singleton coalition.

PROPOSITION 2. For control goal G € {NA, PA}, ADDHG-IR-G-
DelAg is immune.

Proor. If it would be possible to delete some agents to have an
IR-partition such that x is not alone (resp. x and y are in the same
coalition), then adding back the deleted agents each as a singleton
coalition would be an IR-partition with the same goal as well. O

4 FRIEND-ORIENTED PREFERENCES

In this section, we discuss the results relating to FRIHG. For the
control goals NA and PA, we discover that IR, IS, and CS are all
polynomial-time solvable for the control action AddAg: These sta-
bility concepts require certain friendship structures and finding a
minimum number of agents to add to realize those can be done
in polynomial time. In Proposition 1 we saw that these stability
concepts were also immune to the control action DelAg.

For NS, on the other hand, FRIHG-NS-G-A is NP-hard for every
G € {NA, PA}, A € {AddAg, DelAg} even when k = 0 by a result
from [7]. We however discover that symmetric preferences make
the problems tractable.

Finally, we look into enforcing that the grand coalition partition
is stable (GR) and see that regardless of the stability concept, ob-
taining grand coalition through agent deletion is computationally
easier than through agent addition.

We start the section by presenting an algorithm that solves
FrRIHG-IR-PA-AddAg.

THEOREM 1 (%). For each stability concept S € {IR, IS} and each
control goal G € {NA, PA}, FRIHG-S-G-AddAg is polynomial-time
solvable.

Proor SKETCH. The idea is that a coalition containing both x
and y, which is part of an IR partition, must contain one of three
possible structures, which we illustrate in Figure 1. Any agent who
is part of an IR partition must be part of a “p-shaped” subgraph [23,
Chapter 14], that is, a graph that consists of a directed cycle of
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Algorithm 1: Algorithm for FRIHG-IR-PA-AddAg.
Input: (V=UUW,F =(UUW,A),x,y,k)

1, ifieW

0,

1 foreach (i, j) € A do w((i,j)) « o
otherwise.

2 foreach i, j € V do

3 L b (i, j) « weight of a min-weight path from i to j.

4 foreach i € V do wC(i) < weight of a min-weight
non-trivial cycle containing i.;

5 foreach x,9 € V do

6 | if oF (x,§) + 0 (1, ) + 0P (§,%) + 0C (%) < k then

7 L return yes

s | if oF (x, %) + of (1, 9) + 0 (%, ) + 0 (§, %) < k and

X # § then return yes;

o | if wf(x,%) + 0 (y,9) + 0C (%) + wC(§) < k then

10 L return yes

11 return no

length at least two and a path (possibly of length zero) that reaches
a vertex in it. This is a consequence of every agent obtaining a
friend in an IR coalition of size at least two: If we start from an
agent and follow a friendship path, we must eventually encounter
an agent we have already seen. Since x and y are both a part of an IR
coalition, they both must be a part of a “p-shaped” subgraph. There
are three ways in which they can intersect, as shown in Figure 1.
We show that these structures can be found in polynomial time by
combining with finding minimum-weight paths. The algorithm is
in Algorithm 1.

In the algorithm we construct an arc-weight function w for
based on whether an arc starts with an agent in ‘W or not. We com-
pute the all-pair minimum-weight paths on (¥, ) in polynomial
time using Floyd-Warshall [22] or some other algorithm. While
running the algorithm, we also store, for each agent, an extra entry
that records the minimum-weight path from the agent to himself
of length at least one, i.e., the minimum-weight non-trivial cycle
containing the agent. Then, we use those paths and cycles to search
for the structures shown in Figure 1.

By Lemma 1, this algorithm can also be used to solve FRIHG-
IS-PA-AddAg. By Observation 6, we then can solve the remaining
FRIHG-IR-NA-AddAg and FRIHG-IS-NA-AddAg. However, the lat-
ter two problems can be solved more efficiently by searching for a
single “p-shaped” subgraph containing x. m]

Brandt et al. [7] show that determining the existence of an NS par-
tition is NP-hard for FRIHG, and thus FRIHG-NS-G-A is NP-hard
for every A € {AddAg, DelAg}, G € {NA, PA} by Observation 5.
Moreover, if an instance of FRIHG is a DAG, then by Observation 8
we cannot hope to have any pair of agents in the same coalition
in a stable partition. However, we obtain a non-trivial-although
simple-algorithm when the preferences are symmetric for adding
agents, whereas deleting agents is immune (see Proposition 1).

