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ABSTRACT
We consider the complexity of maximizing egalitarian welfare in

Friends and Enemies Games—a subclass of hedonic games in which

every agent partitions other agents into friends and enemies. We

investigate two classic scenarios proposed in the literature, namely,

Friends Appreciation (FA) and Enemies Aversion (EA): in the former,

each agent primarily cares about the number of friends in her coali-

tion, breaking ties based on the number of enemies, while in the

latter, the opposite is true. For EA, we show that our objective is

hard to approximate within O(n1−ϵ ), for any fixed ϵ > 0, and pro-

vide a polynomial-time (n − 1)-approximation. For FA, we obtain
an NP-hardness result and a polynomial-time approximation al-

gorithm. Our algorithm achieves a ratio of 2 − Θ( 1n ) when every

agent has at least two friends; however, if some agent has at most

one friend, its approximation ratio deteriorates to n/2. We recover

the 2−Θ( 1n ) approximation ratio for two important variants: when

randomization is allowed and when the friendship relationship is

symmetric. Additionally, for both EA and FA we identify special

cases where the optimal egalitarian partition can be computed in

polynomial time.
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1 INTRODUCTION
Hedonic Games (HGs) [16] provide a game-theoretic framework for

analyzing coalition formation among selfish agents and have been

extensively studied in the literature (see, e.g., [2, 3, 6, 8, 17, 19, 22]).

In these games, the objective is to partition a set of agents into

disjoint coalitions, with each agent’s satisfaction determined solely

by the members of her coalition.

Different preference models give rise to different subclasses of

HGs. For instance, in additively separable HGs (ASHGs) [8], agents

assign values to each other and evaluate coalitions by summing the

values they assign to every other member. A particularly natural
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scenario is when agents classify others as either friends or ene-

mies. Two canonical preference models have been studied in this

setting [14]: under Friends Appreciation (FA) preferences, agents
prioritize coalitions with more friends and, in case of ties, prefer

those with fewer enemies; conversely, under Enemies Aversion (EA)
preferences, agents prefer coalitions with the lowest number of

enemies and, if the number of enemies is the same, favor those with

more friends.

While most of the existing literature on HGs has focused on

stability, i.e., the resilience of an outcome to individual or group

deviations, another important concept in coalition formation is the

social welfare, which captures the quality of a partition. Specifically,

the utilitarian welfare, which is given by the sum of the agents’

utilities, measures the overall happiness of the agents in a given

partition. However, maximizing utilitarian welfare may come at a

cost of treating some agents badly if doing so increases the total

sum. In contrast, the egalitarian welfare is determined by the min-

imum utility among all agents. Thus, a partition that maximizes

the egalitarian welfare is fairer, in the sense that the lowest utility

is as high as possible. Despite its appeal, egalitarian welfare has

received limited attention in the context of hedonic games.

1.1 Our Contribution
We study the computation of the maximum egalitarian welfare in

Friends and Enemies Games.

For EA games, we prove that the problem is hard to approximate

within O(n1−ϵ ) for any fixed ϵ > 0, where n is the number of

agents, and complement this hardness result with a polynomial-

time algorithm achieving an (n − 1)-approximation. For FA games,

we show that maximizing egalitarian welfare is computationally

hard. We then provide a polynomial-time approximation algorithm

whose performance depends on the structure of the instance: it

achieves an approximation of 2 − Θ( 1n ), when every agent has at

least two friends, and an n/2-approximation in the worst case. We

further improve this result in two important settings, namely, (1)

when randomization is allowed, and (2) when the preferences are

symmetric, that is, the friendship relations are mutual. For both

cases, we design algorithms attaining an approximation ratio of

2−Θ( 1n ). Finally, we complement these results by identifying special

cases of both EA games and FA games where the optimal egalitarian

partition can be computed exactly in polynomial time.

1.2 Related Work
There is a substantial body of literature on hedonic games; we refer

the interested reader to [5] for a comprehensive overview. In what

follows, we focus on work that is directly related to ours.
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Aziz et al. [3] consider ASHGs, and show that computing an

optimal egalitarian partition is strongly NP-hard; moreover, verify-

ing whether a given partition maximizes the egalitarian welfare is

coNP-complete. The complexity of this problem is further inves-

tigated by Hanaka et al. [25], who identify several tractable cases.

Peters [31] obtained a related result, showing that an optimal egali-

tarian partition is polynomial-time computable in graphical HGs as

long as the underlying graph has bounded treewidth. In addition,

egalitarian welfare has been studied in online ASHGs [11] and in

ASHGs where at most k coalitions can be formed [33]. For simple

fractional hedonic games (sFHGs) with symmetric preferences, Aziz

et al. [4] show that maximizing the egalitarian welfare is NP-hard,
and provide a polynomial-time 3-approximation algorithm. Aziz et

al. also state that in instances where the underlying graph is a tree,

an optimal egalitarian partition can be computed in polynomial

time via dynamic programming. This idea was later formalized by

Hanaka et al. [24], who present an efficient algorithm for bounded

treewidth graphs. The egalitarian welfare has also been employed

as a quality measure for evaluating stable outcomes in modified

fractional HGs [29].

A closely related problem is the existence of a wonderful (a.k.a.

perfect) partition in HGs where agents have dichotomous prefer-

ences, that is, each agent values each coalition as either 0 or 1. A

wonderful partition is one where each agent assigns value 1 to

her coalition. Clearly, a wonderful partition exists if an only if

there exists a partition whose egalitarian welfare is 1. Establish-

ing whether such a partition exists is, in general, NP-hard [2, 30],

though some tractable cases have been identified [12, 30]. Notably,

the positive result of Constantinescu et al. [12] implies that the

problem of maximizing the egalitarian welfare in anonymous HGs

with single-peaked preferences is polynomial-time solvable.

