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ABSTRACT

We study the fair division of indivisible items among n agents with
heterogeneous additive valuations, subject to lower and upper quo-
tas on the number of items allocated to each agent. Such constraints
are crucial in various applications, ranging from personnel assign-
ments to computing resource distribution. This paper focuses on
the fairness criterion known as maximin shares (MMS) and its ap-
proximations. Under arbitrary lower and upper quotas, we show
that a (3 ﬁ'ﬁ 1 )-MMS allocation of goods exists and can be computed
in polynomial time, while we also present a polynomial-time algo-
rithm for finding a (221 )-MMS allocation of chores. Furthermore,
we consider the generalized scenario where items are partitioned
into multiple categories, each with its own lower and upper quotas.
In this setting, our algorithm computes an (3 )-MMS allocation
of goods or a (”‘T_l)—MMS allocation of chores in polynomial time.
These results extend previous work on the cardinality constraints,

i.e., the special case where only upper quotas are imposed.
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1 INTRODUCTION

Fairly allocating indivisible items among agents with differing pref-
erences is a fundamental problem in society, arising in various
important scenarios ranging from commodity distribution to prop-
erty settlement to computing resource management [28, 70, 71].
Long-standing research on the allocation of divisible resources,
known as “cake-cutting”, has introduced compelling fairness no-
tions such as envy-freeness (EF) [40] and proportionality (PROP) [77].
However, both EF and PROP are scarcely attainable with indivisi-
ble items.! While various relaxations have been explored [8], the
concept of maximin shares (MMS) [29] has garnered significant
attention within the class of share-based notions.

Generalizing the idea of the cut-and-choose protocol [77], the
maximin share (MMS) of an agent is defined as the maximum value

*A full version of this paper is available on arXiv [60].
!Neither is feasible even in the simplest case where two agents must divide a single
indivisible item.
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that he can guarantee for himself if he were to freely partition all
items into the same number of bundles as there are agents, and
then choose his least desirable bundle. An allocation is considered
fair if every agent receives at least their own MMS. However, such
an MMS allocation may not exist [62, 38], and finding an MMS
allocation is strongly NP-hard [27, 16]. Consequently, substantial
research has sought to achieve (multiplicatively) approximate MMS
allocations [62], leading to remarkable progress in recent years [20,
9,45, 2,1, 16, 53, 54, 51, 55]. Continuing in similar vein, this paper
adopts approximate MMS guarantees as our fairness criterion.

In addition to fairness desiderata, real-world applications often
involve various restrictions on resource allocation [78]. One of
the simplest constraints, which has gained little attention in the
literature, is to impose lower quotas on the number of items assigned
to each agent. For instance, consider the following scenario in
a company: the directors of upcoming projects are planning to
allocate employees to their respective projects. Each director prefers
employees who are well-suited and capable of performing well for
their project, while each project requires a minimum number of
employees to be carried out. Then, how can these directors fairly
distribute the employees among their teams? Beyond this specific
example, lower quotas on the sizes of allocated bundles can arise in
various applications of fair division, such as allocating courses to
college students [30], distributing computing resources to tasks [71],
assigning conference papers to reviewers [46], and dividing food
donations to individuals or communities in need [6, 69].

1.1 Our Contribution

Building on the preceding motivations, we initiate the study of
MMS guarantees under lower quotas, where agents are assumed to
have heterogeneous additive valuations. Specifically, an allocation
is feasible if the number of items assigned to each agent is between
lower and upper quotas. Under these constraints, we establish that
a ( ;ﬁl )-MMS allocation exists and can be computed in polynomial
time for any instance of goods? with n agents. For the case of chores,
we present a polynomial-time algorithm to obtain a (3'2’;1 )-MMS
allocation. These results both generalize and improve (notably for
small n) on the best-known results for the special case without
lower quotas [57], while also implying the first MMS guarantees
for another subcase studied as balanced allocations [78].
Furthermore, we study a generalized setting where items are
partitioned into categories, each with its own lower and upper
quotas on the number of items assigned from the category to

any single agent. In this setup, we show that an (3%<)-MMS

2An item is called a good (resp. chore) if it bears a non-negative (resp. non-positive)
value for each agent.

3An allocation is said to be balanced if the number of items assigned to each agent
differs by at most one.
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Table 1: Our polynomial-time approximate MMS guarantees
and the best-known inapproximability bounds (implied by
the unconstrained problem) for n heterogeneous agents with
additive valuations.

(a) Goods (non-negative item values).

Category  Lower bound Upper bound
2n
i — . 39
Single P— [Thm. 1] 39 (n=3)
" 40 [38]
Multiple PP [Thm. 3] 1-n*(n>4)
h—

(b) Chores (non-positive item values).

Category  Upper bound Lower bound
2
Single ~ —— [Thm. 1]
3n—-1 44
— (n=3) [38]
. 2n—1 3
Multiple ~ —— [Thm. 4]
n
2n-1

(resp. (22=1)-MMS) allocation exists and can be found in poly-
nomial time for any instance of goods (resp. chores) with n agents.
These extend the previous results for the special case in which all
categories have only upper quotas [25, 57].

In both the former (single-category) and latter (multi-category)
settings, our approach builds on Hummel and Hetland [57]’s work
for the special case where only upper quotas are imposed. While
the main routine of our algorithms for the multi-category setting
is a natural extension of its counterpart in [57], the technical nov-
elty of this paper lies primarily in the single-category setting, to
which Hummel and Hetland [57]’s solutions do not extend in a
straightforward manner; see Section 4.1 for a further discussion.

