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ABSTRACT

We study the fair allocation of indivisible goods among agents, with
a focus on limiting envy. A central open question in this area is
the existence of EFX allocations—allocations in which any envy of
any agent i towards any agent j vanishes upon the removal of any
single good from j’s bundle. Establishing the existence of such allo-
cations has proven notoriously difficult in general, but progress has
been made for restricted valuation classes. Christodoulou et al. [31]
proved existence for graphical valuations, where goods correspond
to edges in a graph, agents to nodes, and each agent values only in-
cident edges. The graph was required to be simple, i.e., for any pair
of agents, there could be at most one good that both agents value.
The problem remained open, however, for multi-graph valuations,
where for a pair of agents several goods may have value to both.
In this setting, Sgouritsa and Sotiriou [52] established existence
whenever the shortest cycle with non-parallel edges has length at
least six, while Afshinmehr et al. [3] proved existence when the
graph contains no odd cycles.

In this paper, we strengthen these results by proving that EFX
allocations always exist in multi-graphs that contain no cycle of
length three. Assuming monotone valuations, we further provide a
pseudo-polynomial time algorithm for computing such an alloca-
tion, which runs in polynomial time when agents have cancelable
valuations, a strict superclass of additive valuation functions. Ac-
cordingly, our results stand as one of the only cases where EFX
allocations exist for an arbitrary number of agents.

KEYWORDS
Algorithmic Game Theory; Fair Allocation; Graphs

ACM Reference Format:

Mahyar Afshinmehr, Arash Ashuri, Pouria Mahmoudkhan, and Kurt Mehlhorn.

2026. EFX Allocations Exist on Triangle-Free Multi-Graphs. In Proc. of the
25th International Conference on Autonomous Agents and Multiagent Sys-
tems (AAMAS 2026), Paphos, Cyprus, May 25 — 29, 2026, IFAAMAS, 10 pages.
https://doi.org/10.65109/XYOA9688

This work is licensed under a Creative Commons Attribution Inter-
BY national 4.0 License.

Proc. of the 25th International Conference on Autonomous Agents and Multiagent Systems
(AAMAS 2026), C. Amato, L. Dennis, V. Mascardi, J. Thangarajah (eds.), May 25 — 29,
2026, Paphos, Cyprus. © 2026 International Foundation for Autonomous Agents and
Multiagent Systems (www.ifaamas.org). https://doi.org/10.65109/XYOA9688

2419

Arash Ashuri
Independent Researcher
Tehran, Iran
arashashoori1l99821@gmail.com

Kurt Mehlhorn
Max Planck Institute for Informatics,
Saarland Informatics Campus
Saarbriicken, Germany

mehlhorn@mpi-inf.mpg.de
1 INTRODUCTION

Research on Fair Division studies how to distribute resources among
multiple agents in a way that is considered fair. This problem arises
in diverse domains, including business asset division, computational
resource allocation, course assignments, and dispute resolution,
such as divorce settlements and air traffic management ([24, 34, 48,
50, 54]). Since the seminal work of Steinhaus, the field has evolved
at the intersection of economics, mathematics, computer science,
and social choice theory, becoming a mature area driven by both
theoretical and practical relevance. For surveys, see [9, 20, 21, 51].

Over the past decade, research on fair division has primarily fo-
cused on allocating indivisible goods, with the central goal of mini-
mizing envy among agents. Since some degree of envy is inevitable
in certain instances!, much of the literature has concentrated on
relaxations of exact envy-freeness and on understanding the extent
to which these relaxations can be guaranteed or approximated.

The first relaxation of envy-freeness is envy freeness up to some
good (EF1), introduced formally in [23] and shown achievable earlier
in [44]. An allocation is EF1 if for any two agents i, j with assigned
bundles X, Y, respectively, there exists some good g € Y such that i
weakly prefers X to Y \ {g}.

A particularly compelling notion is envy-freeness up to any good
(EFX), introduced by Caragiannis et al. [27]. An allocation is EFX if
removing any good from the bundle allocated to an agent would
ensure that no agent envies the remaining bundle. The EFX criterion
strikes a delicate balance between fairness and feasibility, and has
therefore emerged as a central benchmark in the study of indivisible
goods allocation. Despite its appeal, the existence of EFX allocations
in general remains a major open problem. Over the last few years,
significant progress has been made by identifying valuation classes
where EFX allocations are guaranteed to exist.

Today, we know that EFX exists in restricted settings, such as
when agents’ valuations are identical [49], monotone but only up
to two types [45], additive but only up to three types [39], or binary
[22]. For three-agent instances, EFX allocations were shown to
exist for additive valuations [28], subsequently extended to nice
cancelable valuations [17] and MMS-feasible valuations [4].

Christodoulou et al. [31] proved that EFX allocations exist when
valuations are represented by a simple graph: goods are edges,

!For example, if a single good is more valuable than all others combined, any agent
who receives it will inevitably be envied.
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agents are nodes, and each agent values only incident edges. This
model naturally captures settings such as allocating natural re-
sources among neighboring countries, office spaces among research
groups, or public areas among communities.

The natural next step is to consider multi-graph valuations, an
open question raised by Christodoulou et al. [31], where multiple
goods may connect the same pair of agents. This setting is sub-
stantially richer and more complex. Understanding whether EFX
allocations always exist in this model has emerged as a key open
question. Independently, Afshinmehr et al. [3], Bhaskar and Pandit
[18], Sgouritsa and Sotiriou [52] established the existence of EFX al-
locations when the underlying multi-graph contains no odd cycles.
Moreover, Sgouritsa and Sotiriou [52] proved that EFX allocations
exist whenever the shortest cycle with non-parallel edges has length
at least six, while Bhaskar and Pandit [18] further showed that if the
underlying graph is t-colorable and its shortest cycle has length at
least 2t — 1, then an EFX allocation is guaranteed. Afshinmehr et al.
[3] also proved the existence of EFX allocations on multi-graphs
when the underlying graph is a single cycle.

