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ABSTRACT

The assignment game models a housing market where buyers and
sellers are matched, and transaction prices are set so that the re-
sulting allocation is stable. Shapley and Shubik showed that every
stable allocation is necessarily built on a maximum social welfare
matching. In practice, however, stable allocations are rarely attain-
able, as matchings are often sub-optimal, particularly in online
settings where agents arrive sequentially. In this paper, we leverage
and compare two complementary measures of instability for allo-
cations with sub-optimal matchings, establish their connections to
the optimality ratio of the underlying matching, and use this frame-
work to study the stability performances of randomized algorithms
in online assignment games.
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1 INTRODUCTION

The assignment game of Shapley and Shubik [37] is a classical
model of matching with transfers in which house buyers and house
sellers pair together and set transaction prices. The objective is
to find a stable allocation, i.e., a matching together with a price
vector such that no pair of agents has an incentive to abandon their
partners and trade with each other instead. Since its introduction,
the model has been extensively studied and generalized [8, 10, 11,
14, 15, 22, 27, 36, 40].

Shapley and Shubik’s seminal work showed that stable alloca-
tions must be based on optimal matchings, i.e., matchings that
maximize social welfare. However, in real-life scenarios optimal so-
lutions are rarely attainable, for example in online markets [7] and
online advertising [33], typically modeled as online matching mar-
kets where algorithms like Greedy [19, 28] and Ranking [1, 26] are
commonly applied. As a result, the implemented solutions are often
unstable. Yet, most existing stability metrics are binary: they sim-
ply determine whether a matching is stable or not. This motivates
the need for non-binary measures of stability that can assess how
close a sub-optimal matching is to being stable, and their posterior
application to analyze the stability of online algorithms.
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Contributions. The contributions of the article are as follows.

o We leverage three metrics to evaluate allocations arising from
sub-optimal matchings: the optimality ratio; the stability index,
derived from the subset instability of Jagadeesan et al. [25]; and the
Kk-approximate core [17, 35, 41] from cooperative game theory.

e We prove that, for any allocation, the optimality ratio upper
bounds the stability index, which in turn upper bounds the parame-
ter k of the k-approximate core. This result refines and strengthens
the classical connection between stability and optimality estab-
lished by Shapley and Shubik.

o We show that whenever prices can be set a posteriori (either out-
side online applications or in settings where matching and pricing
can be decoupled), the stability index can be maximized to exactly
match the optimality ratio of the underlying matching.

o We initiate the study of randomized algorithms in online assign-
ment games, where either buyers or edges between buyers and
sellers arrive sequentially. We evaluate stability at three levels: ex-
post (worst-case realization), ex-ante (expected performance), and
average (performance under expected utilities). While ex-ante and
average guarantees coincide when analyzing social welfare (e.g.,
the competitive ratio of online algorithms), they diverge under our
non-linear stability notions.

o Building on existing literature and new results, we establish lower
bounds for the stability metrics at the three levels above for both
vertex-arrival and edge-arrival models, and complement them with
tight examples in several cases.

Related work. Our article builds on two main literatures: stable
matching and online matching. In the former, given agents with
(possibly endogenous) preferences, the goal is to form a matching
(possibly with additional elements such as prices) such that no pair
of agents would prefer each other over their assigned partners. In
the latter, the focus is on designing algorithms that make decisions
as the market evolves and that guarantee high social welfare, ideally
independent of the specific instance.

Despite the extensive literature on stable matchings, most work
on uncertainty has focused on settings without transfers. In eco-
nomics, several authors have studied dynamically stable matchings
[5, 12, 29] as well as markets with incomplete information about
agents’ preferences [3, 31]. In machine learning, research often
considers markets with unknown preferences and addresses them
through regret minimization [2, 6, 9, 30]. More recently, Min et al.
[34] and Jagadeesan et al. [25] studied the assignment game with
unknown utility functions, introducing instability metrics as no-
tions of regret and designing reinforcement learning algorithms
that achieve sublinear regret bounds.

Online bipartite matching [13, 23, 33] is one of the most funda-
mental problems in the online algorithms literature. It dates back
to the seminal work of Karp et al. [26], who introduced the Ranking
algorithm and proved its optimality in the unweighted case. Since
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then, research on online matching has focused on designing increas-
ingly competitive algorithms, that is, algorithms that achieve social
welfare closer to that of the offline optimum that knows all arrivals
in advance. Aggarwal et al. [1] extended this result by showing that
Ranking is also optimal in the vertex-weighted case.

For the more general edge-weighted matching problem, Feld-
man et al. [18] introduced the free disposal assumption, noting that
without it no randomized algorithm can achieve a constant compet-
itive ratio. Under this assumption, Greedy attains a 1/2-competitive
guarantee. Fahrbach et al. [16] were the first to surpass this long-
standing 1/2-barrier, a result subsequently improved by several
works [4, 21, 39].