1.2 Related Work

Related Constraints in Fair Division. The earliest related studies
include Ferraioli et al. [39]’s work on the constraint requiring ev-
ery agent to receive the same number of items. Mackin and Xia
[67] consider the setting where items are partitioned into cate-
gories, and each agent must receive at least one item per category.
A subsequent series of work has studied the so-called cardinality
constraints, where items are categorized, and allocations are re-
stricted by category-wise upper quotas. Biswas and Barman [25]
reveal that, under cardinality constraints, both an EF1 allocation
and a 1/3-MMS allocation exist and can be found in polynomial
time. Hummel and Hetland [57] improve the MMS approxima-
tion to 1/2 and further establish 2/3-MMS allocations for single-
category instances, both in polynomial time. They also study the
case of chores, achieving a 2-approximation for general instances
and a 3/2-approximation for single-category instances in polyno-
mial time. In the case of two agents, Shoshan et al. [76] develop
a polynomial-time algorithm that computes a feasible allocation
satisfying Pareto optimality (PO) and EF1 for either goods or chores,
which has been generalized by Igarashi and Meunier [58]. Cookson
et al. [33] consider the same model as ours, i.e., an extension of
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cardinality constraints endowed with lower quotas, where they
prove that the maximum Nash welfare (MNW) solutions achieve
PO and approximate EF1. Aside from the lower quotas we focus on,
other generalizations of cardinality constraints include the budget
constraints [81, 18, 19, 42, 34, 35, 37, 79], where items of varying
sizes are assigned to agents subject to their capacities, and the
matroid constraints [25, 26, 36, 80, 33, 4], which require assigned
bundles to be independent sets. These constraints are further sub-
sumed under independence systems, in which MMS approximation
has been studied [66, 56].

Unconstrained MMS Approximation and Inapproximability. Given
the non-existence and computational intractability of exact MMS al-
locations even in the unconstrained setting [74, 16], extensive work
has studied approximate MMS guarantees in the unconstrained
setting. The best-known approximation ratio is % for the case of
goods [55] and % for chores [54]. On the negative side, Feige et al.
[38] establish inapproximability bounds of 32 for goods and 4
for chores, which remain the best-known results even in our con-
strained setup.

Lower Quotas in Two-Sided Matching. In the many-to-one match-
ing framework, commonly referred to as the hospitals/residents
problem or college admissions problem [41, 49], one side often im-
poses lower quotas on the number of acceptable matches from the
other side [11, 14]. The primary objective in this model is typically
to ensure stability or its suitable relaxations [24, 52, 50, 59, 72, 82].

2 PRELIMINARIES

Our problem instance is a tuple 7 = (N, M, (v;);en, C, (gzs qz;)cgc),
where N = {1,2,...,|N|} is a finite set of agents, M is a finite set
of items, (v; : 2™ — R);cn are the agents’ respective valuations,
and C is a partition of the item set M into disjoint categories, each
endowed with a lower quota q;. € Zx( and an upper quota q}. € Zs,
such that

qcINI < |C| < gzINI. 1)

Each valuation v; : 2" — R is additive, i.e., v;(S) = 2ges vi(g) for
any S C M, where g € M is understood as {g} C M and treated
similarly throughout the paper. A subset of items, S C M, is called a
bundle and said to be feasible if g < |S N C| < gf. for any category
C € C. An allocation for I is an ordered partition A = (4;);en of
M, and said to be feasible if each bundle A; C M is feasible. ¥ (1)
denotes the set of all feasible allocations for 7, which is non-empty
due to Eq. (1).

An instance 7 is said to be of goods (resp. of chores) if v;(g) > 0
(resp. < 0) for every pair (i,g) € N X M, where each item is called
a good (resp. chore). An instance 7 is said to be ordered [57] when

each category C has an ordering of its items C = {glc g5,... ,g|CC|}
such that

vi(glc) > vi(gzc) 22 vi(glcc‘) (2)

Here, item g]c € C is said to be more valuable than item ¢, € C

Vie N.

if j < j’. An instance 7 is said to be single-category if C = {M},
where we let (¢7,q%) = (q,,9},) and equate 7 with the tuple
(N, M, (v;)ien, (¢, q")); when T is also ordered, we let gj = gﬁ”
foreach j € {1,2,...,|M|}.
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Algorithm 1 Obtain a solution of the original instance from that
of its corresponding ordered instance [57, Algorithm 2].
(N, M, (v;)ien., C, (qg, qz)CeC)- An
allocation (A;);jen for the ordered instance I =
(N, M, (5;)ien. C, (gc qE)CeC) defined from 7 in the proof
of Lemma 1
Output: An allocation (A;);en for the instance 7.
1: Aj < 0 foreachie N.
2: for each C € C do
for j=1,2,...,|C| do
Find i* € N s.t. gf € Ap.
Find g* € argmax {v;=(g9) | g € C\ Ujen Ai}-
Ay — A U{g"}.

Input: An instance 7 =

Note that cardinality constraints are the special cases when
gz = 0 for every C € C, and that the unconstrained setting is
represented by single-category instances with (¢~, ¢*) = (0, |M]).

Let us define the fairness criteria based on maximin shares (MMS).
We aim to design an algorithm that, given an arbitrary instance,
computes an a-MMS allocation for some « as close to 1 as possible.