1.1 Our contributions and Techniques

In this work, we answer the open question raised by Christodoulou
et al. [31] and strengthen the previously known results in the multi-
graph setting, and take a significant step toward resolving the
general existence question for multi-graph valuations. Specifically,
we prove that EFX allocations always exist when the underlying
multi-graph contains no cycle of length three. This substantially im-
proves upon the previous six-cycle bound proved by Sgouritsa and
Sotiriou [52], and pushes further the no odd-cycle result proved
by Afshinmehr et al. [3]. We present a pseudo-polynomial time
algorithm for computing an EFX allocation under monotone valua-
tions. Furthermore, when agents have cancelable valuations, a strict
superclass of additive valuations, our algorithm runs in polynomial
time (see Theorem 3.1).

In general, our results go strictly beyond the work of Afshin-
mehr et al. 3], Bhaskar and Pandit [18], Sgouritsa and Sotiriou [52]
and expand the frontier of known valuation classes for which EFX
allocations are guaranteed to exist, and provide efficient methods
for computing them.

Complete Version. Due to space limit of the paper, we defer some
of the proofs to the full version [2]. More specifically, we defer the
proof of Lemmas 3.6, 3.9, 3.11, and 3.12 to the full version of the

paper.

Technical Overview. We give a brief and simplified description of our
techniques to prove the existence of EFX allocations on triangle-free
multi-graphs. Our Algorithm consists of three phases that move in
the space of partial EFX allocations.

Phase One. For each pair of agents i and j, we partition the set
of edges between them into two bundles, which we refer to as unit
bundles. More precisely, we designate an agent to divide the set
of items shared by i and j into two EFX-feasible? bundles from
her perspective. These unit bundles remain fixed throughout the

2Given a partition Y = (Y3, -+, Y]) of a set S, we say a bundle Y} is EFX-feasible
for an agent i, if i weakly prefers Yi to every other bundle in the partition after the
removal of any item from it.
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algorithm: if an agent receives one item from a unit bundle, she
receives the entire bundle.

In Phase One, each agent i is assigned exactly one of her incident
unit bundles, subject to the following conditions:

(1) The resulting partial allocation is EFX.

(2) Each agent weakly prefers her own bundle to every unallo-
cated incident unit bundle.

(3) The longest path in the envy graph® has length at most one.

To ensure these properties, agents select their most preferred
unallocated incident unit bundle in a carefully chosen order. Both
the selection order and the construction of unit bundles are essential
for maintaining the above invariants. For instance, if agent i comes
before agent j in this order, then agent j cuts the set E(i, j)* into two
EFX-feasible bundles for herself, that are the unit bundles between
agents i and j.

If, at the end of Phase One, no agent envies another, then the
remaining unit bundles can be allocated as follows: for each pair of
agents i and j, one of the unit bundles between them is assigned to
i, and the other to j, while ensuring that each agent retains the unit
bundle assigned to her in Phase One. This yields a complete EFX
allocation. The justification is that, for every pair (i, j), the value of
Jj’s bundle from i’s perspective equals the value of the unit bundle
incident to both i and j that is allocated to j. By construction, this
value does not exceed the value of i’s own bundle—since that unit
bundle is either (a) unallocated after Phase One, in which case i
does not envy it, or (b) allocated to j, in which case i does not envy
it by assumption.

If, however, some agents are still envied after Phase One, then
every non-envied agent i can nevertheless be assigned one of her
incident unit bundles in E(i, j) for every other agent j while pre-
serving the EFX property, by the same argument. The remaining
challenge lies in allocating the unassigned unit bundles incident to
envied agents.

Phases Two and Three. The second and third phases of the algo-
rithm are designed to allocate these remaining unit bundles that are
incident to envied agents. After phase one, the envy graph would
look like a set of stars since the length of its longest path is at most
one.

Consider an arbitrary star centered at a non-envied agent iy, who
envies agents iy, iz, and also consider some additional agent j (see
Fig. 1). Let (Cy, C;) denote the unit bundles between agents i; and
Jj. Similarly, let (Dy, D;) denote the unit bundles between agents i,
and j. We attempt to allocate the remaining incident unit bundles
C; and D; to agent i, allowing the allocation to assign an item to a
non-incident agent.

Note that agent j does not envy iy’s original bundle X;,, since
the longest path in the envy graph has length one. Therefore, if j
does not envy the combined bundle C; U Dy, then she also does not
envy C; U D; U Xj,. This follows from the triangle-free property of
the multi-graph, which ensures that at least one of the sets C; U D;
or Xj, N E(iy, j) is empty.

If the attempt of allocating C; and D; to agent i fails to maintain
an EFX partial allocation, we adjust the allocation greedily. For

3The envy graph associated with a partial allocation has one node per agent, and an
edge from agent i to agent j whenever i envies j’s bundle relative to her own.
4E(i, j) denotes the set of items (edges) between agents i and j.
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instance, if C; U Dy is more valuable than agent j’s current bundle,
we instead allocate C; U D; to j. Furthermore, after adding these
unit bundles for every possible j, if agent i; comes to envy iy, we
swap the bundles of iy and ij, thereby making both agents happier.

The second and third phases of our algorithm consist of a se-
quence of such local adjustments—allocations and unallocations of
unit bundles—designed to preserve the EFX property while ensuring
that all items are eventually allocated.

Figure 1: This figure shows a star in the envy graph, and an
arbitrary agent j, and it depicts unit bundles among envied
agents of this star and agent j.