Friends and Enemies Games constitute a widely studied subclass

of hedonic games and have been further extended to capture more

complex social contexts [7, 10, 13, 14, 27, 32]. In this line of research,

most of the focus has been on finding desirable outcomes according

to various stability notions. Beyond stability, aspects related to

strategyproofness have also been investigated [15, 20, 21, 28]. From

a welfare perspective, however, only the utilitarian welfare has

been studied. In particular, for EA preferences, maximum utilitarian

welfare is not approximable within a factor of O(n1−ϵ ), where n is

the number of agents; however, there is a polynomial-time O(n)-
approximation algorithm [21]. This bound can be improved, with

high probability, in scenarios where friend and enemy relations

are generated according to specific probabilistic models [9]. Even

under FA preferences, the problem remains NP-hard, though a

polynomial-time (4 + o(1))-approximation has been obtained [20].

To the best of our knowledge, egalitarian welfare has not previ-

ously been considered in Friends and Enemies Games.

2 MODEL AND PRELIMINARIES
Given a positive integer k , we denote by [k] the set {1, . . . ,k}.

In hedonic games, a set of n agents N = {1, . . . ,n} needs to
be partitioned into disjoint subsets. We refer to subsets of N as

coalitions; the set of all coalitions containing an agent i ∈ N is

denoted byN i
. An outcome of a hedonic gamewith the set of agents

N is a coalition structure, i.e., a partition π = {C1, . . . ,Cm } of N

such that∪mk=1Ck = N andCk ∩Cℓ = ∅ for all k, ℓ ∈ [m]with k , ℓ.
We denote by Π the set of all partitions of N . Given an outcome

π ∈ Π, we denote by π (i) the coalition in π that contains agent i .
The coalition N is called the grand coalition; abusing terminology,

we also refer to the partition {N} as the grand coalition. A coalition

of size 1 is called a singleton coalition.

In hedonic games, each agent i ∈ N is endowedwith a preference

relation ⪰i over N
i
. Given two coalitions X ,Y ∈ N i

, we say that

i weakly prefers X to Y if X ⪰i Y . These preferences are lifted to

partitions: an agent i ∈ N weakly prefers π to π ′
if π (i) ⪰i π

′(i).

2.1 Friends and Enemies Games
In hedonic games with friends and enemies, every agent i ∈ N

partitions the other agents into a set of friends Fi and a set of

enemies Ei , with Fi ∪ Ei = N \ {i} and Fi ∩ Ei = ∅. We write

fi := |Fi |, ei = |Ei | = n − fi − 1.

The agents’ preferences are based on Friends Appreciation(FA)
when for each i ∈ N it holds that X ⪰i Y iff

|X ∩ Fi | > |Y ∩ Fi | or

|X ∩ Fi | = |Y ∩ Fi | and |X ∩ Ei | ≤ |Y ∩ Ei | ,

and they are based on Enemies Aversion (EA) when X ⪰i Y iff

|X ∩ Ei | < |Y ∩ Ei | or

|X ∩ Ei | = |Y ∩ Ei | and |X ∩ Fi | ≥ |Y ∩ Fi | .

In other words, under FA, a coalition is preferred over another one

if it contains a higher number of friends; if the number of friends

is the same, the coalition with fewer enemies is preferred. On the

other hand, under EA, a coalition is preferred if it contains fewer

enemies; if the number of enemies is the same, the coalition with

more friends is preferred.

Example 1. Let us describe a simple instance for both FA and EA.
Note that once the friendship relationships are given, the enemy

relationships are uniquely determined. Therefore, we can define

an instance by specifying the friendship relations only. Let N =

{1, 2, 3} be the set of agents, and let F1 = {2}, F2 = {3}, F3 =
{2}; see Figure 1a, where a directed edge from agent i to agent j
represents i’s opinion of j, and solid and dashed edges represent

friend and enemy relations, respectively.

A well-studied class of hedonic games is additively separable

hedonic games (ASHGs), where agents assign values vi (j) to each

other, the utility ui (C) an agent i derives from a coalitionC ∈ N i
is

the sum of her values for the coalition members other than herself,

i.e., ui (C) =
∑
j ∈C\{i } vi (j), and C ⪰i D iff ui (C) ≥ ui (D). Given

a partition π , for each i ∈ N we write ui (π ) := ui (π (i)). Both
FA games and EA games can be encoded as ASHGs, with value

functions determined by friendship relationships. Indeed, in the FA
case, for every agent i ∈ N , we can set

vi (j) =

{
1, if j ∈ Fi ,

− 1

n , if j ∈ Ei .

so that the positive effect of one friend is greater than the overall

negative effect of all enemies. Similarly, in the EA case, we can set,
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1 3

(a) A game instance I.

2

1 3

(b) The friendship graph G f of I.

2

1 3

(c) The strong friendship graph G sf of I.

Figure 1: A game instance I of friends and enemies games and the corresponding graphs Gf and Gsf .

for every agent i ∈ N ,

vi (j) =

{
1, if j ∈ Fi ,

−n, if j ∈ Ei .

Example 2. Consider the instance described in Example 1 and the

partition π = {{1, 2, 3}}. Each agent i ∈ N has one friend and one

enemy inN , so under FAwe haveu1(π ) = v1(2)+v1(3) = 1− 1

3
= 2

3

and, similarly, u2(π ) = u3(π ) =
2

3
, whereas under EA we obtain

u1(π ) = v1(2) +v1(3) = 1 − 3 = −2, and also u2(π ) = u3(π ) = −2.

Observe that, under FA, the presence of an enemy in a coalition

may be tolerated as long as there is at least one friend, while, under

EA, the presence of an enemy is never acceptable, in the sense that

an agent would prefer to be a singleton coalition.

An FA or EA instance I is specified by a set of agentsN and the

set of friendship relations F = {(i, j) | i ∈ N , j ∈ Fi }. We denote by

F s the set of mutual friendships: F s =
{
{i, j} | i ∈ Fj ∧ j ∈ Fi

}
.

Graph Representation. In our discussion, we will make use of

two different types of graph representation:

• The friendship graph Gf = (N , F ), representing all directed
friendship relationships, and

• the strong friendship graph Gsf = (N , F s ), representing only

mutual friendship relationships.

Figures 1b and 1c show the friendship graph and the strong friend-

ship graph, respectively, for the instance described in Example 1.