Outline. The rest of the article is organized as follows. Section 2
introduces the Shapley—-Shubik assignment game, presenting its
main techniques and results. Section 3 presents the stability index
and the approximate core, relates them to the optimality ratio, and
presents a simple pricing procedure that guarantees a 1/2 ratio for
stability. Section 4 initiates the study of randomized algorithms for
online assignment games in both edge-arrival and vertex-arrival
models. This section defines our three levels of performance guar-
antees (ex-post, ex-ante, and average) and establishes lower bounds
for each metric, with several tight examples. Section 5 concludes.

2 THE ASSIGNMENT GAME

The assignment game, in the classical notation of Shapley and Shu-
bik [37], consists of a tuple I' := (B, S, h, ¢c) where B and S are finite
agents sets which we name buyers and sellers, h := (h; j)ieB,jes.
where h; j > 0 represents the valuation of buyer i for seller j’s house,
and ¢ := (cj)jes, where c;j > 0 is the valuation of seller j for her
house. Figure 1 shows an assignment game example with three
buyers and two sellers.

Sellers S
Alice Q m Dori
L ; i
x )
Bob v
™ isefes
4 PN j BEB Edward
Claire pys 10€

Figure 1: An assignment game instance. Buyers’ valuations
are denoted over the edges while sellers’ valuations are de-
noted under their houses.

Throughout the article, we will use i to denote a typical buyer
and j to denote a typical a seller.

Definition 2.1. A matching is an injective function y: BUS —
B U S such that, (1) g o p = 1d, (2) for any i € B, p(i) € SU {i},
and (3) for any j € S, pu(j) € BU {j}. Whenever u(i) = j, fori € B
and j € S, we say that i and j are matched, while for any agent
k € BU S, such that p(k) = k, we say that the agent is unmatched.
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Given a matched pair of agents (i, j) € BXS, we will alternatively
write i = yij, j = pj, or (i, j) € p. Finally, we denote M (B, S) to the
set of all matchings between B and S.

Definition 2.2. An allocation is a pair (g, p), where u € M(B,S)
is a matching and p € RY is a price vector.

Given an allocation (g, p) and j a matched seller, p; € p repre-
sents the price that the buyer y; payed for j’s house. By convention,
we assume p; = ¢; whenever j is unmatched.

Definition 2.3. Given an allocation (p, p), i € B, and j € S, we
define the agents’ utilities as

hi»ﬂi ~ Pui

if g # i,
ui(p, p) = { 0 pi

if gy = i.
vj (i p) = pj = ¢j.
For example, suppose that Alice and Dori in Figure 1 are matched
and Alice pays 7€. Alice’s utility is 3€ while Dori’s utility is 1€.

Definition 2.4. An allocation (y, p) is called stable if it verifies
e ui(p,p) >0andov;(y, p) > 0foranyi € Band j €S.
e There is no p € Ry and (i, j) € B x S such that h;; —
p>ui(p, p)and p —cj>v;(p p).

The first condition of Definition 2.4 corresponds to individual
rationality, while the second one to the non-existence of blocking
pairs. In our assignment game example, as illustrated in Figure 2a,
matching Bob and Edward at price 9€ is not individually rational,
as Edward prefers to be unmatched. Similarly, as illustrated in
Figure 2b, matching Bob and Edward at price 11€ and letting Claire
unmatched creates a blocking pair, Claire and Edward, as Claire
can offer 12€ and strictly increase her and Edward’s utility.

Alice Dori
Alice Dori v
A " 2N b~ 4 BEB
%é = T AR |5
AR | 5E Bob » Edward
Bob Edward
5 12€
(
Claire
(a) Individual Rationality (b) Blocking Pair

Figure 2: Two possible allocations in our assignment game
example. The first allocation is not individually rational,
while the second allocation has a blocking pair.

Definition 2.5. Let (g, p) be an allocation. We define its social
welfare as
SW(p,p) = Y ui( p)+ Y 0j (s p)-
ieB jes
It is easy to see that SW(y, p) does not depend on the price vector.

In particular, we will alternatively denote it by SW(y). A matching
is called optimal if it maximizes the social welfare.
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For any pair (i, j) € Bx S, define a; j := h; j — cj, which we refer
to as their generated utility, and let a := (a; j);eB, jes. We assume
that a; j > 0 for all (i, j) € B x S. This assumption is made without
loss of generality thanks to the individual rationality property, as
agents generating negative utility will prefer to remain unmatched
rather than matching together.

REMARK 1. The notion of generated utility arises from the coop-
erative game perspective of the assignment game. In this setting, an
assignment game can be modeled as pairs of agents forming matches,
with each match producing a surplus. This surplus, or generated utility,
is then divided between the two parties, reflecting the transferable-
utility nature of the model.

Shapley and Shubik proved that stable allocations are neces-
sarily based on an optimal matching. Optimal matchings can be
obtained by solving a linear program, whose dual program outputs
the respective agents utilities. The primal-dual linear programs
considered by Shapley and Shubik are given below.