Definition 1. For an instance 7 = (N, M, (0i)ien, C, (qzs qz)CEC)
and an agent i € N, we define agent i’s maximin share (MMS) as

(D) = ma {min (B0 | (oo € 7)),

where any (Py)ken achieving the maximum is called agent i’s MMS
partition. A feasible allocation (A;);en is said to be an a-MMS al-
location for 7 and some a € R if v;(A;) > ap;(I) foralli € N.

Particularly when these inequalities hold for & = 1, (A;);en is said
to be an MMS allocation.

It is shown that an arbitrary instance can be reduced to an or-
dered instance, which is well-known in the unconstrained setting
[27] and also under cardinality constraints [57]. Because the known
reduction preserves an instance except the valuation profile and
does not alter the cardinality of solutions, we can focus solely on
ordered instances as input even in the presence of lower quotas.

Lemma 1 (Corollary of [57, Theorem 3]). For an arbitrary instance
I = (N, M, (v;)ien, C, (qE, qz)CEc) and any a € R, one can com-
pute an ordered instance I in time O(|N||M|log|M]|), such that an
a-MMS allocation for I can be computed from any a-MMS allocation
for I in time O(|N||M|log [M]).

Proor. Let I = (N, M, (v;)ien, C, (qé,qE)CEc) be an arbitrary
instance. Fix any ordering in each category C = {glc, gzc, RN gICCI }
Following [57, Algorithm 1], we define an ordered instance I =
(N, M, (3:)ien, C, (9c> 4)cec) by

0; (gjc) := (the j-th largest value in {v;(g) | g € C})
Vjie{12,...,|C|},YC € C,Vi € N,

where ties are broken arbitrarily. Clearly, ,u,»(j: ) = p;(7) holds for
every i € N. Furthermore, given an allocation A = (A)jen for T,
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Line 1 computes an allocation A = (A;);en for I such that
|A;nC|=|A;NnC] YC € C,Vi € N,
Ui(Ai) > 5L(A~,) Vi e N.

Therefore, if A is an a-MMS allocation for T , then A is also an
a-MMS allocation for 7. The ordered instance I can be obtained in
time O(|N||M|log |M]) by sorting the item values (v;(g))gem for
each agent i € N. In addition, Algorithm 1 can be implemented to
run in time O(|N||M|log |M|) by, for each i € N, similarly com-
puting the sorted array of item values in advance and using a
one-directional pointer over it to avoid scanning the same item
value more than once at Line 5. O

We also extend the concept of valid reduction, which has been
leveraged largely in the unconstrained problem [27, 62, 9, 47, 43,
45, 2,1, 51, 55] but also under constraints [48, 66, 57, 35]. Lemma 2
allows us to assign the feasible bundle B to any agent without
decreasing other agents” MMS in the new instance 7”. This bundle
B is designed not only to ensure that 7’ is well-defined, but also so
that any agent’s MMS partition contains an item-wise more valuable
bundle than B by the pigeonhole principle, as formalized in the
proof of Lemma 2. Corollary 1 then suggests that, as long as some
agent i* enjoys vy (B) > a p;+ (1), finding an a-MMS allocation for
the original instance 7 can be reduced to finding one for 7.

Lemma 2. Let ] = (N, M, (v3)ien C, (qc qE)CQC) be an ordered
instance of goods, i* € N be arbitrary, C* € C be non-empty, and
d € Zs satisfy |C*| > d|N| + 1. Let us also define the following:

B = {gj?* | d(IN|-1) < j <d|N| + 1}
U {gfcll_j 10 < j < max{qz., |C"| - g (IN| =)} —d - 1}

U U oo 10 <5 <max{ge Icl - gt NI - D},
ceC\{C*}

I = (N\ (i}, M\ B, (01l,m8) senn 1) -

{C\B|CeC}, (qé,qE)CEc) :

Then I is well-defined as an ordered instance of goods and satisfies
that

pi(Z') = pi(1)

Proor. By the definition of B, each category C € C satisfies that

BAC| = M {d_+ ng,lfl - g-(INI - 1)}
max {gz, |Cl = g&(IN| = 1)}

Eq. (1) and that |C*| = d|N| + 1 together imply

Vie N\ {i"}.

if C=C%

otherwise.

- | & aNT-1)if d = |5 ],
d+1<{, . {‘N‘J ['N'J @)
Vc |J otherwise
IN]
<|C* =g (INT - 1). (5)
It follows from Egs. (1), (3) and (5) that
ICl = g-(INI=1) < [BNCl < |Cl - qc(IN|-1) VCeC, (6)

which allows the instance 7’ to be well-defined as an ordered
instance of goods.
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Let i € N\ {i"} be arbitrary. Let (Pk)llf;]l be agent i’s MMS

partition, which can be assumed, without loss of generality, to
satisfy that

™
by the pigeonhole principle and that |C*| > d|N| + 1. Given Eq. (7)
and the definition of B, as well as that (Py) ]szll € ¥(I), there is an
injection f: B\ P; — P; \ B that satisfies

f(g9) € C and 0i(g9) <0i(f(9)) VYgeCnN(B\P),VCeC, (8)

NOW, we define
v(M') = p (N \ {i"}, M, (Ui’|2M/)i’EN\{"*}’