When an instance is symmetric, that is, for all i, j ∈ N it holds that

i ∈ Fj if and only if j ∈ Fi , we have G
f ≡ Gsf

.

Throughout the paper, we may define a game instance either as

I = (N , F ) or by directly referring to the respective graph Gf
or

Gsf
, depending on the context. For simplicity, we will often omit I

from the notation, implicitly assuming that N and F are given.

2.2 Egalitarian Welfare, Approximation, and
Other Guarantees

For an instance I of an ASHG, we define the egalitarian welfare of

an outcome π as

ESWI (π ) = min

i ∈N
ui (π ) .

We are interested in finding outcomes that (approximately) max-

imize ESW. Accordingly, we define maxESW as the problem of

maximizing the egalitarian welfare. Given an instance I, we de-

note by opt(I) the value of an optimal solution of maxESW for the

instance I, and by OPT(I) any partition of the agents such that

ESWI (OPT(I)) = opt(I). When I is clear from the context, we

simply write ESW, opt, and OPT.

Remark 1. In any instance of EA or FA, if Fi = ∅ for some i ∈ N ,

then the maximum attainable egalitarian welfare is necessarily 0,

since i cannot achieve a positive utility in any coalition. In this case,

partitioning the agents into singletons is optimal. Henceforth, we

will always assume that Fi , ∅ for every i ∈ N .

Approximation Ratio. In this work, we aim to find partitions that

maximize the egalitarian welfare. Unfortunately, it turns out that

maxESW isNP-hard, both for EA and for FA. For this reason, we will
turn our attention to approximate solutions. Given an algorithm

A, we define its approximation ratio as follows:

rn (A) = max

I=(N,F ):
|N |=n

opt(I)

ESWI (A(I))
and r (A) = sup

n∈N
rn (A) ,

where A(I) is the partition returned by A on input I.

Guarantees for the Agents. In the pursuit of finding efficient

algorithms that yield good approximation for maxESW, we will

simultaneously provide some guarantees to (almost) all agents. In

particular, given an agent i , we say that a coalition C satisfies for i:

• allF, if all friends of i are included in C;
• onlyF, if C consists solely of friends of i , though not neces-

sarily all of them;

• oneF, if C contains at least one friend of i .

Let Γ be a guarantee that a coalition may fulfill for an agent.

A partition π guarantees Γ for A ⊆ N if each coalition C ∈ π
guarantees Γ to all agents in A ∩C . Moreover, π is a minimal-by-

refinement partition guaranteeing Γ for A ⊆ N if it is not possible to

split C into non-empty coalitions C1, . . . ,Ck so that the partition

π ′ = π \ {C} ∪ {C1, . . . ,Ck } guarantees Γ forA ⊆ N . IfA = N , we

say that π is a minimal-by-refinement partition guaranteeing Γ.
We now present an example to illustrate these notions.

Example 3. The grand coalition π = {N} satisfies allF. However,

it may fail onlyF, as there may exist an agent i with Fi , N\{i}. Un-
der our hypothesis that each agent has at least one friend, π also sat-

isfies oneF. In fact, under this hypothesis allF implies oneF. How-

ever, {N} need not be the minimal-by-refinement partition that sat-

isfies allF. Indeed, if N = {1, 2, 3, 4} and F1 = {2} , F2 = {1} , F3 =
{4} , and F4 = {3}, then the unique minimal-by-refinement parti-

tion satisfying allF is {{1, 2} , {3, 4}}.

3 ENEMIES AVERSION
When constructing (approximately) optimal partitions under EA
preferences, we can restrict our attention to mutual friendship

relationships only. Indeed, if some agent is in a coalition with an

enemy, her utility—and hence ESW—is negative, whereas for the

coalition structure π sing
that consists of n singleton coalitions we
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have ESW(π sing) = 0. Consequently, for ESW to be non-negative,

an outcome π must satisfy onlyF for all agents, i.e., each coalition

C in π must induce a clique in the strong friendship graph Gsf
.

Moreover, if π contains a singleton coalition, we have ESW(π ) ≤ 0,

even if π satisfies onlyF for all agents. Thus, for ESW(π ) to be

positive, π must satisfy onlyF and oneF for all agents, i.e., induce

a partition of Gsf
into cliques of size at least 2.

Combining these insights, we derive the following lemma.

Lemma 1. A partition π ∈ Π satisfies ESW(π ) ≥ 0 if and only if

π induces a clique partition of Gsf
. Furthermore, ESW(π ) > 0 if and

only this clique partition contains no cliques of size 1.

Thus, in an optimal coalition structure, the set of agents must

be partitioned into cliques. Moreover, to maximize the ESW, the

smallest clique in the partition must be as large as possible.

However, we will now see that this structural result does not

mean that maximizing ESW is easy.

3.1 Hardness of Approximation
Theorem 1. Under EA, for every ϵ > 0, there is no polynomial-

time algorithm that approximates maxESW within a factor O(n1−ϵ ),
unless P = NP. The hardness result holds even for symmetric instances.

To prove the theorem, we make use of an inapproximability

result for the closely related problem: Partition into Cliqes.

Partition into Cliqes (PC):

Input: An undirected graph G = (V ,E) and a positive integer

K ≤ |V |.

Question: Can the vertices ofG be partitioned into k ≤ K disjoint

sets V1, . . . ,Vk so that, for each h ∈ [k], the subgraph G[Vh ]
induced by Vh is a clique?

Let minPC denote the corresponding minimization problem, i.e.,

finding the minimum number of cliques in a clique partition of G.
Note that every graph admits a clique partition, since a single vertex

forms a clique of size 1. The problemminPC cannot be approximated

within a factor O(|V |1−ϵ ), for every ϵ > 0, unless P = NP [34].

Proof of Theorem 1. Assume there exists an n1−ϵ -approxima-

tion algorithm A for maxESW under EA, for some ϵ > 0. We will

show that this assumption contradicts the known inapproximability

result for the minPC problem.