PROPOSITION 3 (%). For symmetric preferences, FRIHG-NS-NA-
AddAg and FRIHG-NS-PA-AddAg are polynomial-time solvable.
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ProOF sKETCH. For symmetric friendship relations, the follow-
ing partition is NS: Put all agents who have at least one friend
together, while all agents without any friends form singleton coali-
tions. Due to this, the problem of ensuring x and y are together
reduces to adding at most two agents to the original graph and
checking whether afterwards x and y will each have a friend. O

For core stability, we can solve the control goal PA efficiently by
reducing to finding a minimum-weight subgraph where x and y
are mutually reachable. This is connected to the 2-DSN problem,
which admits a polynomial-time algorithm [21, 26]:

DIRECTED STEINER NETWORK (2-DSN)
Input: A directed graph G = (V, A) with an arc-weighting func-

tion w: A — R, two pairs (s, #1), (s2, 2), and § € R.
Question: Is there a subgraph H = (V’, A’) of G which contains

a path from s; to #; and from sy to ty, respectively, such that

Sacn 0(a) < 67

THEOREM 2 (x). FRIHG-CS-NA-AddAg and FRIHG-CS-PA-AddAg
are polynomial-time solvable.

ProoF SKETCH. By Observation 7, two agents x and y can be in
the same coalition in a CS partition if and only if they are in the
same strongly connected component of the friendship graph, i.e., if
there is a path from x to y and vice versa. This is closely related to
the polynomial-time solvable 2-DSN-problem [21, 26].

The main difference is that 2-DSN has arc-weights, whereas we
have vertex weights. To address this, we replace every agent in ‘W
with two agents, one taking care of the in-arcs and the other the
out-arcs. Let ((V = U U W, F),x,y, k) be an instance of FRIHG-
CS-PA-AddAg. We will transform this instance into an instance
I=(G,w,(s1,t1), (s2,t2)) of 2-DSN as follows:

— For every i € U, we add to G a vertex u;.

- For every i € W, we add to G two vertices, wi1 and wiz.

The idea is that wl.1 inherits the in-arcs of i € ‘W and wi2 the out-
arcs. Formally, we construct the following arcs with weights and
add them to G.

- For every arc (i, j) € A(F), we add to G an arc (u, v) with weight

0, where e if i € U, then u = u;, otherwise u = wiz and e if

Jj € U, then v := uj, otherwise v := WJI-.
- For every i € ‘W, we construct the arc (wl.l, wl.z) with weight 1.
We set (s1,t1) = (ux, uy) and (sp, 2) = (uy, ux). Moreover, we set
§ := k. The correctness is deferred to the appendix. O

We finally look into enforcing that grand coalition is stable. For
every S € {IR, IS, NS, CS}, we discover an algorithm for FRIHG-
S-GR-AddAg that runs in time |'W|k|V|°() . However, we show
that the problem is W[2]-hard wrt. k, i.e., it is unlikely to admit an
algorithm that runs in time f(k) - |V |9 where f is some com-
putable function. The result is through a straightforward reduction
from SET COVER, which is W[2]-hard wrt. the set cover size h [18].

THEOREM 3 (x). For every S € {IR, IS, NS, CS}, FRIHG-S-GR-
AddAg is W[2]-hard wrt. k even when the preference graph is sym-
metric and in XP wrt. k.

In contrast to FRIHG-S-GR-AddAg, FRIHG-S-GR-DelAg is solv-
able in polynomial time for every S € {IR, IS, NS, CS}. For each
stability concept, we can determine in polynomial time a maximum
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subset of agents such that the grand coalition partition of it is stable.
For IR, IS, and NS, we obtain this set by recursively removing agents
who have no friends, as they cannot be contained in an IR partition.
For CS, it is known that every coalition in a stable partition is a
strongly connected component of the friendship graph. Thus we
only need to keep a largest strongly connected component.