1.2 Further Related Works

In another line of research, Amanatidis et al. [10] showed that ev-
ery additive multi-graph instance admits a %—EFX allocation, and
Kaviani et al. [42] recently improved this bound to LZ—EFX. Fur-

thermore, Kaviani et al. [42] showed that EFX allocations exists on
multi-graphs if the valuation functions are restricted additive. Zhou
et al. [57] studied the mixed manna setting with both goods and
chores, proving that deciding the existence of EFX orientations on
simple graphs with additive valuations is NP-complete. Zeng and
Mehta [55] established a connection between the existence of EFX
orientations and the chromatic number of the graph. Blazej et al.
[19] refined this complexity landscape by showing that bipartite-
ness is a tight boundary for tractability, identifying hardness even
for graphs very close to bipartite. More recently, Deligkas et al. [33]
proved that EF1 orientations always exist for monotone valuations.

For more general settings, a lot of work has focused on relax-
ations of EFX. One such relaxation has aimed to achieve multiplica-
tive approximations of EFX. Plaut and Roughgarden [49] showed
the existence of 1/2-EFX allocations for subadditive valuations, and
Amanatidis et al. [11] proved the existence of 1/¢ ~ 0.618-EFX
allocations for additive valuations. 2/3-EFX allocations were shown
to exist for more restrictive settings like when there are at most
four types of valuations [40], at most seven agents [10], and when
the agents agree on what are the top n items [47]. Barman et al.
[15] achieved improved EFX approximations for restricted settings.

A related relaxation, EF2X, requires that envy disappear after
the removal of any two goods from any bundle. EF2X allocations
were shown to exist for four agents with cancelable valuations
[13], any number of agents with restricted additive valuations [8],
and with (o, 1)-bounded valuations [43]. Several other relaxations
of EFX have also been studied, such as EFL [14], EFR [35], EEFX
and MXS [7, 25]. In addition, several works have explored the si-
multaneous satisfaction of multiple fairness notions. For instance,
Akrami and Rathi [6] established the coexistence of 2/3-MMS and
EF1, Ashuri and Gkatzelis [12] combined MXS with EFL, and Feige
[36] achieved RMMS alongside EFL. Recently, Akrami et al. [5]
showed the coexistence of EEFX and EFL.
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Another line of research has focused on “partial allocations,”
donating some of the goods to charity and achieving EFX with the
rest. This was first studied by Caragiannis et al. [26] who showed
the existence of a partial allocation that satisfies EFX and its Nash
social welfare is half of the maximum possible. EFX allocations
were shown to exist up to n — 1 donated goods [30], subsequently
improved to n — 2 goods [17, 45]. Berger et al. [17] further showed
that an EFX allocation exists for 4 agents with at most one donated
good. The number of donated goods was improved at the expense
of achieving (1 — ¢)-EFX, instead of exact EFX [4, 16, 29, 41].

Another line of research is on indivisible chores, where each
agent is associated with a cost function. The following approxi-
mations of EFX were shown to exist: O(n?)-EFX [56], 4-EFX [38],
2-EFX for three agents [1, 32], and recently 2-EFX for any num-
ber of agents [37]. Surprisingly, Christoforidis and Santorinaios
[32] demonstrated that for monotone cost functions, there ex-
ist instances with no EFX allocation. Another major open ques-
tion—whether allocations can be both EF1 and PO—was recently
resolved affirmatively by Mahara [46].

2 PRELIMINARIES

An instance of discrete fair division is a tuple (N, M, {v;}ic[n]),
where N = [n] = {1,2,...,n} is a set of agents, M is a set of m
indivisible goods, and {v; }¢[n] is a profile of valuation functions,
where v; : 21 — Ry for each agent i € N determines i’s value
for each subset of goods. For notational simplicity, for a subset of
goods S and good g € S, we use S \ g to denote S \ {g}.

We consider valuation functions that are monotone, i.e., for any
S € T, v(S) < o(T). The valuation function v is additive if, for
any subset of items S, we have v(S) = 24ecsv({g}). The valuation
function v is cancelable if, for any S, T € M and any g € M\ (SUT),
ifo(SU {g}) > o(T U {g}), then v(S) > v(T), ie., removing the
same good from two bundles would not change the relative prefer-
ence between the two. Note that the class of cancelable valuation
functions is a strict superclass of additive valuations.

Multi-graph Instances. A fair division instance on a multi-graph®,
I = ([n],[m],{vi}ie[n)), is represented by a multi-graph G =
(V,E), where the n agents correspond to the vertices in V, and
the m goods correspond to the edges in E. The structure is such that
for every agent i € [n] and every subset of goods S C [m],0;(S) =
v;(S N E(i)), where E(i) C E is the set of goods incident to i, and
E(i, j) the set of edges between i and j. For a multi-graph G = (V, E),
we define its skeleton as a graph G’ = (V,E’) where G’ has the
same set of vertices, and there is a single edge between two vertices
if they share at least one edge in G, i.e., i is connected to j in G” if
E(i, j) # 0 in G. We call a multi-graph triangle-free if its skeleton
does not contain any cycle of length three, i.e., the girth® of its
skeleton is greater than or equal to four. In this work, we use the
words good, item, and edge interchangeably.