{COM | CeChlgob)cec)
for any M’ C M that ensures the instance in the right-hand side is
well-defined. Then from Egs. (6), (8) and (9), as well as the definition
of (Py) ,lfil‘, we finally obtain

pi(Z') =v(M\ B)
2v(M\ ((BNP) U f(B\ P)))
> V(M \ Pl)
> min {v;(P¢) | k € {2,3,...,[N[}}
> (1),

concluding the proof of Lemma 2. O

le{g§*|1sjsd|N|+1sz+1

©

Corollary 1. Let a € R be arbitrary. In Lemma 2, if we additionally
have that vi+(B) > a i+ (1), and an a-MMS allocation (A;)ieN\{i*}

for I’ is given, the following (A;)ien is an a-MMS allocation for I :
A; = B ifi=r,
A

otherwise
3 MAIN RESULTS
2n

We present a polynomial-time algorithm to compute a ( ST )-MMS
allocation for a single-category instance of goods with n agents,
thereby establishing Theorem 1. This result extends and strictly
improves upon Hummel and Hetland [57]’s 2/3-approximation
for the special case without lower quotas. Section 4 is devoted to
examining an existing approach and its issues, defining the pro-
posed algorithm, discussing its key components, and establishing
the desired guarantees through a careful scrutiny of the algorithm.

Vie N.

Theorem 1. For an arbitrary single-category instance of goods I =
_ 2 .

(N, M, (v;)ien, (@7, q%)), a (W)—MMS allocation for T

can be computed in time O(|N||M|log |M|).

A similar approach leads to the following result for the case of
chores. As in the case of goods, Theorem 2 generalizes Hummel
and Hetland [57]’s 3/2-approximation for their special case.
Theorem 2. For an arbitrary single-category instance of chores
I = (N,M, (v;)ien, (g7, q%)), a (M)—MMS allocation
for I can be computed in time O(|N||M|log |M]).

For the setting with categorized items, we derive Theorems 3

and 4 for goods and chores, respectively, by leveraging Hummel
and Hetland [57]’s results for the special case without lower quotas.
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Theorem 3. For an arbitrary (multi-category) instance of goods

I = (N, M, (Ui)ieNs C, (qE’qZ)CEC)’ a (W)-MMS al-
location for I can be computed in time O(|N||M|log |M]).

Theorem 4. For an arbitrary (multi-category) instance of chores I =

(N, M, (0))ien, C (95 gE)cec): a (2 - m)-MMS allocation

for I can be computed in time O(|N||M|log |M]|).

4 A (3721'_11 )-MMS ALLOCATION ALGORITHM
FOR SINGLE-CATEGORY GOODS

4.1 An Existing Approach for Upper Quotas

Before discussing the proposed algorithm, we revisit an existing
approach for approximate MMS guarantees only with upper quotas
[57]. Whether constrained or unconstrained, one of the most com-
mon techniques is a simple greedy algorithm known as bag-filling
[47, 43, 45, 2, 1, 64, 65, 35, 51]. In each round of this algorithm, a new
bag is created as an empty set, and remaining items are added one
by one until an unassigned agent finds it sufficiently valuable; then
the round ends with the bag assigned to this agent. By adopting
an additional type of update, Hummel and Hetland [57] develops
an algorithm that computes a 2/3-MMS allocation under an upper
quota. In each round of their algorithm, a new bag is created with
the least valuable remaining items, many enough to ensure that the
other remaining items can be divided into bundles under the upper
quota. Then the other items are added one by one, as in the standard
bag-filling, but not to violate the upper quota. If the bag reaches the
quota and is still not valuable enough for any unassigned agent, the
algorithm repeatedly exchanges the least valuable item in the bag
with a higher-valued remaining item. This way of updates allows
both the remaining items added to the bag and those not added to be
sufficiently valuable and not too many (relative to the upper quota).
However, additionally imposing a lower quota would also need
both of them not to become too few, thereby raising a non-trivial
challenge. Indeed, the correctness of their algorithm crucially relies
on invariants concerning the values of certain subsets of remaining
items, which would no longer hold consistently with lower quotas.

4.2 Overview of Our Algorithm

We show that ApPRoxGooDs defined in Algorithm 2 certifies Theo-
rem 1 together with the reduction to ordered instances. To address
the above issue, we maintain multiple bags so that at every step,
remaining items are left both sufficiently valuable and neither too
many nor too few for unassigned agents. In its main routine (Lines
14 to 26), the algorithm incrementally updates a collection of bags
to maintain certain invariant conditions, assigning one of them to
an unassigned agent in each of the |N| rounds. Unlike the standard
bag-filling method, the bag B assigned in each round starts with
items of sufficiently large size and value for any remaining agent
and gradually becomes of less size and value through two types
of updates: moving an item from B to another bag (Fig. 1(b)) and
swapping an item in B with one in another bag (Fig. 1(c)). These up-
dates are stopped when the value of this bag falls below a threshold
for every agent. As formally shown in Section 4.3, valid reduction
also helps preserve the invariants, while the polynomial runtime is
attained by employing upper bounds on the agents’ MMS values.
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Algorithm 2 Compute a (W)—MMS allocation for a

single-category ordered instance of goods with n agents.