PROPOSITION 4 (x). Forevery stability conceptS € {IR,S,NS, CS},
FRIHG-S-GR-DelAg is polynomial-time solvable.

5 ADDITIVE PREFERENCES

In this section, we consider the case with additive preferences. It
turns out that most of our control problems remain intractable
even in very restricted cases such as when the budget is zero or
the preference graph is a DAG or symmetric. As in the previous
section, we first consider NA, then PA, and finally GR.

First, we show that even the most basic stability requirement IR
becomes difficult to determine once we enforce some control goal.

THEOREM 4. For each control action A € {AddAg, DelAg}, Ap-
DHG-IR-NA-A is NP-complete; NP-hardness remains even if the
budget is k = 0 and the preference graph has only one feedback arc.

Proor. The NP-containment follows directly from Observation 2.
Moreover, since k = 0, both control problems reduce to checking
whether there is an IR partition with agent x not alone in his coali-
tion. It remains to show the NP-hardness for the mentioned restric-
tion. In the remainder of the proof, we will focus on this restricted
variant and reduce from the following well-known NP-complete
problem [24].

RESTRICTED ExAacT COVER BY 3-SETS (RX3C)

Input: A 3fi-elementset & = [37i] and a collection S = {Sy, ..., S35}
of 3-element subsets of & such that each element appears in ex-
actly three members of S.

Question: Does S contain an exact cover for &, i.e., a subcollec-
tion K € S such that || = A and Ug exSj = E?

Let I = (& = [31],8S) be an instance of RX3C. We construct
an ADDHG-instance whose preference graph has one feedback arc.
The set of agents is U = {x,yo,y1} U{u; | i€ E} U {sj | S; € S},
where
— x is the special agent not to be alone,

- Yo, y1 are auxiliary-agents,

- each element i € & has one element-agent u;,

- each set Sj € S has one set-agent s;.

We construct the utilities as follows; the unmentioned utilities are 0:
- For each agenta € U \ {x}, set pg(x) = —1.

— Foreach elementi € [37—1], set py; (ui+1) = 1, for element-agent

uzj, set fiuy, (yo) = 1.

- For auxiliary-agent yo, set yiy, (y1) = 1, for yy, set gy, (u1) = 1.
— For each element i € [371], set py,, (y1) = —1.

— For each set Sj € S and all elements i € Sj, set j1; (s) = 1.

- For each set 5j € S, set p5; (y1) = 1.

— Forall 5, Sp € S with j < £and S; N Sp # 0, set ps; (sp) = —1.

To complete the construction, we define x as the agent not being
alone. Before we show the correctness, we first observe that by
deleting the arc (y;, u1) we obtain a DAG with following topological

order: U, ..., U3h, S1, - - -5 S373 Y0, Y1, X
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Cram 4.1 (x). If K is an exact cover for I, then the following
partition IT with TI(x) = {x,uq, u2,...,u34, Y0, y1} U {sj | Sj € K}
andTlI(sj) = {sj} forallSj ¢ K is IR.

Cramm 4.2. IfII is an IR partition with [II(x)| > 2, then the sets
corresponding to the set-agents in I1(x) form an exact cover of I.

Proor. Let C := II(x) be the coalition containing special agent x
with |C| > 2. We want to show that the sets corresponding to set-
agents contained in C form an exact cover of I. We start by showing
that auxiliary-agent y; must be in C.

If s; € C for some S; € S, then he needs to be in the same
coalition with y; for C to be IR, because he has negative utility
towards x and the only positive utility is towards y;. The same
argument holds if yo € C: He has negative utility towards x and his
only positive utility towards y;.

If an element-agent u; € C for some i € [37], then there is a
set-agent s; with i € S; such that s; € C, which implies y; € C, or
uiy+1 € C; otherwise u; has negative utility towards C. By repeating
this argument, either a set-agent—and thus y;-must be in C, or
u3p € C. However, if usy; is in C, then either a set-agent or yo must
be in C; in both cases, this implies y; must also be in C.