Let G = (V ,E) be an arbitrary instance of minPC. We now con-

struct a corresponding EA instance I of the maxESW problem. By

Lemma 1, it suffices to describe the friendship graphGsf = (N , F s )
for I, since only coalition structures inducing clique partitions of

Gsf
offer non-negative ESW. To construct our instance I, we set

N = V ∪V ′
, where |V ′ | = |V | and V ′

is disjoint from V . For each
{u,v} ∈ E, we create an edge {u,v} ∈ F s . Additionally, we create an
edge between every pair of vertices inV ′

and connect every vertex

of V to every vertex of V ′
. Note that I satisfies n = |N | = 2 · |V |.

Let us now relate opt(I), i.e., the optimal maxESW value for I,

to the optimal value of minPC, denoted optPC, i.e., the minimum

number of cliques needed to cover the vertices of G = (V ,E). Let
V1, . . . ,Vk∗ be a partition of G into k∗ = optPC disjoint cliques.

Partition the vertices in V ′
into coalitions C ′

1
, . . . ,C ′

k∗ as evenly as

possible; this ensures that |C ′
h | ≥

⌊
|V |

k∗

⌋
for each h ∈ [k∗]. Now set

Ch = Vh ∪C ′
h for all h ∈ [k∗], and note that π = {C1, . . . ,Ck∗ } is

a clique partition of Gsf
. Since Vh , ∅ for all h ∈ [k∗], we obtain

|Ch | ≥
⌊
|V |

k∗

⌋
+ 1 ≥

|V |

k∗ for each h ∈ [k∗]. As the utility of each

agent in a clique of size t is t − 1, we obtain

opt(I) ≥
|V |

k∗
− 1 =

|V |

optPC
− 1. (1)

Consider now the partition π computed by our hypothetical

approximation algorithm A for maxESW, and let s = ESW(π ). By
Lemma 1, π must be a clique partition; moreover, ESW(π ) = s
implies that each coalition in π contains at least s + 1 vertices.

Hence, π consists of at most
2· |V |
s+1 disjoint cliques of Gsf

. We can

now convert π into a partition of G into k cliques with k ≤
2· |V |
s+1 ,

as the restriction of each coalitionC ∈ π to the nodes ofV is either

empty, if initially made by only agents inV ′
, or a clique ofG . Since

A computes an n1−ϵ approximation of maxESW, we have

opt(I)
s

≤ n1−ϵ . (2)

On the other hand, k ≤
2· |V |
s+1 implies s ≤ 2· |V |

k − 1; combining this

with (1), we get

opt(I)
s

≥

|V |

optPC − 1

2· |V |

k − 1

≥

|V |

optPC

2· |V |

k − 1

− 1 >
k

2 · optPC
− 1 , (3)

where the last two inequalities hold since 1 ≤
2· |V |

k − 1 <
2· |V |

k .

As n = 2 · |V |, by putting together (3) and (2), we obtain
k

optPC <

2·(2· |V |)1−ϵ+2. For sufficiently largeV , this quantity is smaller than

|V |1−ϵ/2, a contradiction to the inapproximability of minPC. □

3.2 Linear Approximation in Polynomial Time
By Lemma 1, to obtain a bounded approximation for a given EA in-

stance, we need to determine whether the associated strong friend-

ship graph Gsf
admits a non-trivial clique partition, i.e., a clique

partition in which each agent belongs to a clique of size at least 2.

Observation 1. If Gsf
does not admit a non-trivial clique parti-

tion, then a partition into singletons achieves optimal ESW. Otherwise,

any non-trivial clique partition guarantees an ESW of at least 1.

Note that a non-trivial clique partition exists if and only if it is

possible to partition the graph into triangles and a matching. This

observation enables us to design a polynomial-time algorithm that

computes an (n − 1)-approximation to maxESW.

Theorem 2. Under EA, there exists a polynomial-time algorithm

computing an (n − 1)-approximation to maxESW. Furthermore, if

ESW > 0, the computed partition satisfies oneF for all the agents.

Proof. The problem of finding a perfect covering of the ver-

tices of a graph by K2 and K3, i.e. cliques of size 2 or 3, admits a

polynomial-time algorithm [26]. We can execute this algorithm on

Gsf
. If the algorithm reports that there is no perfect covering of

Gsf
with K2 and K3, every partition of Gsf

into cliques contains a

singleton, and hence the maximum attainable egalitarian welfare

is 0 (so, in particular, a partition into singletons maximizes ESW).
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On the other hand, if the algorithm returns a perfect covering, it

corresponds to a partition of the agents into coalitions of size 2 and

3, which satisfies oneF. Any such partition guarantees utility of

at least 1 to every agent. Since the maximum utility an agent can

derive is at most n − 1, the ESW of the partition constructed by our

algorithm is within a factor of n − 1 from optimal. □

We also note that maxESW becomes easy if Gsf
is triangle-free,

that is, no cycle in Gsf
has length 3.

Theorem 3. Under EA, if Gsf
is triangle-free, maxESW is in P.

Proof. In a triangle-free graph, no clique has size larger than 2.

Thus, we proceed by computing a maximummatching inGsf
. IfGsf

admits a perfect matching, the maximum ESW is 1, and an optimal

partition is attained by creating a coalition for each pair of matched

agents. Otherwise, the maximum ESW is 0, and splitting the agents

into singletons is an optimal partition. □

4 FRIENDS APPRECIATION
For FA preferences, unless specified otherwise, we will work with

the Gf
graph. Let fmin = mini ∈N fi denote the minimum number

of friends of any agent, and set Nmin = {i ∈ N | fi = fmin}.

We start by presenting simple bounds on opt for maxESW; for the

upper bound, note that agents in Nmin have at most fmin friends,

and for the lower bound, consider the grand coalition.

Observation 2. Under FA, fmin − 1 < opt ≤ fmin.

Consequently, in every optimal partition, every agent i ∈ Nmin

must end up in a coalition that contains all of her friends.

Corollary 1. Under FA, any maxESW partition satisfies allF for

all the agents in Nmin.

4.1 NP-Hardness
It turns out that for FA preferences, too, computing a maxESW

partition is NP-hard; the hardness result persists even if agents’

preferences are symmetric.