Allocations and Orientations. A partial allocation is an ordered
tuple of disjoint subsets of [m] denoted by X = (X3, ..., X,), ie,
for every pair of distinct agents i and j, we have X;, X; C [m] and
X; N Xj = 0. Here, X; denotes the bundle allocated to agent i € [n]

5A multi-graph may contain multiple edges between two vertices.
®The girth of a graph is the length of its shortest cycle.
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in X. A partial orientation is a partial allocation where Vi € [n], we
have X; C E(i). We say an allocation X is complete if |J X; = [m].
i€[n]

Envy, Strong Envy, EFX-Feasibility, EFX Allocation, EFX Cut, and
EFX Orientation. We say an agent i envies a bundle T with respect
tobundle S ifv;(T) > v;(S). Moreover, agent i strongly envies T with
respect to S if there exists a good g € T such that v;(S) < v;(T \ g).
Given an allocation X, we say agent i envies (respectively, strongly
envies) agent j if i envies (strongly envies) bundle X; with respect
to bundle X;. We say an allocation is EFX if there is no strong envy
between any pair of agents. Given a partition Y = (Y,...,Y;) ofa
subset of goods into k bundles, we say bundle Y; is EFX-feasible for
agent i in'Y if agent i does not strongly envy any of the bundles in Y
with respect to Y;. We say the partition C = (Cy, C,) of items in set
Sisan EFX cut of set S for agent i if both C; and C; are EFX-feasible
for agent i in C. For a fair division instance on a multi-graph, the
allocation X is an EFX Orientation if it is an EFX allocation and
X; C E(i) for every i € [n].

Next, we demonstrate a property of EFX orientations on multi-
graphs via the following observation.

Observation 2.1. For a multi-graph instance, consider a partial EFX
orientation X where an agent i is envied by one of her neighbors j.
Then, we must have X; C E(i, j). In particular, any agent is envied
by at most one agent in any EFX orientation.

3 EFX ALLOCATIONS ON TRIANGLE-FREE
MULTI-GRAPHS

In this section, we prove the main result of our work (Theorem 3.1),
the existence of an EFX allocation for triangle-free multi-graphs for
an arbitrary number of goods and agents with monotone valuations.

THEOREM 3.1. For every multi-graph instance, EFX allocations
always exist when the skeleton of the underlying multi-graph contains
no cycle of length three, and we can compute one in pseudo-polynomial
time when the valuation functions are monotone and in polynomial
time when the valuation functions are cancelable.

Our proof consists of three main phases: in the first two phases,
we deal with partial orientations. We will define a set of properties
in each phase and try to satisfy all of them. Note that in the second
phase, we aim to add properties to the output orientation of the
first phase while preserving the properties defined in the first phase.
Finally, in the third phase, we allocate the remaining items to a
third party, changing our orientation to an allocation, and complete
our EFX allocation. It is notable that the first two phases can be
applied to any multi-graph instance; i.e., we use the triangle-free
condition only in the final phase. We will now introduce each phase
and prove our main result in the following subsections.

3.1 Phase One

We generalize the concept of cut configurations, introduced by
Afshinmehr et al. [3], to the setting of all multi-graphs. Accordingly,
their definition relied strongly on the structure of a bipartite multi-
graph for which they showed the existence of an EFX allocation.
We define the concept of configuration for every pair of vertices in
any multi-graph as follows:
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Aiyj(X,zr) Aj,i(X,O')
XiNE(,j)=0,X;NE(i,j) =0 argmax {0;(C)} argmax {2;(C)}
cchl_ j(.l.)} Ce{Cji j.l.)}
XinE(i,j)=0,X;nE(,j) #0 E(i,j)\X; 0
XmE(m)#-@X NE@,j)=0 0 E(i, ) \ Xi
X;NE(,)) #0,XNE(G,j) %0 0 0

Table 1: Definition of A; (X, o) and A ;(X, o) when i <, j and
the j-cut configuration is fixed between agents i and j.

Definition 3.2 (Cut Configuration). For every pair of agents i and
J, we fix two partitions of the set E(i, j). The partition (C(l) C<2)) of
E(i, j) is an EFX cut for agent i and is called the i-cut conﬁguratzon
between agents i and j. Similarly, the j-cut configuration is the par-
tition (Cj(ll), C;?) of E(i, j) that is an EFX cut for agent j. Note that
the first index indicates which agent makes the cut.

We aim to fix a specific configuration between every pair of
vertices in our proof. We consider a sequence of agents denoted
by ¢ = [0(1),0(2),---,0(n)], where o(i) € [n]. Note that the
sequence o is a permutation of agents in [n]. Every such sequence
o imposes a fixed set of configurations on our input instance. More
precisely, if i precedes j in o (denoted by i <, j), then we use the
Jj-cut configuration for the set E(i, j) in our construction. Formally,
we define unit bundles as follows:

Definition 3.3 (Unit Bundles). For every sequence o of agents, if
i <o j, we define the bundles C( ) and C(Z) of the j-cut configuration
between agentsi and j as the unlt bundles between these two agents.
We say a unit bundle C is incident for agent i, if C is a unit bundle of
E(i, j) for some agent j.

Thus, we always deal with a sequence that has fixed configu-
rations in our graph. In this phase, we aim to find an appropriate
sequence that satisfies certain properties. We use the concept of
available edges for an agent, introduced by Afshinmehr et al. [3],
during our proof several times.

Definition 3.4 (A4; ; (X, 0) and A;;(X, 0)). For a partial orientation
X = (X, - ,Xy,) and a sequence o, and any two agents i and j where
i <o j,wedefinethesetsA; j(X,0) C E(i, j) and A; ;(X, o) C E(i, j)
in four cases using Table 1. We call A; j(X, o) the set of available edges
in E(i, j) for agent i, and similarly, A;;(X, o) the set of available
edges in E(i, j) for agent j.

In our construction, for every pair of agents i and j, we allocate
at most one of the unit bundles in E(3, j) to agent i. Accordingly,
A; j(X, 0) is in fact the most valuable unallocated unit bundle that
agent i can get from the set E(i, j) subject to the mentioned re-
striction. Moreover, if an agent like i receives one item from a unit
bundle, she receives the entire bundle, i.e., for an agent i and unit
bundle C, if there exists a good g € X; N C, then C C X;.

Next, we introduce the key properties that we aim to satisfy in
the first phase of our algorithm.