(P) maXZ Z ajj - Xij

i€BjeS (D) minZ(xi+Zﬁj
sit. Zx,;,- <1VieB, i€B jes
jes st.ai+pfj >a;j,V(i,j) € BXS,
ZX;’JSI,V]‘GS, ai,ﬁjZO,ViEB,VjES.
ieB

xij € [0,1],Y(i, j) € BXS.

Note that (P) always allows for integer optimal solutions thanks
to the total-unimodularity of the matrix defined by the primal
constraints. In particular, we will use interchangeably y and x when
referring to matchings.

The utility vectors obtained as solutions of (D), by construction,
verify all conditions in Definition 2.4. In terms of cooperative game
theory, the utility vectors are said to belong to the core.

Definition 2.6. Given an assignment game I' = (B, S, b, ¢) and its
corresponding matrix of generated utility a, we define its core as,

C(r) = {(w,0) e REXRY | u; +0; > a;;,¥(i, j) € Bx S}.
We state the main result of Shapley-Shubik’s seminal article [37].

THEOREM 2.7. Let T be an assignment game and (x, a, ) be solu-
tions of the pair primal-dual linear programs such that x is integral. It
follows that (o, p) € C(T) and there exists a price vector p such that
(x, p) is a stable allocation, with u;(x, p) = a; andv;(x, p) = fj, for
anyi € B,j €S.

Conversely, let (u, p) be a stable allocation. Then, ji is an optimal
matching and (u(y, p),v(y, p)) € C(T).

Note that the prices vector p in the first part of Theorem 2.7’s
statement are trivially given by,
pj = Pj+cj, forany j €S,

as, by definition, the sellers’ utility is given by the difference be-
tween the received payment and their valuation.

Example 2.8. In our running example, the optimal matching
corresponds to matching Alice with Dori, Claire with Edward, and
letting Bob unmatched. In addition, the optimal utilities can be
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defined for example by Alice paying 6€ to Dori and Claire paying
12€ to Edward.

3 SUB-OPTIMALITY AND STABILITY

In real-world applications such as online markets, optimal match-
ings are rarely observed due to factors such as the sequential arrival
of agents or the incomplete knowledge of their valuations. As stated
by Shapley-Shubik [37] (cf. Theorem 2.7), no allocation can be sta-
ble if its underlying matching is sub-optimal. Hence, the purpose
of this section is to measure the stability of sub-optimal matchings.
To this end, we introduce two metrics: the stability index, based on
the subset instability of Jagadeesan et al. [25], and the approximate
core [17, 35, 41]. Each notion has its advantages and limitations.
The stability index is comparatively easier to maximize, but it is
sensitive to utility scaling and thus tends to focus on pairs that gen-
erate higher utility. The approximate core, while harder to achieve,
avoids this bias and provides a more balanced measure of stability.
We formalize this intuition by proving that for any allocation, the
distance to the core is bounded by the stability index. Moreover,
we prove that both stability measures are bounded by the optimal-
ity ratio of the underlying matching, showing that by improving
stability we indirectly build optimal allocations (cf. Equation (3)).
First, we formalize the concept of sub-optimal matching.

Definition 3.1. Given an assignment game I' and an allocation
(p, p), we define its optimality ratio as

S
A p) = A0 = "5,

where OPT denotes the social welfare of an optimal matching, that
is, the solution of the primal problem (P).

3.1 Stability Index

The stability index is based on the concept of subset instability [25],
originally introduced as a notion of regret, that measures, for every
sub-coalition, the difference between the social welfare it actually
obtained and the maximum it could have obtained.

Definition 3.2. We define the stability index of a given alloca-
tion (y, p) as

I(pp)
OPT °

with 7 (g, p) the subset instability of (y, p), formally defined as
I(pp) = ){SW(//) —SWlp s (1. p)}s

J(pp)=1-

max max
(B',S')C(B,S) ' e M(B',S’

where y/ matches only agents from B’ to S and SW|p' s (p, p)
denotes the social welfare of (y, p) restricted to the sub-market
(B’,S’), that is,

SWig,s (1) = D wi(mp)+ ) 0 p).
ieB’ jes’

Note that subset instability does not require a price vector on the
sub-market (B’,S”) as prices cancel each other when computing
the social welfare SW(y’). However, since (y, p) is an allocation
on the whole market (B, S), the prices do not necessarily cancel out
in SW|p s (1, ).
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Example 3.3. Consider the allocation (g, p) illustrated in Figure 3.
It follows that A(y, p) = % as both couples generate, respectively,
4¢€ and 2€, while the optimal matching has social welfare equal to 9€.
Regarding the stability index, note that considering the submarket
defined by Alice, Claire, Dori, and Edward, and matching Alice with
Dori and Claire with Edward, the difference on social welfare is
equal to 4€. Since no other combination of submarket and matching
creates a higher difference, 7 (y, p) = 4€, and, thus, J (u, p) = g.

7€ 3 i ! 11€ 3
I

-

L
—

ol |

S o
Alice Dori Bob Edward

Figure 3: An allocation with 7 (p, p) = g.