Theorem 4. Under FA, maxESW is NP-hard. The hardness result
holds even for symmetric instances.

Our proof proceeds by a reduction from the Partition into

Triangles problem, which can be formulated as follows:

Partition into Triangles:

Input: An undirected graph G = (V ,E).
Question: Is it possible to partition V as S1, . . . , Sk so that for

each Sj , j ∈ [k], its induced subgraph is a triangle?

Partition into Triangles is known to be NP-hard [23]. Note

that we can assume that |V | = 3k for some k ∈ N, as otherwise we
trivially have a “no”-instance. Thus, in what follows, we will make

this assumption.

Proof. Consider an instance G = (V ,E) of Partition into

Triangles with |V | = 3k . We will construct a (symmetric) instance

of FA by specifying its associated graph Gsf
.

For each vertex v ∈ V we construct four vertices of Gsf
: av , bv ,

cv and zv . Thus, N = {av ,bv , cv , zv | v ∈ V } and n = |N | = 4 |V |.

For each v ∈ V , the graph Gsf
contains edges {av , zv }, {bv , zv },

and {cv , zv }. Also, for each edge {u,v} ∈ E of G, the graph Gsf

contains edges {au ,av }, {bu ,bv }, and {cu , cv }. This completes the

construction of Gsf
.

We claim that the instance of FA that corresponds to Gsf
admits

a partition π with ESW(π ) ≥ 3− 8

n if and only ifG is a yes-instance

of Partition into Triangles.

Indeed, let S1, . . . , Sk be a partition of G into triangles. For each

Sj , j ∈ [k], we create a coalitionCj = {av ,bv , cv , zv | v ∈ Sj }. This
coalition contains 12 agents, and each agent in it has 3 friends and

8 enemies, so the utility of each agent is 3 − 8

n .

Conversely, suppose our FA game admits a partition π with

ESW(π ) ≥ 3 − 8

n . Since n = 4|V | ≥ 12, 3 − 8

n > 2, so in this

partition, each agent must be in a coalition with at least 3 friends.

Thus, for each v ∈ V it holds that zv is in the same coalition as av ,
bv and cv (as zv has no other friends). It follows that each coalition

in π is of the form C = {av ,bv , cv , zv | v ∈ S}, where S is a subset

of V . Moreover, zv ’s coalition must contain at most 8 enemies,

implying |S | ≤ 3. Now, if |S | < 3 or if its induced graph is not a

triangle, there is an agent av inC that has fewer than 3 friends inC ,
and hence her utility is lower than 3− 8

n , a contradiction. Thus, each

coalition in π corresponds to a triangle in G, and these triangles

are pairwise disjoint, i.e., G admits a partition into triangles. □

In the remainder of this section, we present our approximability

results. We describe a simple algorithm whose approximation ratio

is linear in the number of agents. While the linear approximation

bound is tight for our algorithm, this is caused by instances with

fmin = 1: we show that as soon as each agent has at least two

friends, the approximation ratio of our algorithms becomes 2 −

Θ
(
1

n

)
. We also obtain

(
2 − Θ

(
1

n

))
-approximation results for two

other settings: for a randomized algorithm (in expectation) and for

symmetric instances.

4.2 Deterministic Bounded Approximation
Corollary 1 establishes that, in an optimal partition, the agents with

the minimum number of friends, i.e., the ones in Nmin, must be in

a coalition with all their friends. As the marginal contribution of

all enemies is, in absolute terms, less than that of a single friend, a

naive approach would be to partition the agents so that each agent—

not only the ones inNmin—is placed in a coalition together with all

of their friends, i.e., to create a partition that satisfies allF. Among

all such partitions, we prefer ones that avoid placing enemies in

the same coalition as much as possible. Thus, an attractive strategy

is to create a coalition for each weakly connected component of

Gf
; we refer to the resulting algorithm as WeaklyConn:

WeaklyConn: Given a graph Gf
, let π = (C1, . . . ,Cm ) be the list

of weakly connected components of Gf
; return the partition π .

Unfortunately, we will show that this algorithm does not always

provide a constant-factor approximation to maxESW.

Theorem 5. Under FA, the algorithm WeaklyConn guarantees an

approximation of 2 − 6

n+3 to maxESW if fmin ≥ 2 and
n
2
otherwise.

Proof. Consider an instance I of FA. By Remark 1, we can

assume that Fi , ∅ for all i ∈ N , as otherwise we can compute the

optimum. Let π denote the outcome returned by WeaklyConn on I.
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By Observation 2, we have opt ≤ fmin. On the other hand, in

π , every agent i ∈ N is in a coalition with fi friends and at most

n − fi − 1 enemies. Therefore,

ui (π ) ≥ fi −
n − fi − 1

n
= fi ·

n + 1

n
−
n − 1

n
.

Let j be an agent with minimum utility in π ; note that j ∈ Nmin.

The approximation ratio of WeaklyConn on I can be bounded as

opt(I)
mini ∈N ui (π )

≤
fmin

fmin · n+1n − n−1
n
=

fmin · n

fmin(n + 1) − (n − 1)
.

The ratio
fmin ·n

fmin(n+1)−(n−1)
is a decreasing function of fmin, so it takes

its maximum value, which is
n
2
, if fmin = 1. If fmin ≥ 2, we have

fj · n

fj (n + 1) − (n − 1)
≤

2n

2(n + 1) − (n − 1)
=

2n

n + 3
= 2 −

6

n + 3
.

This completes our proof. □

In the full version of this work [18], we give an example showing

that both bounds in the statement of Theorem 5 are tight.

4.3 Assigning Agents with Only One Friend
Theorem 5 establishes that the most challenging instances to ap-

proximate are those containing an agent who only has one friend. In-

deed, a constant approximation can be achieved as soon as |Fi | ≥ 2

for all i ∈ N . In the next sections, we show that constant-factor

approximation can be recovered in randomized and symmetric

settings. To this end, we need to tackle the problem of how to

assign agents who only have one friend. Hereafter, we denote by

N1(I) = {i ∈ N | fi = 1} the set of agents with a unique friend.

When I is clear from the context, we simply write N1.