Key Properties: In this phase, we search for a partial allocation
X = (X1, -+ ,Xn) and a sequence o = [0(1),- -, o(n)] satisfying
the following properties:
(1) Xis an EFX orientation.
(2) For any two agents i and j where i <, j, the items in
E(i, j) must be allocated according to the j-cut configuration
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(C(l)
Ji

of the following must hold in X: either no item in E(i, j) is
allocated or one of the unit bundles in the j-cut configura-
tion is allocated to either i and j and the other unit bundle is
unallocated or both unit bundles in the j-cut configuration
are allocated, one to i and one to j. Note that additional items
may be allocated to i or j.

(3) For any agent i and any unallocated unit bundle C, we have
vi(Xi) 2 0i(C).

(4) The length of any envy path’ in the graph is at most one.

(2) . . .
C;') to either one of their endpoints. Formally, one

We now prove that there exists an allocation X and sequence ¢
satisfying all four properties simultaneously.

3.1.1  Satisfying Properties (1)-(4). We design an iterative algorithm
to compute a partial allocation X and sequence ¢ simultaneously
such that they satisfy properties 1-4.

In each step of our algorithm, we use two disjoint partial se-
quences oy, and og together with a set U containing agents that
are not in any of these sequences. Furthermore, X = (X1, - - - , Xp,)
denotes the partial allocation in each step. More precisely, we will
gradually build the sequence ¢ from both sides by appending agents
to the end of the sequence oy, or to the beginning of the sequence og.
This means that in each step, our final sequence ¢ has the form of
o = [o1(1), -+ ,or(olur, - u), or(1), - -, or(|o])] Where
u; € U. Basically, the exact place of agents outside of U is deter-
mined, and we only do not know the ordering of agents in U in
our final sequence. Note that the configuration between any agent
i € [n] \ U and any other agent j is fixed in any step of the algo-
rithm. Also, for an agent i € U, the bundle X; is not yet determined.
In each step, we will gradually build ¢ by fixing the position of
some agents in U in our sequence and allocating a unit bundle to
each of them, and then remove them from U.

We begin with o = og = [] and U = [n]. In each step, we
will decrease |U| by at least one, while maintaining the following
invariants:

(i) Every agent in oy, and og has received a unit bundle that
is incident to her and another agent in oy or o, that is, no
agent in these two partial sequences has received any item
incident to agents in U.

(ii) For any agent i € U, we have X; = 0.
(iii) The allocation X is an orientation.
(iv) Agents in o7, and og do not strongly envy any bundle in X.

(v) Agents in o1, do not envy any agent in X.

(vi) Agents in og do not envy each other.
(vii) For any agent i ¢ U and any other agent j € [n] property 2
holds. Additionally, for any agent i ¢ U, property 3 holds.

In the beginning, we have o1 = og = [] and U = [n], which
clearly satisfy all invariants. Thus, it remains to show that we can
move in the space of partial allocations satisfying invariants (i)-(vii)
while decreasing the number of agents in U.

Now, we go over a single step of our algorithm and show that
we can decrease |U| while maintaining all invariants. Consider a
single step of our algorithm with U # (. Note that the configuration
between any agent in U and any agent in [n] \ U is fixed before this

Tip — iy — -+ — ijisan envy path if each agent iy envies the agent ig.;.
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step. Let i be an arbitrary agent in U. We will append i to the begin-
ning of og, and remove i from U. Therefore, for any agent u € U,
the configuration between u and i will be fixed to i-cut. Thereby, we
have all the configurations in which agent i is involved in. Although
o is not complete yet, with a slight abuse of notation, we use the def-
inition of A; (X, o). This is indeed valid, because the unit bundles
incident to agent i are fixed. Let j = arg max;¢ [, vi(A;;(X, 0)). If
j € U, we allocate A; (X, o) to agent i and stop. Otherwise, we
add j to the end of o7, and remove j from U, thereby fixing configu-
rations involving j. Let k = arg maxy¢[,; v;(Ajx (X, 0)). There are
three cases:

e Case 1: k = i. We allocate A;;(X, o) to agent j and then
repeat the procedure for agent i, that is we will again find
an agent j = arg max; [, vi(A;;(X, 0)) and continue.
Case 2: k # i and k ¢ U. We allocate A; (X, o) to agent j
and A; (X, o) to agent i and stop.

Case 3: k # i and k € U. We allocate A; (X, 0) to agent j
and A; (X, o) to agent i. Then, we add k to the beginning
of or and then repeat the procedure that we did for agent
i exactly for agent k, that is we will again find an agent

Jj =argmax;e, 0k (Ag, j (X, o)) and continue.

NS
Formally, the procedure is defined using Algorithm 1. Lemma 3.5
shows that this procedure maintains our seven invariants and de-

creases |U]|.

Lemma 3.5. Algorithm 1 holds invariants (i)-(vii) and decreases |U]|.

Proor. First, note that the procedure defined by Algorithm 1
terminates since it decreases |U| by at least one. By construction,
whenever an agent receives a unit bundle, it has already been re-
moved from U and been added to either oy, or og. Moreover, when-
ever an agent receives a unit bundle incident to an agent in U,
this agent will be removed from U and will be added to either op,
or og. Also, agents only receive incident unit bundles. Therefore,
invariants (i), (ii), and (iii) hold. Every agent i ¢ U receives only a
single unit bundle. Accordingly, whenever such an agent receives
a unit bundle, it is chosen greedily among all of her unallocated
incident unit bundles, meaning that invariant (vii) is maintained.
Therefore, we need to prove that invariants (iv)-(vi) hold.

Note that during Algorithm 1, agents that are added to og are
denoted by i, and agents that are added to oy, are denoted by j.