Jagadeesan et al. [25] showed that the subset instability of a given
allocation is always at least as large as the additive optimality gap
of its matching. Consequently, the stability index is always upper-
bounded by the optimality ratio, as illustrated in Example 3.3. As
a complementary result, we show that by carefully choosing the
prices of an allocation, the stability index can be maximized to
exactly match the optimality ratio. To this end, we consider the
notion of a stabilizing subsidy and recall a technical result, both
drawn from Jagadeesan et al. [25].

Definition 3.4. Let (p, p) be an allocation. We define the mini-
mum stabilizing subsidy as the solution of the following problem,

min ‘Zri+217j
(z.n) eRYXRY p jes
stui(p, p)+1 =0, Vi € B,
vj(pp)+nj 20, Vjes,
ui(p, p) +7i+oj(p p)+nj = a;j, V(i,j) € BXS.

A minimum stabilizing subsidy corresponds to the minimum
utility injection required to make the allocation (g, p) stable.

LEMMA 3.5. For any allocation, the minimum stabilizing subsidy
is equal to the subset instability.

We are now able to show the following result.

THEOREM 3.6. For any allocation (p, p), it always holds J (u, p) <
A(u). Moreover, for any matching i, there exists p € RS such that,
(p, p) is individually rational and I (p, p) = A(p).

Proor. The upper bound for the stability index is a consequence
of the results of Jagadeesan et al. [25]. We focus then on proving
the second part of the statement. As observed by Shi [38], without
loss of generality, we can assume that |B| = |S| and that p is a
maximum size matching, i.e, no agent in BU S is unmatched. By
Lemma 3.5, minimizing the subset instability over the prices vector
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can be written as

min ‘Zfi+2}7j
(P’T:”)EREXREXRi i€B _]GS
st hiy; —ppu; +7 20, Vi € B,
pj—cj+nj =0, Vjes,
hi,/,z,-_P/,z,-+Ti+Pj_cj+’7jZai,js V(i,j) € BXS.

The dual of the previous problem is (see [32]),
maxz Z )/i,j(hi,j - hi,#i) + Z ﬁjcj — Z aihi,yi
ieB jeS jes ieB
s.t. o + Z vi,j = 1,Vi€ B,
jes
B+ ZY"J <1Vjes,
i€B
a, B,y >0.
Using the first constraint, note that the objective function becomes:
DIONALIEDWITEDN IS
i€B jeS jeS i€eB
The coefficients of g in the objective function being positive, the

value of the problem is not modified by replacing the second class
of constraints by

ﬁj +ZYU =1VjeSs.
i€eB
Using this, the objective function becomes
DIPNCILYEIEDITEDIL I
ieB jes jes ieB
Since none of the variables within & and f appear in the objective

function, they correspond to slack variables. Furthermore, as all
agents are matched, it holds,

Zhi’/’i_ch: Z hij —cj =SW(y, p).
i€eB jes (i,j)ep
Thus, the problem is finally written as,

maxz Z Yi,j(hij —cj) — SW(p)

i€B jeS

s.t. Z Yij <

Jj€S

Z Yij <

i€B

B.y=0.
The resulting problem corresponding to problem (P) shifted of
—SW (), we obtain that,

1,Vi € B,

1L,Vjes,

SW (i) — SW(y) = OPT — SW(p).

minZ (y, p) = max
P (1.p) weM(B,S)
Regarding the choice of prices such that the corresponding allo-

cation is individually rational, please refer to [32]. O

As shown by Theorem 3.6, whenever prices can be chosen after
the matching has been computed, the stability index can be maxi-
mized to exactly match the optimality ratio. While this represents
an important theoretical bound, in most of online matching appli-
cations, prices must be decided at the same time that couples are
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matched, in particular, ignoring the future pairs to be created. The
following result provides a simple method to ensure a 1/2-guarantee
in such cases.

PROPOSITION 3.7. Let u be a matching. Consider the price vector
hal,
Ph“lf = (pjaf)jes € Rf, defined by,

P = { cj+g-ai;  ifp =i
a j ifuj = J.
It follows that % “Ap) < j(‘u,phalf).

ProOF. Let yrand p"® be as stated. Denote p* € argmin, I (p, p)
such that (g, p*) is individually rational (Theorem 3.6).

For i € B, notice that u; (g, phalf) = % - aj,y; and, since (y, p*)
is individually rational, u; (g, p*) € [0, aj,]. Thus, u; (i, phalf)
%ui(p, p*). Similarly, for j € S, it also holds that v; (y,ph“lf)
% -0j(p, p*). Given (B’,S") C (B,S) and y’ € M(B’,S’), it follows,

vV IV

SW(p') = SWlps (1 ") = SW(') = > wips p"¥)
ieB’

= 0y pM) S SW() - 2 Y w5 Y 0 )

jes ieB’ jes
= SW() = 3 - SWlgs 1 p°)

= SW(') =~ SWlp5 (4. p7) + 5 - SWlar s (4 p°)

< T(up")+ - SWlp s (1 p")

< OPT — SW(p) + % . SW(j) = OPT — % L SW (),

where the last inequality uses the fact that 7 (g, p*) = OPT-SW (p).
We conclude by taking the maximum over all sub-markets and
matchings, and normalizing by OPT. O

Observe that prices in Proposition 3.7 only depend on the gen-
erated utility of the seller and buyer, making it computable online
settings where agents or edges arrive sequentially to the market.