IfN1 , ∅, Observation 2 and Corollary 1 establish that, to obtain

any approximation, we must satisfy oneF≡allF for all agents in

N1 and, moreover, opt ∈ (0, 1]. Given an FA instance I, we can

guarantee oneF to all agents inN1 by placing all agents in the same

coalition. A more sophisticated, yet tractable, approach is to create

a minimal-by-refinement partition that enforces oneF for all agents

in N1; we will refer to this algorithm as OneWeaklyConn.

OneWeaklyConn: On an inputGf = (N , F ), the algorithm creates

the graphG
f
1
= (N , F1) by onlymaintaining the friend relationships

of the agents in N1, i.e., it sets F1 = {(i, j) ∈ F | i ∈ N1}. Then it

splits the agents into the weakly-connected components ofG
f
1
, that

is, applies WeaklyConn on G
f
1
.

By construction, the partition computed by OneWeaklyConn is
the unique minimal-by-refinement partition that guarantees oneF

to all agents in N1. Indeed, if a partition π satisfies oneF for all

agents in N1, then every coalition S ∈ π must contain a weakly

connected component ofG
f
1
. Moreover, if S contains several weakly

connected components ofG
f
1
, thenπ is not aminimal-by-refinement

partition that satisfies oneF, as S can be split into smaller coalitions—

one for each weakly connected component of G
f
1
that it contains.

Next, we establish a useful connection between the utility of

agents in N1 in the minimal-by-refinement oneF partition and in

an optimal partition.

Lemma 2. Let π be the unique minimal-by-refinement partition

that provides oneF to all agents in N1. Then, for all i ∈ N1 we have

ui (π ) ≥ opt, and π (i) ⊆ π∗(i) for every optimal partition π∗
.

Proof. Assume N1 , ∅; otherwise, the statement is immediate.

Let π∗
be an optimal partition. By Observation 2we have opt > 0;

hence, π∗
satisfies condition oneF for all agents. As previously

observed, for oneF to hold for all agents in N1, the members of

each weakly connected component of G
f
1
must belong to the same

coalition. Moreover, we have already established that the unique

minimal-by-refinement partition π satisfying oneF for the agents

in N1 is precisely the partition where each coalition is a weakly

connected component of G
f
1
. Consequently, for every i ∈ N1 we

have π (i) ⊆ π∗(i). Moreover, since Fi ⊆ π (i) ⊆ π∗(i), we obtain
ui (π ) ≥ ui (π

∗) ≥ opt. □

By Lemma 2, OneWeaklyConn(I) guarantees utility of at least

opt to the agents in N1; however, this algorithm may place some

agents in N \ N1 in singleton coalitions, so that their utility is 0.

Clearly, ifN1 = N , then, by Lemma 2, OneWeaklyConn computes

a maxESW partition. This leads to the following theorem.

Theorem 6. Under FA, if fi = 1 for all i ∈ N then maxESW is in

P. Furthermore, OPT is the unique minimal-by-refinement partition

satisfying oneF (which in this case coincides with allF) for all agents.

4.4 Randomized Constant Approximation
In what follows, we combine OneWeaklyConn and WeaklyConn to
obtain a randomized algorithm whose approximation ratio is at

most 2. To start, we need to define the approximation ratio in

the randomized setting. Since for a given instance I the space of

all possible outcomes is finite, a randomized algorithm A can be

viewed as a probability distribution over a finite set of deterministic

algorithms Σ, where each algorithm in Σ computes a partition of

the agents in I; we write A ∼ ∆(Σ).
There are two natural approaches to measuring the performance

of a randomized algorithm in our setting: (1) the expected mini-

mum utility, over the random choices of the algorithm, as given by

EA∼∆(Σ) [mini ∈N ui (A(I))], and (2) the minimum expected utility

over all agents, as given by mini ∈N EA∼∆(Σ) [ui (A(I))].

It is easy to see that the first measure is more stringent, i.e.,

EA∼∆(Σ)

[
min

i ∈N
ui (A(I))

]
≤ min

i ∈N
EA∼∆(Σ) [ui (A(I))] .

Indeed, under the first approach, we cannot expect to get an

improved approximation ratio from randomization, since for every

instance I we have

EA∼∆(Σ)

[
min

i ∈N
ui (A(I))

]
≤ max

A∈Σ
min

i ∈N
ui (A(I)) ,

i.e., the expected egalitarian welfare of a randomized algorithm

A ∼ ∆(Σ) cannot be better than the egalitarian welfare achieved

deterministically by the best algorithm in Σ.
Thus, we pursue the second approach and define the approxima-

tion ratio as follows:

rn (A ∼ ∆(Σ)) = sup

I=(N,F ):
|N |=n

opt(I)
mini ∈N EA∼∆(Σ) [ui (A(I))]

,
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and r (A ∼ ∆(Σ)) = supn∈N rn (A ∼ ∆(Σ)).
We are ready to define our randomized algorithm, RandAlgo.

RandAlgo: With probability α , executes algorithm WeaklyConn,
and with probability 1 − α it executes algorithm OneWeaklyConn,
where the parameter α ∈ [0, 1] will be set later and will be depen-

dent on the input instance.

Theorem 7. Under FA, there exists a choice of α such that

rn (RandAlgo) ≤ 2 −
5

n + 3
.

Proof. Given an instance I, let us set π = WeaklyConn(I) and
π ′ = OneWeaklyConn(I). Moreover, let v = mini ∈N1

ui (π
′).

IfN1 = ∅, we setα = 1: then RandAlgo coincideswith WeaklyConn,
so its approximation ratio for the caseN1 = ∅ is bounded by 2− 6

n+3 .

Assume nowN1 , ∅. We will estimate the expected utility of an

agent i ∈ N depending on whether i ∈ N1 or i ∈ N \ N1.

If i ∈ N1, then ui (π ) ≥
2

n , as shown in the proof of Theorem 5,

while ui (π
′) ≥ v . Hence, E [ui (RandAlgo)] ≥ α · 2

n + (1 − α) · v .