1: function AppPrOXGo0DS(Z = (N, M, (v;)ien, (¢, q%)), @)
2 if |[M| < |N| then > A trivial case.

i} ifi < M|,
3 A; — lg:} ifi ll foreachie N ={1,...,|N|}.
0 otherwise
4: _ return (A))ien

5 for k — |N|,IN|-1,...,1do

> Initialize the bags; see Fig. 1(a).
. N
6: by < min {q+, M| - ZL':lkH

BN —{giyu

L k'=k+1 k'=k
for eachi € N.
9: if 3i* € N s.t. Ui*({glNl:glNHl}) > (Xﬂi* then

> Valid reduction.
0 Ar —{ginpginpet U {gim-; |
0 <j < max {qf, M| - q* (|N]| - l)} - 2} .
w7 e (NG MA A, @il diew ), (0707
12: (Apien\(i*y < APPrROXGOODS(I’, @).
13: _ return (A;)ijen
1. NUND N,
15: fort « |[N|,|N|-1,...,1do
16 BV B B By — (BB, BY).
17: fork—t—-1,t-2,...,1do
18: while (Eli e N® st 0;(B) > %aﬁi) and B\ {g;} #
BI(:) \ {9k} do > The latter implies that some items
in B\ {g;} have not moved in the current while-loop.
19: g < the least valuable item in B \ {g;}.
201 if |B| > |B\")| then
-1 -1
21: BB\ {g},B' " < B'"V U {g}.
> Move the item g; see Fig. 1(b).
22 else > B and BL_“ have become of equal size.
23: h « the most valuable item in Bl(ffl) \ {gk}
24: B« (B\ {g}) U{h},
BT — B\ {h) U (g},
L L L > Swap the items g and h; see Fig. 1(c).
25: Find i®¥ € N® s¢t. 0,00y (B) = @ fiy(s).
26: . A < B, N1 N\ {i(’)}.
27: return (A;)ien.

Initialization of the Bags. Allitems in M are partitioned by Lines 5
to 7 into the initial bags BglNl), B;‘Nl), el Bl(fl\ll\lll).4
bag sizes by, by, ..., bjn| € {max{1,q"},...,q" —1,¢*} add up to
|[M| and are lexicographically minimized among all such integer
partitions; this is feasible since [M| > |N|and g~ [N| < |M| < g*|N].

Their respective

4Throughout Algorithm 2, the superscript indicates the number of agents yet to be
assigned a bag, decreasing from |N| to 0.

by — (k — l)max{q_,l}}.

7: IN]| IN|
{9|N|+j | Z (bp-1)<j< Z(l’k’ - 1)}.
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0
g
g

g

N
/.e
-

Bl(IN]) BZ(IND gUND

a gUND
N|-1

IN|

(a) Initialization (Lines 5 to 7).

~

0

y
0

0

\
) \
/ )
I
[sv} 1
i
! 1
1 1
1 )
« /

B]Et—l) B

B}Et—l)

(b) “Move” (Line 21). (c) “Swap” (Line 24).

Figure 1: An illustration of key steps of APPROXGOODS in
Algorithm 2, where each item g; € M is denoted by its index j.
(a) At Lines 5 to 7, the item set M is split into the initial bags

BilND, B;lNl), . ’B|(1‘VI\\]D in a greedy manner. (b) At Line 21, an

item is moved from the bag B to B,(Ct_l) ; this continues until
either the size of these bags are completely exchanged, or
the bag value v;(B) falls below a threshold, %aﬁi, for every
remaining agent i € N, (c) At Line 24, where |B| = |Bl(<t) R
an item from B is exchanged with another from B]Etfl); this
continues until either all items in these bags, except g; and
g, are completely exchanged from their initial state, or v;(B)
falls below %aﬂi for everyie N,

After the most valuable |N| items, g1, g2, . . ., g|n), are placed into

distinct bags, the other items are greedily packed into the bags from
BIND p(ND)
IN| > 7IN|-1"
their fixed sizes; see also Fig. 1(a) and note that this order is identical
across all agents as J is ordered. This configuration satisfies the
properties stated in Lemma 4, which serve as the starting point for

the invariant conditions formalized in Definition 2.

.., to BE IND i descending order of value, subject to

Valid Reduction. After initializing the bags, a valid reduction may
occur in Lines 9 to 13 if the bundle {g|n|, g|n|+1} is valued at afi;+ or
more by some agent i*; recall Corollary 1 and also notice Corollary 2
below. By repeatedly applying this reduction, we eventually reach
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an irreducible instance in which every item g|n|+1, g|N|+2, - - -» G|m]
has a value less than %aﬁi for each agent i (Lemma 5), thereby

providing a crucial setup for the main routine that follows.

Iterative Updates and Assignment of the Bags. Once the instance
becomes irreducible, the bags are iteratively updated and assigned
to agents through the outer for-loop (Lines 15 to 26). For each
t € {|N|,|N| —1,...,1}, the inner for-loop (Lines 17 to 24) trans-
forms the remaining ¢ bags Bit), B;t), el BE” as a whole into the
new t — 1 bags BY_I),B;t_l), .. .,B;:l) plus the bundle B that is
finally assigned to a remaining agent i), Let’s take a look at its
first iteration (with k < t—1), where only B and B,(:l) are updated

in two phases. We first move items from B to B;:l) until their sizes

match each other’s initial sizes; see Fig. 1(b). Then we switch to
2\ {91} U {gr} (and

-1
equivalently until BE:I) = (B;t) \{g:}) U{g:-1}); see Fig. 1(c). Sim-
ilar operations are performed with k « ¢t —2,¢t—3,..., 1, gradually
sliding the remaining items (except g1, gz . . ., g:) between the bags,
and monotonically reducing both the value and the size of B, as
long as v;(B) > 3aji; for some remaining agent i. The validity of
this entire routine relies on the invariant conditions and carefully
examined in the proof of Lemma 7.