First, we show that Algorithm 1 maintains invariant (v). When-
ever an agent j is added to the end of oy, she greedily picks a unit
bundle. Note that whenever agent j receives a unit bundle, the
other agents in oy, or o have not yet been assigned a unit bundle
incident to agent j by invariant (i), so agent j does not envy any
other agent. By invariant (vii), agents previously in o, do not envy
the unit bundle that j is receiving. Therefore, invariant (v) holds.

Next, we show that Algorithm 1 maintains invariant (vi). When-
ever an agent i is added to og and eventually receives a unit bundle,
she does not envy agents who were previously added to og since
they are not receiving a unit bundle incident to agent i by invari-
ant (i). Moreover, agents previously in og do not envy agent i by
invariant (vii). Therefore, invariant (vi) also holds.

Finally, we show that Algorithm 1 maintains invariant (iv). Note
that by invariant (v), we only need to show that agents in og do
not strongly envy any bundle in X. Consider an agent j in or,



Research Paper Track

and an agent i in og. If X; N E(i, j) = 0, then, agent i does not
envy agent j. Otherwise, agent j has received a unit bundle from
E(i, j) and the configuration between agents i and j is fixed to i-cut.
Therefore, whenever agent i receives a unit bundle, A; (X, o) is
the unit bundle in E(i, j) that is not allocated to j, and since agent i
picks an available unit bundle incident to her greedily, she receives
a unit bundle with a value at least as much as A; ; (X, o) to her. Thus,
by the definition of our configurations, agent i will not strongly
envy agent j, meaning that invariant (iv) also holds. O

Algorithm 1: Sequence Augmentation

Input: Partial allocation X, sequences oy and og, and set U
satisfying invariants (i)-(vii).

Output: Partial allocation X, sequences oy, and og, and set
U satisfying invariants (i)-(vii) with strictly
decreased |U]|.

1 i < an arbitrary vertex in U
2 og < [i,0r(1)," -+, or(log|)]
3 U« U\{i}
4 j < argmax e, vi(A;;(X 0))
5 while j € U do
op < [or(1),- -+, or(lowl), ]
U—U\{j}
k — argmax;.c(, v;(A;x(X 0))
if k =i then
Xj — Aj,,»(X, O')
J < argmax

6
7
8
9
10

11

0i(A; (X, 0))

jeln]
else if k ¢ U then
X %Aj,k(X,U)
| break

else if k € U then
X; — Ajr(X 0)
X,‘ <—Ai,j(X, O')
i—k

or < [i,or(1),- -, or(|or])]
U—U\{i}

J < argmax

12

13

14

15

16

17

18

19

20

21

en) V(A (X, 0))

Xi — Ai,j(X, O')
return X, oy, og, U

22

23

Now, we are able to prove the main Lemma of this section:

Lemma 3.6. There exists a complete sequence o and a partial allo-
cation X satisfying properties 1-4.

Now that we have proved the existence of an allocation X and
sequence o satisfying properties 1-4, we have completed our first
phase. Before moving to the second phase, we give an intuitive
observation on the sequence o:

Observation 3.7. Let o be the output sequence for phase one. We
construct an allocation X" as follows: we fix the configurations imposed
by o, i.e, for any pair of agents i and j where i <, j, we use the
Jj-cut configuration between agents i and j. Then, we run a greedy
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algorithm using o as a picking sequence. More precisely, the greedy
algorithm consists of n iterations, where in each iteration k, agent
o(k) will greedily pick the most preferred unallocated unit bundle
for her. The output of such a greedy algorithm using o as a picking
sequence is identical to the allocation X, which was the output of
phase one, i.e, X' =X.

3.2 Phase Two

Let the allocation X and sequence o be the outputs of the previous
phase. The sequence ¢ will be fixed for the rest of our algorithm.
We aim to add three more properties to the allocation X. We begin
by defining some useful notation and then introduce three new
properties. Since o is fixed, we will drop it from our notation.

3.2.1 Some Useful Notations. For a partial allocation X and a se-
quence o satisfying properties 1-4, we introduce the following
definitions:

e Given any pair of agents i, j, we define Bl.(j.) (X), Bg) (X),

B;}i) (X), and B;i) (X) as follows:

— If both of the unit bundles in E(i, j) are unallocated, then
Blg.) (X) = B;i) (X), and they are one of the unit bundles
in E(i, j), and Bg) X) = B;li) (X) are the other unit bundle
in E(i, j).

— If agent i possess a unit bundle in E(i, j), then BS.) X) =
B;j.) (X) = 0, and the same follows for agent j.

- If agent i does not possess a unit bundle in E(i, j), and j
possess a unit bundle in E(j, j), then Bi(j.) (X) = Bl.(j.) (X)
and they are the unallocated unit bundle in E(i, j), and
the same follows for agent j.

o Fori € [n]. let B (X) = Ujepap i) B (X) and B (X) =

Useinnn Biy (X).

e Fori € [n], U;(X) is the set of all unallocated edges incident
to i. Note that Bfl) (X), sz) (X) € Ui(X).
Next, we introduce our new properties that we wish to add to
our partial allocation:

Key Properties: We search for a partial allocation X = (X3, -+, X;)
that satisfies the following properties in addition to properties 1-4:

(5) For any non-envied agent i € [n], we have B;l) X) = 0.
(6) For any non-envied agenti € [n], we have v;(X;) > v;(U;(X))
(7) For any envied agent i € [n], if j envies i, we have:

0:(X;) = 0;(X; U B™M (X)) and 0;(X;) = v;(X; U B (X)).