If i ∈ N \N1, then ui (π ) ≥ 1+ 3

n , as in the worst case i has only
two friends and is put in a coalition with all her enemies, while

ui (π
′) may be 0. Consequently, E [ui (RandAlgo)] ≥ α ·

(
1 + 3

n

)
.

Putting these two scenarios together, we get

min

i ∈N
E [ui (RandAlgo(I))] ≥ min

{
v + α ·

(
2

n
−v

)
,α ·

(
1 +

3

n

)}
.

Since v ≥ 2

n , the function v + α ·

(
2

n −v
)
is decreasing in α ,

whereas α ·

(
1 + 3

n

)
is increasing in α . The minimum of the two

is attained when they are equal, which happens for α = v
1+ 1

n +v
.

Hence,

min

i ∈N
E [ui (RandAlgo(I))] ≥

(
1 +

3

n

)
·

v

1 + 1

n +v
. (4)

The right-hand side of (4) is an increasing function of v and by

Lemma 2 we have v ≥ opt(I). Hence,

min

i ∈N
E [ui (RandAlgo(I))] ≥

(
1 +

3

n

)
·

opt(I)

1 + 1

n + opt(I)
.

Now, N1 , ∅ implies opt(I) ≤ 1, so we obtain

rn (RandAlgo) = sup

I=(N,F )
|N |=n

opt(I)
mini ∈N E [ui (RandAlgo(I))]

≤
1 + 1

n + opt(I)

1 + 3

n
≤

2n + 1

n + 3
= 2 −

5

n + 3

which is what we wanted to prove. □

In the full version of this work [18], we give an example showing

the tightness of the analysis.

4.5 Deterministic Constant Approximation in
the Symmetric Case

In this section, we will be working with symmetric instances; there-

fore, we will only consider the graph Gsf
.

Theorem 8. Under FA, there exists a polynomial-time algorithm

that computes a (2 − 4

n+2 )-approximation for symmetric instances.

Proof. If N1 = ∅, then the approximation ratio of WeaklyConn
(which in this case simply computes the connected components of

Gsf
) is 2− 6

n+3 < 2− 4

n+2 . Thus, hereafter, we assumeN1 , ∅. Our

algorithm proceeds in three stages.

Stage 1: Let R = {j | j ∈ Fi for some i ∈ N1} andN1 = N1∪R;

that is, N1 contains the agents having only one friend as well as

their unique friends. In the first stage, we construct the minimal

partition of the agents in N1 that places each agent in N1 together

with her unique friend. To this end, for each r ∈ R let S(r ) = {i ∈
N1 | r ∈ Fi }, and note that the sets {S(r )}r ∈R form a partition of

N1, which we will denote by π1 (if two agents i1, i2 ∈ N1 are each

other’s unique friends, they both appear in R; the sets S(i1) and
S(i2) then coincide, and π1 includes a single copy of this set). By

construction, each S(r ), r ∈ R, induces a star in Gsf
. Furthermore,

the utility of the root of a star is lower-bounded by the utility of its

leaves, all of whom share the same utility. Note that, by Lemma 2,

for each partition π∗
ofN that maximizes ESW and for each i ∈ N1

we have π1(i) ⊆ π∗(i) and hence ui (π1) ≥ opt.
Stage 2: Next, let L = {i ∈ N \ N1 | Fi ⊆ N1} be the set of

lonely agents in N \ N1, i.e., agents with no friends in N \ N1.

In the second stage, we deal with agents in L. Note that, for each

i ∈ L we have Fi ⊆ R \ N1, so, to obtain positive utility, agents

in L need to be added to coalitions in π1. We add agents in L to

coalitions in π1 so as to minimize the size of the largest coalition

in the resulting partition of N1 ∪ L, subject to the condition that

each agent in L is placed in a coalition with one of her friends.

To this end, we construct a bipartite graph with parts L and

R (where there is an edge between i ∈ L and r ∈ R if and only

if {i, r } ∈ Gsf
), and solve a sequence of b-matching problems on

this graph. Specifically, we iterate through κ = maxr ∈R |Sr |, . . . ,n
and check if this graph admits a b-matching of size |L| where the

capacity of each i ∈ L is 1 and the capacity of r ∈ R is κ − |Sr |; we
identify the smallest κ for which such a b-matching exists and place

each i ∈ L into the coalition S(r ) such that i is matched to r . This
step can be executed in polynomial time, as the problem of finding

a b-matching in a bipartite graph is polynomial-time solvable.

Let π2 be the resulting partition of N1 ∪ L; by construction, for

each agent i ∈ N1 ∪ L we have ui (π2) ≥ opt.
Stage 3: Finally, let U = N \ (L ∪ N1) be the set of agents

who remained unassigned by the end of Stage 2. In the third stage,

we deal with agents in U. Note that, by construction of L (and by

symmetry), no agent in U has a friend in L, and hence each agent

in U has at least one friend in U.

If every agent inU has at least 2 friends inU, or if |U| ≤ n
2
+ 1,

we put all agents in U in the same coalition U0 := U, add this

coalition to π2, and return the resulting partition π3 = π2 ∪ {U0}.

Otherwise, we repeat the step (∗) described below until either

|U| ≤ n
2
+ 1 or all agents in U have at least two friends in U:

(∗) Pick an agent i ∈ U with at most one friend in U. If the

unique friend of i in U is j and Fj ∩ U = {i}, add {i, j} to
the partition and remove i, j fromU. Otherwise, identify a

coalition S in the current partition that contains a friend of i
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(this is always possible since by construction of U we have

|Fi | ≥ 2 for each i ∈ U), add i to S , and remove i from U.

Observe that after step (∗) our partition may contain coalitions

that are not stars: e.g., the first time we execute this step, we may

add an agent i to a star S(r ) such that r is a friend of i , but at a later
iteration of step (∗) we may add a friend of i to this coalition.

LetU0 be what remains ofU at the end of this process. Place all

agents inU0 in the same coalition, and add it to the partition; let π3
be the resulting coalition structure. This completes the description

of our algorithm. We now claim that its approximation ratio is at

most 2 − 4

n+2 .