3.2 Approximated Core

The stability index is not scale-invariant with respect to the agents’
utility. For example, consider the market in Figure 1 and change
halice Dori t0 101, Matching only Alice and Dori, with a price equal
to 6€, achieves a stability index close to 1, while leaving unmatched
the rest of the agents. To avoid this, we consider an alternative
stability notion, known as the approximate core [17, 35, 41].

Definition 3.8. Given an assignment game T, its correspond-
ing matrix of generated utility @, and x € [0, 1], we define the
k-approximate core as

Ce(T) = {(u,0) e REXRS | u; +0j > k- a;;,V(i, j) € BxS}.

We denote (p, p) € Ci(T) whenever (u(y, p),v(y, p)) belongs to
Ci (), and say that (g, p) is in the k-approximate core.

Matching only Alice and Dori in the modified market with
halice.Dori = 1010, even though it achieves a stability index close to
1, it belongs to the 0-approximate core. With this in mind, as a first
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result, we prove that belonging to the x-approximate core is indeed
stronger than achieving a stability index of .

PROPOSITION 3.9. Let (y, p) be an allocation in the k-approximate
core. Then, k < I (i, p).

Proor. Let (y, p) be a k-approximate core allocation, (B’,S") C
(B, S) a sub-market, and p’ € M(B’,S’) a matching. It follows,

SW() = SWips (mp) = Y. aij— » wilmp) = Y. 01 p)

(i,j) ey ieB’ jes’
= D ay-uilnp) -vi(mp) - Y wlmp) = D, 0jup)
(i.j) ey (i,i)ep () e
< Z (aij —ui(p p) =0 (1 p))
(Lj)ep

< Z aij —k-aij=(1-x)SW(y') < (1-x)OPT,
(L.j)ew
where the first inequality comes from individual rationality (utilities
are non-negative in the x-approximate core) and the second one

from (p, p) being in the x-approximate core. We conclude by taking
maximum over all sub-markets and all matchings. O

The k-approximate core is a local stability notion, as it evaluates
the social welfare of each pair relative to their generated utility.
In contrast, subset instability is a global stability notion, since it
considers the aggregated social welfare across all pairs. Intuitively,
if an allocation is locally close to being stable everywhere, then it
must also be globally stable (Proposition 3.9), whereas the converse
does not necessarily hold, as we show next.

PROPOSITION 3.10. For any x € [0, 1), there exists an assignment
game with an allocation (y, p) verifyingx < J (1, p) < A(p), such
that for no constant x’ € (0,«], (p, p) is in the k’-approximate core.

Proor. Let k € [0,1) be a constant. Consider an assignment
game with two buyers B = {a, b}, two sellers S = {«, f}, and the
following matrix of generated utility a

a P
a= a |k 0
b|0 1-k

Consider (p, p) defined by p = {(a, ), (b,b), (B, f)} and p = (0,0),
that is, only a and « are matched and a pays 0 to a. The allocation
verifies OPT — SW(y, p) < I (i, p) < (1 —x)OPT, however, (g, p)
is not in the k”-approximate stable for any k¥’ > 0. m]

Interestingly, there exists a connection between the k-approximate
core and a multiplicative version of subset instability.

THEOREM 3.11. Given (y, p) an individually rational allocation,

define,
1

p) = min  — - (ui(, p) +0; (1, p)). 1

x (i p) D 5w (ui(p, p) +0j(p p)) 1)

Then, it always holds that (y, p) is in the x(y, p)-approximated core.

In addition,

. SW|p s (1)

min min = ———
(B'.S")C(BS) e M(B,5")  SW ()

k(p,p) = (2
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ProOF. Let (y, p) be an individually rational allocation. Recall
that (p, p) is in the x-approximate core, for k some constant, if

V(i,j) € BXS,ui( p) +0; (. p) = &~ ai

ui(p, p) +0;(p, p) .-
aj j -

— V(i,j) € BXS,

. 1
= (i,jr)neul;xs E (Uil p) +0;(p p)) 2 k.