We will now introduce an algorithm that satisfies these proper-
ties by allocating or unallocating some unit bundles to agents. The
procedure is formally defined in Algorithm 2. The algorithm, first
checks if there exists an agent i for whom property 5 does not hold,
ie., Bfl) (X) # 0, then it allocates X; UBEI) (X) to agent i. Whenever
that property 5 holds, Algorithm 2 checks if there exists an agent i
for whom property 6 does not hold, i.e., v;(X;) < v;(U;(X)). Then,
for every j which there exists an unallocated unit bundle in E(, j),
agent i swaps it with her unit bundle in E(i, j), leaving the unit bun-
dle from every other j untouched. Note that the previous U;(X) is
now a subset of the new X;. Whenever that properties 5 and 6 hold,
Algorithm 2 checks if there exists an agent i for whom property 7
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does not hold, so if agent j envies i, then v;(X;) < v;(X; U Bf") X))
for some u € {1, 2}. Then, agents i and j swap the unit bundles in
E(i, j) with each other, and X; U BE“) (X) is allocated to agent i.
After the termination of our algorithm, by its definition, prop-
erties 5-7 hold. Thus, we need to show that algorithm terminates
in polynomial time while maintaining the first four properties. We
will show that each if statement preserves our first four properties.

Algorithm 2: Satisfying (5)-(7)

Input: (X, o) satisfying properties 1-4

Output: Allocation X satisfying properties 1-7
1 while at least one of properties (5)-(7) is not satisfied do
2 if there exists a non-envied agent i € [n] such that
Blgl)(X) # ( then
3 | X« XiUuB" (%)
4 else if there exists a non-envied agent i € [n] such that
0;(X;) < 0;(Ui(X)) then
5 let T ={j:E(j)NnU;(X) =0}
6 L Xi — (Xi N Ujer E(, ) U Ui(X)

7 else if there exists an agent i envied by j such that
0;(Xi) < 0i(X; U Bsu) (X)) for someu € {1,2} then

8 Let (Cy, C3) be the unit bundles of E(i, j).

9 Swap unit bundles C; and C;, between agents i and j.

10 X; « X; UB™ (X)

11 return X

We now introduce a potential function to show that our algo-
rithm terminates after a polynomial number of iterations. Let ¢; (X)
be the number of envied agents, ¢, (X) be the number of non-envied
agents violating property 6, and ¢3 (X) be the number of non-envied
agents breaking property 5. We define the lexicographic potential
function ¢(X) to be

H(X) = {¢1(X), $2(X), $3(X)),

which we will show that it decreases in lexicographic order in each
iteration. Lemmas 3.9, 3.11, and 3.12.

Observation 3.8. If the allocation X and sequence o satisfy prop-
erty 2, then for all agents i and j, we have that BS) (X),Bg) (X) €
(€W, c@ 0}, where CV,C@ gre the unit bundles between i and j.
Moreover, if (X, o) satisfy property 3, too, then for any pair of agents
i and j, we have v;(X;) > v;(B.?) (X)) andv;(X;) 2 v0:(B (X)).

Lemma 3.9. During the execution of Algorithm 2, whenever the first
if-statement is executed, the potential function ¢(X)strictly decreases
while properties 1-4 remain satisfied.

Observation 3.10. If allocation X and sequence o satisfy properties
1-5, then looking at the allocated edges we find
o Between two non-envied agentsi and j, both unit bundles must
be allocated by property 5.
o Between envied agent i and agent j who is the sole agent who
envies i, both bundles must also be allocated. This is because
i must possess some unit bundle that j envies, and due to
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property 4, j must be non-envied, so she has the remaining
unit bundle by property 5.

e Between envied agent i and non-envied agent j who does not
envy i, there must be a single unallocated unit bundle. Agent
i cannot possess any unit bundle from E(i, j); otherwise, she
would be strongly envied. Also, j must have a single unit bundle
from E(i, ), by property 5.

o Between two envied agents i and j, both unit bundles must be
unallocated.

Lemma 3.11. During the execution of Algorithm 2, whenever the
second if-statement is executed, the potential function ¢(X) strictly
decreases while properties 1-4 remain satisfied.

Lemma 3.12. During the execution of Algorithm 2, whenever the
third if-statement is executed, the potential function ¢(X) strictly
decreases while properties 1-4 remain satisfied.

Given that ¢ (X), ¢2(X) and ¢3(X) are each at most n, Algo-
rithm 2 satisfies properties 1-7 in at most n® iterations.

3.3 Phase Three

Let the allocation X and sequence o be the outputs of the first two
phases. After satisfying all our desired properties, we now allocate
the remaining unallocated unit bundles to a third-party to obtain a
full EFX allocation. Note that this is the only phase where we use
the assumption that our input instance is triangle-free.

Algorithm 3 takes (X, o) that satisfy properties 1-7 as input,
and then for every agent j who envies some agent i, adds Bgl) (X)
to agent j. We prove that this algorithm outputs a complete EFX
allocation in Lemma 3.13.

Algorithm 3: Dumping Remaining Items

Input: (X, o) satisfying properties 1-7
Output: An EFX allocation

1 for every envied agent i do

2 L Let j be the agent who envies i.

3

X; — X; UB™M(X)
4 return X

Lemma 3.13. Algorithm 3 terminates in at most n rounds, and
outputs an EFX allocation.

Proor. Algorithm 3 terminates in at most n iterations since
there are fewer than n envied agents. Prior to the execution of
Algorithm 3, Observation 3.10 implies that every unallocated unit
bundle resides in one of the following cases:

e Case 1: Between an envied agent i and a non-envied agent
Jj where agent j does not envy i. Here, agent j has received
a unit bundle from E(i, j) but agent i has not received a unit
bundle from E(i, j).

e Case 2: Between two envied agents i and k. Let j and [ be
the agents envying i and k, respectively. Note that since our
input instance does not contain a cycle of length three, we
have j # I.
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We first argue that after execution of Algorithm 3, all of the
items will be allocated, which is to show that all the unallocated unit
bundles will be allocated. In case 1, Bgl) (X) contains the unallocated
unit bundle in E(i, j), and it will be dumped to the agent who
envies agent i. In case 2, since both of the unit bundles of E(i, k) are
unallocated, by definition, we get that BE? (X) = E(i, k) \ B,i’li) (X).
Therefore, since BSC) X) ¢ BEI) (X), and B,(cli) X) ¢ B](Cl) (X), unit
bundles of E(i, k) will be allocated to jand I.