Note that in π3 each agent is in a coalition with at least one

friend, and consider a coalition S ∈ π3.
If |S | ≤ n

2
+ 1, then for each i ∈ S we have

ui (S) ≥ 1 −
|S | − 2

n
≥ 1 −

n
2
− 1

n
=

1

2

+
1

n
=

n + 2

2n
. (5)

On the other hand, suppose that |S | > n
2
+ 1. This can happen if

(i) S was constructed during stages 1 and 2, or (ii) S = U0 and each

agent in U0 has at least two friends in U0. Note, in particular, that

we cannot create coalitions of that size in step (∗), since this step is

only executed when there are at least
n
2
+ 1 agents inU. In case (i),

we have argued that ui (S) ≥ opt for each i ∈ S , and in case (ii), the

utility of each agent in S is at least 2 −
|S |−3
n > 1 ≥ opt.

Thus, if for some agent i ∈ N we have ui (π3) < opt, then
ui (π3) ≥

n+2
2n . On the other hand, N1 , ∅ implies opt ≤ 1. Hence,

the approximation ratio of our algorithm does not exceed
2n
n+2 =

2 − 4

n+2 , as desired. □

In the full version of this work [18], the pseudocode of the algo-

rithm described in the proof of Theorem 8 is presented together

with a discussion of its polynomial-time complexity. Moreover, we

also demonstrate that our analysis is tight.

Finally, we show that, for symmetric instances where Gsf
is a

forest, the problem of finding a maxESW partition is polynomial-

time solvable. To this end, we establish a connection to a different

class of hedonic games, namely, fractional hedonic games (FHGs) [1].

In these games, too, agents assign values to each other, with agent i
assigning value vi (j) ∈ R to agent j, and the utility an agent i ∈ N

assigns to a coalitionC ∈ N i
is computed as

1

|C |

∑
j ∈C\{i } vi (j). An

FHG with a set of agentsN is simple ifvi (j) ∈ {0, 1} for all i, j ∈ N ;

it is symmetric if vi (j) = vj (i) for all i, j ∈ N . A simple symmetric

FHG G can be represented by an undirected graph G(G) = (N , E)

where {i, j} ∈ E iff vi (j) = vj (i) = 1. Thus, an undirected graph G
with vertex set N induces two different games on the set of agents

N : a symmetric FA game and a simple symmetric FHG. We will

now establish a tight connection between the structure of optimal

solutions of these games when G is acyclic.

Lemma 3. Consider a simple symmetric FHG G1 and a symmetric

FA G2 with the same set of agents N such that G(G1) is acyclic and

coincides with the strong friendship graph of G2. Then any partition

π∗
that maximizes the ESW in G1 can be transformed in polynomial

time into a partition π ′
that maximizes the ESW in G2.

Proof. Assume without loss of generality that G(G1) is a tree;

otherwise, we apply the subsequent argument to each connected

component of G(G1).

Let π be a partition ofN , and consider a coalitionC ∈ π . Suppose
first that C is not connected. Then splitting C into its connected

components is a Pareto improvement for all agents in both G1 and

G2 and hence does not decrease the ESW in either game. Now,

suppose C is not a star. Then C has two non-leaf agents connected

by an edge; let e be some such edge, and let C ′
and C ′′

be the

coalitions obtained by splitting C along e . In each of C , C ′
and C ′′

,

the lowest-utility vertices are leaves (this holds both in FA games

and in FHGs), and the utility of a leaf in C ′
and C ′′

is higher than

the utility of a leaf in C . Thus, this split, too, does not decrease the
ESW in either game. It follows that we can split each coalition in π
into stars without lowering the ESW in either game.

Now, let π∗
be a partition that maximizes ESW in G1. Let π

′
be

a partition obtained from π∗
by splitting each non-star coalition in

π∗
into stars of size at least 2; note that π ′

can be obtained from

π∗
in polynomial time. Moreover, the argument above shows that

π ′
maximizes ESW in G1. Observe that, in both games, the agents

with the lowest utility in π ′
are the leaves of the largest stars in π ′

.

We claim that π ′
is optimal for G2. Indeed, suppose not, and

let s be the size of the largest star in π ′
. Let π ′′

be an optimal

partition for G2. By the argument above, we can assume that π ′′
is

a collection of stars, so for it to have a higher ESW in G2 than π ′
,

the largest star in π ′′
must be of size s ′′ < s ′. But then the ESW of

π ′′
in G1 is higher than that of π ′

, a contradiction. □

If the graphG(G) associated with an FHGG is acyclic, a maxESW

partition can be computed in polynomial time [4, 25]. Together with

Lemma 3, this implies the following result.

Theorem 9. Under FA, if the game instance is symmetric andGsf

is a forest, then maxESW is in P.

While we have just shown that, when the underlying graph

is a tree, solving maxESW is equivalent in FA and in sFHGs, this

equivalence no longer holds for general graph structures.

Example 4. Consider a symmetric instance where n ≥ 4 is an

even number and Gsf
is an n-vertex cycle. Under FA, the unique

optimum is the grand coalition, whereas in sFHGs, every optimal

partition corresponds to a perfect matching in Gsf
.

5 CONCLUSIONS AND FUTUREWORK
We studied the problem of maximizing the egalitarian welfare in

Friends and Enemies Games, focusing on two classical preference

models: Enemies Aversion (EA) and Friends Appreciation (FA). We

provided an almost complete picture of the complexity of this prob-

lem, by establishing both hardness results and polynomial-time

approximation guarantees. A natural next step is to determine

whether a constant-factor approximation is indeed possible for FA
or to derive an inapproximability result. Moreover, employing the

egalitarian welfare as a measure of the quality of stable outcomes,

similarly to the work of Monaco et al. [29], also represents a promis-

ing direction for future work. More broadly, it would be interesting

to explore egalitarian welfare in other variants of Friends and Ene-

mies Games, such as those that incorporate neutral agents (with

small positive or negative effects) or assign a different negative

value for enemies instead of the standard − 1

n or −n. Finally, while
the utilitarian and egalitarian objectives have received attention,

the Nash welfare in hedonic games remains unexplored.
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