Therefore, (p, p) always belongs to the x(y, p)-approximated core,
for k(p, p) as in Equation (1). We prove next that Equation (2) holds.
Consider

. SWip s (1)
min @ —————=
(B.8)  SW()
It directly follows that k(y, p) > R as R considers all sub-markets,
in particular those with only one agent per side. Consider next
(B’,S’) € (B,S) and p// a matching from B’ to §’. Consider, without
loss of generality, that |B’| = |S’| and all agents are matched at p’
(indeed, removing any unmatched agent from the coalition does
not affect SW(y") and does not decrease SW|p’ s/ (p1), by individual
rationality). It follows,

= min
(B',S')C(B,S) e M

2 ui(pp)+oi(p p)
SWipr,s (1) _ e
SW() > aij
(ij)ew
(. p) +0i (1,
- ui(p, p) ”vj(u P > (i p).
(i.j)ep ai,j

k(y, p) not depending on (B’,S’) nor y’, we conclude x(y, p) <
R. O

Theorem 3.11 shows that an allocation will be as unstable as its
most unstable couple. In the proof of Proposition 3.10, for example,
the value of k(p, p) of the constructed allocation is equal to 0.

To conclude the section, putting together Proposition 3.9 and
Theorem 3.11, we conclude that for any allocation (g, p), it holds

k(. p) < T (1, p) < Ap). ®)

Equation (3) is particularly significant when applied to online
matching, as it suggests that algorithms focusing on obtaining good
stability bounds will invariably obtain good optimality bounds.

4 ONLINE STABLE ALLOCATIONS

This section considers randomized algorithms to find stable allo-
cations in online assignment games. After adapting our stability
metrics to uncertain settings, we obtain systematic bounds on opti-
mality and stability in two well-known models of online matching.

4.1 Stability Under Uncertainty

We consider two standard online matching frameworks: the edge
arrival model (Figure 4a) and the vertex arrival model (Figure 4b). In
the former, we start with a bipartite graph containing only vertices,
with edges arriving one by one. Upon the arrival of an edge, the
algorithm must irrevocably decide whether to accept it, specifying a
price to be paid, or to reject it. In the latter, we start with a bipartite
graph with vertices fixed on one side, while vertices on the other
side (together with their incident edges) arrive sequentially. Upon
the arrival of such a vertex (an agent), the algorithm must decide
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whether to match it to an available partner (possibly none) and,
if matched, at what price. Whenever randomization is allowed in
these decisions, we refer to the algorithm as randomized.

2
- 2.2

& Alice Claire Bob

Arrival Order

Bob L 10€,8€ 2€, 15€ 5€, 12€
4 Edward

(il

Claire

(a) Edge arrival model (b) Vertex arrival model

Figure 4: Two online matching markets models.

Given an online assignment game instance I = (B, S, h, ¢) (ei-
ther edge or vertex arrival)! and a randomized algorithm ALG, we
denote ALG(T') the probability distribution of outcomes generated
by ALG, supp(ALG(T)) its support, that is, the set of possible out-
comes of the algorithm on I', and (u(ALG,T),v(ALG,T)) the vec-
tors of expected utilities of the agents, that is, for any (i, j) € BX S,

ui(ALG,T) = E(yp)~aLc(r) [ui (1 p)1.
v (ALG,T) = E(y p)~arc(r) [0 (1 P,

where (1, p) ~ ALG(T) indicates that allocations are sampled from
the distribution induced by ALG in T. Given a metric m € {4, 7, k},
we define the corresponding ex-post and ex-ante metric as follows,

mPOSY(ALG,T) := min m(p, p),
(m.p) €supp(ALG(T)) e

m*™¢(ALG,T) = B(,, p)~arc(r) [m(p p)].

Additionally, we define the average metric m*8(ALG,T) by ap-
plying the definition of a metric m on the expected utilities of the
agents, that is, on (u(ALG,T),v(ALG,T)).

REMARK 2. In both the online matching literature and the fair
division literature, the ex-ante and average guarantees are usually
treated as equivalent (see, e.g., [20, 24]). Indeed, whenever a metric
is linear, its ex-ante and average version coincide. In particular, it
always holds that A%™¢(ALG,T) = A%*8(ALG, T'). However, the non-
linearity of our stability metrics J and k breaks this equivalence,
motivating the two different definitions in the randomized case (ex-
ante and average), and showing that achieving stability in the online
assignment game is a more subtle problem than achieving optimality.

We now show a useful result that allows us to systematize sta-
bility and optimality guarantees of randomized online algorithms:

ProposITION 4.1. Let T be an instance, ALG a randomized algo-
rithm, and m € {4, J,k} a metric. It always holds,

mPSY(ALG,T) < m*™¢(ALG,T) < m™8(ALG,T).

!For simplicity, we keep I' to denote online assignment games.
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Additionally, for any y € {post, ante, avg}, it always holds,
k¥ (ALG,T) < JY(ALG,T) < AY(ALG,T).

The proof of the first part of Proposition 4.1 uses the linearity of
the expected value and Jensen’s inequality. The second part adapts
the arguments on the proof of Proposition 3.9. The formal proof is
included in [32].

4.2 Equal Pricing and Edge Arrival Model

We begin by stating a generalization of Proposition 3.7 and by
strengthening it to a tightness result that shows the impossibility of
obtaining good stability guarantees under the edge arrival model.

PROPOSITION 4.2. Let T be an instance and ALG a randomized
matching algorithm. Denote ALG +Half the randomized algorithm
that matches agents following ALG and, for any pair of matched
agents (i, j) € BX S, the price pj is set as in Proposition 3.7. For any
Y € {post, ante, avg}, it holds,

1
5 AV (ALG+HalfT) < 7" (ALG +HalfT).