Thus y; € C and hence u; € C, because y; has negative utility
towards x and only positive utility towards u;. Agent u; has -1
utility towards x and y; in C, so u; needs at least one set-agent s;
with1l € S j to not deviate. However, there can be at most one
sj € C with 1 € S;: Suppose, towards a contradiction, that there
are sj,sj» € C,j < j’ with 1 € Sj and 1 € Sj. Then s; has negative
utility towards x and sj-. But he has only one positive out-arc to
y1, so C would not be IR anymore, contradiction.

Hence we have exactly one set-agent s; € C with 1 € S;. Thus
uy € C for C to be IR. Similarly to element 1, there must be exactly
one s; € C with 2 € S;. Same arguments hold for us, .. ., uss.

To summarize, we need for every element-agent u; for i € [37]
at least one set-agent s; with i € S; which implies we have a set
cover of all sets corresponding to the set-agents contained in C. As
we have discussed, the sets must also be disjoint, so the set cover is
also an exact-cover. (end of the proof of Claim 4.2) ¢

The correctness follows immediately from Claims 4.1 and 4.2. O

The above result is tight since for DAGs or symmetric prefer-
ences, we can solve the problem in polynomial time. In both cases
we need to find only one agent a € U, such that x has non-negative
utility towards agent a or vice versa:

PROPOSITION 5 (%). For DAGs, ADDHG-IR-NA-AddAg and hence
ADpDHG-CS-NA-AddAg is polynomial-time solvable. For symmetric
preferences, ADDHG-IR-NA-AddAg is polynomial-time solvable.

Next, we consider the two more stringent stability concepts IS
and NS. It is known that determining the existence of NS and IS
partitions is NP-hard on ApDHG [29]. Hence, by Observation 3, the
control problems with goals NA and PA are NP-hard as well. We
discover that the control problems remain NP-hard even when the
preference graph is a DAG or symmetric.

Theorem 5 to Theorem 8 are all shown via reductions from RX3C,
using approaches that are similar in structure but distinct in their
technical details.
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THEOREM 5 (%). For each stability concept S € {IS, NS} and each
control action A € {AddAg, DelAg}, ADDHG-S-NA-A and ADDHG-
S-PA-A are NP-complete; NP-hardness remains even if the budget is
k = 0 and the preference graph is a DAG.

Hardness for IS and NS extend to symmetric preferences.

THEOREM 6. For each stability concept S € {IS, NS} and each con-
trol action A € {AddAg, DelAg}, ADDHG-S-NA-A is NP-complete;
NP-hardness remains even if the budget is k = 0 and the preference
graph is symmetric.

Proor. The NP-containment follows directly from Observation 2.

As before, we will reduce from RX3C to show the NP-hardness for
the mentioned control problem.

Let I = (& = [37], S) be an instance of RX3C. Let us construct a
hedonic game instance with additive and symmetric preferences as
follows. The set of agent is U = {x,y} U{u; | i€ EYU {s; | Sj €
S} u{d, |t € [2A]}, where
— x is the special agent and y an auxiliary-agent,

- each element i € & has one element-agent u;,
- each set S; € S has one set-agent s;,
- and auxiliary-agents d, for ¢ € [27].

We construct the symmetric utilities as follows; the unmentioned

utilities are 0:

- Set px(y) = py(x) = 1.

— For each agent a € U \ {x,y}, set ux(a) = pa(x) = -1.

- For each Sj € S, set ys; (y) = py(sj) = 1.

— For each set S; € S and all elements i € Sj, set ps;(u;) =

i (s5) = 1.

— For each set Sj € S and every auxiliary-agent d, for ¢ € [24],

set s (dy) = pg, (sj) = 3.

The sketch of the preference graph can be found in the full
version of the paper [12]. To complete the construction, let agent x
be the special agent not to be alone.

In the forward direction of the correctness proof, we show that
if I has an exact cover, we can construct a NS partition with |TI(x)| >
2, which is, by Observation 1, also IS. In the backward direction,
we assume the partition I being IS—an even weaker assumption
than NS-and show that this implies the existence of an exact cover
for I.