swapping items between them until B = (B

4.3 Proof of Theorem 1

In what follows, we show by induction on |[N| that ApPPROXGOODS
returns an a-MMS allocation for any single-category ordered in-
stance of goods 7 = (N, M, (v;)ien, (47, q*)) and any real constant

a € 2 ] in time O(|N||M]). This induction hy-

%’ 3—(max{|N|,1})~1 |’

pothesis is used to obtain Lemma 5, which concerns the recursion

in Line 12. We eventually derive Theorem 1 by combining Lemmas 1,

3, 5 and 8 and Corollary 3; refer to Lemma 1 for the complexity of

the reduction to an ordered instance, which proves dominant.
First, a trivial MMS allocation can be obtained when the number

of items is at most that of agents, i.e., when |M| < |N]|.

Lemma 3. IfLine 3 is reached, an MMS allocation (A;)ien for I is
returned at Line 4.

Proor. The allocation (A;);cn at Line 4 is feasible for I due to
Eq. (1). If M| < |N|, gi(Z) = 0 holds for each i € N; otherwise,
pi(I) = v;(gyny) holds for each i € N. Therefore, it is clear in either
case that (A;);en is an MMS allocation for J. O

As described before, the bags are initialized by Lines 5 to 7 so
that we can ensure the properties in Lemma 4, setting the ground
for the invariant conditions defined later in Definition 2.

N N N .
Lemma 4. The bundlesBi‘ ‘),Bgl l),...,B‘(JV‘I) defined by Lines 5

to 7 are mutually disjoint and satisfy the following:

BINDUBIND G- U BN = M, (10)
— N N N

g <1B™ <M << B0V < g, (11)
o (B0 U BED U VB = NP D)

Vre{1,2,...,|N|},Vi e N.

Proor. Given Eq. (1) and |M| > |N|, these bundles are well-
defined by Lines 5 to 7, mutually disjoint, and satisfying Eqs. (10)
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and (11). We fix any pairi € N and r € {1,2,...,|N|}, for which
the inequality in Eq. (12) is shown below. Let (Pk)llle‘ be agent i’s
MMS partition, which can be assumed, without loss of generality,

to satisfy that
PiUP,U---UP,_1 2 {gl,gz,...,gr_l} Vr e {1,2,...,|N|}.

]Ilel € ¥(I) and the construction of

D yields that

Combining this with (Py)

(IND g(IND) (IN
BN BN LBl

0 (Bﬁ'”') u BUND u~-~uB|(l'VA|”)) >0; (P, UPr U---U P
2 (IN|=r+1) (),

which concludes the proof. O

Eq. (12) of Lemma 4 also provides useful upper bounds on MMS
values, (fI;);en, defined by Line 8.

Corollary 2. At Line 8, it holds for everyi € N that ji; > p;(I).
Proor. This follows from Line 8 and Eq. (12) of Lemma 4. O

As ——2_— is non-increasing in |N|, Corollary 1 can be
3—max{|N|,1} " g in NI, y

applied together with the induction hypothesis and Corollary 2.

Lemma 5. IfLine 10is reached, an a-MMS allocation (A;)ien for I is
returned at Line 13. Otherwise, it follows at Line 14 thatv;(g) < % a fii

foreveryg € M\ {g1,92,....g\n|} andi € N.
Proor. By applying Lemma 2 for C* = M and d = 1, we see

that the instance 7’ is well-defined by Line 11 as a single-category
ordered instance of goods. Given the induction hypothesis and that

2 2
< ,
3-—max {IN],1}7! = 3 —max {IN\ {i*}],1}7!
an a-MMS allocation (A;);jen\ (i) for I’ is obtained at Line 12.
Because Line 9, 10, and Corollary 2 together ensure that

<a<

W o

o (Ape) 2 a iy 2 o (1),

Corollary 1 allows (A;);en returned at Line 13 to be an a-MMS
allocation for 7. As the instance 7 is ordered, Line 9 immediately
gives the second statement of the Lemma 5. O

We formally define the invariant conditions maintained through-
out the iterations over Lines 15 to 26.

Definition 2. Along with the outer for-loop over Lines 15 to 26, we
consider the following conditions for each t € {|N|, [N|-1,...,1,0}:

1) BB, BY, Ay, Aesay, - ., Ay are disjoint.
(€2) BP UBL U UBY U Ay UAjan U=~ U Agny = M.
(©3) ¢~ <IB| < || < < |B"| <q".
€4 B 0 {g.g...gm} =gk} Vke{L2..t}.
) W) S0 < Sk ViEN®,

Vhi € B \ {g1},Yhy € BY” \ {ga},....Vh: € B \ {g:}.

t @ 3 A

(C6) ”i(gB" )Z(t_Hl_('N'_t)(ia_l))m

Vre{1,2...,th,Vie N,
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Lemma 4 and Corollary 2 together guarantee that these condi-
tions initially hold for ¢ = |N].

Lemma 6. At Line 14, Conditions (C1) to (C6) hold fort = |N]|.

Proor. Conditions (C1) to (C5) for ¢ = |N| follow from Lemma 4.
Condition (C6) for ¢t = |N| follows from Line 8. O

Key to the overall correctness is Lemma 7: each iteration assigns
an agent a sufficiently valuable and feasible bundle while ensuring
that all the invariants are properly inherited by the next iteration.