Next, we show that allocation remains EFX. Suppose agent i is an
arbitrary non-envied agent, and she envies agents ji, ..., j, prior
to execution of Algorithm 3. Since, allocation was EFX prior to the
execution of Algorithm 3, and no envied agent receives any new
item, and also no agent loses any item, we only need to show that
no agent envies agent i after that X = X; U B;ll) X)u...u Bg) (X)
is allocated to i.

For any agent j, € {ji,..

U BJ(.;)(X) NE(jp) =0
q<(z]\{p}

because the underlying multi-graph is triangle-free, and j, and j,
are both adjacent to i, so Jp and Jq are not adjacent. Hence,

.» jz}, we have that

vj,(X;,) = 0, (X; U Bj(;) (X)) =v;, (X)),
where the first inequality is due to property 7.

Now, it remain to show the same for agents r & {i, ji,..., j.}.
Note that since the underlying multi-graph is triangle-free, r is
either not adjacent to i, meaning X; N E(r) = 0 or r is not adjacent
to every jq € {j1,...,j.}, meaning Uge[ BJ(;)(X) NE(r) = 0.
Thus, we only need to show that v,(X,) > v,(X;) and v,.(X;) >
0r(Ugelz) B;.;)(X)). The first inequality holds since agent i was
non-envied. For the second inequality, note that

(1) _ (1)
U B (X) N E(r) = U B (X).
qelz] q¢€lz]
If r is non-envied, since every unit bundle BY (X) is in U, (X)
Jg-"
then by monotonicity and property 6:

0,(X,) 2 0, (Up(X)) 2 o ( | ] BY. (X)) =o( | B (X)).

qelz] qelz]

If r is envied, since every j, is also envied, both unit bundles
between r and j, are unallocated, so BJ(;))r X) = szj)q (X), and

therefore,
(1) _ (1) _ (2) (2)
U BYoonER = [ BY,x) = | B %0 < B (X,
q<lz] q€lz] q€lz]

Thus, recalling the monotonicity of the valuation functions and
by property 7, we find

0,(X,) 2 0 (B (X)) 2 0, (] BI)) ONE(M) =0, ] B (%)),
q¢lz] g¢lz]
Either way, the desired inequality holds. Thus, the proofis complete.
]

Now, we have proven our main result, i.e., we can obtain an EFX
allocation for triangle-free multi-graphs if we do the following: first,
execute Algorithm 1 for at most n times to satisfy properties 1-4.
Then, execute Algorithms 2, and 3 in order.
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3.4 Running Time

In this part, we analyze the running time of our algorithm. By
Lemma 3.5, executing Algorithm 1 at most n times satisfies proper-
ties 1-4, where each execution takes polynomial time. It is also clear
that Algorithms 2 and 3 terminate in polynomial time, as discussed
in previous sections. Therefore, the only part of our algorithm that
determines the running time is the computation of the Cut Config-
urations between any pair of vertices. Therefore, we briefly discuss
the running time of computing such configurations for different
classes of valuation functions.

EFX Cut Between Two Agents. It is well known that the simple
algorithm introduced by Plaut and Roughgarden [49], later referred
to as the PR algorithm by Akrami et al. [4], takes as input a mono-
tone valuation function v, a set of goods S, and a natural number
k, and outputs a partition (Y3,..., Y) of S such that every bundle
in the partition is EFX-feasible for an agent with valuation v. The
PR algorithm runs in pseudo-polynomial time for monotone valua-
tions (see the proof of Theorem 3.49 in [13]). Also, Ashuri et al. [13]
proposed a modified version of the PR algorithm and showed that,
for k = 2 and a cancelable valuation function, it runs in polynomial
time (see Lemma 4.7 in [13]).

Combining the results above from [13], we can conclude that
our result terminates in polynomial time for cancelable valuation
functions, which are a strict generalization of additive valuations,
and in pseudo-polynomial time for general monotone valuations.

4 CONCLUSION

In this work, we have studied a model that captures a setting where
each item is relevant to at most two agents, while any pair of agents
can have an arbitrary number of items that they both value, repre-
sented via a multi-graph. We advanced the understanding of fair
allocation by resolving a key open question on the existence of
EFX allocations in multi-graph valuation settings. By proving exis-
tence whenever the underlying graph contains no three-cycles, our
work strictly generalizes prior results and significantly broadens
the class of instances for which EFX fairness can be guaranteed.
Beyond existence, we contribute algorithmic insights by establish-
ing a pseudo-polynomial procedure for computing EFX allocations
under monotone valuations, which becomes polynomial when val-
uations are cancelable. These results mark one of the few known
cases in which EFX allocations exist for an arbitrary number of
agents, thereby moving the boundary of tractable and guaranteed
fairness further than previously known. Future directions include
tightening the structural assumptions on the graph, that is, allow-
ing cycles of length three to be presented in the graph structure,
and proving the existence of EFX allocations. We conjecture that
any fair division instance represented via a multi-graph admits an
EFX allocation. Moreover, computing such an allocation might be
possible by adding certain useful properties to our initial orienta-
tion (the output of our first phase). Another interesting direction is
to explore trade-offs between fairness and efficiency, for example,
by approximating Social Welfare or Nash Social Welfare.

Finally, we believe that the algorithmic insights gained by our
work on triangle-free multi-graphs will contribute to future re-
search on the existence and computation of EFX allocations in
more general settings.
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