Cramm 6.1 (). If K is an exact cover for I, then the following
partition IT with II(x) = {x,y}, II(s;) = {sj,uj,, uj,, uj,} forSj =
{j1. Jo. j3} € K andT1(sj) = {sj.d,} forSj ¢ K and ¢ € [2A] is NS.

CrLam 6.2 (x). IfII is an IS partition with |II(x)| > 2, theny €
II(x) and all set-agents which are in a coalition with their three
element-agents form an exact cover of I.

The correctness follows immediately from Claims 6.1 and 6.2. O

In contrast to Proposition 5, PA remains NP-hard on DAGs or
symmetric preferences, even when no agent can be added or deleted.

THEOREM 7 (%). For each stability concept S € {IR,CS} and
each control action A € {AddAg, DelAg}, ADDHG-S-PA-A is NP-
complete; NP-hardness remains even if the budget is k = 0 and the
preference graph is acyclic with maximum vertex degree nine.

The hardness remains for symmetric preferences.
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THEOREM 8 (x). For each stability concept S € {IR,IS,NS} and
each control action A € {AddAg, DelAg}, ADDHG-S-PA-A is NP-
hard even if the budget is k = 0 and the preference graph is symmetric.

Finally, we consider the control goal GR: Making the grand
coalition partition stable. We already know from the previous sec-
tion that for every S € {IR, IS, NS, CS}, FRIHG-S-GR-AddAg is NP-
hard and W|[2]-hard wrt. k even for symmetric preferences. We
strengthen this result by showing the same for the DelAg case.

THEOREM 9 (). For each stability concept S € {IR,IS,NS, CS}
and each control action A € {AddAg, DelAg}, ADDHG-S-GR-A is
in XP and W|2]-hard wrt. k when the preference graph is a DAG.

THEOREM 10 (x). For each stability concept S € {IR,IS,NS} and
each control action A € {AddAg, DelAg}, ADDHG-S-GR-A isW|[2]-
hard and in XP wrt. k. The hardness holds even when the preference
graph is symmetric.

For core stability, Theorem 9 shows that ADDHG-CS-GR-AddAg
and ADDHG-CS-GR-DelAg admit a polynomial-time algorithm
when the preference graph is a DAG and the budget is a constant.
However, in contrast with IR, IS, and NS, the problems for CS are
in general coNP-complete even when k = 0. The hardness holds
even when the preferences are symmetric.

THEOREM 11 (*). For each control action A € {AddAg, DelAg},
ADDHG-CS-GR-A is coNP-complete. It remains coNP-hard even
when k = 0 and the preference graph is symmetric.

6 CONCLUSION

Motivated by control in other computational social choice prob-
lems, we introduce control in hedonic games. We study three con-
trol goals: ensuring an agent is not alone (NA), ensuring a pair
of agents is together (PA), and ensuring the grand coalition is sta-
ble (GR), combined with two control actions: adding and deleting
agents. We present a complete complexity picture for these control
goals and actions across four stability concepts and two preference
representations-FRIHG and AppHG.

Our work opens several potential directions for future research.
First, alternative control actions remain unexplored. In Stable Room-
mates and Marriage settings, a common control action is removing
acceptability—making previously acceptable pairs unacceptable to
each other. Analogously, one could study removing friendship re-
lations in FRIHG or adjusting utility values in ADDHG. Second,
inspired by destructive control in voting [25], one could study
destructive control in hedonic games: ensuring a specific agent re-
mains isolated or preventing a specific pair from being in the same
coalition. Third, other solution concepts merit investigation, such
as Pareto optimal or strictly core stable partitions. Finally, other
simple compact preference representations warrant exploration,
such as fractional hedonic games [1], anonymous preferences [6]
or B- and W-preferences [9]. We conjecture that the ideas of many
of our hardness reductions could work also for fractional hedonic
games, since Observation 5 extends to any compact preference rep-
resentation. However, anonymous, B- and W-preferences have a
different structure and therefore likely require different ideas.
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