The proof of Proposition 4.2 follows similar arguments than
Proposition 3.7 and can be found in [32].

The pricing algorithm Half considered in Proposition 4.2 may
incorporate any randomized matching procedure and is applicable
to both the edge and vertex arrival models. Interestingly, in the
edge arrival setting we can construct two simple instances such that
no algorithm from a broad family of randomized algorithms can
achieve better than the 1/2-factor on both instances simultaneously.

PRroPOSITION 4.3. Consider the two edge arrival instances I'l and
Ty illustrated in Figure 5, where the first edge to arrive in each of them
is between Alice and Dori, and all generated utilities are equal to 1.

@ © e

1€

b t
Alice 1€~ Dori Alice ™€ Dori
x £

Edward

I Iy

Figure 5: Two edge arrival instances

Let A be the family of all randomized algorithms such that Alice
and Dori are matched with probability 1. Then, for any ALG € A
and anyy € {post, ante, avg}, it holds,

1 1
5 A (ALG.T) 2 TV (ALG.Iv) or -2V (ALG,I) 2 J" (ALG, Iy).

Proor. From Proposition 4.1, given ALG € A, it is enough
to prove that either % < APOSYALG,Ty) > J¥E(ALG,T}) or % .
APOSSYALG, T3) > J28(ALG,I}). Let ALG € A be a randomized
algorithm. Suppose, once ALG matches Alice and Dori, it holds
Elualice (ALG)] > E[vperi(ALG)]. Notice that this assumption is
independent on the chosen instance. Choose the first instance,
where Bob was already present on the market and the second
(and last) edge to arrive is between him and Dori. Since Dori is
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already matched, the arriving edge is wasted. In this case, therefore,
APOSL(ALG,Ty) = } = 1 while

1
T™8(ALG,T1) = agob,pori — E[0pori (ALG)] > 5

)

since E[ualice (ALG)] + E[opori (ALG)] = 1. We conclude,

Ta8(ALG,Ty) PR

JWE(ALG,Ty) =1 — =3 CAPOSYALG, TY).

OPT T2
The proof if E[uajice (ALG)] < E[vpori(ALG)] is analogous consid-
ering the second edge arrival instance. O

Proposition 4.3 highlights the difficulty of obtaining good stabil-
ity bounds in edge arrival models when studying stable matchings
with transferable utility. As exposed by Rochford [36], achieving
stability requires respecting the agents’ threat levels, i.e., the best
utility each agent can secure outside their current match. In the
edge arrival setting, however, these threat levels evolve dynamically
on both sides of the market, which makes stability particularly chal-
lenging to maintain. This problem is only partially present in the
vertex arrival model, as the threat levels of the buyers (the arriving
agents) is much more determined at the moment of arrival.

4.3 Vertex Arrival Model

In this section, we distinguish between two variants of the vertex ar-
rival model: vertex-weighted and edge-weighted with free disposal.
In the vertex-weighted model, the generated utilities do not depend
on the identity of the buyer; that is, for any (i,i’, j) € BX B X S,
whenever both a; j and a;/ j are not zero, then a; ; = ay ;.

The edge-weighted model, by contrast, captures the classical sit-
uation in which different buyer-seller pairs may generate different
utilities. In addition, the free-disposal assumption states that when
a new buyer arrives, the decision-maker may unmatch a previously
formed pair in order to reassign the seller to the arriving buyer,
thereby leaving the previously matched buyer unmatched.

In each of these models, previous works have studied the de-
sign of competitive algorithms (see [13] for a complete survey).
Informally, a randomized algorithm is competitive if it achieves a
constant factor for the optimality ratio over all instances (the con-
stant not depending on the instance). In our notation, an algorithm
is competitive if APS? (for deterministic algorithms) and 1%%9 (for
randomized algorithms) can be lower bounded by a constant not
depending on the instance. Therefore, we can leverage the literature
results to obtain stability guarantees for randomized algorithms.
Vertex-weighted. In the vertex-weighted setting, Karp et al. [26]
introduced the Ranking algorithm which, in its alternative version
(see Algorithm 1 in [32]), it randomly sets prices to goods before
the arrival of any agent, and upon arrival of a buyer, it matches
it greedily. Aggarwal et al. [1] proved that Ranking is optimal,
that is, it achieves an average competitive ratio of 1 — %. A closer
examination of the proof of Ranking’s optimality shows that it
defines transaction prices inducing expected utilities that belong to
the k-approximated core. In particular, we are able to restate the
result of Aggarwal et al. [1] in our terminology:

PRroposITION 4.4. Consider the Ranking algorithm in the vertex-
weighted setting. It holds,

1
min x*"$(Ranking,T) =1- —.
Instance T’ e
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A more recent version of the proof of Ranking’s optimality (The-
orem 5.6 in [13]) is based on a technical result (Lemma 5.5 in [13]),
which corresponds exactly to Proposition 4.4. Plugging this result
in Proposition 4.1, we conclude that Ranking achieves an average
stability index and both ex-ante and average optimality ratio of
1- % over all assignment games.