Lemma?7. Lets € {|N|,[N|—1...,1} be arbitrary. Suppose that the
for-loop over Lines 15 to 26 has successfully iterated fort € {|N|, |N|—
1,...,s + 1}, and that Conditions (C1) to (C6) now hold fort = s.
Then the next iteration with t = s succeeds, where the following hold
at Line 25:

g~ <|B| <q". (13)
3 e N©® gt 0y(s) (B) = a flis) - (14)

Furthermore, Conditions (C1) to (C6) hold fort = s — 1 at Line 26 of
the same iteration.

Proor. First, we verify that Line 25 is indeed reached, with all
preceding operations done successfully; namely we show that the
desired item exists at Line 19 and 23, as well as that the while-loop
terminates. Given Condition (C5) for t = s, neither |B| nor v;(B)
for any i € N increases after Line 16 until 25. At Line 16, B 3 g
and B;:fl) 5 gk foreach k € {1,2,...,s — 1} hold due to Condition
(C4) for t = s, remaining true until Line 26 by the definition of
Lines 19 and 23. Let us go through a single iteration of the inner
for-loop (Lines 17 to 24) with an arbitrary k € {1,2,...,s — 1}.
Clearly, nothing occurs if k < s — 1 and the previous iteration has
stopped with v;(B) < %aﬁi for every i € N©®). Otherwise, at the

beginning of this iteration, we have that B\ {gs} = BY \ {Gk+1}s

k+1
that B"™" = B, and hence that [B| = [B{) | = [B")| = [BE™")|
due to Condition (C3) for t = s. Any single iteration of the while-

loop (Lines 18 to 24) keeps B U Bl(:fl) unchanged and decreases
|B| by at most 1, while maintaining that g; € B, gx € B](Cs), and
|B| = |B](<S) |. Therefore, B \ {gs} is never be empty at Line 19, until
which it has been maintained that B \ {gs} # B](:) \ {gx}. We then
obtain that B;fﬁl) \ {gx} # 0 at Line 23, where |B](<sfl)| = |B](:1
|B](<S)| = |B| = 2. Thanks to the choice of the items g and h at Lines
19 and 23, respectively, the while-loop successfully terminates.

Next, we prove that Eqs. (13) and (14) hold at Line 25, where we
define the following:

| >

0 if 3ieN® st v;(B) > %(xﬁi;
k" =< min ({k €{1,2,...,s—1}| BI(CS_I) # B](CS)} u {s}) (15)
otherwise.

The value of k* represents at which point the updates on B have
stopped: k* = 0 when all possible updates on B run out, i.e., when
it holds at Line 25 that B = (B! \ {g1}) U {gs}, B" ™" = (B{" \
{9:)U{g1), ... and B = (B \ {g:}) U {gs-1}: k" = s if Bhas
not been updated at Line 25 since Line 16; otherwise (if 0 < k < s),

B](:*_l) denotes the bag that has been last updated at either Line 21 or
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24 (as B](thl)). Based on the observations in the previous paragraph
and Conditions (C1) to (C4) for t = s, we see that the following
hold at Line 25:
(s=1) _ p(s) *

B, =B, Vke{12,..., k" =1}. (16)
\{gea}) Ufgey Yeke{k"+1,....s-1}. (17)

if k* € {0,s};

(s=1) _ (p(s)
Bk - (Bk+1

_(p®
B= (anax{k*,l} \ {9max{k*,1}}) U {gs}

(B\ {g:}) UBLE™ =B U (BE), \ {genr})  otherwise,

k*+1
BN {9192 ..9in} = {95} (19)
- (s) (s) +
g = ‘Bmax{k*,l} < |B| < )Bmin{k*+1,s} £q. (20)
Bisil), B;sil), el Bii}l), and B are disjoint. (21)

In particular, Eq. (20) immediately gives Eq. (13). Moreover, applying
the latter statement of Lemma 5 to the item g € B \ {g;} at Line 19,
along with the first condition of the while-loop, guarantees that

3 1
EliEN(s) s.t. Ui(B)>§6{[:li—§0{ﬁi:0(ﬁi,

whenever B gets updated at either Line 21 or 24. Condition (C6) for
t = s also gives that at Line 16,

vi(B) = U,—(BS(S)) > (1 —(IN|-5s) (% a- 1)) i

3
> (1—(|N|—l) (Ea—l))ﬁ,
2
=5 IN M
>ap Vie N®,

because o € [%, #] Therefore, we obtain that Eq. (14) always
holds at Line 25.

Finally, we show that Conditions (C1) to (C6) hold for t =s — 1
at Line 26. Conditions (C1) to (C5) for t = s — 1 follow from those
for t = s and Eqs. (16) to (21). We fix any pair r € {1,2,...,s — 1}
andi € N6~V ¢ N© | for which the inequality in Condition (C6)
for t = s — 1 is obtained in either of the following cases.

Case 1: Suppose r > k*. Then given Eq. (17), Conditions (C4) and
(C6) for t = s, and that a > %, we obtain that

(B tgkent) U {gk}))

2(5—r—(|N|—s)(;a—l))[1,-

2(s—r—(|N|—s+1)(ga—1))ﬂi.