Regarding AP, related to the competitive ratio of deterministic
algorithms, Aggarwal et al. [1] proved that no algorithm can do
better than 1/2 and that Greedy, the algorithm that matches the
arriving vertex to the most profitable neighbor. We extend this
bound to kPOt and k3% by complementing the Greedy algorithm
with our pricing method Half, define in Proposition 4.2.

PROPOSITION 4.5. Consider the vertex-weighted setting. It follows,

min _AP%'(Greedy,T) =

Instance T’

1
min _«¥(Greedy + Half,T) = >

Instance T’

with y € {post, ante} and moreover, no algorithm can do better in
any of both cases.

Proor SKETCH. The Greedy + Half algorithm sets prices so for
any pair of agents (i, j) € B X S, each of them obtains at least
half of utility they generate together, obtaining that the algorithm
produces allocations in the k-approximated core with x > 1/2.
The tightness then is proved by exhibiting an instance where the
algorithm achieves a value k exactly equal to 1/2. The full proof is
included in [32]. o

Table 1 summarizes the our optimality and stability guarantees
for the vertex-weighted setting.

Table 1: Stability and optimality guarantees in vertex-
weighted online assignment games. Remark all given val-
ues are tight, i.e., no algorithm can do better and for each
of them, at least one algorithm achieves it. The results in
bold correspond to our contributions, while the others are
reformulations of literature results.

‘ ex-post ‘ ex-ante ‘ avg

K 1/2 1/2 1-1/e
J 1/2 ? 1-—1/e
A 1/2 1-1/e | 1—1/e

Regarding the missing case, preliminary simulations suggest its
value to be 1 — 1/e.

Edge-weighted with free disposal. The free disposal assumption
was introduced by Feldman et al. [18] due to the poor performances
of online algorithms in the general edge-weighted model (Theo-
rem 5.13 [13]). In our terminology, their result states that for any
randomized matching algorithm ALG, it holds

min A*8(ALG,T) = 0.

Instance I'
In particular, from Proposition 4.1, it follows that no randomized
algorithm can achieve a constant factor for any of our guarantees.
Under the free disposal assumption, in exchange, several works
[4, 19, 28] have proved the following guarantees, which we refor-
mulate in our notation:
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PROPOSITION 4.6. Consider the edge-weighted with free disposal
setting. For any randomized algorithm ALG, it holds,

1
min _AP®Y(ALG,T) < >

Instance T’

while, for any instance T, AP*!( Greedy,T) > % In addition, there
exists a randomized algorithm ALG achieving,

min _A*"¢(ALG,T) = A%8(ALG,T) = 0.536.

Instance T’

min
Instance I’
Regarding the stability of these solutions, as for the edge arrival

model, we obtain the following result.

PRrRopOSITION 4.7. Consider the edge-weighted with free disposal

setting. For any randomized algorithm ALG, it holds,
min  xP*'(ALG,T) = min «*"(ALG,T) = 0.
Instance T’ Instance T’

Proor SKETCH. The proposition is proved by constructing two
vertex-arrival instances, each of them with two buyers and two
sellers. Similarly to the examples showed in Proposition 4.3, de-
pending on the decision of the algorithm on the first arriving buyer,
we choose the instance where the algorithm makes a mistake. In
particular, it at least one of the two, the algorithm achieves an
allocation in the 0-approximated core for xP°St. Regarding k",
we construct an instance by considering several copies of the one
created for xP°St. The full proof is included in [32]. O

The previous results, combined with Proposition 4.2, are sum-
marized in Table 2.

Table 2: Stability and optimality guarantees in edge-weighted
with free disposal online assignment games. Values with an
inequality are lower bounds whose tightness remains open.
Results in bold correspond to our contributions, while the
others are reformulations of literature results.

‘ ex-post ‘ ex-ante ‘ avg
K 0 0 ?
J| =214 | 20268 | >0.268
A 1/2 > 0.536 | = 0.536

The value for k'8 remains unknown, although we conjecture
the value is zero. Interestingly, when allowing side payments, the
results of Fahrbach et al. [16] can be used to show that k?V8 > %

5 CONCLUSIONS

In this article, we initiated the study of stability in sub-optimal
matchings and applied it to online assignment games, where either
buyers or edges between buyers and sellers arrive sequentially.
Our results show that stability naturally leads to optimality in the
design of randomized algorithms for online matching, highlighting
the study of stability in sub-optimal matchings as a promising and
foundational research direction. As a direction for future work, a
formal study of the dynamics governing the evolution of the agents’
bargaining power (their ability to influence the split of the generated
utility) and threat levels (the best utility an agent can obtain outside
of their assigned match) in online settings, paralleling the static
analysis of Rochford [36], could provide valuable insights into the
design of more stable allocation algorithms.
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