Case 2: Suppose 1 < r < k*. Then given the definition of k* in
Eq. (15), we must have that v;(B) < %aﬁi at Line 25. It also follows
from that r < k* and Egs. (16) to (19) that

BUBS ™M UBSM U UBEY =BY UBY U UBY.
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These observations and Condition (C6) for t = s together establish
that

v; (U B,(Cs_l)) >0 (O Bl(:)) —0;(B)

k=r k=r

3 3
> (s—r+1—(|N|—s)(§a—1))ﬁi—Eaﬁi

:(s—r—(|N|—s+1)(ga—1))ﬁi. [

Lemmas 6 and 7 and Corollary 2 together lead to Corollary 3.

Corollary 3. IfLine 14 is reached, an a-MMS allocation (A;)ien for
I is returned at Line 27.

Proor. Lemmas 6 and 7 together ensure that Line 27 is suc-
cessfully reached after Line 14, with Conditions (C1) to (C6) ful-
filled for every t € {|N|,|N|—1,...,1,0}. Also given Conditions
(C1) to (C2) for t = 0 and Eq. (13) of Lemma 7, it is implied
that (Aj)ien = (Ai<,g))te{“\]|,‘]\”_1 """ 1 is a feasible allocation for
T . Corollary 2 and Eq. (14) of Lemma 7 also yield that

vVt € {IN],|N|-1,...,1},
establishing that (4;);en is an a-MMS allocation for 7. |

v (A ) = @iy = a (1)

Lemma 8. AprproxGoops runs in time O(|N||M]).

Proor. The recursion in Line 12 reduces |N| by one, while Lines
5 to 11 run in time O(|M]). In each of the |N| iterations of the outer
for-loop (Lines 15 to 26), the inner for-loop (Lines 17 to 24) iterates
t —1 < |N| < |M| times, during which the while-loop (Lines 18 to
24) iterates at most Z£=2(|BI<:)| — 1) < |M| times in total. O

4.4 Tight Instances for the Algorithm

Our analysis above is tight for any number of agents, even when
they have identical valuations.

Theorem 5. Foranyn € {1,2,...}, there is a single-category ordered
instance I, with n agents, 3n goods, and identical valuations, which
satisfies the following: for any ff € (35—2, ), no f-MMS allocation
for 1, is obtained by ApproxGoops given 1,, and any a € R as input.

PRrROOF. Let n be an arbitrary positive integer. We prove the
claimed property of the single-category ordered instance of goods
I, = (N, M, (v;)ien, (¢~, q")) defined as follows:

N:={12,...,n},
M = {g1, 92, . .
(q7.q%) =(3,3);

2n—j

3n-1
5n+1-j .

Tl_z{%] 1fn<]£3n—2,

3n—j

3n-1

Given the partition (P);_, € ¥ (Z,) of M defined as

~,93n},

if j<n,

vi(g;) = Vg; € M,Vi € N.

otherwise

ifk <2,

i Vk € {1,2,...,n},
otherwise

Py {9k Gn+k> Gan+1-k}
{9k> G3n-2k+3> G3n—2k+a}

we have that y;(Z,) = v;(P) = 1forany k € {1,2,...,n}andi € N.
2

Let us fix any f € (322, ), and suppose that APPROXGOODS runs
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given 7, and some a € R as input. Because [M| > |N| at Line 2,
and it also follows at Line 8 that

i (B,(ClNl)) = 0;({gk. gsn-2k+1, G3n-2k+2})

2n

_ {Snl

- 3n

3n-1

Line 9 is reached with fi; = 1 for every i € N. The rest of the

analysis depends on the regime of @ € R and confirms that the
algorithm never obtains a f-MMS allocation in any case.

if k=1,
Vk € {1,2,...,n},Vi € N,
otherwise

2n

3.7 - Because Line 13 is reached with

2n
g <B=Fur (L),

(Aj)ien is then not a f-MMS allocation for 7.

Case 1: Suppose o <

Oj* (Ai*) = U ({gna In+1, 93n}) =

Case 2: Suppose 72 1. Then B = B;‘ND for each t €

{n,n—1...,2} at Line 26. In the final iteration with ¢ = 1, Line 16
is thus reached with

< a <

2n
Ui(B) = Ui(Bil)) = Ul(B§|N|)> = ﬁ

which immediately makes Line 25 unsuccessful.

<a=alf; ViEN(l),

Case 3: Suppose a > 1. Then ApPPROXGoODSs never successfully
terminates; otherwise, Lines 25 and 26 would imply that

n n

vi(M) = Z vi(Ajn) = Z o0 (A
=1 =1
n
> afi =na>n Vi e N,
=1
which contradicts the definition of Z,. O

5 DISCUSSION

A promising future work is to improve our MMS approximations,
given their better counterparts in the unconstrained setting [55, 54].
A tantalizing question is whether imposing lower quotas strictly
decreases the best MMS approximation achievable. Allowing for
non-additive valuations would also be of interest.

Beyond MMS fairness, it may be even more desirable to obtain
simultaneous guarantees across different fairness criteria [44], such
as a pair of envy-based and share-based notions [10, 32, 5, 12].
Moreover, extending our results to randomized allocations [13, 15,
17, 3] and/or online arrivals [7, 83, 73, 75, 61] would be of both
theoretical and practical significance.

In addition to fairness, allocation efficiency is another central
issue. A large body of work has sought to simultaneously achieve
fairness and efficiency, both in the unconstrained setting [31, 21,
23, 68, 22] and under constraints [76, 81, 33, 58], motivating us to
explore the trade-off between MMS approximation and various
efficiency measures both under quota constraints and beyond. It
would also be relevant to quantify the price of (i.e., the welfare loss
due to) lower quotas, as suggested by Lam et al. [63].
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